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Chapter 1

Introduction

1.1 Overview of FEBio

FEBio is an implicit, nonlinear finite element solver that is specifically designed for applications in
biomechanics. It offers analyses, constitutive models and boundary conditions that are relevant for
this particular field. This section describes briefly the available features of FEBio. A more detailed
overview of features can be found in the FEBio User’s Manual .

FEBio supports two analysis types, namely quasi-static and quasi-static poroelastic. In a
quasi-static analysis the (quasi-) static response of the system is sought; inertial terms are ig-
nored. In a quasi-static poroelastic analysis a coupled solid-fluid problem is solved. The latter
analysis type is useful for modeling tissues that have high water content and the explicit modeling
of fluid movement relative to the solid phase is important.

Several nonlinear constitutive models are available to allow the user to model the often compli-
cated biological tissue behavior. Several isotropic constitutive models are supported such as Neo-
Hookean, Mooney-Rivlin, Veronda-Westmann, Arruda-Boyce and Ogden. These models have a
nonlinear stress-strain response. In addition to the isotropic models, there are several anisotropic
models available. These materials show anisotropic behavior in at least one preferred direction
and are useful for modeling biological tissues such as tendons, muscles and other tissues that
contain fibers. FEBio also contains a rigid body material model, which can be used to model rigid
structures whose deformation is negligible compared to the deformable geometry.

Biological tissues can interact in very complicated ways. Therefore FEBio supports a wide
range of boundary conditions to model these interactions. These include prescribed displace-
ments, nodal forces, and pressure forces. Deformable models can also be connected to rigid
bodies so that the user can model prescribed rotations and torques. Rigid bodies can be con-
nected with rigid joints. Even more complicated interactions can be modeled using FEBio’s con-
tact interfaces. The user can choose between different types of contact interfaces, such as sliding
interfaces, tied interfaces and rigid wall interfaces. A sliding interface is defined between two sur-
faces that are allowed to separate and slide across each other but are not allowed to penetrate.
The rigid wall interface is also similar to the sliding interface, except that one of the contacting
surfaces is a movable rigid wall. As of version 1.2, there is an implementation of a sliding interface
that allows for fluid flow crossing the contact interface. The tied interface is similar to the sliding
interface, but in this case, the surfaces are not allowed to slide or separate. In addition, the user
may specify a body force which can be used to model the effects of gravity or base acceleration.

13
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1.2 About this document

This document is a part of a set of three manuals that accompany FEBio: the FEBio User’s
Manual , describing how to use FEBio, the FEBio Developer’s Manual for users who wish to modify
or add features to the code, and this manual, which describes the theory behind most of the FEBio
algorithms.

The purpose of this manual is to provide theoretical background on many of the algorithms
that are implemented in FEBio. In this way the user can develop a better understanding of how
the program works and how it can be used to create well defined biomechanical simulations. The
authors have tried to be as detailed as possible to make the text coherent and comprehensible,
but due to the complexity of some of the topics, some descriptions only skim the surface. Many
of the theoretical ideas discussed in this manual can and have filled entire bookshelves. The
explanations contained herein should be sufficient to give the reader a basic understanding of
the theoretical developments. References to textbooks and the primary literature are provided for
further reading.

Chapter 2 starts with a brief overview of some of the important concepts in continuum mechan-
ics. Readers who are already familiar with this field can skip this chapter, although the material
may be useful to get familiar with the notation and terminology used in this manual.

Chapter 3 describes the nonlinear finite element method. It also explains the Newton-Raphson
method, which is the basis for most implementations of the nonlinear finite element method. A
more specialized version of this algorithm, the BFGS method, is described as well since it is used
in FEBio.

In Chapter 4 the different element types that are available in FEBio are described in detail.
FEBio currently supports 3D solid elements, such as the linear hexahedral, pentahedral and tetra-
hedral elements, as well as quadrilateral and triangular shell elements.

Chapter 5 contains a detailed description of the material models in FEBio. Most of these mod-
els are based on hyperelasticity, which is introduced in chapter 2. Several transversely isotropic
materials are described as well. This also discusses the biphasic material and its implementation
in FEBio.

Chapter 7 describes the basics of the theory of contact and coupling. In FEBio the user can
connect the different parts of the geometry in a variety of ways. There are rigid interfaces where a
deformable model is attached to a rigid model, rigid joints where two or more rigid bodies connect,
and sliding interfaces where two surfaces are allowed to separate and slide across each other but
are not allowed to penetrate. The various contact and coupling algorithms are discussed as well
together with their implementation in FEBio.

https://febio.org/knowledgebase/
https://febio.org/knowledgebase/
https://febio.org/knowledgebase/


Chapter 2

Continuum Mechanics

This chapter contains an overview of some of the important concepts from continuum mechanics
and establishes some of the notation and terminology that will be used in the rest of this document.
The section begins by introducing the important concepts of deformation, stress and strain. Next
the concept of hyperelasticity is discussed. Finally the concept of virtual work is discussed. This
concept will be used later to derive the nonlinear finite element equations. For a more thorough
introduction to the mathematics needed for continuum mechanics, the user can consult [35].

2.1 Vectors and Tensors

It is assumed that the reader is familiar with the concepts of vectors and tensors. This section
summarizes the notation and some useful relations that will be used throughout the manual.

Vectors are denoted by small, bold letters, e.g. v. Their components will be denoted by vi,
where, unless otherwise stated, Latin under scripts such as ior Iwill range from 1 to 3. In matrix
form a vector will be represented as a column vector and its transpose as a row vector:

v =

 v1
v2
v3

 , vT =
(
v1, v2, v3

)
. (2.1.1)

The following products are defined between vectors. Assume u, v are vectors. Also note that the
Einstein summation convention is used throughout this manual [78].

The dot or scalar product :
u · v = uivi . (2.1.2)

The cross product :

u× v =

 u2v3 − u3v2
u3v1 − u1v3
u1v2 − u2v1

 . (2.1.3)

The vector outer product :
(u⊗ v)ij = uivj . (2.1.4)

Note that vectors are also known as first order tensors. Scalars are known as zero order tensors.
The outer product, defined by equation (2.1.4), is a second order tensor.

Second order tensors are denoted by bold, capital letters, e.g. A. Some exceptions will be
made to remain consistent with the literature. For instance, the Cauchy stress tensor is denoted

15
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by σ. However, the nature of the objects will always be clear from the context. The following
operations on tensors are defined. Assume A and B are second-order tensors.

The double contraction or tensor inner product is defined as:

A : B = AijBij . (2.1.5)

The trace is defined as:
trA = I : A = Aii . (2.1.6)

Here I is the second order identity tensor with components δij .
In general the components of tensors will change under a change of coordinate system. Nev-

ertheless, certain intrinsic quantities associated with them will remain invariant under such a trans-
formation. The scalar product between two vectors is such an example. The double contraction
between two second-order tensors is another example. The following set of invariants for second-
order tensors is commonly used:

I1 = trA,

I2 =
1

2

(
(trA)2 − trA2

)
I3 = detA.

. (2.1.7)

A tensor S is called symmetric if it is equal to its transpose:

S = ST . (2.1.8)

A tensor W is called anti-symmetric if it is equal to the negative of its transpose:

W = −WT . (2.1.9)

Any second order tensor A can be written as the sum of a symmetric tensor S and an anti-
symmetric tensor W:

A = S+W, (2.1.10)

where
S =

1

2

(
A+AT

)
, andW =

1

2

(
A−AT

)
. (2.1.11)

Also note that for any tensor B the following holds:

B : A = B : S , B : W = 0 . (2.1.12)

With any anti-symmetric tensor a dual vector w can be associated such that,

ŵ · u = w × u , (2.1.13)

where the second order tensor ŵ is defined as,

ŵ =

 0 −w3 w2

w3 0 −w1

−w2 w1 0

 . (2.1.14)

A second order Q tensor is called orthogonal if Q−1 = QT .



2.1. VECTORS AND TENSORS 17

In the implementation of the FE method it is often convenient to write symmetric second-order
tensors using Voigt notation. In this notation the components of a 2nd order symmetric tensor A
are arranged as a column vector:

[A] =



A11

A22

A33

A12

A23

A13

 . (2.1.15)

Higher order tensors will be denoted by bold, capital, script symbols, e.g. A. An example of a third-
order tensor is the permutation tensor Eijk, whose components are 1 for an even permutation of
(1, 2, 3), -1 for an odd permutation of (1, 2, 3) and zero otherwise. The permutation symbol is useful
for expressing the cross-product of two vectors in index notation:

(u× v)i = Eijkujvk . (2.1.16)

An example of a fourth-order tensor is the elasticity tensor C which, in linear elasticity theory,
relates the small strain tensor ε and the Cauchy stress tensor σ = C : ε.

Higher order tensors can be constructed from second order tensors in a similar way as second
order tensors can be constructed from vectors. If A and B are second order tensors, then the
following fourth order tensors can be defind by requiring that the following must hold for any second
order tensor X:

(A⊗B) : X = (B : X)A , (2.1.17)

(A⊘B) : X = A ·X ·BT , (2.1.18)

(A ; B) : X = A ·XT ·BT , (2.1.19)

(A⊙B) : X =
1

2

(
A ·X ·BT +A ·XT ·BT

)
. (2.1.20)

The Cartesian component forms of the operators ⊗, ⊘, ; and ⊙ are defined as follows:

(A⊗B)ijkl = AijBkl , (2.1.21)

(A⊘B)ijkl = AikBjl , (2.1.22)

(A ; B)ijkl = AilBjk , (2.1.23)

(A⊙B)ijkl =
1

2
(AikBjl +AilBjk) . (2.1.24)

The fourth order identity tensors are defined as:

A = I : A ,

AT = I : A ,
(2.1.25)

where I = I⊘ I and I = I ; I. The components are given by:

Iijkl = δikδjl ,

Iijkl = δilδjk .
(2.1.26)

We may also define I = 1
2

(
I + I

)
, such that I : A = 1

2

(
A+AT

)
returns the symmetric part of

A. In the special case when A is symmetric it follows that I : A = I : A = A.



18 CHAPTER 2. CONTINUUM MECHANICS

2.2 The Directional Derivative

In later sections the nonlinear finite element method will be formulated. Anticipating an iterative
solution method to solve the nonlinear equations, it will be necessary to linearize the quantities
involved. This linearization process will utilize a construction called the directional derivative [35].

The directional derivative of a function f (x) is defined as follows:

Df (x) [u] =
d

dε

∣∣∣∣
ε=0

f (x+ εu) . (2.2.1)

The quantity x may be a scalar, a vector or even a vector of unknown functions. For instance,
consider a scalar function f (x), where x is the position vector in R3. In this case the directional
derivative is given by:

Df (x) [u] =
d

dε

∣∣∣∣
ε=0

f (x+ εu)

=
∂f

∂xi
ui

= ∇f · u .

(2.2.2)

Here, the symbol ∇(“nabla”) depicts the gradient operator.
The linearization of a function implies that it is approximated by a linear function. Using the

directional derivative, a function f can be linearized as follows:

f (x+ u) ∼= f (x) +Df (x) [u] . (2.2.3)

The directional derivative obeys the usual properties for derivatives.

1. sum rule: If f = f1 + f2, then

Df (x) [u] = Df1 (x) [u] +Df2 (x) [u] . (2.2.4)

2. product rule: If f = f1 · f2, then

Df (x) [u] = f1 (x) ·Df2 (x) [u] + f2 ·Df1 (x) [u] . (2.2.5)

3. chain rule: If f = g (h (x)), then

Df (x) [u] = Dg (h (x)) [Dh (x) [u]] . (2.2.6)

2.3 Cauchy Stress

Let the plane with unit normal n bisect a loaded material body, such that n represents the outward
normal (pointing away from the material) to one of the two halves. The traction vector t at any point
P on this cross-section represents the limit of the reaction force ∆fn acting over an elemental area
∆An in the neighborhood of P , as ∆An → 0. For a non-polar medium, it is assumed that the
reaction moment ∆mn acting over ∆An at P vanishes as ∆An → 0. Since there can be an infinite
number of planes passing through the point P , it follows that t may assume an infinity of values
for each different n. Therefore, we define a unique tensorial measure σ at P , which returns the
traction t for any unit normal n,

t = σ · n. (2.3.1)

Here, σ is the Cauchy stress tensor at any point P inside the material body. The Cauchy stress
tensor, a spatial tensor, is the actual physical stress, since the corresponding traction vector is the
force in the deformed configuration, per unit deformed area.
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2.4 Axioms of Conservation

The governing equations of continuum mechanics are given by the axioms of conservation of
mass, linear and angular momentum, and energy. These axioms produce differential equations
that need to be solved for the material response. However, on their own, these equations are
insufficient to solve for all the unknowns in an analysis, therefore we must also provide equations of
state that describe the behavior of specific classes of materials, such as elastic solids, viscoelastic
solids, viscous fluids, etc. These equations of state are formulated as constitutive models, which
may not be chosen arbitrarily: they must be constrained by the axiom of entropy inequality. In this
section, we summarize all the axioms of conservation for a pure substance, as well as the axiom
of entropy inequality.

2.4.1 Axiom of Mass Balance

The axiom of mass balance simply states that mass is conserved, or equivalently, its time rate of
change is zero. Normally, we formulate this axiom in a volumetric domain (such as a fixed control
volume with permeable boundary, a material region with impermeable boundary, or a material
region with permeable boundary), then convert it to its differential form. In a spatial (Eulerian)
frame, the differential statement of the axiom of mass balance takes the form

∂ρ

∂t
+ div (ρv) = 0 , (2.4.1)

where ρ is the mass density of the matter and v is its velocity vector. Since div (ρv) = grad ρ · v+
ρdivv, we may also write this relation in the form

Dρ

Dt
+ ρ divv = 0 , (2.4.2)

where
Dρ

Dt
=
∂ρ

∂t
+ grad ρ · v (2.4.3)

is the material time derivative of the mass density in the spatial frame.

2.4.2 Axioms of Momentum Balance

The axioms of linear and angular momentum balance are also known as Newton’s second law
of motion. The axiom of linear momentum balance states that the time rate of change of linear
momentum is equal to the sum of all surface and body forces. The differential statement of the
axiom of mass balance in a spatial frame is given by

ρ
Dv

Dt
= divσ + ρb , (2.4.4)

where σ is the Cauchy stress tensor in the material, and b is the specific body force vector (body
force per mass), which is typically prescribed. Note that Dv/Dt is the acceleration of the matter
at every point in the continuum, as evaluated in the spatial frame.

The axiom of angular momentum balance states that the time rate of change of angular mo-
mentum is equal to the sum of all surface and body moments. The angular momentum represents
the moment of the linear momentum about a fixed point (such as the origin) in an inertial frame. In
a non-polar medium, we assume that moments are only produces by surface and body forces. In
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that case, the axiom of angular momentum balance is satisfied by the linear momentum balance
and by letting the Cauchy stress be symmetric,

σT = σ . (2.4.5)

2.4.3 Axiom of Energy Balance

The axiom of energy balance is also known as the first law of thermodynamics. The time rate of
change of internal and kinetic energy is balanced by the rate of work done by body and surface
forces, the rate of heat flow into the medium, and rate of heat supply from external sources. Its
differential statement takes the form

ρ
Dε

Dt
= σ : L− divq+ ρr , (2.4.6)

where ε is the specific internal energy (internal energy per mass), L = gradv is the velocity gra-
dient, q is the heat flux in the medium (units of power per area), and r is the heat supply per unit
mass from external sources that are not modeled explicitly (such as microwave heating in a frame-
work that does not model microwave radiation explicitly, or Joule heating in electrical conductors,
in a framework that does not model frictional interactions between electrons and atomic nuclei
explicitly).

For non-polar media, since the Cauchy stress is symmetric according to eq.(2.4.5), it follows
that σ : L = σ : D, where D = 1

2

(
L+ LT

)
is the symmetric part of the velocity gradient, also

known as the rate of deformation tensor.

2.4.4 Axiom of Entropy Inequality

The axioms of conservation presented above have introduced several functions of state that de-
scribe the behavior of specific materials, such as the Cauchy stress σ, the specific internal energy
ε, and the heat flux q. These axioms of conservation have a total of ten scalar unknowns (six com-
poments of σ, three components of q, and ε), whereas the equations have five scalar components
(three components of the vectorial linear momentum balance, and one component for each of the
scalar mass and energy balance equations). Therefore, there are too few equations to solve for all
the unknowns. Consequently, constitutive models must be provided for these functions of state,
which depend on a user-specified set of state variables (such as strain for elastic solids, rate of
deformation for viscous fluids, temperature for heat transfer, etc.).

Constitutive relations must be formulated in a manner that does not violate the axiom of entropy
inequality, also known as the second law of thermodynamics. The second law of thermodynamics
stipulates that the time rate of change of entropy in a medium is greater than the rate of entropy
supply into the medium by various sources of heat. In a spatial frame, the differential statement of
the axiom of entropy inequality is given by

ρ
Dη

Dt
+ div

q

θ
− ρr

θ
⩾ 0 , (2.4.7)

where η is the specific entropy (entropy per unit mass) of the matter. Entropy is a measure of
disorder in a medium. It represents another function of state.

Since Eq.(2.4.7) does not include all of the functions of state, we may combine it with the
energy balance to recover σ and ε in the entropy inequality. This may be achived by multiplying
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the entropy inequality in (2.4.7) by the absolute temperature θ (recalling that θ is always positive)
and adding it to the energy balance in (2.4.6) to produce

−ρ
(
Dε

Dt
− θDη

Dt

)
+ σ : D− 1

θ
q · grad θ ⩾ 0 .

The term in parentheses may be rearranged as

Dε

Dt
− θDη

Dt
=

D

Dt
(ε− θη) + η

Dθ

Dt
.

We now introduce the specific Helmholtz free energy, ψ, which relates the specific internal energy
and entropy according to

ψ = ε− θη . (2.4.8)

We may say that the free energy is the part of the internal energy which is available to produce
useful work. Substituting this expression above produces the form of the Clausius-Duhem in-
equality that involves all the independent functions of state appearing in these axioms, (ψ, η, σ
and q),

− ρ
(
ψ̇ + ηθ̇

)
+ σ : D− 1

θ
q · grad θ ⩾ 0 , (2.4.9)

where we have substituted D (·) /Dt with the (̇) operator, for notational simplicity.
It is important to understant that all functions of state are non-observable properties of matter:

No instruments exist to measure the complete state of stress inside a material, nor the heat flux,
the internal energy, or the entropy. However, we can formulate constitutive models that relate
these functions of state to observable state variables, then calculate their value for a specific state.
Observable state variables are all based on measurements of space (length, area and volume) and
time. For example, we can measure (observe) displacement, velocity and acceleration of matter
at various spatial locations, from which we can calculate their spatial gradients and treat these as
observable state variables. From measurements of length in calibrated materials, we can derive
measurements of force (using a load cell) and temperature (using a thermometer).

To better understand the choice of state variables relevant to mechanics, we proceed to de-
scribe the kinematics of a continuum in the next section.

2.5 Kinematics of the Continuum

2.5.1 Motion and Path Lines

At any instant of time t, the motion of a material particle P in the continuum is given by the function

x = χ (X, t) (2.5.1)

where X is the reference position, at some reference time t0, of the material particle P currently
located at the spatial location x. This motion describes the path line of the particle that starts at
X at t = t0 and passes through x at time t. At a subsequent time t′, the material particle passing
through x would have originated at a different location X′ at t0, so that x = χ (X′, t′) = χ (X, t).
The material particle P is uniquely identified by its position X in the reference configuration. There-
fore, any function f associated with each material point X, such as density, temperature, velocity,
etc., may be expressed as f = f̂ (X, t) in the material (or Lagrangian) frame. Alternatively, the
same function may be expressed in terms of the spatial position x through which the material
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Figure 2.5.1: Kinematics of the continuum.

particle originating at X passes at time t. In that case, f = f̃ (x, t) expresses this function in the
spatial (or Eulerian) frame. Importantly, since the function f is associated with the material, its
time rate of change as the material moves is called the material time derivative of f . The material
time derivative of f in the material frame is given by

ḟ =
∂f̂ (X, t)

∂t
. (2.5.2)

Therefore, the velocity v (X, t) of the particle P is defined in the material frame as the material
time derivative χ̇ (X, t) of the motion,

v (X, t) =
∂χ (X, t)

∂t
. (2.5.3)

The material time derivative of f in the spatial frame may be evaluated by using the chain rule on
f = f̃ (x, t) ≡ f (χ (X, t) , t), thus

ḟ =
∂f̃ (χ, t)

∂t
+
∂f̃ (χ, t)

∂χ
· ∂χ
∂t

.

Using Eq.(2.5.3) and recognizing that ∂f̃/∂χ ≡ ∂f̃/∂x = grad f̃ , this expression may be rewritten
as

ḟ =
∂f̃

∂t
+ grad f̃ · v ≡ Df̃ (x, t)

Dt
. (2.5.4)

We used the operator D (·) /Dt to emphasize that this expression represents the material time
derivative of f in the spatial frame.

For a given particle P , the actual value of the function f must be the same in the material and
spatial frames, thus f = f̂ (X, t) = f̃ (x, t). Similarly, its material time derivative must have the
same value in either frame, ḟ = ∂f̂

∂t = Df̃
Dt . For notational convenience, we drop the caret and tilde

symbols and assume from the context that f (X, t) ≡ f̂ (X, t) and f (x, t) ≡ f̃ (x, t).
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2.5.2 Deformation Gradient

For a continuum, the increment in motion between the neigboring points X and X+ dX at a given
time t is given by

dx = χ (X+ dX, t)− χ (X, t) = (Gradχ) · dX . (2.5.5)

Since the differentiation of χ (X, t) is performed with respect to X, we denote this gradient as
Grad ≡ ∂ (·) /∂X. In particular,

F ≡ ∂χ

∂X
= Gradχ (2.5.6)

is known as the deformation gradient. It follows from this relationship that a material element dX of
solid constituent deforms into the material element dx at the current time t such that dx = F · dX.

The length of the element, ds, is given by

ds2 = dx · dx = (F · dX) · (F · dX) = dX ·
(
FT · F

)
· dX ≡ dX ·C · dX (2.5.7)

where
C = FT · F (2.5.8)

is the right Cauchy-Green deformation tensor. Note that CT =
(
FT · F

)T
= FT · F = C, thus C is

symmetric.
Let the material element dX be of length dS and directed along the unit normal nr, dX = dSnr.

Upon deformation, we have dx = F · dX = dSF ·nr and the length of the element in this deformed
configuration is given by ds where

ds2 = dx · dx = (dSF · nr) · (dSF · nr) = dS2nr ·
(
FT · F

)
· nr = dS2nr ·C · nr (2.5.9)

The length of the element in the current configuration relative to its length in the reference config-
uration is given by

ds

dS
=
√
nr ·C · nr ≡ λn (2.5.10)

where λn is the relative change in length of the material element dX which is oriented along n. λn
is known as the stretch ratio along n. Note that λ2n = nr · C · nr is the normal component of C
along nr. If we let dx = dsn, it follows from dx = F · dX that

λnn = F · nr (2.5.11)

Now consider two material elements dXm = dSmmr and dXn = dSnnr. They each transform
according to dxm = F · dXm and dxn = F · dXn and their dot product produces

dxm · dxn = (F · dXm) · (F · dXn) = dXn ·C · dXm (2.5.12)

or equivalently,

λmλnm · n = nr ·C ·mr , λm =
dsm
dSm

, λn =
dsn
dSn

(2.5.13)

where dxm = dsmm and dxn = dsnn. Note that we may write m · n = cos θ = sin γ, where θ is the
angle between dxm and dxn and γ = π

2 − θ is its complementary angle (Figure 2.5.2), so that

nr ·C ·mr = λmλn sin γ . (2.5.14)

Now consider the case where mr ·nr = 0, i.e., the material elements dXm and dXn are orthogonal,
so that nr · C ·mr = Cmn where Cmn is a shear component of C. It follows from this result that
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Figure 2.5.2: Change of angle between filaments.

Cmn represents a combined measure of the change in angle between mr and nr, as well as
the stretching of elements dXm and dXn. The angle γ, which represents the change in angle
between initially orthogonal line elements along mr and nr, is called the engineering shear strain.
In particular, in the range of small strains and rotations, λm ≈ 1, λn ≈ 1 and sin γ ≈ γ, so that
Cmn ≈ γ.

According to the polar decomposition theorem, the deformation gradient may be decomposed
uniquely into

F = R ·U = V ·R (2.5.15)

where R is a proper orthogonal transformation (a rotation, with detR = +1), U is a symmetric
tensor called the right (or material) stretch tensor, and V is a symmetric tensor called the left
stretch tensor. It follows from this decomposition that dx = F · dX = R · (U · dX) may be viewed
as a stretching of dX by U followed by a rotation by R, whereas dx = V · (R · dX) is the rotation
of dX, followed by stretching by V. Since C = FT · F = U2, it follows that the eigenvalues of C
are the square of the eigenvalues of U. Thus, these eigenvalues provide a measure of the stretch,
not a measure of the rotation. C and U also share the same eigenvectors. Thus, if C is given by
its spectral representation,

C = λ21u1 ⊗ u1 + λ22u2 ⊗ u2 + λ23u3 ⊗ u3 (2.5.16)

where ui’s are its eigenvectors, then U may be evaluated from

U = λ1u1 ⊗ u1 + λ2u2 ⊗ u2 + λ3u3 ⊗ u3 (2.5.17)

and R = F ·U−1, where U−1 = λ−1
1 u1 ⊗ u1 + λ−1

2 u2 ⊗ u2 + λ−1
3 u3 ⊗ u3.

The motion can also be conveniently represented in terms of a displacement function u in a
material frame of reference such that

x = X+ u (X, t) (2.5.18)

Then the deformation gradient for this motion is given by

F =
∂x

∂X
= Gradx = I+Gradu (2.5.19)

and
C = FT · F = (I+Gradu)T · (I+Gradu)

= I+Gradu+GradT u+
(
GradT u

)
· (Gradu)

(2.5.20)

Finally, we can also define the Lagrangian strain tensor E (also known as the Green-Lagrange
strain) from the above relation such that C = I+ 2E, or

E =
1

2
(C− I) =

1

2

[
Gradu+GradT u+

(
GradT u

)
· (Gradu)

]
(2.5.21)
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In the case of rigid body motion (translation and/or rotation, C = I), the Lagrangian strain tensor
is equal to the null tensor. Just as in the case of the stress tensor, the strain tensors C and E also
have strain invariants, principal normal strains and principal directions of normal strain, maximum
shear strains and directions of maximum shear strain. If λ2 is an eigenvalue of C, and v is its
associated eigenvector, then v is also an eigenvector of E since

E · v =
1

2
(C− I) · v =

1

2
(C · v − v) =

1

2

(
λ2 − 1

)
v (2.5.22)

Therefore the corresponding eigenvalue of E is
(
λ2 − 1

)
/2, which also established the relation

between the normal components of E and C. The shear components of E may be related to those
of C according to

Emn = m ·E · n =
1

2
m ·C · n =

1

2
Cmn

where m and n are orthogonal unit vectors. Therefore, the interpretation of Emn is similar to that
of Cmn, with a factor of 1/2.

In the limit of small displacement gradients (small strains and rotations, ∥Gradu∥ ≪ 1), the
expression for the Lagrangian strain tensor in eq.(2.5.21) reduces to the infinitesimal strain tensor,

ε =
1

2

(
gradu+ gradT u

)
. (2.5.23)

Note that this strain tensor is also the linearization of the Lagrangian strain tensor,

DE [u] = FT · ε · F . (2.5.24)

2.5.3 Rate of Deformation

The material time derivative of the deformation gradient may be denoted by Ḟ. Since F = Gradχ,
it follows that Ḟ = Grad χ̇ = Gradv. Using the chain rule,

Ḟ =
∂v

∂X
=
∂v

∂x
· ∂x
∂X

= gradv · F (2.5.25)

or simply
Ḟ = L · F (2.5.26)

Differentiating C = FT · F with respect to time, and making use of eq.(2.5.25) produces

Ċ = ḞT · F+ FT · Ḟ = FT ·
(
LT + L

)
· F (2.5.27)

or equivalently,
Ċ = 2FT ·D · F (2.5.28)

where D is the rate of deformation tensor. This result may now be used in the time differentiation
of eq.(2.5.14),

nr · Ċ ·mr =
(
λ̇mλn + λmλ̇n

)
sin γ + λmλnγ̇ cos γ (2.5.29)

where the left-hand-side reduces to nr · Ċ · mr = 2 (F ·mr) · D · (F · nr) = 2λmλnm · D · n.
Substituting this result above produces

m ·D · n =
1

2

(
λ̇m
λm

+
λ̇n
λn

)
sin γ +

γ̇

2
cos γ (2.5.30)
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Figure 2.5.3: Elemental volume.

We now consider two cases: When m = n, it follows that γ = π/2, so that (2.5.30) reduces to

Dnn ≡ n ·D · n =
λ̇n
λn

. (2.5.31)

In other words, the normal component of the rate of deformation tensor along n is the rate of
stretch per stretch of a differential line element along n.

When m · n = 0, it follows that γ = 0, so that (2.5.30) reduces to

Dmn ≡m ·D · n =
γ̇

2
. (2.5.32)

Thus, the shear component of D in the plane containing m and n is equal to half the rate at which
the angle between those line elements changes with the deformation. The quantity γ̇ is called the
engineering shear rate, or simply the shear rate.

Finally, we note from eqs.(2.5.21) and (2.5.28) that the material time derivative of the La-
grangian strain is related to the rate of deformation via

Ė = FT ·D · F . (2.5.33)

2.5.4 Volume Deformation

Let us show that the deformation of a volume of material dVr is given by

dV = J dVr, J = detF = (detC)1/2 (2.5.34)

Note that detC = det
(
FT · F

)
= detFT detF = (detF)2, thus detF = (detC)1/2, which

proves the second equation above. To prove the first equation, let us define three non-collinear
material elements in the undeformed reference state, dX1, dX2, and dX3. The elemental volume
defined by these three elements has the magnitude

dVr = (dX1 × dX2) · dX3 (a)

in the reference state, and the magnitude

dV = (dx1 × dx2) · dx3 = (F · dX1 × F · dX2) · F · dX3 (b)

in the deformed state. Let the elements dX1, dX2, and dX3 be aligned with the orthogonal coor-
dinate axes such that

dX1 = dS1e1 dX2 = dS2e2 dX3 = dS3e3 (c)
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where ei · ej = δij , then we find from (a) that dVr = dS1dS2dS3. From (b) we get that

dV = (F · e1 × F · e2) · F · e3 dS1dS2dS3 = detF dVr (d)

according to the definition of the determinant given in Section A.1.10.
In a compressible material, the density will change with changes in volume. If an elemental

volume of mass dm occupies a volume dVr in some reference configuration, then the density in
the current configuration is given by

ρ =
dm

dV
=
dm

dVr

dVr
dV

=
ρr
J

(2.5.35)

Here, ρr represents the density of the material in the reference configuration, which is a constant.
The result of eq.(2.5.35) is the solution to the axiom of mass balance. To prove that point, we use
the kinematic identity

∂J

∂F
= JF−T (2.5.36)

to express the material time derivative of J as

J̇ =
∂J

∂F
: Ḟ (2.5.37)

Recalling that Ḟ = L · F, it follows that

J̇ = JF−T : L · F = JI : L = J trL = J divv (2.5.38)

or

divv =
J̇

J
(2.5.39)

Now, the axiom of mass balance in eq.(2.4.2) may be rewritten as

Dρ

Dt
+ ρ divv = ρ̇+

ρ

J
J̇ = 0 (2.5.40)

Multiplying this equation across by J , we find that the resulting expression is equivalent to

D (ρJ)

Dt
= 0 (2.5.41)

Integrating this expression produces ρJ = ρr, where ρr is the value of ρ when J = 1. This result
reproduces (2.5.35).

Finally, since we know that F = R ·U according to (2.5.15), it follows that

J = detF = (detR) (detU) = detU = λ1λ2λ3 ,

where λi are the principal stretches of U.



28 CHAPTER 2. CONTINUUM MECHANICS

2.5.5 Area Deformation

In general, we can express the position of a material point X as a function of parametric coordi-
nates ηi (i=1,2,3), thus X = X

(
ηi
)
. Then, a line element in the reference configuration is given

by

dX =
∂X

∂ηi
dηi ≡ Gidη

i , (2.5.42)

where we use the implicit (Einstein) summation convention of indicial notation. Here, the vectors
Gi are called the covariant basis vectors of X

(
ηi
)
, in the material frame. We may also express the

motion in eq.(2.5.1) as a function of the same parametric coordinates, such that the corresponding
line element in the spatial frame is

dx =
∂χ

∂ηi
dηi ≡ gidη

i , (2.5.43)

where gi’s represent the covariant basis vector at x = χ (X, t) in the spatial frame. Since dx is
related to dX by the deformation gradient as per eq.(2.5.5), or dx = F · dX, it can be shown that
the deformation gradient is given by

F = gi ⊗Gi , (2.5.44)

where Gi’s represent the contravariant basis vector of X
(
ηi
)
, in the material frame. Covariant

and contravariant basis vectors satisfy Gi ·Gj = Gi ·Gj = δij , where δij is the Kronecker delta.
The same is true in the spatial frame. The expression for F in eq.(2.5.44) emphasizes that F is a
two-point tensor : It has one leg in the material frame (Gi) and the other in the spatial frame (gi). It
follows from eq.(2.5.44) that covariant basis vectors in the material and spatial frames are related
by

F ·Gj = gj . (2.5.45)

Now consider that an elemental volume dVr in the reference configuration can be evaluated
from

dVr =
(
G1dη

1 ×G2dη
2
)
·G3dη

3 ≡ dA ·G3dη
3 ,

where dA is the vectorial representation of the elemental directed area G1dη
1 ×G2dη

2. Similarly,
the elemental volume dV in the current configuration is given by

dV =
(
g1dη

1 × g2dη
2
)
· g3dη3 ≡ da · g3dη3 .

Using eqs.(2.5.34) and (2.5.45), we may rewrite this expression as

dV = da · F ·G3dη
3 = JdVr = JdA ·G3dη

3 .

From this general expression, we can find the relation between da and dA,

da = JF−T · dA , (2.5.46)

which is known as Nanson’s formula [35]. It relates the change in surface area, and the reorien-
tation of the surface normal, between the referential area dA and its corresponding area da in the
current configuration.

Using the general expression for the deformation gradient in eq.(2.5.44), it follows that the right
Cauchy-Green tensor is given by

C = FT · F = gijG
i ⊗Gj

where gij = gi · gj is called the covariant metric tensor in the spatial frame.
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2.6 Hyperelasticity

2.6.1 Constitutive Restrictions

Now, we need to make constitutive assumptions on the dependent variables which appears in
Clausius-Duhem inequality, eq.(2.4.9), namely, ψ, η, σ and q. These functions could depend on a
number of state variables, such as strain, rate of deformation, temperature, temperature gradient,
etc. For example, the pressure in a gas is generally assumed to depend on temperature and
density, so it would follow that σ for a gas should exhibit the same dependencies.

For solid materials we have found that that the mass density is dependent on the strain
(eq.(2.5.35), ρ = ρr (detC)−1/2 = ρr/J , where ρr is a constant); so long as a dependence on
the strain is provided, an explicit dependency on mass density is not required.

For the purpose of modeling elastic solids under isothermal conditions, we would like to restrict
our constitutive models to be independent of the temperature or its gradient. For an elastic solid,
the rate of load application does not have an effect; therefore, there should be no dependency
on the rate of deformation D. Furthermore, for an elastic solid, upon removal of the loading,
deformations should disappear completely. This implies that there should be no dependence on
the history (or path) of loading, only on the current state of loading.

Given these restrictions, we assume that the non-observable functions of state ψ, η, σ and q
depend only on the observable solid matrix strain, such as E. Based on the principle of equipres-
ence, all functions of state depend only on E. In particular, since ψ is the only function of state
which is differentiated with respect to time in the Clausius-Duhem inequality, eq.(2.4.9), we ex-
press it explicitly as

ψ = ψ (E) . (2.6.1)

Given this dependence, we can use the chain rule of differentiation to get

ψ̇ =
dψ

dE
: Ė =

dψ

dE
: FT ·D · F (2.6.2)

where we have made use of eq.(2.5.33). Making use of the identity

dψ

dE
: FT ·D · F = F · dψ

dE
· FT : D (2.6.3)

we find that the entropy inequality reduces to

− ρηθ̇ − 1

θ
q · grad θ +

(
σ − ρF · dψ

dE
· FT

)
: D ⩾ 0 (2.6.4)

This inequality must hold for arbitrary processes, i.e., for arbitrary changes in D, θ̇ and grad θ (all
of which are independent, observable variables of state), under our self-imposed constraint that
ψ, η, σ and q only depend on the state variable E. For example, since the temperature θ in the
leftmost term of eq.(2.6.4) may either increase or decrease at various times in any process, the
sign of θ̇ may be variably positive or negative. However, the sign of the product −ρηθ̇ may not be
set strictly positive since ρη does not depend on θ̇. The same argument applies to the remaining
terms in the entropy inequality, each of which may vary independently of other terms. Therefore,
the only way that the entropy inequality may be satisfied for arbitrary processes, given our choice of
state variables, is to have each term be independently equal to zero. Thus, the entropy inequality
requires that

η = 0 (2.6.5)
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σ = ρF · dψ
dE
· FT (2.6.6)

q = 0 (2.6.7)

Equation (2.6.5) shows that the entropy must be zero for our choice of state variable, whereas
Eq.(2.6.6) is the fundamental constraint we seek for formulating constitutive relations in elasticity
problems. The constraint of eq.(2.6.7) implies that isothermal processes must be adiabatic, as
there cannot be heat flow in such problems.

Let the Helmholtz free energy per unit reference volume (energy density ) be denoted by

Ψr (E) ≡ ρrψ (E) (2.6.8)

Then, using eq.(2.5.35) and recalling that ρr is constant, eq.(2.6.6) reduces to

σ = J−1F · dΨr

dE
· FT . (2.6.9)

This formula represents the constraint imposed by the second law of thermodynamics on the
formulation of a constitutive relation for an elastic solid. For historical reasons, this formula is
described as the hyperelasticity constraint. The method described for obtaining this formula was
first proposed by Coleman and Noll in 1963 [45]. Prior to that formulation, other constitutive
relations had been proposed for elastic solids (such as hypoelasticity), though it is now believed
that the only thermodynamically valid formulation is the one given here.

In hyperelasticity theory, since the free energy density Ψr only depends on the strain, we may
also call it the strain energy density. A common alternative symbol for the strain energy density
is W (E). Since it is common to include multiple state variables in a general formulation of Ψr for
a material, the derivative dΨr/dE appearing in eq.(2.6.6) is often written as a partial derivative,
∂Ψr/∂E. It is also common to use C instead of E as a suitable alternative measure of strain under
finite deformation and rotation. In that case, based on eq.(2.5.21), the expression of eq.(2.6.6)
takes the form

σ = 2J−1F · ∂Ψr

∂C
· FT . (2.6.10)

2.6.2 Other Stress Tensors

The reaction force f exerted on a surface S whose outward normal is n is given by

f =

ˆ
S
t da =

ˆ
S
σ · n da

where da is an elemental area of S in the current configuration. Here, we used the relation between
the traction vector t and the Cauchy stress σ, given in eq.(2.3.1). Note that the directed area
da = n da in this integral may be related to dA in the reference configuration, using Nanson’s
formula in eq.(2.5.46) to produce

f =

ˆ
Sr

σ · JF−T · dA =

ˆ
Sr

Jσ · F−T · nr dA .

Here, nr is the unit outward normal on Sr in the reference configuration. Equating these two forms
of f and using the divergence theorem produces

f =

ˆ
V
divσ dV =

ˆ
Vr

Div
(
Jσ · F−T

)
dVr ,
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where the divergence operator in the material frame is denoted by Div (·). The expression in the
argument of this divergence operator is known as the first Piola-Kirchhoff stress tensor,

P = Jσ · F−T . (2.6.11)

Note that P, like F, is not symmetric. Also, like F, P is known as a two-point tensor, meaning it is
neither a material nor a spatial tensor. This is demonstrated more easily by expressing σ in terms
of its contravariant components σij ,

σ = σijgi ⊗ gj (2.6.12)

and noting that
F−1 = Gi ⊗ gi (2.6.13)

so that the component form of P in eq.(2.6.11) reduces to

P = Jσij (gi ⊗ gj) ·
(
gk ⊗Gk

)
= Jσijgi ⊗Gj ,

confirming that it is a two-point tensor.
Two other stress measures are often used in continuum mechanics. Examining eq.(2.6.9) or

eq.(2.6.10), we may define the second Piola-Kirchhoff (PK2) stress tensor as

S = JF−1 · σ · F−T , (2.6.14)

where, for a hyperelastic material,

S =
∂Ψr

∂E
= 2

∂Ψr

∂C
. (2.6.15)

Substituting the component form of σ in eq.(2.6.12) into eq.(2.6.14), and using (2.6.13), we find
that

S = JσijGi ⊗Gj , (2.6.16)

showing that S is a material tensor. This component form suggests that may also define the
Kirchhoff stress tensor as the spatial version of S,

τ = Jσ = Jσijgi ⊗ gj . (2.6.17)

Since σ is symmetric, it follows that τ is symmetric.
The inverse relations for these various stresses are are

σ =
1

J
τ , σ =

1

J
P · FT , σ =

1

J
F · S · FT . (2.6.18)

2.6.3 Directional Derivative of the Stress

The directional derivative of the 2nd PK stress tensor needs to be calculated for the linearization
of the finite element equations. For a hyperelastic material, as expressed in (2.6.15), a linear rela-
tionship between the directional derivative of S and the linearized strain DE [u] can be obtained:

DS [u] = C : DE [u] . (2.6.19)

Here, C is a fourth-order tensor known as the material elasticity tensor. Its Cartesian components
and tensorial definition are given by

CIJKL =
∂SIJ
∂EKL

=
4∂2Ψr

∂CIJ∂CKL

C =
∂S

∂E
=

4∂2Ψr

∂C∂C

. (2.6.20)
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The spatial equivalent – the spatial elasticity tensor C – can be obtained from

Cijkl =
1

J
FiIFjJFkKFlLCIJKL

C =
1

J
(F⊘ F) : C :

(
FT ⊘ FT

). (2.6.21)

2.6.4 Isotropic Hyperelasticity

The hyperelastic constitutive equations discussed so far are unrestricted in their application. Isotropic
material symmetry is defined by requiring the constitutive behavior to be independent of any ma-
terial axes. Consequently, Ψr must only be a function of the invariants of C (or E),

Ψr = Ψr (I1, I2, I3) , (2.6.22)

where the invariants of C are defined here as,

I1 = trC = I : C, I2 =
1

2

[
(trC)2 − trC2

]
, I3 = detC = J2 . (2.6.23)

As a result of the isotropic restriction, the second Piola-Kirchhoff stress tensor can be written as,

S = 2
∂Ψ

∂C
= 2

∂Ψ

∂I1

∂I1
∂C

+ 2
∂Ψ

∂I2

∂I2
∂C

+ 2
∂Ψ

∂I3

∂I3
∂C

. (2.6.24)

The second order tensors formed by the derivatives of the invariants with respect to C can be
evaluated as

∂I1
∂C

= I ,
∂I2
∂C

= I1I−C ,
∂I3
∂C

= I3C
−1 . (2.6.25)

Introducing expressions (2.6.25) into equation (2.6.24) enables the second Piola-Kirchhoff stress
to be evaluated as,

S = 2 (Ψ1 + I1Ψ2 + I2Ψ3)) I− 2 (Ψ2 + I1Ψ3)C+Ψ3C
2 , (2.6.26)

where Ψ1 = ∂Ψ/∂I1, Ψ2 = ∂Ψ/∂I2, and Ψ3 = ∂Ψ/∂I3.
The Cauchy stresses can now be obtained from the second Piola-Kirchhoff stresses by using

(2.6.18):
σ = J−1

(
2 (Ψ1 + I1Ψ2 + I2Ψ3))b− 2 (Ψ2 + I1Ψ3)b

2 +Ψ3b
3
)
, (2.6.27)

where
b = F · FT . (2.6.28)

is the left Cauchy-Green tensor. Note that in this equation Ψ1, Ψ2, and Ψ3 still involve derivatives
with respect to the invariants of C. However, since the invariants of b are identical to those of
C, the quantitiesΨ1, Ψ2 and Ψ3 may also be considered to be the derivatives with respect to the
invariants of b.

2.6.5 Isotropic Elasticity in Principal Directions

For isotropic materials, the principal directions of the strain and stress tensors are the same. Let
the eigenvalues of C be denoted by λ2i (i = 1, 2, 3), then the strain energy density may be given as
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a function of these eigenvalues, Ψ
(
λ21, λ

2
2, λ

2
3

)
. To derive the expression for the stress, recognize

that
∂λ2i
∂C

= Ni ⊗Ni ≡ Ai , (2.6.29)

where the Ni are the eigenvectors of C. It follows that the second Piola-Kirchhoff stress may be
represented as

S =
3∑

i=1

SiAi , (2.6.30)

where

Si = 2
∂Ψ

∂λ2i
. (2.6.31)

To evaluate the material elasticity tensor, recognize that

∂Ai

∂C
=

1

λ2i − λ2j
(Ai ⊙Aj +Aj ⊙Ai) +

1

λ2i − λ2k
(Ai ⊙Ak +Ak ⊙Ai) , (2.6.32)

where i, j, k form a permutation over 1, 2, 3. Then it can be shown that the material elasticity tensor
is given by

C =
3∑

i=1

4
∂2Ψ

∂λ2i ∂λ
2
i

Ai ⊗Ai

+

3∑
i=1

3∑
j=i+1

4
∂2Ψ

∂λ2i ∂λ
2
j

(Ai ⊗Aj +Aj ⊗Ai)

+
3∑

i=1

3∑
j=i+1

2
Si − Sj
λ2i − λ2j

(Ai ⊙Aj +Aj ⊙Ai)

. (2.6.33)

When eigenvalues coincide, L’Hospital’s rule may be used to evaluate the coefficient in the last
term,

lim
λ2
j→λ2

i

2
Si − Sj
λ2i − λ2j

= 4

(
∂2Ψ

∂λ2j∂λ
2
j

− ∂2Ψ

∂λ2i ∂λ
2
j

)
. (2.6.34)

The double summations in eq.(2.6.33) are arranged such that the summands represent fourth-
order tensors with major and minor symmetries.

In the spatial frame, the Cauchy stress is given by

σ =
3∑

i=1

σiai , (2.6.35)

where
ai = ni ⊗ ni , (2.6.36)

and ni = (F ·Ni) /λi are the eigenvectors of b. The principal normal stresses are

σi =
λi
J

∂Ψ

∂λi
. (2.6.37)
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The spatial elasticity tensor is given by

C =

3∑
i=1

(
J−1λ2i

∂2Ψ

∂λ2i
− σi

)
ai ⊗ ai

+

3∑
i=1

3∑
j=i+1

J−1λiλj
∂2Ψ

∂λi∂λj
(ai ⊗ aj + aj ⊗ ai)

+
3∑

i=1

3∑
j=i+1

2
λ2jσi − λ2iσj
λ2i − λ2j

(ai ⊙ aj + aj ⊙ ai)

. (2.6.38)

2.6.6 Transversely Isotropic Hyperelasticity

Transverse isotropy can be introduced by adding a vector field representing the material preferred
direction explicitly into the strain energy [132]. We require that the strain energy depends on
a unit vector field A, which describes the local fiber direction in the undeformed configuration.
When the material undergoes deformation, the vector A (X) may be described by a unit vector
field a (φ (X)). In general, the fibers will also undergo length change. The fiber stretch, λ, can
be determined in terms of the deformation gradient and the fiber direction in the undeformed
configuration,

λa = F ·A . (2.6.39)

Also, since a is a unit vector,
λ2 = A ·C ·A . (2.6.40)

The strain energy function for a transversely isotropic material, Ψ(C,A,X) is an isotropic function
of C and A⊗A. It can be shown [121] that the following set of invariants are sufficient to describe
the material fully:

I1 = trC , I2 =
1

2

[
(trC)2 − trC2

]
, I3 = detC = J2 , (2.6.41)

I4 = A ·C ·A , I5 = A ·C2 ·A . (2.6.42)

The strain energy function can be written in terms of these invariants such that

Ψ(C,A,X) = Ψ (I1 (C) , I2 (C) , I3 (C) , I4 (C,A) , I5 (C,A)) . (2.6.43)

The second Piola-Kirchhoff can now be obtained in the standard manner:

S = 2
∂Ψ

∂C
= 2

5∑
i=1

∂Ψ

∂Ii

∂Ii
∂C

. (2.6.44)

In the transversely isotropic constitutive models described in Chapter 5 it is further assumed that
the strain energy function can be split into the following terms:

Ψ(C,A) = Ψ1 (I1, I2, I3) + Ψ2 (I4) + Ψ3 (I1, I2, I3I4) . (2.6.45)

The strain energy function Ψ1 represents the material response of the isotropic ground substance
matrix, Ψ2 represents the contribution from the fiber family (e.g. collagen), and Ψ3 is the con-
tribution from interactions between the fibers and matrix. The form (2.6.45) generalizes many
constitutive equations that have been successfully used in the past to describe biological soft tis-
sues e.g. [68, 72, 73]. While this relation represents a large simplification when compared to
the general case, it also embodies almost all of the material behavior that one would expect from
transversely isotropic, large deformation matrix-fiber composites.
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2.6.7 Incompressibility

A material is incompressible when its mass density remains constant, ρ = ρr, or equivalently
according to eq.2.5.34, its relative volume satisfies

J = 1 (2.6.46)

everywhere throughout the material. No real material is truly incompressible, since true incom-
pressibility implies that the speed of sound in that medium is infinite, which is not physically pos-
sible. Thus, one should view this assumption as an idealization of the behavior of real materials.
We may replace eq.(2.6.46) with the equivalent form J̇ = 0, and make use of eq.(2.5.38) in the
form

divv = I : D = 0 , (2.6.47)

where we recognized that the divergence of the velocity is equal to the trace of the velocity gradient
L, hence, the trace of its symmetric part D.

Since J = (detC)1/2, the incompressibility constraint of eq.(2.6.46) implies that the symmetric
strain tensor E = 1

2 (C− I) used as a state variable in the derivation of the hyperelasticity rela-
tion (see Section 2.6.1) does not truly have six independent components. Therefore, we cannot
claim that E can vary arbitrarily when enforcing the entropy inequality. Instead, we introduce the
incompressibility constraint of eq.(2.6.47) into the Clausius-Duhem inequality, eq.(2.4.9), using the
method of Lagrange multipliers,

−ρ
(
ψ̇ + ηθ̇

)
+ (σ + λI) : D− 1

θ
q · grad θ ⩾ 0 ,

where λ is the Lagrange multiplier. Now, we may proceed with the constitutive assumption that
ψ = ψ (E), as done in Section 2.6.1, until we conclude that the stress σ is constrained to have the
form

σ = pI+ 2J−1F · ∂Ψr

∂C
· FT , p ≡ −λ . (2.6.48)

This expression shows that the incompressibility constraint requires us to have a parameter p (a
pressure) that accounts for that part of the strain energy density that would normally be stored in
the material as a result of volumetric strain. Analytically, we would solve for this additional scalar
parameter p using the constraint of eq.(2.6.46). Finally, substituting eq.(2.6.48) into eq.(2.6.14),
the PK2 stress in an incompressible material takes the form

S = JpC−1 + 2
∂Ψr

∂C
. (2.6.49)

2.6.8 Nearly-Incompressible Hyperelasticity

When dealing with incompressible and nearly incompressible materials, it proves useful to sep-
arate the volumetric and the deviatoric (distortional) components of the deformation gradient F.
Such a separation must ensure that the deviatoric part of the deformation gradient, namely F̃,
does not produce any change in volume. Noting that the determinant of the deformation gradient
gives the volume ratio, the determinant of F̃ must therefore satisfy,

det F̃ = 1 . (2.6.50)

This condition can be achieved by choosing F̃ as,

F̃ = J−1/3F . (2.6.51)
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The right Cauchy-Green tensor can also be split into volumetric and deviatoric components. With
the use of,(2.6.51) the deviatoric right Cauchy-Green tensor is given by

C̃ = F̃T · F̃ = J−2/3C . (2.6.52)

The process of defining constitutive equations in the case of nearly incompressible hyper-
elasticity is simplified by uncoupling the strain energy density Ψr (C) into a volumetric energy
component U (J) and a distortional component Ψ̃ (C):

Ψ(C) = Ψ̃ (C) + U (J) . (2.6.53)

The second Piola-Kirchhoff tensor for a material defined by (2.6.53) is obtained in the standard
manner with the help of equation (2.6.24).

S = 2
∂Ψ

∂C

= 2
∂Ψ̃

∂C
+ 2

dU

dJ

∂J

∂C

= 2
∂Ψ̃

∂C
+ pJC−1

, (2.6.54)

where the pressure p is defined as

p =
dU

dJ
. (2.6.55)

An example for U that will be used later in the definition of the constitutive models is

U (J) =
1

2
κ (ln J)2 . (2.6.56)

The parameter κ will be used later as a penalty factor that will enforce the (nearly-) incompressible
constraint. However, κ can represent a true material coefficient, namely the bulk modulus, for a
compressible material that happens to have a hyperelastic strain energy function in the form of
(2.6.53). In the case where the dilatational energy is given by (2.6.56), the pressure is

p = κ
ln J

J
. (2.6.57)

Equation (2.6.54) can be further developed by applying the chain rule to the first term:

S = pJC−1 + J−2/3 dev S̃ , (2.6.58)

where the fictitious second Piola-Kirchoff tensor [66] is defined by,

S̃ = 2
∂Ψ̃

∂C̃
, (2.6.59)

and Dev is the deviator operator in the reference frame:

Dev (·) = (·)− 1

3
((·) : C)C−1. (2.6.60)

The Cauchy stress can then be obtained from eq.(2.6.18)3:

σ = pI+ dev σ̃ , (2.6.61)
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where

σ̃ =
2

J
F̃ · ∂Ψ̃

∂C̃
· F̃T , (2.6.62)

and
dev (·) = (·)− 1

3
((·) : I) I (2.6.63)

is the deviator operator in the spatial frame.
The following expression will be useful in the following development.

dC̃IJ

dCKL
= J−2/3

(
1

2
(δIKδJL + δILδJK)− 1

3
C̃IJ C̃

−1
KL

)
∂C̃

∂C
= J−2/3

(
I⊙ I− 1

3
C̃⊗ C̃−1

) . (2.6.64)

Notice that the contraction with a symmetric tensor A results in,

dC̃IJ

dCKL
AIJ = J−2/3DevAKL

A :
∂C̃

∂C
= J−2/3DevA

. (2.6.65)

The elasticity tensor, defined in (2.6.20), takes on the following form.

CIJKL =

(
J2 dp

dJ
+ Jp

)
C−1
IJ C

−1
KL − 2pJIIJKL

− 2

3
J−2/3

(
Dev S̃IJC

−1
KL + C−1

IJ Dev S̃KL

)
+

2

3
S̃RSC̃RS

(
IIJKL −

1

3
C−1
KLC

−1
IJ

)
+ J−4/3ĈIJKL

C =

(
J2 dp

dJ
+ Jp

)
C−1 ⊗C−1 − 2pJI

− 2

3
J−2/3

(
Dev S̃⊗C−1 +C−1 ⊗Dev S̃

)
+

2

3

(
S̃ : C̃

)(
I − 1

3
C−1 ⊗C−1

)
+ J−4/3Ĉ

, (2.6.66)

where

ĈIJKL = C̃IJKL −
1

3

(
C̃IJRSC̃RSC̃

−1
KL + C̃RSKLC̃RSC̃

−1
IJ

)
+

1

9
C̃−1
IJ C̃RSC̃RSMN C̃MN C̃

−1
KL

Ĉ = C̃− 1

3

(
C̃ : C̃⊗ C̃−1 + C̃−1 ⊗ C̃ : C̃

)
+

1

9
C̃−1 ⊗ C̃ : C̃ : C̃⊗ C̃−1

.

(2.6.67)
The spatial elasticity tensor follows from

C =

(
J
dp

dJ
+ p

)
I⊗ I− 2pI⊙ I

− 2

3
(dev σ̃ ⊗ I+ I⊗ dev σ̃)

+
2

3
(σ̃ : I)

(
I⊙ I− 1

3
I⊗ I

)
+ Ĉ

, (2.6.68)
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where
Ĉijkl =

1

J
F̃iI F̃jJ F̃kK F̃lLĈIJKL

Ĉ =
1

J

(
F̃⊘ F̃

)
: Ĉ :

(
F̃T ⊘ F̃T

)
= C̃ − 1

3

(
I⊗ I : C̃ + C̃ : I⊗ I

)
+

1

9

(
I : C̃ : I

)
I⊗ I

. (2.6.69)

2.6.9 Tension-Bearing Fiber Materials

In biomechanics we often find it convenient to model fibrous or fibrillar materials using one-
dimensional fibers that can only sustain tension. Typically, such fibers are represented with a
strain energy density function

Ψr (C) = H (In − 1)Ψn (In) , In = nr ·C · nr (2.6.70)

where nr is the unit vector along the fiber in its reference configuration, and In is the square of
the stretch ratio along the fiber. The Heaviside unit step function H (In − 1) in eq.(2.6.70) ensures
that the fiber contributes strain energy only when it is under tension (In > 1); thus, the constitutive
model Ψn (In) for the tensile response of the fiber must reduce to zero when In = 1.

Using the hyperelasticity relations presented above, the Cauchy stress in this fiber material
can be evaluated as

σ = H (In − 1) 2J−1dΨn

dIn
(F · nr)⊗ (F · nr) , (2.6.71)

and the spatial elasticity tensor is

C = 4J−1d
2Ψn

dI2n
(F · nr)⊗ (F · nr)⊗ (F · nr)⊗ (F · nr) . (2.6.72)

If we denote the unit vector along the fiber in the current configuration as n ≡ I−1/2
n F·nr, the above

expressions may be rewritten as σ = H (In − 1) 2J−1InΨ
′
n (In)n ⊗ n and C = 4J−1I2nΨ

′′
n (In)n ⊗

n⊗n⊗n. As explained in [5], these fiber models must be combined with a ground matrix in order
to produce a stable material response. In FEBio this can be done by using a constrained mixture
of solid constituents (for example, see Section 2.10.5).

In the classical fiber mechanics literature it was suggested that uncoupled fiber formulations
could also be implemented, whereby

Ψr (C) = H
(
Ĩn − 1

)
Ψ̃n

(
Ĩn

)
+ U (J) , Ĩn = nr · C̃ · nr , (2.6.73)

and the Cauchy stress σ is given by eq.(2.6.61) where

σ̃ = H
(
Ĩn − 1

)
2J−1dΨ̃n

dĨn

(
F̃ · nr

)
⊗
(
F̃ · nr

)
. (2.6.74)

Uncoupled fiber formulations of this kind are available in FEBio. More recently however, several
studies have demonstrated that using H

(
Ĩn − 1

)
to detect whether a fiber is in tension or com-

pression is non-physical, since Ĩn ̸= In and In is the sole true measure of the tensile stretch in the
fiber [63, 64, 108]. Therefore, uncoupled fiber formulations have fallen out of favor, even though
FEBio still allows users to employ these for historical reasons. It is now recommended to use
the standard (unconstrained) fiber models, also available in FEBio, with the formulation given in
Eqs.(2.6.70)-(2.6.72), even when the ground matrix uses an uncoupled formulation.
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2.7 Biphasic Material

Biphasic materials may be used to model deformable porous media. A biphasic material repre-
sents a mixture of a porous permeable solid and an interstitial fluid. Each constituent is intrinsically
incompressible, but the mixture may change volume as interstitial fluid is exchanged with the pore
space of the solid. Biphasic materials require the explicit modeling of fluid that permeates the
solid. The biphasic material model is useful to simulate materials that show flow-dependent vis-
coelastic behavior resulting from the frictional interactions of the fluid and solid. Several biological
materials such as cartilage can be described more accurately this way.

2.7.1 Governing Equations

Consider a mixture consisting of a solid constituent and a fluid constituent. Both constituents
are considered to be intrinsically incompressible, but the mixture can change volume when fluid
enters or leaves the porous solid matrix [38, 94]. According to the kinematics of the continuum
[125], each constituent α of a mixture (α = s for the solid and α = w for the fluid) has a separate
motion χα (Xα, t) which places particles of each mixture constituent, originally located at Xα, in
the current configuration x according to

x = χα (Xα, t) . (2.7.1)

For the purpose of finite element analyses, the motion of the solid matrix, α = s, is of particular
interest.

The governing equations that enter into the statement of virtual work are the conservation of
linear momentum and the conservation of mass, for the mixture as a whole. Under quasi-static
conditions, the conservation of momentum reduces to

divσ + ρb = 0 , (2.7.2)

where σ is the Cauchy stress for the mixture, ρ is the mixture density and b is the external mixture
body force per mass. Since the mixture is porous, this stress may also be written as

σ = −pI+ σe , (2.7.3)

where p is the fluid pressure and σe is the effective or extra stress, resulting from the deformation
of the solid matrix. Conservation of mass for the mixture requires that

div (vs +w) = 0 , (2.7.4)

where vs = ∂χs/∂t is the solid matrix velocity and w is the flux of the fluid relative to the solid
matrix. Let the solid matrix displacement be denoted by u, then vs = u̇.

To relate the relative fluid flux w to the fluid pressure and solid deformation, it is necessary to
employ the equation of conservation of linear momentum for the fluid,

− φw grad p+ ρwbw + p̂w
d = 0 , (2.7.5)

where φw is the solid matrix porosity, ρw = φwρwT is the apparent fluid density and ρwT is the true
fluid density, bw is the external body force per mass acting on the fluid, and p̂w

d is the momentum
exchange between the solid and fluid constituents, typically representing the frictional interaction
between these constituents. This equation neglects the viscous stress of the fluid in comparison
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to p̂w
d . The most common constitutive relation is p̂w

d = −φwk−1 · w, where the second order,
symmetric tensor k is the hydraulic permeability of the mixture. When combined with eq.(2.7.5), it
produces

w = −k · (grad p− ρwTbw) , (2.7.6)

which is equivalent to Darcy’s law. In general, k may be a function of the deformation.
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2.8 Biphasic-Solute Material

A biphasic-solute material is an extension of the biphasic material model that also includes trans-
port and mechano-chemical effects of a neutral solute. Transport of a solute in a porous medium
includes diffusion, resulting from gradients in the solute concentration, and convection of the so-
lute by the solvent, as a result of fluid pressure gradients. Mechano-chemical effects describe
phenomena such as osmotic pressurization and swelling.

2.8.1 Governing Equations

The governing equations adopted in this finite element implementation of neutral solute transport in
deformable porous media are based on the framework of mixture theory [39, 125]. A single solute
is considered in this presentation for notational simplicity, though the extension of equations to
multiple solutes is straightforward. Various forms of the governing equations have been presented
in the prior literature [7, 92], though a presentation that incorporates all the desired features of this
implementation has not been reported previously and is thus detailed here.

The fundamental modeling assumptions adopted in this treatment are quasi-static conditions
for momentum balance (negligible effects of inertia), intrinsic incompressibility of all constituents
(invariant true densities), isothermal conditions, negligible volume fraction of solute relative to
the solid and solvent, and negligible effects of solute and solvent viscosities (friction within con-
stituents) relative to frictional interactions between constituents. These assumptions are often
made in studies of biological tissues and cells. External body forces and chemical reactions are
not considered.

The three constituents of the mixture are the porous-permeable solid matrix (α = s), the solvent
(α = w), and the solute (α = u). The motion of the solid matrix is described by the displacement
vector u, the pressure of the interstitial fluid (solvent+solute) is p, and the solute concentration (on
a solution-volume basis) is c. The total (or mixture) stress may be described by the Cauchy stress
tensor σ = −pI + σe, where I is the identity tensor and σe is the stress arising from the strain in
the porous solid matrix. Because it is porous, the solid matrix is compressible since the volume of
pores changes as interstitial fluid enters or leaves the matrix. Under the conditions outlined above,
the balance of linear momentum for the mixture reduces to

divσ = − grad p+ divσe = 0 . (2.8.1)

Similarly, the equations of balance of linear momentum for the solvent and solute are given by

ρw grad µ̃w + fws · (vs − vw) + fwu · (vu − vw) = 0 ,

−ρu grad µ̃u + fus · (vs − vu) + fuw · (vw − vu) = 0 ,
(2.8.2)

where ρα is the apparent density (mass of α per volume of the mixture), µ̃α is the mechano-
chemical potential and vα is the velocity of constituent α. fαβ is the diffusive drag tensor between
constituents α and β representing momentum exchange via frictional interactions, which satisfies
fβα = fαβ. An important feature of these relations is the incorporation of momentum exchange
term between the solute and solid matrix, fus · (vs − vu), which is often neglected in other treat-
ments but plays an important role for describing solid-solute interactions [2, 3, 92]. These momen-
tum equations show that the driving force for the transport of solvent or solute is the gradient in its
mechano-chemical potential, which is resisted by frictional interactions with other constituents.

The mechano-chemical potential is the sum of the mechanical and chemical potentials. The
chemical potential µα of α represents the rate at which the mixture free energy changes with
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increasing mass of α. The mechanical potential represents the rate at which the mixture free
energy density changes with increasing volumetric strain of α. In a mixture of intrinsically incom-
pressible constituents, where the volumetric strain is idealized to be zero, this potential is given
by (p− p0) /ραT , where ραT is the true density of α (mass of α per volume of α), which is invariant
for incompressible constituents, and p0 is some arbitrarily set reference pressure (e.g., ambient
pressure).

From classical physical chemistry, the general form of a constitutive relation for the chemical
potential is µα = µα0 (θ) + (Rθ/Mα) ln aα [123], where R is the universal gas constant, θ is the
absolute temperature, Mα is the molecular weight (invariant) and aα is the activity of constituent
α (a non-dimensional quantity); µα0 (θ) is the chemical potential at some arbitrary reference state,
at a given temperature. For solutes, physical chemistry treatments let au = γc/c0, where c0 is
the solute concentration in some standard reference state (an invariant, typically c0 = 1M), and
γ is the non-dimensional activity coefficient, which generally depends on the current state (e.g.,
concentration) but reduces to unity under the assumption of ideal physico-chemical behavior [123].
Since this representation is strictly valid for free solutions only, whereas solutes may be partially
excluded from some of the interstitial space of a porous solid matrix, Mauck et al. [92] extended
this representation of the solute activity to let au = γc/κc0, where the solubility κ represents the
fraction of the pore space which is accessible to the solute (0 < κ ⩽ 1). In this extended form, it
becomes clear that even under ideal behavior (γ = 1), the solute activity may be affected by the
solubility. Indeed, for neutral solutes, the solubility also represents the partition coefficient of the
solute between the tissue and external bath [80, 98].

When accounting for the fact that the solute volume fraction is negligible compared to the
solvent volume fraction [6, 123], the general expressions for µ̃w and µ̃u take the form

µ̃w = µw0 (θ) +
1

ρwT
(p− p0 −RθΦ c) ,

µ̃u = µu0 (θ) +
Rθ

M
ln

γc

κc0
,

(2.8.3)

where Φ is the osmotic coefficient (a non-dimensional function of the state), which deviates from
unity under non-ideal physico-chemical behavior. Therefore, a complete description of the physico-
chemical state of solvent and solute requires constitutive relations for Φ and the effective solubility
κ̃ = κ/γ, which should generally depend on the solid matrix strain and the solute concentration.

It is also necessary to satisfy the balance of mass for each of the constituents. In the absence
of chemical reactions, the statement of balance of mass for constituent α reduces to

∂ρα

∂t
+ div (ραvα) = 0 . (2.8.4)

The apparent density may be related to the true density via ρα = φαραT , where φα is the volume
fraction of α in the mixture. Due to mixture saturation (no voids), the volume fractions add up to
unity. Since the volume fraction of solute is considered negligible (φu ≪ φs, φw), it follows that∑

α φ
α ≈ φs + φw = 1. Since ραT of an incompressible constituent is invariant in space and time,

these relations may be combined to produce the mixture balance of mass relation,

div (vs +w) = 0, (2.8.5)

where w = φw (vw − vs) is the volumetric flux of solvent relative to the solid. The balance of mass
for the solute may also be written as

∂ (φwc)

∂t
+ div (j+ φwcvs) = 0 , (2.8.6)
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where j = φwc (vu − vs) is the molar flux of solute relative to the solid. This mass balance relation
is obtained by recognizing that the solute apparent density (mass per mixture volume) is related
to its concentration (moles per solution volume) via ρu = (1− φs)Mc ≈ φwMc. Finally, it can be
shown via standard arguments that the mass balance for the solid matrix reduces to

φs =
φs
r

J
, (2.8.7)

where φs
r is the solid volume fraction in the reference state, J = detF and F = I + gradu is the

deformation gradient of the solid matrix.
Inverting the momentum balance equations in (2.8.2), it is now possible to relate the solvent

and solute fluxes to the driving forces according to

w = −k̃ ·
(
ρwT grad µ̃w +Mc

d

d0
grad µ̃u

)
,

j = d ·
(
−M
Rθ

φwc grad µ̃u +
c

d0
w

)
,

(2.8.8)

where d is the solute diffusivity tensor in the mixture (solid+solution), d0 is its (isotropic) diffusivity
in free solution; k̃ is the hydraulic permeability tensor of the solution (solvent+solute) through the
porous solid matrix, which depends explicitly on concentration according to

k̃ =

[
k−1 +

Rθc

φwd0

(
I− d

d0

)]−1

, (2.8.9)

where k represents the hydraulic permeability tensor of the solvent through the solid matrix. The
permeability and diffusivity tensors are related to the diffusive drag tensors appearing in (2.8.2)
according to

k = (φw)2 (fws)−1 ,

d0 = Rθφwc (fuw)−1 ≡ d0I ,
d = Rθφwc (fus + fuw)−1 ,

(2.8.10)

though these explicit relationships are not needed here since k, d and d0 may be directly specified
in a particular analysis. Since the axiom of entropy inequality requires that the tensors fαβ be
positive semi-definite (see appendix of [10]), it follows that d0 must be greater than or equal to the
largest eigenvalue of d. Constitutive relations are needed for these transport properties, which
relate them to the solid matrix strain and solute concentration. Note that the relations in (2.8.10)
represent generalizations of Darcy’s law for fluid permeation through porous media, and Fick’s law
for solute diffusion in porous media or free solution.

2.8.2 Continuous Variables

In principle, the objective of the finite element analysis is to solve for the three unknowns, u, p
and c, using the partial differential equations that enforce mixture momentum balance in (2.8.1),
mixture mass balance in (2.8.5), and solute mass balance in (2.8.6). The remaining solvent and
solute momentum balances in (2.8.8), and solid mass balance in (2.8.7), have been reduced to
relations that may be substituted into the three partial differential equations as needed. Solving
these equations requires the application of suitable boundary conditions that are consistent with
mass, momentum and energy balances across boundary surfaces or interfaces. When defining
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boundaries or interfaces on the solid matrix (the conventional approach in solid mechanics), whose
outward unit normal is n, mass and momentum balance relations demonstrate that the mixture
traction t = σ ·n and normal flux components wn = w ·n and jn = j ·n must be continuous across
the interface [6, 52]. Therefore, t, wn and jn may be prescribed as boundary conditions.

Combining momentum and energy balances across an interface also demonstrates that µ̃w

and µ̃u must be continuous [6, 76], implying that these mechano-chemical potentials may be pre-
scribed as boundary conditions. However, because of the arbitrariness of the reference states µw0 ,
µu0 , p0 and c0, and the ill-conditioning of the logarithm function in the limit of small solute concentra-
tion, the mechano-chemical potentials do not represent practical choices for primary variables in
a finite element implementation. An examination of (2.8.3) also shows that continuity of these po-
tentials across an interface does not imply continuity of the fluid pressure p or solute concentration
c. Therefore, pressure and concentration are also unsuitable as nodal variables in a finite element
analysis and they must be replaced by alternative choices. Based on the similar reasoning pre-
sented by Sun et al. [122], an examination of the expressions in (2.8.3) shows that continuity may
be enforced by using

p̃ = p−RθΦ c ,

c̃ =
c

κ̃
,

(2.8.11)

where p̃ is the effective fluid pressure and c̃ is the effective solute concentration in the mixture. Note
that p̃ represents that part of the fluid pressure which does not result from osmotic effects (since
the termRθΦ cmay be viewed as the osmotic pressure contribution to p), and c̃ is a straightforward
measure of the solute activity, since au = c̃/c0. Therefore these alternative variables have clear
physical meanings.

Since the unknowns are now given by u, p̃ and c̃, the governing partial differential equations
may be rewritten in the form

grad (p̃+RθΦ κ̃c̃) + divσe = 0 ,

div (vs +w) = 0 ,

∂ (φwκ̃c̃)

∂t
+ div (j+ φwκ̃c̃vs) = 0 ,

(2.8.12)

where

w = −k̃ ·
(
grad p̃+Rθ

κ̃

d0
d · grad c̃

)
,

j = κ̃d ·
(
−φw grad c̃+

c̃

d0
w

)
,

k̃ =

[
k−1 +

Rθ

φw

κ̃c̃

d0

(
I− d

d0

)]−1

.

(2.8.13)

Constitutive equations are needed to relate σe, k, d, d0, κ̃ and Φ to the solid matrix strain and
effective solute concentration.

2.9 Triphasic and Multiphasic Materials

Multiphasic materials represent an extension of the biphasic-solute material, where the mixture
may contain a multitude of solutes. These solutes may be either electrically charged (ionized) or
neutral. Similarly, the solid matrix may either carry electrical charge (a fixed charge density) or
be neutral. A triphasic material is a special case of a multiphasic material, having two solutes
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that carry opposite charges. Triphasic and multiphasic materials may be used to model porous
deformable biological tissues whose solid matrix may be charged and whose interstitial fluid may
contain any number of charged or neutral solutes. When mixture constituents are electrically
charged, the response of the tissue to various loading conditions may encompass a range of
mechano-electrochemical phenomena, including permeation, diffusion, osmosis, streaming poten-
tials and streaming currents. To better understand multiphasic materials, the reader is encouraged
to review the descriptions of biphasic (Section 2.7) and biphasic-solute materials (Section 2.8).

2.9.1 Governing Equations

In multiphasic materials the solvent is assumed to be neutral, whereas the solid and solutes may
carry charge. The mixture is isothermal and all constituents are considered to be intrinsically
incompressible. Since the viscosity of the fluid constituents (solvent and solutes) is considered
negligible relative to the frictional interactions among constituents, the stress tensor σ for the
mixture includes only a contribution from the fluid pressure p and the stress σe in the solid,

σ = −pI+ σe . (2.9.1)

The mechano-chemical potential of the solvent is given by

µ̃w = µw0 (θ) +
1

ρwT

(
p− p0 −RθΦ

∑
α

cα

)
, (2.9.2)

where µw0 (θ) is the solvent chemical potential in the solvent standard state, θ is the absolute tem-
perature, ρwT is the true density of the solvent (which is invariant since the solvent is assumed
intrinsically incompressible), p is the fluid pressure, p0 is the corresponding pressure in the stan-
dard state, R is the universal gas constant, Φ is the non-dimensional osmotic coefficient, and cα

is the solution volume-based concentration of solute α. The summation is taken over all solutes in
the mixture. The mechano-electrochemical potential of each solute is similarly given by

µ̃α = µα0 (θ) +
Rθ

Mα

(
zαFc

Rθ
(ψ − ψ0) + ln

γαcα

καcα0

)
, (2.9.3)

where Mα is the molar mass of the solute, γα is its activity coefficient, κα is its solubility, zα is its
charge number, and cα0 is its concentration in the solute standard state; Fc is Faraday’s constant,
ψ is the electrical potential of the mixture, and ψ0 is the corresponding potential in the standard
state.

In these relations, Φ and γα are functions of state that describe the deviation of the mixture
from ideal physico-chemical behavior; κα represents the fraction of the pore volume which may be
occupied by solute α. The standard state represents an arbitrary set of reference conditions for
the physico-chemical state of each constituent. Therefore, the values of µw0 (θ), p0, ψ0, µα0 (θ), and
cα0 , remain invariant over the entire domain of definition of an analysis. Since κα and γα appear
together as a ratio, they may be combined into a single material function, κ̂α = κα/γα, called the
effective solubility.

In multiphasic mixtures, it is also assumed that electroneutrality is satisfied at every point in
the continuum. Therefore, the net electrical charge summed over all constituents must reduce to
zero, and no net charge accumulation may occur at any time. Denoting the fixed charge density of
the solid by cF (moles of equivalent charge per solution volume), and recognizing that the solvent
is always considered neutral, the electroneutrality condition may be written as

cF +
∑
α

zαcα = 0 . (2.9.4)
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This condition represents a constraint on a mixture of charged constituents. If none of the con-
stituents are charged (cF = 0 and zα = 0 for all α), the constraint disappears.

Each constituent of the mixture must satisfy the axiom of mass balance. In the absence of
chemical reactions involving constituent α, its mass balance equation is

∂ρα

∂t
+ div (ραvα) = 0 , (2.9.5)

where ρα is the apparent density and vα is the velocity of that constituent. For solutes, the apparent
density is related to the concentration according to ρα = (1− φs)Mαcα, where φs is the volume
fraction of the solid. When the solute volume fractions are negligible, it follows that 1 − φs ≈ φw,
where φw is the solvent volume fraction. The molar flux of the solute relative to the solid is given
by jα = φwcα (vα − vs), where vα is the solute velocity. Using these relations, the mass balance
relation for the solute may be rewritten as

1

J

Ds

Dt
(Jφwcα) + div jα = 0 , (2.9.6)

where Ds (·) /Dt represents the material time derivative in the spatial frame, following the solid;
J = detF, where F is the deformation gradient of the solid. This form of the mass balance for the
solute is convenient for a finite element formulation where the mesh is defined on the solid matrix.

The volume flux of solvent relative to the solid is given by w = φw (vw − vs), where vw is the
solvent velocity. When solute volume fractions are negligible, the mass balance equation for the
mixture reduces to

div (vs +w) = 0 . (2.9.7)

Finally, the mass balance for the solid may be reduced to the form Ds (Jφs) /Dt = 0, which
may be integrated to produce the algebraic relation φs = φs

r/J , where φs
r is the solid volume

fraction in the stress-free reference state of the solid.
Differentiating the electroneutrality condition in (2.9.4) using the material time derivative follow-

ing the solid, and substituting the mass balance relations into the resulting expressions, produces
a constraint on the solute fluxes:

div
∑

α ̸=s,w

zαjα = 0 . (2.9.8)

Recognizing that Ie = Fc
∑

α ̸=s,w z
αjα is the current density in the mixture, with Fc representing

Faraday’s constant, the relation of (2.9.8) reduces to one of the Maxwell’s equation, div Ie = 0, in
the special case when there can be no charge accumulation (electroneutrality).

As described in Section 2.8.2, the fluid pressure p and solute concentrations cα are not con-
tinuous across boundaries of a mixture, whereas µ̃w and µ̃α’s for the solutes do satisfy continuity.
Therefore, in a finite element implementation, the following continuous variables are used as nodal
degrees of freedom:

p̃ = p−RθΦ
∑

α ̸=s,w

cα , (2.9.9)

which represents the effective fluid pressure, and

c̃α = cα/κ̃α , (2.9.10)

which represents the effective solute concentration. In the last expression, κ̃α is the partition
coefficient of the solute, which is related to the effective solubility and electric potential according
to

κ̃α = κ̂α exp

(
−z

αFcψ

Rθ

)
. (2.9.11)
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Physically, since RθΦ
∑

α ̸=s,w c
α is the osmotic (chemical) contribution to the fluid pressure, p̃ may

be interpreted as that part of the total (mechano-chemical) fluid pressure which does not result
from osmotic effects; thus, it is the mechanical contribution to p. Similarly, the effective solute
concentration c̃α represents the true contribution of the molar solute content to its electrochemical
potential.

When using these variables instead of mechano-electrochemical potentials, the momentum
equations for the solvent and solutes may be inverted to produce the following flux relations:

w = −k̃ ·

gradp̃+Rθ
∑

β ̸=s,w

κ̃β

dβ0
dβ · gradc̃β

 , (2.9.12)

and

jα = κ̃αdα ·
(
−φwgradc̃α +

c̃α

dα0
w

)
, (2.9.13)

where

k̃ =

k−1 +
Rθ

φw

∑
α ̸=s,w

cα

dα0

(
I− dα

dα0

)−1

(2.9.14)

is the effective hydraulic permeability of the solution (solvent+solutes) in the mixture. The momen-
tum equation for the mixture is

divσ = 0 . (2.9.15)

2.10 Constrained Reactive Mixture of Solids

A solid material may consist of a heterogeneous mixture of various solid constituents that are
constrained to move together. In this section we describe fundamental considerations for such
constrained mixtures.

2.10.1 Mixture Kinematics

Consider a constrained mixture of multiple solid constituents σ. The motion of each constituent
is given by χσ (Xσ, t), where Xσ denotes a material point in the reference configuration of that
constituent. At the current time t, various constituents σ which occupy an elemental region with a
spatial position x may have originated from distinct referential positions Xσ. We often label a con-
venient constituent as the master constituent s (e.g., the oldest constituent in a reactive mixture
with evolving composition) and call the reference configuration Xs the master reference config-
uration. All the referential mass densities and mass density supplies (see below) are evaluated
relative to the master reference configuration Xs. The kinematics of each constituent σ may be
related to the kinematics of the master constituent s through

x = χs (Xs, t) = χσ (Xσ, t) . (2.10.1)

Taking the material time derivative of this relation in the material frame and recognizing that this
relation must hold for all t in the case of a constrained mixture establishes that all constituents
share the same velocity vσ = vs. However, as detailed previously [10, 96], constituents may have
distinct deformation gradients Fσ = ∂χσ/∂Xσ. When a reaction converts a reactant σ = a into
a product σ = b, these constituents may have distinct reference configurations. The deformation
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gradient of the master constituent Fs, which also serves as the total deformation gradient, may
be related to the relative deformation gradient Fσ of constituent σ by applying the chain rule to
eq.(2.10.1), producing

Fs (Xs, t) =
∂χs (Xs, t)

∂Xσ
· ∂X

σ (Xs)

∂Xs
= Fσ (Xs, t) · Fσs (Xs) . (2.10.2)

In this expression, Fσs (Xs) is the deformation gradient of σ relative to s, which must be postulated
by constitutive assumption. The relationship between Xσ and Xs is time-invariant; consequently,
Fσs is a time-invariant spatial mapping. It follows that only one deformation gradient represents an
independent state variable in a constrained mixture framework, whereas all others are related to it
via eq.(2.10.2); any of the Fσ ’s may be selected, based on convenience. In eq.(2.10.2) the spatio-
temporal arguments have been written explicitly for clarity. These dependencies are implied in
the forthcoming sections and henceforth those arguments may be selectively suppressed. Taking
the determinant of eq.(2.10.2) produces a relation between the volume ratios Jσ = detFσ and
Js = detFs ,

Js = JσJσs , (2.10.3)

where Jσs = detFσs.

2.10.2 Mixture Composition

Each constituent σ has an apparent mass density ρσ which may evolve due to deformation, or
due to reactive processes which alter the mixture composition. Following [6, 37], we define the
referential apparent mass density ρσr of each constituent as

ρσr = Jsρσ . (2.10.4)

Equation (2.10.4) expresses the mass of constituent σ per referential volume of the master con-
stituent s; thus ρσr may only evolve if the mass content changes via reactions, making it a suitable
state variable for tracking composition in a reactive framework. The axiom of mass balance for
each constituent σ may be written as

ρ̇σr = ρ̂σr , (2.10.5)

where the dot operator represents the material time derivative and ρ̂σr is the referential mass supply
density for constituent σ, representing the rate at which mass (per referential volume) is added to
σ due to reactions with all other mixture constituents [10, 96]. A constitutive relation must be
provided for ρ̂σr for various types of reactions. The mixture referential mass density ρr is given by

ρr =
∑
σ

ρσr . (2.10.6)

This summation is carried out over all constituents. When a constrained mixture of solid con-
stituents represents a closed system, ρr remains constant over time. Taking the material time
derivative of eq.(2.10.6) and using eq.(2.10.5) shows that the referential mass density supplies
must satisfy ∑

σ

ρ̂σr = 0 . (2.10.7)

However, if a constrained mixture of solid constituents represents an open system (i.e., if fluid con-
stituents are present in the mixture, either explicitly or implicitly), then ρr is no longer necessarily
constant, since there may be mass exchange between fluid and solid constituents.
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2.10.3 Mixture Free Energy and Stress

The referential free energy density of the mixture is obtained as

Ψr = ρrψ =
∑
σ

ρσrψ
σ , (2.10.8)

where ψσ is the specific free energy of constituent σ and ψ is the specific free energy of the
mixture. An important function of state which arises later in our treatment is the chemical potential
of constituent σ, given by

µσ =
∂Ψr

∂ρσr
. (2.10.9)

The mixture Cauchy stress is given by

σ =
1

Js

∂Ψr

∂Fs
· (Fs)T =

2

Js
Fs · ∂Ψr

∂Cs
· (Fs)T , (2.10.10)

where Cs = Fs · (Fs)T is the right Cauchy-Green tensor. The spatial elasticity tensor may be
evaluated from

C =
4

Js
(Fs ⊘ Fs) :

∂2Ψr

∂Cs∂Cs
:
(
(Fs)T ⊘ (Fs)T

)
. (2.10.11)

2.10.3.1 Closed System of Solid Constituents

In reactive frameworks where ρσr evolves according to eq.(2.10.5), and where ρr remains constant
due to the fact that the solid mixture represents a closed system, it may be convenient to define
the mass fraction

wσ =
ρσr
ρr
, (2.10.12)

in which case we may rewrite eq.(2.10.8) as Ψr =
∑

σ w
σΨσ

r where Ψσ
r ≡ ρrψ

σ is the referen-
tial strain energy density of solid σ under the assumption that it is the sole mixture constituent,
normalized by the referential volume of the master constituent s. Based on eq.(2.10.6) the mass
fractions satisfy

∑
σ w

σ = 1. In this case, when Xσ ̸= Xs and ψσ is most conveniently expressed
as a function of Fσ, we may use eq.(2.10.2) to evaluate ∂Fs/∂Fσ = I⊘ (Fσs)−T and calculate the
mixture stress using the alternative form

σ =
1

Js

∑
σ

wσ ∂Ψ
σ
r

∂Fσ
· (Fσ)T . (2.10.13)

This expression shows that the mixture stress may evolve not only due to temporal changes in the
state of strain but also due to reactive changes in the mass fractions wσ.

In FEBio the referential strain energy density for any solid mixture constituent σ is evaluated
from the same library of constitutive models used in single-constituent solids. In this library the
calculation of the referential strain energy density is based on the assumption that the reference
configuration corresponds to the configuration when the deformation gradient passed to those
functions is equal to the identity tensor. Thus, passing Fs to those functions returns the correct
Ψσ

r . However, when passing Fσ as an argument to those functions, the referential volume is based
on the configuration Xσ. Let the referential free energy density returned by FEBio for an argument
Fσ be denoted by Ψσ

0 . We may similarly denote the corresponding Cauchy stress and spatial
elasticity tensors by σσ

0 and Cσ
0 . Here, the subscript 0 has two meanings: First it emphasizes
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that the corresponding function is evaluated using Fσ for the mixture constituent σ; second it
emphasizes that the calculation returns the corresponding measure under the assumption that
the mixture consists entirely of that constituent, so that its multiplication by the scale factor wσ

returns the actual contribution of that measure to the entire mixture. Based on eq.(2.10.3) we find
that Ψσ

r = JσsΨσ
0 so that the mixture free energy density may be evaluated from

Ψr =
∑
σ

wσJσsΨσ
0 (F

σ) , (2.10.14)

whereas the mixture Cauchy stress and spatial elasticity are given by

σ =
∑
σ

wσσσ
0 , C =

∑
σ

wσCσ
0 , (2.10.15)

where
σσ
0 =

1

Jσ

∂Ψσ
0

∂Fσ
· (Fσ)T =

1

Js

∂Ψσ
r

∂Fσ
· (Fσ)T (2.10.16)

and

Cσ
0 =

4

Jσ
(Fσ ⊘ Fσ) :

∂2Ψσ
0

∂Cσ∂Cσ
:
(
(Fσ)T ⊘ (Fσ)T

)
. (2.10.17)

These relations show that the Cauchy stress and spatial elasticity tensor of constituent σ in
eq.(2.10.15) may be evaluated using existing FEBio functions without needing to adjust for the
choice of reference configuration Xs or Xσ, as evidenced by eq.(2.10.16) in the case of the stress.
However the referential strain energy density needs to be properly scaled by Jσs as shown in
eq.(2.10.14).

The calculation of the 2nd Piola-Kirchhoff stress S for each generation σ is more elaborate.
When using the master reference configuration Xs, this stress is given by

Sσ (Fs) = 2
∂Ψσ

r (F
s)

∂Cs
.

When using the reference configuration Xσ, the stress is evaluated from a similar relation

Sσ
0 (F

σ) = 2
∂Ψσ

0 (F
σ)

∂Cσ
.

It can be shown that these stresses are related according to

Sσ (Fs) = Jσs (Fσs)−1 · Sσ
0 (F

σ) · (Fσs)−T .

FEBio does not use this calculation for solid mixtures, as all internal calculations employ the
Cauchy stress.

2.10.3.2 Open System of Solid Constituents

When ρr as defined in eq.(2.10.6) does not remain constant due to the implicit or explicit presence
of fluid constituents, we may choose to define the mass fraction ωσ of constituent σ based on the
true density ρσ0 of the solid constituent,

ωσ =
ρσr
ρσ0

, (2.10.18)

In this case, ωσ = 1 when the solid mixture consists entirely of constituent σ. Unlike wσ in
eq.(2.10.6), the summation of ωσ over all σ is meaningless here, since the denominator in eq.(2.10.18)
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is not common to all σ. Nevertheless, the mixture free energy density in eq.(2.10.8) may be rewrit-
ten conveniently as Ψr =

∑
σ ω

σΨσ
0 where Ψσ

0 ≡ ρσ0ψ
σ represents the free energy density of pure

solid σ. Here again, ψσ is most conveniently expressed as a function of Fσ, so that eq.(2.10.2) may
be use to evaluate ∂Fs/∂Fσ = I ⊘ (Fσs)−T and calculate the mixture stress using the alternative
form

σ =
1

Js

∑
σ

ωσ ∂Ψ
σ
0

∂Fσ
· (Fσ)T . (2.10.19)

This expression shows that the mixture stress may evolve not only due to temporal changes in
the state of strain but also due to reactive changes in the mass fractions ωσ. In this type of open-
system formulation it becomes the user’s responsibility to ensure that all other ωσ values reduce
to zero when one of the ωσ reaches unity.

2.10.4 Frame Indifference

To maintain frame indifference for constrained mixtures we must satisfy σ (Q · Fs) = Q·σ (Fs)·QT ,
where Q is an orthogonal transformation that maintains the symmetry group of σ [23]. Here,
we abbreviated the list of state variables for σ to just Fs, for notational simplicity. This frame
indifference is automatically satisfied for σ based on the hyperelasticity relation of (2.10.10) and
the invariance of ψ to Q. By the same argument, σσ

0 as given in (2.10.16) satisfies σσ
0 (Q · Fσ) =

Q · σσ
0 (F

σ) ·QT for transformations that maintain the symmetry group of ψσ. Since the symmetry
transformations Q of ψ must also belong to the symmetry groups of all ψσ, we need to ensure
that Fs∗ = Q · Fs and Fσ∗ = Q · Fσ also satisfy the kinematic constraint of (2.10.2) for those
transformations Q, namely Fs∗ = Fσ∗ · Fσs. This can be achieved if and only if Fσs is invariant
under a change of frame. It follows from this argument that the right Cauchy-Green tensors are
invariant, Cs∗ = (Fs∗)T · Fs∗ = (Fs)T · Fs = Cs and similarly Cσ∗ = Cσ, while also satisfying
Cs∗ = Cs = (Fσs)T ·Cσ · Fσs. Right stretch tensors Us and Uσ are also invariant.

2.10.5 Simple Solid Mixtures

In the simplest type of non-reactive constrained mixtures of solids all constituents σ share the
same reference configuration Xσ = Xs, in which case Fσ = Fs and Jσs = 1. For this type of
mixture where ρσr does not evolve, it is convenient to set wσ = 1 for all σ and scale the material
properties of Ψσ

r to properly reflect the contribution of each constituent σ to the mixture. Thus, the
relation of eq.(2.10.15) reduces to

σ =
∑
σ

σσ
0 . (2.10.20)

This type of non-reactive mixture of solids is represented in FEBio using the material “solid mix-
ture”.

When each constituent of a solid mixture is modeled using an uncoupled formulation to enforce
nearly isochoric responses, the strain energy density of this type of mixture is given by

Ψr = U (J) +
∑
σ

Ψ̃σ
r

(
F̃s, ρσr

)
, (2.10.21)

where U (J) is the volumetric energy component, Ψ̃r =
∑

σ Ψ̃
σ
r is the distortional energy compo-

nent, and F̃s is the distortional part of the deformation gradient, as described in Section 2.6.8.
This type of non-reactive mixture of uncoupled solids is represented in FEBio using the material
“uncoupled solid mixture”.
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2.10.6 Multigenerational Interstitial Growth

Multigenerational interstitial growth mechanics may be modeled using a reactive mixture of con-
strained solids as described in [9]. In this framework it is assumed that a porous solid matrix
may gain mass via interstitial growth, such that the porosity of the solid decreases with increasing
solid mass content. The history of growth is discretized temporally into generations σ such that
the mass added in the time interval tσ ≤ t < tσ+1 has a reference configuration Xσ. This model
assumes that each generation σ gets deposited into the existing mixture in a stress-free state.
This can be achieved by adopting the constitutive assumption that Xσ = χs (Xs, tσ). In other
words, the reference configuration of generation σ is the current configuration of the solid mixture
at time tσ. An alternative form of this constitutive model, which satisfies frame-indifference, is that
Fσ (Xs, tσ) = Rs (Xs, tσ) at the time the new generation σ is being deposited, where Rs is the
rotation tensor in the polar decomposition of Fs = Rs ·Us. Equivalently, Fσs (Xs) = Us (Xs, tσ)
according to eq.(2.10.2). Since Fσs is a right-stretch tensor, it satisfies frame indifference.

The underlying assumption of multigenerational growth is that Us (Xs, tσ) evolves for each
generation σ either due to load-induced deformations or deformations produced by swelling pro-
cesses, such as cell growth or Donnan swelling.

This type of multigenerational growth material is implemented in FEBio as “multigeneration” for
mixtures of elastic solids, and as “multiphasic-multigeneration” for reactive multiphasic mixtures
whose solid constituent is a multigenerational growth material. In this type of material the user
needs to prescribe the generation birth times tσ and the properties of the material of each gener-
ation σ. The code automatically prescribes Fσs based on the constitutive model given above, for
each generation σ. For example, one may use a material model whose response depends on the
evolving composition ρσr of that generation. The composition ρσr may evolve either due to chemical
reactions modeled in a multiphasic framework, or by associating a user-defined load curve with ρσr .
Thus, the material properties (and the stress response) of generation σ need not remain constant
over the generation time interval tσ ≤ t < tσ+1, even though Fσs remains constant during that
generation.

When the growth process is negative (ρ̂σr < 0), it implies that the solid constituent σ is losing
mass (solid resorption); this loss of mass terminates when ρσr = 0. A material model that depends
on ρσr may exhibit evolving material properties during this resorption process until that generation
produces zero stress when ρσr = 0.

As a result of these evolving growth processes, this multigeneration mixture may exhibit resid-
ual stresses.

2.10.7 Prescribed Pre-Stretch

An alternative approach to multigenerational growth is to prescribe Fσs as a user-defined function.
For isotropic stretching we may define

Fσs = λσsI , (2.10.22)

where λσs > 0 is the stretch ratio. A value greater than unity causes swelling whereas a value less
than unity causes contraction; λσs = 1 produces Fσs = I, which recovers the simple solid mixture
described in Section 2.10.5. In FEBio a load curve may be associated with λσs to ramp up the
prescribed deposition stretch.

For orthotropic stretching we define mutually orthogonal symmetry planes with unit normals ai
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(i = 1, 2, 3 and ai · aj = δij). Then,

Fσs =

3∑
i=1

λσsi ai ⊗ ai , (2.10.23)

where λσsi is the stretch ratio for the prescribed stretch along ai; in general, λσs1 ̸= λσs2 ̸= λσs3 ,
though this model can be specialized to transversely isotropic stretch by setting two of these
stretch ratios equal to each other.

At lower symmetries the constitutive model for Fσs must necessarily combine stretch and ro-
tation. For monoclinic materials, deformations may be prescribed along three unit vectors ai that
satisfy a1 · a2 = 0, a1 · a3 = 0, and a2 · a3 ̸= 0, such that a1 defines the single plane of symmetry.
In this case,

Fσs = λσs1 a1 ⊗ a1 +
λσs2

1− α2
23

a2 ⊗ (a2 − α23a3)

+
λσs3

1− α2
23

a3 ⊗ (a3 − α23a2)

, (2.10.24)

where λσsi is the stretch along ai and α23 = a2 · a3. Under general conditions (i.e., when λσs1 ̸=
λσs2 ̸= λσs3 and α23 ̸= 0), the polar decomposition theorem shows that this deformation gradient is
not a pure stretch, as it also involves a rotation.

The deformation gradient for expansion of a triclinic material may be similarly constructed by
finding Fσs such that Fσs · ai = λσsi ai (no sum) for non-orthogonal and non-collinear unit vectors
ai,

Fσs =
λσs1
d

a1 ⊗
((
1− α2

23

)
a1 − (α12 − α13α23)a2 − (α13 − α12α23)a3

)
+
λσs2
d

a2 ⊗
(
− (α12 − α13α23)a1 +

(
1− α2

13

)
a2 − (α23 − α12α13)a3

)
+
λσs3
d

a3 ⊗
(
− (α13 − α12α23)a1 − (α23 − α12α13)a2 +

(
1− α2

12

)
a3
) (2.10.25)

where
d = 1− α2

12 − α2
13 − α2

23 + 2α23α13α12 (2.10.26)

and αij = ai · aj is the cosine of the angle between ai and aj . All of these constitutive models for
Fσs satisy frame indifference since they depend on material vectors ai.

This type of elastic solid with prescribed pre-stretch is modeled in FEBio using the materials
“prestretch elastic” and “prestretch uncoupled elastic”. In the uncoupled version each solid con-
stituent in the mixture has a deformation gradient Fσ which produces nearly isochoric responses
(Jσ = 1), whereas no constraint is placed on the volumetric strain of the pre-stretch Fσs.
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2.11 Equilibrium Swelling

When the interstitial fluid of a porous medium contains one or more solutes, an osmotic pres-
sure may be produced in the fluid if the osmolarity of the interstitial fluid is non-uniform, or if it is
different from that of the external bathing solution surrounding the porous medium. In general,
since the osmolarity of the interstitial fluid may vary over time in transient problems, the analysis
of such swelling effects may be addressed using, for example, the biphasic-solute material model
described in Section 2.8. However, if we are only interested in the steady-state response for such
types of materials, when solvent and solute fluxes have subsided, the analysis may be simplified
considerably.

The Cauchy stress tensor for a mixture of a porous solid and interstitial fluid is given by

σ = −pI+ σe , (2.11.1)

where p is he fluid pressure and σe is the stress in the solid matrix resulting from solid strain.
When steady-state conditions are achieved, the fluid pressure p results exclusively from osmotic
effects and ambient conditions (i.e., it does not depend on the loading history). Thus, in analogy
to eq.(2.8.11), p = p̃+RθΦc where p̃ is the mechanical pressure resulting from ambient conditions
and RθΦc is the osmotic pressure resulting from the osmolarity c of the solution.

The osmotic pressure p may produce swelling of the solid matrix, which is opposed by the
solid matrix stress. This becomes more apparent when considering, for example, the case of a
traction-free body. The traction is given by t = σ · n, where n is the unit outward normal to the
boundary. When t = 0, the relation of eq.(2.11.1) produces p = n ·σe · n, clearly showing that the
osmotic pressure p is balanced by the swelling solid matrix.

The interstitial osmolarity (number of moles of solute per volume of interstitial fluid) may be
related to the solute and solid content according to

c =
cr

J − φs
r

, (2.11.2)

where cr is the number of moles of solute per volume of the mixture in the reference configuration,
φs
r is the volume fraction of the solid in the reference configuration, and J = detF is the volume

ratio of the porous solid matrix. Neither cr nor φs
r depend on the solid matrix deformation, thus

eq.(2.11.2) provides the explicit dependence of c on J . This relation shows that the osmolarity of
the interstitial fluid is dependent on the relative change in volume of the solid matrix with deforma-
tion. Effectively, under equilibrium swelling conditions, the term −pI in eq.(2.11.1) represents an
elastic stress and may be treated in this manner when analyzing equilibrium swelling conditions.

Since p also depends on the osmotic coefficient, if we assume that Φ depends on the solid
strain at most via a dependence on J , we may thus state generically that p = p (J) under equilib-
rium swelling. It follows that the elasticity tensor for σ is

C = −
(
p+ J

dp

dJ

)
I⊗ I+ 2pI⊗ I+ Ce , (2.11.3)

where Ce is the elasticity tensor of σe.

2.11.1 Perfect Osmometer

Consider a porous medium with an interstitial fluid that consists of a solvent and one or more
solutes, whose boundary is permeable to the solvent but not to the solutes (e.g., a biological cell).
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Since solutes are trapped within such a medium, cr is a constant in this type of problem. Since the
boundary is permeable to the solvent, p̃ must be continuous across the boundary. Assuming ideal
physicochemical conditions, Φ = 1, and zero ambient pressure, this continuity requirement implies
that p = Rθ (c− c∗), where c∗is the osmolarity of the external environment. Using eq.(2.11.2), it
follows that

p = Rθ

(
cr

J − φs
r

− c∗
)
. (2.11.4)

The reference configuration (the stress-free configuration of the solid) is achieved when J = 1 and
p = 0, from which it follows that cr = (1− φs

r) c
∗
0, where c∗0 is the value of c∗ in the reference state.

Therefore eq.(2.11.4) may also be written as

p = Rθc∗
(
1− φs

r

J − φs
r

c∗0
c∗
− 1

)
, (2.11.5)

and this expression may be substituted into eq.(2.11.3) to evaluate the corresponding elasticity
tensor.

A perfect osmometer is a porous material whose interstitial fluid behaves ideally and whose
solid matrix exhibits negligible resistance to swelling (σe ≈ 0). In that case p = 0 and eq.(2.11.5)
may be rearranged to yield

J = (1− φs
r)
c∗0
c∗

+ φs
r. (2.11.6)

This equation is known as the Boyle-van’t Hoff relation for a perfect osmometer. It predicts that
variations in the relative volume of such as medium with changes in external osmolarity c∗ is an
affine function of c∗0/c

∗, with the intercept at the origin representing the solid volume fraction and
the slope representing the fluid volume fraction, in the reference configuration.

FEBio implements the relation of eq.(2.11.5) for the purpose of modeling equilibrium swelling
even when solid matrix stresses are not negligible. The name “perfect osmometer” is adopted for
this model because it reproduces the Boyle-van’t Hoff response in the special case when σe = 0.

2.11.2 Cell Growth

The growth of cells requires the active uptake of soluble mass to provide the building blocks for var-
ious intracellular structures, such as the cytoskeleton or chromosomes, and growth contributes to
the osmolarity of the intracellular space. The resulting mechano-chemical gradient drives solvent
into the cell as well, contributing to its volumetric growth.

Cell growth may be modeled using the “perfect osmometer” framework by simply increasing
the mass of the intracellular solid matrix and membrane-impermeant solute. This is achieved by
using eq.(2.11.4) to model the osmotic pressure and allowing the parameters φs

r and cr (normally
constant) to increase over time as a result of growth. Since cell growth is often accompanied
by cell division, and since daughter cells typically achieve the same solid and solute content as
their parent, it may be convenient to assume that φs

r and cr increase proportionally, though this
is not an obligatory relationship. To ensure that the initial configuration is a stress-free reference
configuration, let cr = (1− φs

r) c
∗ in the initial state prior to growth.

2.11.3 Donnan Equilibrium Swelling

Consider a porous medium whose solid matrix holds a fixed electrical charge and whose inter-
stitial fluid consists of a solvent and two monovalent counter-ions (such as Na+ and Cl−). The
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boundaries of the medium are permeable to the solvent and ions. The fixed charge density is de-
noted by cF ; it is a measure of the number of fixed charges per volume of the interstitial fluid in the
current configuration. This charge density may be either negative or positive, thereby producing
an imbalance in the concentration of anions and cations in the interstitial fluid. To determine the
osmolarity of the interstitial fluid, it is necessary to equate the mechano-chemical potential of the
solvent and the mechano-electrochemical potential of the ions between the porous medium and
its surrounding bath. When assuming ideal physicochemical behavior, the interstitial osmolarity
(resulting from the interstitial ions) is given by

c =

√
(cF )2 + (2c∗)2 , (2.11.7)

where c∗ is the salt concentration in the bath. Alternatively, we note that the osmolarity of the bath
is c̄∗ = 2c∗. Though this expression may be equated with eq.(2.11.2), the resulting value of cr is
not constant in this case, since ions may transport into or out of the pore space; therefore that
relation is not useful here.

However, since the number of charges fixed to the solid matrix is invariant, we may manipulate
eq.(2.11.2) to produce a relation between the fixed charge density in the current configuration, cF ,
and the corresponding value in the reference configuration,cFr ,

cF =
1− φs

r

J − φs
r

cFr . (2.11.8)

Now the osmotic pressure resulting from the difference in osmolarity between the porous medium
and its surrounding bath is given by

p = Rθ

√( 1− φs
r

J − φs
r

cFr

)2

+ (c̄∗)2 − c̄∗
 . (2.11.9)

This expression may be substituted into eq.(2.11.3) to evaluate the corresponding elasticity tensor.
When the osmotic pressure results from an imbalance in osmolarity produced by a fixed charge

density, it is called a Donnan osmotic pressure. The analysis associated with this relation is called
Donnan equilibrium.
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2.12 Chemical Reactions

Chemical reactions may be incorportated into a multiphasic mixture by adding a mass supply term
to the equation of mass balance,

∂ρα

∂t
+ div (ραvα) = ρ̂α , (2.12.1)

Where ρ̂α is the volume density of mass supply to α resulting from chemical reactions with all other
mixture constitutents. Since mass must be conserved over all constituents, mass supply terms are
constrained by ∑

α

ρ̂α = 0 . (2.12.2)

In a mixture containing a solid constituent (denoted by α = s ), it is conveniemt to define the mixture
domain (and thus the finite element mesh) on the solid and evaluate mass fluxes of constituents
relative to the solid,

mα = ρα (vα − vs) . (2.12.3)

Substituting eq.(2.12.3) into eq.(2.12.1), the differential form of the mass balance may be rewritten
as

Dsραr
Dt

+ J divmα = ρ̂αr , (2.12.4)

Where Ds (·) /Dt represents the material time derivative in the spatial frame, following the solid,
J = detF, where F is the deformation gradient of the solid matrix; ραr is the apparent density and
ρ̂αr is the volume density of mass supply to α normalized to the mixture volume in the reference
configuration,

ραr = Jρα, ρ̂αr = Jρ̂α. (2.12.5)

Since ραr is the mass of α in the current configuration per volume of the mixture in the reference
configuration (an invariant quantity), this parameter represents a direct measure of the mass con-
tent of α in the mixture, which may thus be used as a state variable in a framework that accounts
for chemical reactions. A distinction is now made between solid and solute species in the mixture,
since they are often treated differential in an analysis.

2.12.1 Solid Matrix and Solid-Bound Molecular Constituents

For constituents constrained to move with the solid (denoted generically by α = σ and satisfying
vs = vσ , ∀σ), the statement of mass balance in eq.(2.12.4) reduces to the special form

Dsρσr /Dt = ρ̂σr . (2.12.6)

This representation makes it easy to see that alterations in ρσr can occur only as a result of chem-
ical reactions (such as synthesis, degradation, or binding). In contrast, as seen in eq.(2.12.4),
alterations in ραr for solutes or solvent (α ̸= σ) may also occur as a result of mass transport into or
out of the pore space of the solid matrix. Therefore, ρσr is the natural choice of state variable for
describing the content of solid constituents in a reactive mixture.

When multiple solid species are present, the net solid mass content may be given by ρsr =
∑
σ
ρσr

whereas the net mass supply of solid is ρ̂sr =
∑
σ
ρ̂σr such that Dsρsr/Dt = ρ̂sr. The referential solid

volume fraction, φs
r, may be evaluated from

φs
r = φs

0 +
∑
σ

ρσr /ρ
σ
T , (2.12.7)
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where ρσT is the true density of solid constituent σ (mass of σ per volume of σ) and φs
0 is the ref-

erential solid volume fraction of solid constituents not explicitly modeled by solid-bound molecules
(a user-defined parameter). According to eq.(2.12.5), it follows that the solid volume fraction in
the current configuration is given by φs = φs

r/J . Note that 0 ⩽ φs ⩽ 1 under all circumstances,
while 0 ⩽ φs

r ⩽ J , implying that φs
r may exceed unity when solid growth occurs. In this study,

it is assumed that all mixture constituents are intrinsically incompressible, implying that their true
density is invariant.

At the start of an analysis, the formula of eq.(2.12.7) takes the form

φs
r (0) = φs

0 +
∑
σ

ρσr (0) /ρ
σ
T (2.12.8)

where ρσr (0) represents the initial apparent mass densities of solid constituents. This initial value
of φs

r must satisfy 0 ≤ φs
r (0) ≤ 1, since J = 1 at the start of an analysis.

The various constituents of the porous solid matrix of a multiphasic mixture may be electrically
charged. The charge density in the current configuration, normalized by the mixture volume in the
current configuration, is given by

čF =
zFdnF +

∑
σ z

σdnσ

dV
, (2.12.9)

where zF is the charge number (equivalent charge per mole) and dnF is the elemental number
of moles associated with fixed charges present in the initial volume fraction φs

0 of the solid matrix.
Similarly, zσ is the charge number of evolving solid constituent σ. By convention however, the fixed
charge density cF of a multiphasic material is normalized by the fluid volume of the mixture, thus
it can be shown that

cF =
čF

1− φs
=

1

J − φs
r

(
zFdnF

dVr
+
∑
σ

zσρσr
Mσ

)
. (2.12.10)

In particular, in the reference configuration this formula produces

cF (0) =
1

1− φs
r (0)

(
zFdnF (0)

dVr
+
∑
σ

zσρσr (0)

Mσ

)
. (2.12.11)

We define the first term on the right-hand-side of this equation as the initial value of the user-
specified fixed charge density cF0 (which is not associated with solid species σ),

cF0 ≡
1

1− φs
r (0)

zFdnF (0)

dVr
. (2.12.12)

Therefore, in the current configuration, we may rewrite

cF =
1− φs

r (0)

J − φs
r

cF0 +
1

J − φs
r

∑
σ

zσρσr
Mσ

. (2.12.13)

where the user-specified cF0 may optionally be associated with a load curve representing the scale
factor dnF /dnF (0), in case the user would like to allow cF0 to evolve. By analogy, we may now
define the referential fixed-charge density cFr of the mixture as

cFr ≡
J − φs

r

1− φs
r (0)

cF = cF0 +
1

1− φs
r (0)

∑
σ

zσρσr
Mσ

(2.12.14)
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Here, cFr may evolve with time, but it represents the number of fixed equivalent charges in the
current configuration, per fluid volume in the reference configuration. Hence we may also write

cF =
1− φs

r (0)

J − φs
r

cFr .

The molar concentration of a solid-bound molecular constituent, which may be needed in a
reactive process involving solutes, is given by

cσ =
1

J − φs
r

ρσr
Mσ

. (2.12.15)

An alternative to using solid-bound molecules is to define solutes σ whose diffusivity dσ in the
mixture is set to 0 (however, the free diffusivity dσ0 should not be set to zero, to prevent a division
by zero; its exact value is not important, thus let dσ0 = 1). Then, FEBio treats these solutes as
equivalent to solid-bound molecules: (1) Their concentration does not contribute to the osmolarity
of the interstitial fluid; (2) their concentration contributes to the fixed charge density cF in the
current configuration; (3) these solutes do not contribute to the effective hydraulic permeability k̃
of the porous multiphasic mixture; (4) these solutes can be involved in chemical reactions; (5)
while their initial effective concentration may be prescribed, it must not contribute to the prescribed
initial effective fluid pressure, and the user should not prescribe any boundary conditions on the
effective concentration of these solutes. Using these ’solid-bound’ solutes increases the number of
degrees of freedom in an FEBio analysis; however, unlike solid-bound molecules, the solution for
the effective concentration of these solutes remains as accurate as all other degrees of freedom
in an analysis.

To evaluate the contribution of these solutes to the referential solid volume fraction φs
r and to

chemical reactions, we use eq.(2.12.15) above and substitute it into eq.(2.12.7) to produce

φs
r = φs

0 + (J − φs
r)
∑
σ

Mσcσ

ρσT

which can be solved for φs
r using the concentrations cσ,

φs
r =

φs
0 + J

∑
σ

Mσcσ

ρσT

1 +
∑
σ

Mσcσ

ρσT

. (2.12.16)

2.12.2 Solutes

Solutes are denoted generically by α = ι. In chemistry solute content is often represented in units
of molar concentration (moles per fluid volume). It follows that solute molar concentration cι and
molar supply ĉι are related to ρι and ρ̂ι via

cι =
ρι

(1− φs)M ι
, ĉι =

ρ̂ι

(1− φs)M ι
. (2.12.17)

The molar flux of constituent ι relative to the solid is given by

jι = (1− φs) cι (vι − vs) , (2.12.18)
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where it may be noted that mι = M ιjι. Combining these relations with Eqs.(2.12.4)-(2.12.5)
produces the desired form of the mass balance for the solutes,

1

J

Ds [J (1− φs) cι]

Dt
+ divjι = (1− φs) ĉι . (2.12.19)

This form is suitable for implementation in a finite element analysis where the mesh is defined on
the solid matrix.

2.12.3 Mixture with Negligible Solute Volume Fraction

The volume fraction of each constituent is given by φα = ρα/ραT . In a saturated mixture these
volume fractions satisfy

∑
α
φα = 1. Substituting ρα = φαραT into eq.(2.12.1), dividing across by ραT

(invariant for intrinsically incompressible constituents), and taking the sum of the resulting expres-
sion over all constituents produces

div

(∑
α

φαvα

)
=
∑
α

ρ̂α

ραT
. (2.12.20)

This mass balance relation for the mixture expresses the fact that the mixture volume will change
as a result of chemical reactions where the true density of products is different from that of re-
actants. Indeed, assuming that ραT is the same for all α would nullify the right-hand-side of
eq.(2.12.20) based on eq.(2.12.2). We now adopt the assumption that solutes occupy a neg-
ligible volume fraction of the mixture (φι ≪ 1), from which it follows that φs + φw ≈ 1 and∑
α
φαvα ≈ vs +w, where w = φw (vw − vs) is the volumetrix flux of solvent relative to the solid.

Thus, the mixture mass balance may be reduced to

div (vs +w) =
∑
α

ρ̂α

ραT
. (2.12.21)

In the special case of the solvent (α = w), FEBio uses a solvent supply, φ̂w = ρ̂w/ρ̂wT , which may
be incorporated in eq.(2.12.21) as

div (vs +w) = φ̂w +
∑
α ̸=w

ρ̂α

ραT
. (2.12.22)

From the mass balance equation for the solvent we have

φ̂w =
Dsφw

Dt
+ gradφw · (vw − vs) + φw divvw

so that the mixture mass balance takes the form

div (vs +w) =
Dsφw

Dt
+ gradφw · (vw − vs) + φw divvw +

∑
α ̸=w

ρ̂α

ραT

Using φw + φs = 1 this relation further simplifies to

φs divvs +
Dsφs

Dt
=
∑
α ̸=w

ρ̂α

ραT
.
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Now we use the kinematic relation divvs = 1
J
DsJ
Dt to reduce this equation further to

Ds (Jφs)

Dt
= J

∑
α ̸=w

ρ̂α

ραT
.

But recall that
Jφs = φs

r

thus the mixture mass balance now simplifies to

1

J

Dsφs
r

Dt
=
∑
α ̸=w

ρ̂α

ραT

Since
ρ̂α = (1− φs)Mαĉα

it follows that
Dsφs

r

Dt
= J (1− φs)

∑
α ̸=w

Mαĉα

ραT

Another way of presenting these results is to restate the mixture mass balance as

div (vs +w) = φ̂w
0 +

1

J

Dsφs
r

Dt
(2.12.23)

where φ̂w
0 is the solvent supply from user-specified sources (not from the chemical reactions).

2.12.4 Chemical Kinetics

Productions rates are described by constitutive relations which are functions of the state variables.
In a biological mixture under isothermal conditions, the minimum set of state variables needed to
describe reactive mixtures that include a solid matrix are: the (uniform) temperature θ, the solid
matrix deformation gradient F (or related strain measures), and the molar content cα of the various
constituents. This set differs from the classical treatment of chemical kinetics in fluid mixtures by
the inclusion of F and the subset of constituents bound to the solid matrix. To maintain a consistent
notation in this section, solid-bound molecular species are described by their molar concentrations
and molar supplies which may be related to their referential mass density and referential mass
supply according to

cσ =
ρσr

(J − φs
r)M

σ
, ĉσ =

ρ̂σr
(J − φs

r)M
σ
. (2.12.24)

Consider a general chemical reaction,∑
α

ναREα →
∑
α

ναPEα , (2.12.25)

where Eα is the chemical species representing constituent α; ναR and ναP represent stoichiometric
coefficients of the reactants and products, respectively. Since the molar supply of reactants and
products is constrained by stoichiometry, it follows that all molar supplies ĉα in a specific chemical
reaction may be related to a production rate ζ̂ according to

ĉα = ναζ̂ , (2.12.26)
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where να represents the net stoichiometric coefficient for Eα,

να = ναP − ναR . (2.12.27)

Thus, formulating constitutive relations for ĉα is equivalent to providing a single relation for ζ̂ (θ,F, cα).
When the chemical reaction is reversible,∑

α

ναREα ⇌
∑
α

ναPEα , (2.12.28)

the relations of Eqs.(2.12.26)-(2.12.27) still apply but the form of ζ̂ would be different.
Using the relations of Eqs.(2.12.17), (2.12.24) and (2.12.26), it follows in general that ρ̂α =

(1− φs)Mαναζ̂, so that the constraint of eq.(2.12.2) is equivalent to enforcing stoichiometry,
namely, ∑

α

ναMα = 0 . (2.12.29)

Thus, properly balancing a chemical reaction satisfies this constraint.
The mixture mass balance in eq.(2.12.22) may now be rewritten as

div (vs +ww) = φ̂w
0 + (1− φs) ζ̂V , (2.12.30)

where V =
∑
α ̸=w

ναVα and Vα = Mα/ραT is the molar volume of α. (Currently in FEBio, φ̂w
0 is

specified independently of ζ̂, because users may choose to neglect the contribution from V in
eq.(2.12.30); therefore, if one desires to model chemical reactions, eq.(2.12.25) or eq.(2.12.28),
that involve the solvent, it is necessary to explicitly provide a solvent supply function compatible
with the above relations, namely φ̂w

0 = (1− φs) ζ̂νwVw.) Similarly, the solute mass balance in
eq.(2.12.19) becomes

1

J

Ds [J (1− φs) cι]

Dt
+ div jι = (1− φs) νιζ̂ . (2.12.31)

These mass balance equations reduce to those of non-reactive mixtures when ζ̂ = 0.

2.13 Fluid Mechanics

2.13.1 Mass and Momentum Balance

In a spatial (Eulerian) frame, the momentum balance equation for a continuum is

ρa = divσ + ρb , (2.13.1)

where ρ is the density, σ is the Cauchy stress, b is the body force per mass, and a is the acceler-
ation, given by the material time derivative of the velocity v in the spatial frame,

a = v̇ =
∂v

∂t
+ L · v , (2.13.2)

where L = gradv is the spatial velocity gradient. The mass balance equation is

ρ̇+ ρdivv = 0 , (2.13.3)
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where the material time derivative of the density in the spatial frame is

ρ̇ =
∂ρ

∂t
+ grad ρ · v . (2.13.4)

Let F denote the deformation gradient (the gradient of the motion with respect to the material
coordinate). The material time derivative of F is related to L via

Ḟ = L · F . (2.13.5)

Let J = detF denote the Jacobian of the motion (the volume ratio, or ratio of current to referential
volume, J > 0); then, the dilatation (relative change in volume between current and reference
configurations) is given by e = J − 1. Using the chain rule, J ’s material time derivative is J̇ =
JF−T : Ḟ which, when combined with eq.(2.13.5), produces a kinematic constraint between J̇ and
divv,

J̇ = J divv . (2.13.6)

Substituting this relation into the mass balance, eq.(2.13.3), produces ˙ρJ = 0, which may be
integrated directly to yield

ρ = ρr/J , (2.13.7)

where ρr is the density in the reference configuration (when J = 1). Since ρr is obtained by
integrating the above material time derivative of ρJ , it is an intrinsic material property that must be
invariant in time and space.

The Cauchy stress is given by
σ = −pI+ τ , (2.13.8)

where I is the identity tensor, τ is the viscous stress, p is the pressure arising from the elastic
response,

p = −dΨr (J)

dJ
, (2.13.9)

and Ψr is the free energy density of the fluid (free energy per volume of the continuum in the
reference configuration). The axiom of entropy inequality dictates that Ψr cannot be a function of
the rate of deformation D =

(
L+ LT

)
/2. In contrast, the viscous stress τ is generally a function

of J and D.
Boundary conditions may be derived by satisfying mass and momentum balance across a

moving interface Γ. Let Γ divide the material domain V into subdomains V+ and V− and let the
outward normal to V+ on Γ be denoted by n. The jump condition across Γ derived from the axiom
of mass balance requires that

[[ρuΓ]] · n = 0 , (2.13.10)

where uΓ ≡ v− vΓ on Γ and vΓ is the velocity of the interface Γ. Thus, uΓ represents the velocity
of the fluid relative to Γ. The double bracket notation denotes [[f ]] = f+ − f−, where f+ and f−
represent the value of f on Γ in V+ and V−, respectively. This jump condition implies that the mass
flux normal to Γ must be continuous. In particular, if V+ is a fluid domain and V− is a solid domain,
and Γ denotes the solid boundary (e.g., a wall), we use ρ+ = ρ, v+ = v for the fluid, and v− = vΓ

for the solid, such that eq.(2.13.10) reduces to ρ (v − vΓ) ·n = 0. The jump condition derived from
the axiom of linear momentum balance similarly requires that

[[σ − ρuΓ ⊗ uΓ]] · n = 0 . (2.13.11)
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This condition implies that the jump in the traction σ · n across Γ must be balanced by the jump
in momentum flux normal to Γ. In addition to jump conditions dictated by axioms of conservation,
viscous fluids require the satisfaction of the no-slip condition,

(I− n⊗ n) · [[uΓ]] = 0 , (2.13.12)

which implies that the velocity component tangential to Γ is continuous across that interface.
In our finite element treatment we use v and J as nodal variables, implying that our for-

mulation automatically enforces continuity of these variables across element boundaries, thus
[[v]] = [[uΓ]] = 0 and [[J ]] = 0. Based on Eqs.(2.13.7) and (2.13.9), it follows that the density
and elastic pressure are continuous across element boundaries in this formulation, [[ρ]] = 0 and
[[p]] = 0. Thus, the mass jump in eq.(2.13.10) is automatically satisfied, and the momentum jump
in eq.(2.13.11) reduces to [[σ]] · n = 0, requiring continuity of the traction, or more specifically ac-
cording to (2.13.8), the continuity of the viscous traction τ · n, since p is automatically continuous.

2.13.2 Wall Shear Stress

Consider a no-slip impermeable wall (a wall on which the fluid velocity is equal to the wall velocity,
v = vΓ). Let {n, s, t} be an orthonormal basis where n is the outward normal to the fluid on
the wall, s is a unit tangent to the wall along the local direction of the flow (in the immediate wall
vicinity), and t is a unit tangent to the wall in the direction orthogonal to n and s. The components of
the velocity gradient L = gradv on the wall, when expressed in matrix form in the basis {n, s, t},
are zero in the directions of the wall tangent (since there is no variation in any of the velocity
components along those directions). Moreover, by construction, the tangential velocity component
vt along t is zero, not only on the wall but also in its vicinity (thus, ∂vt/∂xn = 0). Combining these
factors produces

[L] =

 ∂vn
∂xn

∂vn
∂xs

∂vn
∂xt

∂vs
∂xn

∂vs
∂xs

∂vs
∂xt

∂vt
∂xn

∂vt
∂xs

∂vt
∂xt

 =

 ∂vn
∂xn

0 0
∂vs
∂xn

0 0

0 0 0

 (2.13.13)

where dxn, dxs and dxt represent line elements along each of the coordinate directions. The
resulting rate of deformation tensor is

[D] =
1

2

(
[L] + [L]T

)
=

 ∂vn
∂xn

1
2
∂vs
∂xn

0
1
2
∂vs
∂xn

0 0

0 0 0

 (2.13.14)

Therefore the fluid stress evaluated from Eq.(2.13.8) will typically have the form

[σ] = −p [I] +
(
κ− 2

3
µ

)
(trD) [I] + 2µ [D] =

 −p+
(
κ+ 4

3η
)

∂vn
∂xn

µ ∂vs
∂xn

0

µ ∂vs
∂xn

−p 0

0 0 −p

 (2.13.15)

where κ is the bulk viscosity and µ is the shear viscosity (which may be a function of the rate of
deformation in the case of a non-Newtonian fluid), see Eq.(5.16.1) in Section 5.16. From this result
we conclude that the wall shear stress is

σns = σsn = µ
∂vs
∂xn

(2.13.16)
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In practice it is inconvenient to evaluate this wall shear stress in a local coordinate system attached
to the wall and directed along the flow in the wall vicinity. As it turns out, the principal normal
stresses evaluated from [σ] in Eq. (2.13.15) are

σ1 = −p σ2 = −p+
1

2

(
σnn −

√
σ2nn + 4σ2sn

)
σ3 = −p+

1

2

(
σnn +

√
σ2nn + 4σ2sn

)
(2.13.17)

where

σnn = −p+
(
κ+

4

3
µ

)
∂vn
∂xn

σsn = µ
∂vs
∂xn

(2.13.18)

Thus, the maximum shear stress is

σs,max = max

(
|σ1 − σ2|

2
,
|σ2 − σ3|

2
,
|σ3 − σ1|

2

)
= max

(
1

4

∣∣∣σnn −√σ2nn + 4σ2sn

∣∣∣ , 1
2

∣∣∣√σ2nn + 4σ2sn

∣∣∣ , 1
4

∣∣∣σnn +
√
σ2nn + 4σ2sn

∣∣∣) (2.13.19)

When the flow is incompressible it follows that trD = ∂vn
∂xn

= 0, in which case σnn = −p according
to Eq.(2.13.18). Thus,

σs,max = max

(
|σns|
2

, |σns| ,
|σns|
2

)
= |σsn| (2.13.20)

Therefore, when the flow is incompressible the wall shear stress is equal to the maximum fluid
shear stress. This result makes it convenient to use the maximum fluid shear stress on the wall as
the value of the wall shear stress. Conversely, if the flow is compressible (which is generally the
case in FEBio) but as long as

|σnn| ≪ 2 |σsn| (2.13.21)

the conclusion remains the same. Therefore, in most applications one can use the maximum
fluid shear stress as a method for estimating the wall shear stress. This result remains valid for
problems where the wall is not stationary, such as fluid-structure interaction problems. In practice
one can always examine the principal normal stresses in the fluid, along the wall, from which one
can deduce if Eq.(2.13.21) is satisfied satisfactorily.

However, if the wall is porous or if slippage is allowed, then the wall velocity components are
not necessarily zero or negligible. Thus, the maximum shear stress is not always equal to the wall
shear stress.

2.13.3 Energy Balance

The energy balance for a continuum may be written in integral form over a control volume V as

d

dt

ˆ
V
ρ

(
ε+

1

2
v · v

)
dV = −

ˆ
S
ρ

(
ε+

1

2
v · v

)
(v · n) dS +

ˆ
S
t · v dS +

ˆ
V
ρb · v dV

−
ˆ
S
q · n dS +

ˆ
V
ρr dV

,

(2.13.22)
where S is the control surface bounding V , ε is the specific internal energy, q is the heat flux across
S, and r is the heat supply per mass to the material in V resulting from other sources. Bringing
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the time derivative inside the integral on the left-hand-side, and using the divergence theorem, this
integral statement of the energy balance may be written as

ˆ
V

[
ρ (ε̇+ v · a) + ρ

(
ε+

1

2
v · v

)(
divv − J̇

J

)]
dV

=

ˆ
V
[σ : D− divq+ ρr + v · (divσ + ρb)] dV

. (2.13.23)

This statement must be valid for arbitrary control volumes and arbitrary processes, from which we
conventionally derive the differential form of the axioms of mass, momentum and energy balance.

For the specialized conditions of a viscous fluid at constant temperature assumed in our treat-
ment, the only state variables for the functions of state ε, σ and q are J and D (i.e., the temperature
is not a state variable since it is assumed constant). Under these conditions the entropy inequality
shows that the specific entropy η and the heat flux q must be zero, and the Cauchy stress σ must
have the form of eq.(2.13.8) where p is given by eq.(2.13.9) as a function of J only, leaving the
residual dissipation statement τ : D ≥ 0 as a constraint that must be satisfied by constitutive
relations for τ . (For a Newtonian fluid, this constraint is satisfied when the viscosities µ and κ are
positive.) From these thermodynamic restrictions we conclude that ε = ψ, where ψ is the specific
(Helmholtz) free energy, with Ψr = ρrψ.

For the conditions adopted here (isothermal viscous fluid), the axiom of energy balance re-
duces to ρψ̇ = σ : D+ ρr; since ψ is only a function of J , this expression may be further simplified
using Eqs.(2.13.6)-(2.13.9) to produce τ : D+ ρr = 0. In other words, isothermal conditions may
be maintained only if heat dissipated by the viscous stress is emitted in the form of a heat supply
density ρr = −τ : D (heat leaving the system). Now, the integral form of the energy balance in
eq.(2.13.23) simplifies to

ˆ
V

[
v · (divσ + ρ (b− a)) + ρ

(
ψ +

1

2
v · v

)(
J̇

J
− divv

)]
dV = 0 . (2.13.24)

A comparison of this statement with the statement of virtual work, presented below in eq.(3.5.1),
establishes a clear correspondence between the virtual velocity δv and v, and between the virtual
energy density δJ and ρ

(
ψ + 1

2v · v
)
, with the latter representing the sum of the internal (free) and

kinetic energy densities.

2.14 Fluid-Structure Interactions

We model the fluid domain in an FSI analysis as a mixture of an isothermal compressible viscous
fluid and a hyperelastic compressible solid, where the solid has zero apparent density, and neg-
ligible (but non-zero) elasticity [112]. In a mixture framework, all mixture constituents coexist at
every point in the continuum. For our FSI implementation, the finite element mesh is defined on
the solid material, and the negligible (but non-zero) elasticity of the solid is intended to regularize
the mesh deformation. The fluid flows through this mesh, unimpeded by the solid. In particular,
in this FSI model there is no frictional interaction between the fluid and solid materials inside the
mixture domain (i.e., no Darcy-Brinkman type of friction), but the no-slip boundary condition may
be prescribed on boundaries of the mixture domain, where applicable.
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2.14.1 FSI Governing Equations

The momentum balance for the fluid is

ρfaf = divσf + ρfb , (2.14.1)

where b is the external body force acting on the FSI domain, af is the fluid acceleration,

af =
∂vf

∂t
+ Lf · vf , (2.14.2)

and Lf = gradvf is the fluid velocity gradient. In principle, the same momentum equation may be
used for the solid (substituting f with s); however, since we opted to let ρs = 0 (no solid mass), the
momentum balance for the solid simply reduces to

divσs = 0 . (2.14.3)

We model the fluid as isothermal and compressible, consistent with our CFD implementation.
Thus, the fluid stress may be separated into the elastic pressure p

(
Jf
)
, which only depends on

the fluid volume ratio Jf , and the viscous stress τ
(
Jf ,Lf

)
, as

σf = −pI+ τ . (2.14.4)

Recall that there is no dependence on temperature in an isothermal formulation. As done in our
previous study, we integrate the mass balance for the fluid to produce

ρf =
ρfr
Jf

, (2.14.5)

where ρfr is the fluid density in the reference state (e.g., under ambient pressure) and Jf = detFf ,
where Ff is the fluid deformation gradient. We also use the kinematic constraint

∂Jf

∂t
+ grad Jf · vf = Jf divvf , (2.14.6)

to relate the fluid volume ratio Jf to its velocity vf , in the spatial frame.
The mesh through which the fluid flows is defined on the solid component of the mixture.

Therefore, we define the relative velocity between the fluid and solid as

w = vf − vs . (2.14.7)

Since the solid has zero volume fraction, this expression is the same as the flux of fluid relative
to the solid. We choose to define the nodal degrees of freedom in the mixture domain to be the
relative fluid velocity w, the fluid dilatation ef = Jf − 1, and the solid displacement us, which is
related to the solid velocity via vs = u̇s, with the dot operator denoting the material time derivative
following the solid. (For notational convenience, we will continue using Jf in the equations below,
instead of ef ). Now,

vf = w + vs , (2.14.8)

from which it follows that the fluid velocity gradient is

Lf = Lw + Ls , (2.14.9)



68 CHAPTER 2. CONTINUUM MECHANICS

where Lw = gradw and Ls = gradvs. The fluid acceleration may now be rewritten in terms of the
FEA degrees of freedom as

af = ẇ + v̇s + (Lw + Ls) ·w , (2.14.10)

where
v̇s =

∂vs

∂t
+ Ls · vs

ẇ =
∂w

∂t
+ Lw · vs

(2.14.11)

are the material time derivatives of the solid and relative fluid velocities, in the frame following the
solid. We conveniently use this material time derivative (instead of the material time derivative
following the fluid) since we define the mixture domain mesh on the solid.

Similarly, the kinematic constraint relating Jf and vf may be rewritten as

J̇f + grad Jf ·w = Jf div (w + vs) , (2.14.12)

where

J̇f =
∂Jf

∂t
+ grad Jf · vs . (2.14.13)

Finally, as done routinely in our studies of biphasic and multiphasic materials, we find it convenient
to substitute the kinematic identity

divvs =
J̇s

Js
, (2.14.14)

where Js = detFs and Fs = I+Gradus is the solid deformation gradient.
In summary, the governing equations for the FSI mixture domain are

divσs = 0

ρfaf = divσf + ρfb

1

Jf

(
J̇f + grad Jf ·w

)
= divw +

J̇s

Js

(2.14.15)

where af is given in eq.(2.14.10) above.

2.15 Hybrid Biphasic Material

In FEBio, the standard biphasic material consists of a mixture of intrinsically incompressible solid
and fluid constituents, as described in Section 2.7. In this standard material, the solid and fluid
dynamics are neglected, as well as the fluid viscosity. When a user wishes to consider these
dynamics effects, as well as fluid viscosity, they may use a hybrid biphasic material, as described
in this section. The complete theoretical framework for such materials can be found in [110]. A
hybrid biphasic domain is a mixture of an isothermal compressible viscous fluid and a hyperelastic
compressible porous solid whose solid skeleton is intrinsically incompressible. Unlike the fluid-FSI
material, here the solid has non-negligible mass density and elasticity, and frictional interactions
may occur between the fluid and solid constituents, modeled using a hydraulic permeability (Sec-
tion 5.8). In FEBio, the hybrid biphasic material is called “biphasic-FSI”, since it allows dynamic
fluid-structure interactions between this material and a fluid-FSI material, or a solid material. Here,
we may abbreviate “biphasic-FSI” as BFSI. For BFSI domains, as with standard biphasic domains,
the finite element mesh is defined on the porous solid material. The viscous fluid flows through
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this mesh, experiencing frictional drag caused by the porous solid. When two BFSI domains are
interfaced, or when a BFSI domain is interfaced with a fluid-FSI domain, the pseudo-no slip con-
dition [70] is enforced automatically on those interfaces. When a BFSI domain interfaces with a
solid domain, the no-slip boundary condition has to be prescribed explicitly on those interfaces,
where applicable.

2.15.1 BFSI Governing Equations

We model the BFSI domain as an unconstrained mixture of an isothermal, compressible, and
viscous fluid and an isothermal, deformable porous solid whose skeleton material is intrinsically
incompressible. As usual in mixture theory, each constituent α (α = s, f for solid and fluid, respec-
tively) has its own apparent density ρα = dmα/dV , which represents the ratio of the elemental
mass dmα of constituent α in the elemental mixture volume dV . This apparent density is related to
the true density ραT = dmα/dV α (mass of α per volume of α) via ρα = φαραT , where φα = dV α/dV
is the volume fraction of α in the mixture, satisfying φs + φf = 1. Since the solid skeleton is in-
trinsically incompressible, ρsT is constant. The boundaries of a biphasic domain are defined on the
porous solid matrix. The deformation gradient of the solid is denoted by Fs and its determinant,
Js = detFs = dV/dVr, represents the ratio of the mixture elemental volumes in the current (dV )
and reference (dVr) configurations. Thus, since the solid skeleton is intrinsically incompressible, Js

purely represents the compressibility of the pore volume as fluid enters or leaves the pore space,
or as the compressible fluid within the pores changes in volume. The axiom of mass balance for
the solid may be integrated in closed form to produce ρs = ρsr/J

s, where ρsr = dms/dVr is the solid
apparent density in the mixture reference configuration. Therefore, we may define the referential
solid volume fraction as φs

r = ρsr/ρ
s
T . In the finite element analysis, φs

r = dV s/dVr and ρsT are
both specified by the user, then ρsr, ρs, φs and φf are evaluated from the above relations, given a
solution for Fs (and thus, Js). The solution for Fs = I+Gradu is obtained by solving for the nodal
solid displacement vector u, where Grad (·) represents the gradient operator in the material frame.

For the compressible fluid phase of a hybrid biphasic material, the true density ρfT varies with
the intrinsic fluid volumetric strain, or dilatation, ef = Jf − 1, where Jf is the volume ratio of the
fluid in its current and reference configurations, dmf is the element mass of fluid and dV f is the
elemental volume of that fluid in the pores of the mixture, in the current configuration. It follows
from this definition that

Jf =
dV f

dV f
r

=
dV f

dmf

dmf

dV f
r

=
ρfTr

ρfT
, (2.15.1)

where dV f
r is the elemental volume of this same fluid (having the same elemental mass dmf ) in

the fluid’s reference configuration. Thus, ρfTr = dmf/dV f
r is a constant representing the true fluid

density in its reference configuration, which is specified by the user. Accordingly, Jf = 1 in the
limit when the fluid is idealized to be intrinsically incompressible. This definition of Jf is consistent
with that for a pure fluid, as shown in our earlier formulation of computational fluid dynamics [22].
As shown above, ρf may be evaluated as φfρfT , which now expands into an expression involving
solid and fluid volume ratios,

ρf =

(
1− φs

r

Js

)
ρfTr

Jf
. (2.15.2)

The limiting case when the fluid within the solid matrix pores has been completely squeezed
out corresponds to ρf = 0 (or dmf = 0). Based on the above relation, this is equivalent to
having the entire mixture volume dV reduce to the solid volume dV s in the current configuration, or
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equivalently Js = φs
r [10]. In this limiting case, the mixture becomes an intrinsically incompressible

solid and the finite element formulation presented in this study no longer applies.
We assume that Fs = I (or equivalently, u = 0) and ef = 0 at the start of a finite element

analysis. The fluid dilatation ef is included as a nodal degree of freedom, implying that it is con-
tinuous across finite element boundaries. This assumption is verified below, when we review the
jump conditions on axioms of mass, momentum and energy balance across interfaces.

Since the axiom of mass balance for the solid has already been solved in closed form, we only
need to be concerned with the axiom of mass balance for the fluid, or alternatively, that of the
mixture, which takes the form

DfJf

Dt
=
Jf

φf
div (vs +w) , (2.15.3)

where vs is the solid velocity (the material time derivative of the solid displacement u), and

w = φf
(
vf − vs

)
(2.15.4)

is the volumetric flux of the fluid relative to the solid , with vf representing the fluid velocity. Here,
Df (·) /Dt is the material time derivative operator in the spatial frame, following the fluid motion.
Since the finite element mesh is defined on the porous solid matrix of a biphasic mixture, and
since the fluid flows relative to the solid, material time derivatives need to follow the solid motion
in the finite element implementation. A similar scheme was used in our implementations of solute
transport within deformable porous domains (Sections 2.9), to account for the motion of solutes
relative to the porous solid matrix, as well as in our FSI formulation (Section 2.14) [18, 19, 112].
Thus, we substitute the following identity,

DfJf

Dt
=
∂Jf

∂t
+ grad Jf · vf

=
DsJf

Dt
+ grad Jf ·

(
vf − vs

) , (2.15.5)

into the axiom of mixture mass balance in (2.15.3) to produce the final form

J̇f +
1

φf
grad Jf ·w =

Jf

φf
div (vs +w) . (2.15.6)

In this expression, the dot operator in J̇f represents the material time derivative following the
solid motion. In the solid material frame, this material time derivative reduces to the partial time
derivative. Accordingly, we may now write vs = u̇. In the BFSI implementation, the fluid volumetric
flux w relative to the solid is added to the list of nodal DOFs, giving us the complete set

(
u,w, ef

)
.

This choice implies that w is continuous across finite element boundaries, as justified further below
when we review jump conditions across interfaces.

Based on the constitutive assumptions of our hybrid biphasic formulation [110], the momentum
balance equations for the fluid and solid constituents reduce to

ρfaf = −φf grad p+ div τ f + ρfbf − φfk−1 ·w , (2.15.7)

and
ρsas = −φs grad p+ divσe + ρsbs + φfk−1 ·w , (2.15.8)

where aα = Dαvα/Dt is the acceleration, bα is the body force per mass acting on constituent
α, p is the fluid pressure, τ f is the apparent fluid viscous stress, and σe is the apparent solid
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elastic stress. These stress tensors are called apparent because their associated traction vectors
represent a force acting on constituent α per elemental mixture area. Here, k is the hydraulic
permeability tensor which regulates frictional drag between the fluid and solid constituents; setting
k−1 to 0 implies that this frictional drag is non-existent. Since the fluid is compressible, its pressure
must be given by a function of state. In the isothermal framework used here, this function only
depends on ef , and the form adopted in FEBio is

p = −Kef , (2.15.9)

where K is the fluid bulk modulus (a user-specified material property). In the limit when inertia
and body forces are neglected (af = bf = 0), the fluid momentum balance (2.15.7) produces the
classical Darcy-Brinkman relation [40]. If the fluid viscous stress is also neglected (τ f = 0), we
recover Darcy’s law, w = −k · grad p.

Since the finite element implementation requires all material time derivatives to follow the
motion of the solid, we recognize that as = ü and we evaluate the fluid acceleration as af =
v̇f + gradvf ·

(
vf − vs

)
. However, since vf is not a nodal degree of freedom, we use eq.(2.15.4)

to substitute
vf =

1

φf
w + vs (2.15.10)

into this expression. It follows that the fluid velocity gradient Lf = gradvf may be evaluated as

Lf = Ls +
1

φf

(
Lw − 1

φf
w ⊗ gradφf

)
, (2.15.11)

where Lw = gradw and Ls = gradvs. Now, the fluid acceleration takes the form

af =
1

φf

(
ẇ + ϕf ü− φs

φf

J̇s

Js
w + Lf ·w

)
. (2.15.12)

2.15.2 BFSI Continuous Variables

Jump conditions on the axioms of mass, momentum and energy balance are needed to determine
which variables may be selected as nodal DOFs in the finite element implementation, and which
tractions are naturally continuous across an interface. The full set of jump conditions for a hybrid
biphasic material were derived in our recent study for the constitutive assumptions adopted in this
formulation [110]. Here, we summarize the salient results, which apply to an interface defined
on the porous solid matrix of the hybrid biphasic domain, which includes the shared faces of
adjoining biphasic elements. Thus, the velocity of the interface is given by the velocity vs of the
solid constituent of the hybrid biphasic material. We employ the notation [[f ]] = f+ − f− to denote
the jump in the function f across the interface Γ, with f+ and f− denoting the values of f on either
side of Γ. The unit normal on Γ is n, which points away from the + side. A variable f which is
continuous across Γ satisfies [[f ]] = 0.

Based on the jump condition on the axiom of mass balance, the normal component of the
mass flux of the fluid relative to the solid is continuous across Γ,

[[
ρfTw

]]
· n = 0. Furthermore,

a sufficient condition to satisfy the jump on the axiom of energy balance is to enforce continuity
of the fluid specific free enthalpy (also known as the Gibbs function),

[[
ψf + p/ρfT

]]
= 0, where

ψf is the fluid specific free energy. This jump condition applies only when there is fluid on both
sides of the interface Γ. In an isothermal framework the specific free enthalpy is a function of state
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that only depends on Jf , therefore this energy jump condition implies that Jf must be continuous
across Γ, thus [[

Jf
]]

= 0 , (2.15.13)

also implying that [[p]] = 0. Given eq.(2.15.1), it follows that
[[
ρfT

]]
= 0 and the mass balance

jump condition reduces to [[w]] · n = 0, implying that the relative fluid flux component normal to Γ
must be continuous. For the tangential component of w on Γ we appeal to the analysis of Hou et
al. [70], who showed that a valid pseudo-noslip condition requires this tangential component to be
continuous. Combining these two jump conditions produces

[[w]] = 0 . (2.15.14)

The momentum jump condition requires that the mixture traction be continuous across Γ, thus[[
−pI+ σe + τ f

]]
·n = 0. Since [[p]] = 0 based on the energy jump, this mixture momentum jump

condition reduces to [[
σe + τ f

]]
· n = 0 . (2.15.15)

Finally, another relation which is sufficient to satisfy the jump condition on the energy balance is
the continuity of the true fluid traction (force acting on fluid per fluid area),[[

τ f

φf

]]
· n = 0 . (2.15.16)

This jump condition eq.(2.15.16), which also applies only if fluid is present on both sides of Γ,
is interesting because it implies that the viscous stress (and thus, the viscosity) of a fluid flowing
in a porous solid matrix scales with the porosity of that medium, such that τ f = ϕfτ where τ
would be the true fluid viscous stress. Thus, we can use FEBio’s various constitutive relations for
the viscous stress τ of Newtonian or non-Newtonian fluids and adapt those models to a biphasic
mixture where τ f is evaluated as φfτ . Accordingly, the contribution of τ f would properly reduce
to zero in the limit as fluid content reduces to zero (φf → 0), in which case the mixture momentum
jump in eq.(2.15.15) would reduce to [[−pI+ σe]] · n = [[σe]] · n = 0, since [[p]] = 0.

Letting w and Jf be nodal DOFs automatically enforces the jump conditions eq.(2.15.13) and
eq.(2.15.14), acting as essential boundary conditions, along with the solid displacement u. Finally,
subtracting eq.(2.15.16) from eq.(2.15.15), we obtain the momentum jump condition for the solid
constituent, [[

−φ
s

φf
τ f + σe

]]
· n = 0 . (2.15.17)

A BFSI domain may be reduced to a FSI domain by letting φs
r → 0 and k−1 → 0; the solid

matrix would still be ascribed a material response but its stiffness would need to be negligible.
The number of nodal DOFs would remain the same. The CFD domain is a special case of the FSI
domain where the mesh displacement is uniformly u = 0.

However, when the biphasic domain interfaces with a non-porous solid domain across Γbs, the
jump conditions eq.(2.15.13) on Jf and eq.(2.15.17) on τ f don’t apply. In that case, the jump con-
dition eq.(2.15.14) on the relative fluid volumetric flux should reduce to w = 0 for the BFSI domain
on Γbs, although the user would have to enforce this no-slip condition explicitly by prescribing it as
an essential boundary condition. The mixture momentum jump

[[
−pI+ σe + τ f

]]
· n = 0 implies

that the mixture traction on the BFSI side of an interface with a solid is equal to the solid traction
on the solid side. This jump condition would also need to be enforced explicitly.
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2.16 Fluid-Solutes Analyses

Fluid-solutes analyses combine solute transport with fluid mechanics. The fluid-solutes domain,
denoted by Ωf , is a hybrid multiphasic domain without a deformable porous solid matrix [111]. Like
the CFD domain, the CFD-solutes domain is fixed in space, and the fluid flows within it and possibly
across its boundaries. The boundaries ∂Ωf of Ωf , and interfaces within this domain (such as faces
of adjoining finite elements), are denoted generically by Γf . In the current implementation, finite
element domains that meet at these interfaces share common nodes and element faces, though
it is possible to consider future extensions where tied interfaces are used to connect dissimilar
meshes. The formulation and finite element implementation of this type of domain are presented
below, using only salient governing equations simplified from the more general hybrid multiphasic
theory presented in our recent study [111].

2.16.1 Governing Equations

We model the domain Ωf as a mixture of an isothermal, compressible, and viscous solvent which
is electrically neutral, and isothermal, intrinsically incompressible, and dilute solute constituents
which may be electrically charged. All solute accelerations are neglected, since they contribute
insignificantly in comparison with diffusive forces, except in problems such as centrifugation, where
they can be represented by an external inertial body force. Unlike the standard (Darcy flow through
a porous-deformable) multiphasic domain [6, 19, 20], the fluid-solutes domain is fixed in space. We
denote the mixture constituents using a superscripted α, where α = f, ι for solvent and solutes,
respectively. The volume fraction φι of each solute species ι is assumed to be negligible (φι ≪
1), therefore the volume fraction of the solvent is φf = dV f/dV ≈ 1. The apparent density of
each constituent α is ρα = dmα/dV , which represents the ratio of the elemental mass dmα of
constituent α in the elemental fluid mixture volume. Under these assumptions, the true density of
the solvent simplifies to ρfT = ρf while the true density ριT of each solute ι is constant due to its
intrinsic incompressibility. Since the solvent is compressible, as was done in the fluid mechanics
formulation [22] (Section 2.13), the solvent volume ratio Jf was employed as a kinematic state
variable to represent the fluid volumetric strain,

Jf =
ρfr
ρf
, (2.16.1)

where ρfr is the referential solvent density (ρf in the reference configuration), which is a user-
specified material constant. An alternative representation of fluid volumetric strain is the fluid
dilatation, ef = Jf − 1, which is used in the actual finite element code.

The axiom of mass balance for the mixture takes the form

DfJf

Dt
= Jf

(
divvf −

∑
ι

ρ̂ι

ριT

)
, (2.16.2)

where vf is the velocity of the fluid constituent and ρ̂ι is the mass density supply to ι due to re-
actions with all other solutes. It is assumed that reactions do not add or remove solvent mass
(ρ̂f = 0). Here, Df (·) /Dt = ∂ (·) /∂t + grad (·) · vf is the material time derivative operator in
the spatial frame, following the fluid motion. The mixture mass balance reproduces the kinematic
constraint between the fluid velocity and dilatation for the fluid mechanics formulation [22] (Sec-
tion 2.13), with the addition of reactive mass supply terms. The axiom of mass balance for each
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solute takes the form

ĉι =
∂cι

∂t
+ div (cιvι) =

1

Jf

Df
(
Jfcι

)
Dt

+ div jι , (2.16.3)

where ĉι = ρ̂ι/M ι is the molar concentration supply and cι = ρι/M ι is the molar concentration
of solute ι, and jι = cι

(
vι − vf

)
is the molar flux of solute ι relative to the solvent. As shown

previously [111], the molar solute flux may be evaluated from the solute momentum balance when
inertia terms have been neglected,

jι = κ̃ιdι0

(
− grad c̃ι +

M ι

Rθ
c̃ιbι

)
, (2.16.4)

where κ̃ι is the partition coefficient of solute ι relative to an ideal solution [80, 98]. It is given by

κ̃ι =
κι

γι
exp

(
−z

ιFcψ

Rθ

)
, (2.16.5)

where κι is the solubility of solute ι in the mixture, or the fraction of fluid volume accessible to
the solute [92] (κι = 1 in a fluid mixture), and γι is the activity coefficient of solute ι. The ratio
κι/γι is a non-dimensional property that describes the deviation of the solute chemical potential
from that of an ideal, dilute solution [123]. We can represent this ratio as κ̂ι ≡ κι/γι, and call it
the effective solubility of ι in the solution [11]. In (2.16.5), zι is the charge number of solute ι, Fc

is Faraday’s constant, ψ is the electrical potential, R is the universal gas constant, and θ is the
absolute temperature. In (2.16.4), dι0 is the diffusivity of solute ι in the fluid, bι is the body force
per mass acting on solute ι, and c̃ι is the effective concentration of solute ι, such that

c̃ι = cι/κ̃ι . (2.16.6)

The effective solute concentration represents an alternative form of the solute electrochemical
potential, expressed in units of molar concentration [6, 19]. The solute flux in (2.16.4) has contri-
butions from diffusion (as represented by the term containing grad c̃ι), sedimentation (c̃ιbι when
bι is proportional to an inertial force), electrophoresis (c̃ιbι when bι is proportional to the Lorentz
force acting on charged solute ι), and convection (c̃ιvf ).

The solute flux in eq.(2.16.4) may also be expressed in terms of its components,

jι = −κ̃ιdι0 grad c̃ι︸ ︷︷ ︸
jιd

+ sιcιbι︸ ︷︷ ︸
jιb

(2.16.7)

where
sι ≡ dι0

M ι

Rθ
(2.16.8)

is the sedimentation coefficient. In the expression of eq.(2.16.7) jιd represents the diffusive flux,
and jιb is the sedimentation flux. Now the mass balance expression in eq.(2.16.3) may be combined
with eq.(2.16.2) to produce

ĉι − cι
∑
γ

Vγ ĉγ =
1

Jf

Df
(
Jfcι

)
Dt

+ div (jιd + jιb) (2.16.9)

where Vι ≡ M ι/ριT is the molar volume of solute ι. Since we have neglected the volume fraction
of solutes in the current mixture formulation, it follows that cιVι ≪ 1. Thus, we may neglect the
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second term on the left-hand side of the above equation, as well as the related term on the right-
hand side of eq.(2.16.2).

The fluid momentum balance is given by

ρfaf = − grad p̃+ div τ + ρfbf +
∑
ι

(−Rθκ̃ι grad c̃ι +M ιcιbι) , (2.16.10)

where af = Dfvf/Dt is the fluid acceleration, τ is the fluid viscous stress, bf is the body force
per mass acting on the fluid f , and p̃ is the effective fluid pressure, related to the fluid pressure p
via

p = p̃+RθΦ
∑
ι

cι . (2.16.11)

Here, Φ is the osmotic coefficient, a non-dimensional property that describes the deviation of the
osmotic pressure from the ideal behavior known as van’t Hoff’s law [93], and RθΦ

∑
ι c

ι is the
osmotic or chemical contribution to the fluid pressure. Therefore, p̃, which is an alternative form
of the solvent mechano-chemical potential, may be interpreted as the mechanical or hydraulic
contribution to p.

Previously, we showed that the effective pressure must only depend on the fluid volume ratio,
such that p̃ = p̃

(
Jf
)

[111]. Based on mass, momentum and energy jump conditions for this type
of mixture, it can also be shown that Jf (or alternatively ef ) is continuous across interfaces Γf ,
and thus may be used as a nodal degree of freedom (DOF). We may choose a constitutive relation
valid for arbitrary (but strictly positive) values of Jf

p̃ = K

(
1

Jf
− 1

)
, (2.16.12)

where K is the solvent’s bulk modulus (a user-specified material property).
The solute-dependent terms appearing on the right side of the solvent momentum balance

(2.16.10) are typically neglected in classical CFD-solutes formulations, but we included them here
since they emerged naturally to describe the phenomena of osmosis (solvent flow due to solute
diffusion or sedimentation), and electro-osmosis (solvent flow due to solute electrophoresis). To
reproduce classical formulations, by default we turned off these terms (within the summation on
the right-hand side of eq.(2.16.10)), and we added a user-defined flag (“include osmosis”) to op-
tionally turn them back on. In addition, users can turn off osmotic pressure by setting the osmotic
coefficient Φ to zero, in which case p = p̃ according to eq.(2.16.11). Both of these approaches
were investigated in the test problems described below.

As done in the standard multiphasic formulation (Section 2.9), we assumed there can be no
electric charge accumulation in the mixture, so we enforce the electroneutrality condition∑

ι

zιcι = 0 . (2.16.13)

Multiplying the mass balances from (2.16.3) by zι and taking the sum over all the constituents,
making use of (2.16.13) and adopting the assumption that reactive processes maintain electroneu-
trality (

∑
ι z

ινι = 0 where να is the net stoichiometric coefficient of α [20]) produces the constraint

0 = div
∑
ι

zιjι , (2.16.14)

or equivalently div Ie = 0, where Ie = Fc
∑

ι z
ιjι is the electric current density.
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In the CFD-solutes implementation the fluid velocity vf , fluid dilatation ef , and effective so-
lute concentrations c̃ι are the nodal degrees of freedom

(
vf , ef , c̃ι

)
, as further addressed in

Section 2.16.2. These choices imply that vf , ef , and c̃ι are continuous across finite element
boundaries, as justified below when we review jump conditions across interfaces. Note that in the
absence of solutes, the governing equations (2.16.2) and (2.16.10) simplify to the original CFD
equations, with p = p̃. More information on calculating the supply terms ĉι and ρ̂ι can be found in
Section 2.12. The electric potential ψ can be determined as described in the previous standard
multiphasic solver [19, 20].

2.16.2 Jump Conditions

Jump conditions on the axioms of mass, momentum and energy balance are needed to determine
which variables may be selected as nodal degrees of freedom in the finite element implementation,
and which tractions are naturally continuous across an interface. The jump conditions for the
CFD-solutes material were determined from the jump conditions of the general hybrid multiphasic
material [111]. Here, we summarize the relevant results, which apply to any interface Γf . Here,
since the domain is fixed in space, the interface Γf is stationary. We employ the notation [[f ]] =
f+ − f− to denote the jump in an arbitrary function f across the interface Γf , with f+ and f−
denoting the values of f on either side of Γf . The unit normal on Γf is n, which points away from
the + side. A variable f which is continuous across Γf satisfies [[f ]] = 0.

Based on the jump condition on the axiom of mass balance for the fluid, the normal component
of the mass flux of the fluid is continuous across Γf ,

[[
ρfvf

]]
· n = 0. Furthermore, a sufficient

condition to satisfy the jump on the axiom of energy balance is to enforce continuity of the solvent
specific free enthalpy (or Gibbs function), such that

[[
ψf + p/ρfT

]]
=
[[
µf
]]

= 0, where ψf is the

fluid specific free energy. In the multiphasic mixture literature, the solvent specific free enthalpy µf

is also called the mechano-chemical potential [15]. This jump condition applies only when there is
solvent on both sides of the interface, such as across Γf . In an isothermal framework, the solvent
mechano-chemical potential is a function of state that only depends on Jf such that µf = µf

(
Jf
)

[111]. Therefore this energy jump condition implies that Jf must be continuous across Γf , thus[[
Jf
]]

= 0 , (2.16.15)

also implying that [[p̃]] = 0. Given (2.16.1), it follows that
[[
ρf
]]

= 0 and the fluid mass balance
jump condition reduces to

[[
vf
]]
· n = 0, implying that the fluid velocity component normal to Γf

must be continuous. For the tangential component of vf on Γf we use the no-slip condition for
viscous fluids, which states that the velocity component tangential to Γf must be continuous across
that interface, as is standard in CFD solvers. Combining these two jump conditions produces[[

vf
]]

= 0 . (2.16.16)

From the solute mass jump condition, we can show that the normal component of the molar
solute flux is continuous across Γf ,

[[jι]] · n = 0 . (2.16.17)

The momentum jump condition requires that the mixture traction be continuous across Γf , thus
[[−pI+ τ ]] · n = 0. Another relation which is thermodynamically sufficient to satisfy the jump
condition on the energy balance is the continuity of the viscous fluid traction,

[[τ ]] · n = 0 . (2.16.18)
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This jump condition (2.16.18), which also applies only if fluid is present on both sides of Γ, implies
that [[p]] = 0.

Finally, the last relation that is thermodynamically sufficient to satisfy the energy balance jump
condition applies to the electrochemical potential for the solutes, where [[µ̃ι]] = 0. For a solute, the
general constitutive relation for the electrochemical potential is µ̃ι = Rθ

M ι ln
cι

κ̃αcι0
, and the jump can

be simplified to
[[c̃ι]] = 0 . (2.16.19)

Thus, letting vf , ef , and c̃ι be nodal degrees of freedom automatically enforces the jump
conditions (2.16.15), (2.16.16), and (2.16.19), acting as essential boundary conditions. As stated
earlier, the jump conditions are the same as the previous CFD formulation in the case of zero
solute concentration (all c̃ι = 0) [22].
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Chapter 3

The Nonlinear FE Method

This chapter discusses the basic principles of the nonlinear finite element method. The chapter
begins with a short introduction to the weak formulation and the principle of virtual work. Next,
the important concept of linearization is discussed and applied to the principle of virtual work.
Finally the Newton-Raphson procedure and its application to the nonlinear finite element method
are described.

3.1 Weak formulation for Solid Materials

Generally, the finite element formulation is established in terms of a weak form of the differential
equations under consideration. In the context of solid mechanics this implies the use of the virtual
work equation:

δW =

ˆ

v

σ : δd dv −
ˆ

v

f · δv dv −
ˆ

∂v

t · δv da = 0 . (3.1.1)

Here, δv is a virtual velocity and δd is the virtual rate of deformation tensor. This equation is
known as the spatial virtual work equation since it is formulated using spatial quantities only. We
can also define the material virtual work equation by expressing the principle of virtual work using
only material quantities.

δW =

ˆ

V

S : δĖ dV −
ˆ

V

f0 · δv dV −
ˆ

∂V

t0 · δv dA = 0 . (3.1.2)

Here, f0 = Jf is the body force per unit undeformed volume and t0 = t (da/dA) is the traction
vector per unit initial area.

3.1.1 Linearization

Equation (3.1.1) is the starting point for the nonlinear finite element method. It is highly nonlinear
and any method attempting to solve this equation, such as the Newton-Raphson method, neces-
sarily has to be iterative.

To linearize the finite element equations, the directional derivative of the virtual work in eq.(3.1.1)
must be calculated. In an iterative procedure, the quantity ϕ will be approximated by a trial solution
ϕk. Linearization of the virtual work equation around this trial solution gives

δW (ϕk, δv) +DδW (ϕk, δv) [u] = 0 . (3.1.3)

79
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The directional derivative of the virtual work will eventually lead to the definition of the stiffness
matrix. In order to proceed, it is convenient to split the virtual work into an internal and external
virtual work component:

DδW (ϕ, δv) [u] = DδWint (ϕ, δv) [u]−DδWext (ϕ, δv) [u] , (3.1.4)

where
δWint (ϕ, δv) =

ˆ

v

σ : δd dv , (3.1.5)

and
δWext (ϕ, δv) =

ˆ

v

f · δv dv +
ˆ

∂v

t · δv da . (3.1.6)

The result is listed here without details of the derivation – see [35] for details. The linearization of
the internal virtual work is given by

DδWint (ϕ, δv) [u] =

ˆ

v

δd : C : ε dv +

ˆ

v

σ :
[
(∇u)T · ∇δv

]
dv . (3.1.7)

Notice that this equation is symmetric in δv and u. This symmetry will, upon discretization, yield a
symmetric tangent matrix.

The external virtual work has contributions from both body forces and surface tractions. The
precise form of the linearized external virtual work depends on the form of these forces. For
surface tractions, normal pressure forces may be represented in FEBio. The linearized external
work for this type of traction is given by

DδW p
ext (ϕ, δv) [u] =

1

2

ˆ

Aξ

p
∂x

∂ξ
·
[(

∂u

∂η
× δv

)
+

(
∂δv

∂η
× u

)]
dξ dη

− 1

2

ˆ

Aξ

p
∂x

∂η
·
[(

∂u

∂ξ
× δv

)
+

(
∂δv

∂ξ
× u

)]
dξ dη .

(3.1.8)

Discretization of this equation will also lead to a symmetric component of the tangent matrix.
FEBio currently supports gravity as a body force, f = ρg. Since this force is independent of

the geometry, the contribution to the linearized external work is zero. Another type of body force
implemented in FEBio is the centrifugal force. For a body rotating with a constant angular speed
ω, about an axis passing through the point c and directed along the unit vector n, the body force
is given by f = ρω2r, where r is the vector distance from a point x to the axis of rotation,

r = (I− n⊗ n) · (x− c) . (3.1.9)
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The resulting linearized external work is given by

DδW f
ext (ϕ, δv) [u] =

ˆ

v

ρω2δv · (I− n⊗ n) · u dv, (3.1.10)

which produces a symmetric expression that will yield a symmetric matrix.

3.1.2 Discretization

The basis of the finite element method is that the domain of the problem (that is, the volume of
the object under consideration) is divided into smaller subunits, called finite elements. In the case
of isoparametric elements it is further assumed that each element has a local coordinate system,
named the natural coordinates, and the coordinates and shape of the element are discretized
using the same functions. The discretization process is established by interpolating the geometry
in terms of the coordinates Xa of the nodes that define the geometry of a finite element, and the
shape functions:

X =
n∑

a=1

Na (ξ1, ξ2, ξ3)Xa , (3.1.11)

where n is the number of nodes and ξi are the natural coordinates. Similarly, the motion is de-
scribed in terms of the current position xa (t) of the same particles:

x (t) =

n∑
a=1

Naxa (t) . (3.1.12)

Quantities such as displacement, velocity and virtual velocity can be discretized in a similar way.
In deriving the discretized equilibrium equations, the integrations performed over the entire

volume can be written as a sum of integrations constrained to the volume of an element. For this
reason, the discretized equations are defined in terms of integrations over a particular element e.
The discretized equilibrium equations for this particular element per node is given by

δW (e) (ϕ, Naδv) = δva ·
(
T(e)

a − F(e)
a

)
, (3.1.13)

where
T (e)
a =

ˆ

v(e)

σ · ∇Na dv ,

F (e)
a =

ˆ

v(e)

Naf dv +

ˆ

∂v(e)

Nat da .

(3.1.14)

The linearization of the internal virtual work can be split into a material and an initial stress com-
ponent [35]:

DδW
(e)
int (ϕ, δv) [u] =

ˆ

v(e)

δd : C : ε dv +

ˆ

v(e)

σ :
[
(∇u)T · ∇δv

]
dv

= DδW (e)
c (ϕ, δv) [u] +DδW (e)

σ (ϕ, δv) [u] .

(3.1.15)

The constitutive component can be discretized as follows:

DδW (e)
c (ϕ, δv) [u] = δva ·

ˆ
v(e)

BT
aDBb dv

ub . (3.1.16)
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The term in parentheses defines the constitutive component of the tangent matrix relating node
ato node bin element e:

K
(e)
c,ab =

ˆ

v(e)

BT
aDBb dv . (3.1.17)

Here, the linear strain-displacement matrix B relates the displacements to the small-strain tensor
in Voigt Notation:

ε =
n∑

a=1

Baua . (3.1.18)

Or, written out completely,

Ba =



∂Na/∂x 0 0
0 ∂Na/∂y 0
0 0 ∂Na/∂z

∂Na/∂y ∂Na/∂x 0
0 ∂Na/∂z ∂Na/∂y

∂Na/∂z 0 ∂Na/∂z

 . (3.1.19)

The spatial constitutive matrix D is constructed from the components of the fourth-order tensor C
using the following table; DIJ = Cijklwhere

I/J i/k j/l
1 1 1
2 2 2
3 3 3
4 1 2
5 2 3
6 1 3

The initial stress component can be written as follows:

DδW (e)
σ (ϕ, Naδv) [Nbub] =

ˆ

v(e)

(∇Na · σ · ∇Nb) I dv. (3.1.20)

For the pressure component of the external virtual work, we find

DδW (e)
p (ϕ, Naδva) [Nbub] = δva ·K(e)

p,ab · ub , (3.1.21)

where,
K

(e)
p,ab = Ek

(e)
p,ab,

k
(e)
p,ab =

1

2

ˆ
Aξ

p
∂x

∂ξ

(
∂Na

∂η
Nb −

∂Nb

∂η
Na

)
dξ dη

+
1

2

ˆ
Aξ

p
∂x

∂η

(
∂Na

∂ξ
Nb −

∂Nb

∂ξ
Na

)
dξ dη .

(3.1.22)
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3.2 Weak formulation for biphasic materials

A weak form of the statement conservation of linear momemtum for the quasi-static case is ob-
tained by using Eqs.(2.7.2) and (2.7.4):

δW =

ˆ
b
[δvs · (divσ + ρb) + δp div (vs +w)] dv = 0 , (3.2.1)

where b is the domain of interest defined on the solid matrix, δvs is a virtual velocity of the solid
and δp is a virtual pressure of the fluid [127]. dv is an elemental volume of b. Using the divergence
theorem, this expression may be rearranged as

δW =

ˆ
∂b
δvs · t da+

ˆ
∂b
δpwn da+

ˆ
b
δvs · ρb dv

−
ˆ
b
σ : grad δvs dv −

ˆ
b
(w · grad δp− δp divvs) dv

, (3.2.2)

where δds =
(
grad δvs + gradT δvs

)
/2 is the virtual rate of deformation tensor, t = σ · n is the

total traction on the surface ∂b, and wn = w · n is the component of the fluid flux normal to
∂b, with n representing the unit outward normal to ∂b. da represents an elemental area of ∂b.
In this type of problem, essential boundary conditions are prescribed for u and p, and natural
boundary conditions are prescribed for t and wn. In the expression of eq.(3.2.2), δW (χs, p, δvs, δp)
represents the virtual work.

3.2.1 Linearization

Since the system of equations in eq.(3.2.2) is highly nonlinear, its solution requires an iterative
scheme such as Newton’s method. This requires the linearization of δW at some trial solution
(χs

k, pk), along an increment ∆u in χs and an increment ∆p in p,

δW +DδW [∆u] +DδW [∆p] = 0, (3.2.3)

where Df [∆q] represents the directional derivative of f along ∆q. For convenience, the virtual
work may be separated into its internal and external parts,

δW = δWext − δWint, (3.2.4)

where

δWint =
ˆ
b
σ : δds dv +

ˆ
b

(
w · grad δp− δp J̇

J

)
dv, (3.2.5)

where we have substituted divvs = J̇/J , and

δWext =

ˆ
∂b
δvs · t da+

ˆ
∂b
δpwn da+

ˆ
b
δvs · ρb dv . (3.2.6)

The evaluation of the directional derivatives can be performed following a standard approach [35].
In particular, a backward difference scheme is used to evaluate J̇ ≈

(
J − J−∆t

)
/∆t, where J−∆t
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is the value of J at the previous time step. For the internal part of the virtual work, the directional
derivative along ∆u yields

DδWint [∆u] =

ˆ
b
δds : C : ∆ε dv +

ˆ
b
σ :
(
gradT ∆u · grad δvs

)
dv

−
ˆ
b

δp

∆t
div∆u dv

−
ˆ
b
grad δp · (K : ∆ε) · (grad p− ρwTbw) dv

+

ˆ
b
grad δp · k · ρwT

(
gradT ∆u · bw + gradbw ·∆u

)
dv ,

(3.2.7)

where C is the fourth-order spatial elasticity tensor for the mixture and ∆ε =
(
grad∆u+ gradT ∆u

)
/2.

Based on the relation of eq.(2.7.3), the spatial elasticity tensor may also be expanded as

C = Ce + p (−I⊗ I+ 2I⊗ I) , (3.2.8)

where Ce is the spatial elasticity tensor for the solid matrix [48]. It is related to the material elasticity
tensor Ce via

Ce = J−1 (F⊗F) : Ce :
(
FT ⊗FT

)
, (3.2.9)

where F is the deformation gradient of the solid matrix, Ce = ∂Se/∂E where E is the Lagrangian
strain tensor and Se is the second Piola-Kirchhoff stress tensor, related to the Cauchy stress tensor
via σe = J−1F · Se · FT .

Similarly, K is a fourth-order tensor that represents the spatial measure of the rate of change
of permeability with strain. It is related to its material frame equivalent K via

K = J−1 (F⊗F) : K :
(
FT ⊗FT

)
, (3.2.10)

where K = ∂K/∂E and K is the permeability tensor in the material frame, such that k = J−1F ·K ·
FT . Since K and E are symmetric tensors, it follows that K and K exhibit two minor symmetries
(e.g., Kjikl = Kijkl and Kijlk = Kijkl). However, unlike the elasticity tensor, it is not necessary that
these tensors exhibit major symmetry (e.g., Kklij ̸= Kijkl in general).

The directional derivative of δWint along ∆p is given by

DδWint [∆p] = −
ˆ
b
grad δp · k · grad∆p dv −

ˆ
b
∆p div δvs dv . (3.2.11)

Note that letting p = 0 and δp = 0 in the above equations recovers the virtual work relations
for nonlinear elasticity of compressible solids. The resulting simplified equation emerging from
eq.(3.2.7) is symmetric to interchanges of ∆u and δvs, producing a symmetric stiffness matrix in
the finite element formulation [35]. However, the general relations of Eqs.(3.2.7) and (3.2.11) do
not exhibit symmetry to interchanges of (∆u,∆p) and (δvs, δp), implying that the finite element
stiffness matrix for a solid-fluid mixture is not symmetric under general conditions.

The directional derivatives of the external virtual work δWext depend on the type of boundary
conditions being considered. For a prescribed total normal traction tn, where t = tnn,

δW t
ext =

ˆ
∂b
δvs · tnn da, (3.2.12)
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and

DδW t
ext [∆u] =

ˆ
∂b
δvs · tn

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
da

|g1 × g2|
,

DδW t
ext [∆p] = 0,

(3.2.13)

where
gα =

∂x

∂ηα
, α = 1, 2 (3.2.14)

are covariant basis (tangent) vectors on ∂b, such that

n =
g1 × g2
|g1 × g2|

. (3.2.15)

For a prescribed normal effective traction ten, where t = (−p+ ten)n and p is not prescribed, then

δW e
ext =

ˆ
∂b
δvs · (−p+ ten)n da , (3.2.16)

and

DδW e
ext [∆u] =

ˆ
∂b
δvs · (−p+ ten)

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
da

|g1 × g2|
,

DδW e
ext [∆p] = −

ˆ
∂b
δvs ·∆pn da .

(3.2.17)

For a prescribed normal fluid flux wn = w · n,

δWw
ext =

ˆ
∂b
δpwn da , (3.2.18)

and

DδWw
ext [∆u] =

ˆ
∂b
δpwn n ·

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
da

|g1 × g2|
,

DδWw
ext [∆p] = 0 .

(3.2.19)

Finally, for a prescribed external body force, recognizing that ρb = ρsbs+ρwbw and assuming that
the body forces bs and bw do not depend on p,

D
(
δW b

ext

)
[∆u] =

ˆ
b
δvs · [(ρsgradbs + ρwgradbw) ·∆u+ (div∆u) ρwTb

w] dv ,

D
(
δW b

ext

)
[∆p] = 0 .

(3.2.20)

3.2.2 Stabilization

Finite element models of deformable porous media are known to exhibit oscillations in fluid pres-
sure caused by relatively coarse meshes near free-draining boundaries, where a boundary layer
in fluid pressure normally forms during the early time response to loading. These spurious os-
cillations typically occur when the mesh is not able to resolve this boundary layer. Stabilization
methods serve as an alternative to mesh refinement, when the latter is not feasible or practical.
In FEBio we have implemented a stabilization method based on the work of Aguilar et al. [1].
Basically, this method proposes that the fluid flux w be evaluated from

w = −k · grad (p+ τ ṗ) (3.2.21)
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instead of eq.(2.7.6), where τ represents the stabilization parameter. A representative value for τ
may be evaluated from

τ ≈ h2

E · k
, (3.2.22)

where h is the element thickness on the free-draining boundary, E is a representative measure of
the solid matrix elastic modulus and k is a representative measure of the hydraulic permeability
tensor k. The contribution of this form of w to the virtual work expression in eq.(3.2.2) is

δG =

ˆ
b
w · grad δp dv

= −
ˆ
b
grad δp · k · grad (p+ τ ṗ) dv

. (3.2.23)

The linearizations of δG are then given by

DδG [∆u] = −
ˆ
b
grad δp · (K : ∆ε) · grad (p+ τ ṗ) dv

DδG [∆p] = −
ˆ
b

(
1 +

τ

∆t

)
grad δp · k · grad∆p dv

. (3.2.24)

3.2.3 Discretization

Let

δvs =
m∑
a=1

Naδva , δp =
m∑
a=1

Naδpa ,

∆u =
m∑
b=1

Nb∆ub , ∆p =
m∑
b=1

Nb∆pb ,

(3.2.25)

where Na represents the interpolation functions over an element, δva, δpa,∆ub and∆pb respec-
tively represent nodal values of δvs, δp, ∆u and ∆p, and m is the number of nodes in an element.
Then the discretized form of δWint in eq.(3.2.5) may be written as

δWint =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

[
δva δpa

]
·
[
rua
rpa

]
, (3.2.26)

where ne is the number of elements in b, n(e)int is the number of integration points in the e−th
element, Wk is the quadrature weight associated with the k−th integration point, and Jη is the
Jacobian of the transformation from the spatial frame to the parametric space of the element. In
the above expression,

rua = σ · ∇Na , rpa = w · ∇Na −Nadivvs , (3.2.27)

and it is understood that Jη, rua and rpa are evaluated at the parametric coordinates of the k−th
integration point.

Similarly, the discretized form of DδWint in Eqs.(3.2.7) and (3.2.11) may be written as

−DδWint =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

[
δva δpa

]
·

m∑
b=1

[
Kuu

ab kup
ab

kpu
ab kppab

]
·
[
∆ub

∆pb

]
, (3.2.28)
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where
Kuu

ab = ∇Na · C · ∇Nb + (∇Na · σ · ∇Nb) I

−Na [Nb (ρ
s∇bs + ρw∇bw) + ρwTb

w ⊗∇Nb] ,

kup
ab = −Nb∇Na ,

kpu
ab = − (∇Na ·K · ∇Nb) · (∇p− ρwTbw)− 1

∆t
Na · ∇Nb

+ ρwT
(
bw ⊗∇Nb +Nb∇Tbw

)
· k · ∇Na ,

kppab = −∇Na · k · ∇Nb,

(3.2.29)

and ∆t is a discrete increment in time. In a numerical implementation, it has been found that
evaluating divvs from J̇/J , where J = detF, yields more accurate solutions than evaluating it from
the trace of gradvs [16]. Contributions from the stabilization method presented in Section (3.2.2)
may be similarly evaluated.

For the various types of contributions to the external virtual work, a similar discretization pro-
duces

δWext =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

[
δva δpa

]
·
[
rua
rpa

]
, (3.2.30)

and

−DδWext =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

[
δva δpa

]
·

m∑
b=1

[
Kuu

ab kup
ab

kpu
ab kppab

]
·
[
∆ub

∆pb

]
, (3.2.31)

where
Jη = |g1 × g2| . (3.2.32)

In this case, m represents the number of nodes on an element face. For a prescribed normal
traction tn as given in (3.2.12)-(3.2.13),

rua = tnNan , rua = 0 ,

Kuu
ab = tnNa

1

Jη
A
{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
, kup

ab = 0 ,

kpu
ab = 0 , kppab = 0 ,

(3.2.33)

where A {v} = −E ·v is the skew-symmetric tensor whose dual vector is v and E is the third-order
permutation pseudo-tensor. For a prescribed traction ten as given in (3.2.16)-(3.2.17),

rua = (−p+ ten)Nan , rua = 0 ,

Kuu
ab = (−p+ ten)Na

1

Jη
A
{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
, kup

ab = 0 ,

kpu
ab = 0 , kppab = 0 .

(3.2.34)

For a prescribed normal fluid flux wn as given in (3.2.18)-(3.2.19),

rua = 0 , rua = wnNa ,

Kuu
ab = 0 , kup

ab = 0 ,

kpu
ab = wnNa

1

Jη
n×

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
, kppab = 0 .

(3.2.35)
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3.3 Weak Formulation for Biphasic-Solute Materials

The virtual work integral for this problem is given by

δW =

ˆ
b
δv · divσ dv +

ˆ
b
δp̃ div (vs +w) dv

+

ˆ
b
δc̃

[
∂ (φwκ̃c̃)

∂t
+ div (j+ ϕwκ̃c̃vs)

]
dv ,

(3.3.1)

where δv is the virtual velocity of the solid, δp̃ is the virtual effective fluid pressure, and δc̃ is the
virtual molar energy of the solute. b represents the mixture domain in the spatial frame and dv is
an elemental mixture volume in b. In the last integral of δW , note that

∂ (φwκ̃c̃)

∂t
+ div (φwκ̃c̃vs) =

1

J

Ds

Dt
(Jφwκ̃c̃) , (3.3.2)

where Dsf/Dt ≡ ∂f/∂t + vs · grad f is the material time derivative of a scalar function f in the
spatial frame, following the solid. Similarly, note that divvs = J−1 (DsJ/Dt). Using the divergence
theorem, the virtual work integral may be separated into internal and external contributions, δW =
δWext − δWint, where

δWint =

ˆ
b
σ : δds dv +

ˆ
b

(
w · grad δp̃− δp̃

J

DsJ

Dt

)
dv

+

ˆ
b

[
j · grad δc̃− δc̃

J

Ds

Dt
(Jφwκ̃c̃)

]
dv ,

δWext =

ˆ
∂b
(δv · t+ δp̃ wn + δc̃ jn) da ,

(3.3.3)

with δWext being evaluated on the domain’s boundary surface ∂b. In the first expression δds =(
grad δv + gradT δv

)
/2 represents the virtual solid rate of deformation.

To solve this nonlinear system using an iterative Newton scheme, the virtual work must be
linearized at trial solutions, along increments in u, p̃ and c̃,

δW +DδW [∆u] +DδW [∆p̃] +DδW [∆c̃] ≈ 0 , (3.3.4)

where, for any function f (q), Df [∆q] represents the directional derivative of f along ∆q [35].
To operate the directional derivative on the integrand of δWint, it is first necessary to convert the
integrals from the spatial to the material domain [35]:

δWint =

ˆ
B
S : δĖ dV +

ˆ
B

(
W · grad δp̃− δp̃∂J

∂t

)
dV +

ˆ
B

[
J · grad δc̃− δc̃ ∂

∂t
(Jφwκ̃c̃)

]
dV ,

(3.3.5)
where B represents the mixture domain in the material frame, dV is an elemental mixture volume
in B, and

S = J F−1 · σ · F−T ,

δĖ = FT · δds · F ,
W = J F−1 ·w ,

J = J F−1 · j .

(3.3.6)
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The second Piola-Kirchhoff stress tensor S, and material flux vectors W and J, are respectively
related to σ, w and j by the Piola transformations for tensors and vectors [35, 90]. Substituting
(3.3.6) into (2.8.13) produces

W = −K̃ ·
(
grad p̃+Rθ

κ̃

d0
J−1C ·D · grad c̃

)
,

J = κ̃D ·
(
−φw grad c̃+

c̃

d0
J−1C ·W

)
,

(3.3.7)

where K̃ and D are the material representations of the permeability and diffusivity tensors, related
to k̃ and d via the Piola transformation,

K̃ = J F−1 · k̃ · F−T ,

D = J F−1 · d · F−T .
(3.3.8)

The linearization of δWint is rather involved and a summary of the resulting lengthy expressions is
provided below. In consideration of the dearth of experimental data relating κ̃ and Φ to the com-
plete state of solid matrix strain (such as C), this implementation assumes that the dependence
of these functions on the strain is restricted to a dependence on the volume ratio J = (detC)1/2.
Furthermore, it is assumed that the free solution diffusivity d0 is independent of the strain.

The linearization of δWext is described in Section 3.3.2. Following the linearization procedure,
the resulting expressions may be discretized by nodally interpolating u, p̃ and c̃ over finite ele-
ments, producing a set of equations in matrix form, as described in Section 3.3.2.

The formulation presented in this study is implemented in FEBio by introducing an additional
module dedicated to solute transport in deformable porous media. Classes are implemented to
describe material functions for σe, k, d (and d0), κ̃ and Φ, which allow the formulation of any de-
sired constitutive relation for these functions of C and c̃, along with corresponding derivatives of
these functions with respect to C and c̃. The implementation accepts essential boundary condi-
tions on u, p̃ and c̃, or natural boundary conditions on t, wn and jn; initial conditions may also be
specified for p̃ and c̃. Analysis results for pressure and concentration may be displayed either as p̃
and c̃, or as p and c by inverting the relations of (2.8.11).

3.3.1 Linearization of Internal Virtual Work

The virtual work integral δWint in (3.3.5) may be linearized term by term along increments in ∆u,
∆p̃ and ∆c̃ using the general form

D

(ˆ
B
F dV

)
[∆q] =

ˆ
B
DF [∆q] dV =

ˆ
b
f dv . (3.3.9)

For notational simplicity, the integral sign is omitted and the linearization of each term is presented
in the form DF [∆q] dV = f dv.

3.3.1.1 Linearization along ∆u

The linearization of the first term in δWint along ∆u yields(
S : δĖ

)
[∆u] dV =

[
δds : C : ∆ε+ σ :

(
gradT ∆u · grad δv

)]
dv , (3.3.10)
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where C is the spatial elasticity tensor of the mixture,

C = Ce − (p̃+RθΦκ̃c̃) (I⊗ I− 2I⊗ I)−Rθc̃ J ∂ (Φκ̃)
∂J

I⊗ I , (3.3.11)

and Ce is the spatial elasticity tensor of the solid matrix,

Ce = J−1 (F⊗F) : 2
∂Se

∂C
:
(
FT ⊗FT

)
. (3.3.12)

The linearization of the second term is

D (W ·Grad δp̃) [∆u] dV = grad δp̃ ·w′
u dv , (3.3.13)

where

w′
u ≡ J−1F ·DW [∆u] = −

(
K̃ : ∆ε

)
·
(
grad p̃+Rθ

κ̃

d0
d · grad c̃

)
− Rθ

d0
k̃ ·

(
J2∂

(
J−1κ̃

)
∂J

(div∆u) I+ 2κ̃∆ε

)
· d · grad c̃− κ̃Rθ

d0
k̃ · (D : ∆ε) · grad c̃ ,

(3.3.14)

with

K̃ = J−1 (F⊗F) : 2
∂K̃

∂C
:
(
FT ⊗FT

)
,

D = J−1 (F⊗F) : 2
∂D

∂C
:
(
FT ⊗FT

)
,

(3.3.15)

representing the spatial tangents, with respect to the strain, of the effective permeability and so-
lute diffusivity, respectively. These fourth-order tensors exhibit minor symmetries but not major
symmetry, as described recently [10]. Since K̃ is given by substituting (2.8.13)3 into (3.3.8)1, the
evaluation of K̃ is rather involved and it can be shown that

K̃ = 2
(
k̃⊗ I− 2k̃⊗ I

)
−
(
k̃⊗ k̃

)
: G , (3.3.16)

where
G = 2

(
k−1 ⊗ I− 2k−1⊗ I

)
−
(
k−1⊗k−1

)
: K

+
Rθc̃

d0
J
∂

∂J

(
κ̃

φw

)(
I− d

d0

)
⊗ I

+
Rθc̃

d0

κ̃

φw

(
I⊗ I− 2I⊗ I− 1

d0
D
) (3.3.17)

and
K = J−1 (F⊗F) : 2

∂K

∂C
:
(
FT ⊗FT

)
. (3.3.18)

The next term in δWint linearizes to

−D
(
δp̃
∂J

∂t

)
[∆u] dV = −δp̃ 1

∆t
div∆u dv , (3.3.19)

where we used a backward difference scheme to approximate the time derivative,

∂J

∂t
≈ 1

∆t

(
J − J−∆t

)
, (3.3.20)
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and ∆t represents the time increment relative to the previous time point. The next term is given by

D (J ·Grad δc̃) [∆u] dV = grad δc̃ · j′u dv, (3.3.21)

where

j′u ≡ J−1F ·DJ [∆u] =

(
J
∂κ̃

∂J
(div∆u)d+ κ̃D : ∆ε

)
·
(
−φw grad c̃+

c̃

d0
w

)
+ κ̃d ·

(
−φs (div∆u) grad c̃+

c̃

d0
(2∆ε− (div∆u) I) ·w

)
+ κ̃

c̃

d0
d ·w′

u

. (3.3.22)

Using a backward difference scheme for the time derivative, the last term is

D

(
δc̃
∂ (Jφwκ̃c̃)

∂t

)
[∆u] dV =

δc̃

∆t

∂ (Jφwκ̃)

∂J
c̃div∆u dv . (3.3.23)

3.3.1.2 Linearization along ∆p̃

The linearization of the various terms in δWint along ∆p̃ yields

D
(
S : δĖ

)
[∆p̃] dV = −∆p̃ div δv dv , (3.3.24)

D

(
W ·Grad δp̃− δp̃∂J

∂t

)
[∆p̃] dV = − grad δp̃ · k̃ · grad∆p̃ dv , (3.3.25)

D

(
J ·Grad δc̃− δc̃∂ (Jφ

wκ̃c̃)

∂t

)
[∆p̃] dV = − κ̃c̃

d0
grad δc̃ · d · k̃ · grad∆p̃ dv . (3.3.26)

3.3.1.3 Linearization along ∆c̃

The linearization of the first term in δWint along ∆c̃ yields

D
(
S : δĖ

)
[∆c̃] dV = ∆c̃

(
σ′
c : δd−Rθ

∂ (Φκ̃c̃)

∂c̃
div δv

)
dv , (3.3.27)

where
σ′
c = J−1F · ∂S

e

∂c̃
· FT (3.3.28)

represents the spatial tangent of the stress with respect to the effective concentration. The next
term is

D (W ·Grad δp̃) [∆c̃] dV = grad δp̃ ·w′
c dv , (3.3.29)

where

w′
c ≡ J−1F ·DW [∆c̃] = −∆c̃ k̃′

c ·
(
grad p̃+Rθ

κ̃

d0
d · grad c̃

)
−Rθk̃ ·

[
∆c̃

(
∂

∂c̃

(
κ̃

d0

)
d+

κ̃

d0
d′
c

)
· grad c̃+ κ̃

d0
d · grad∆c̃

]
,

(3.3.30)

and

k̃′
c = J−1F · ∂K̃

∂c̃
· FT (3.3.31)



92 CHAPTER 3. THE NONLINEAR FE METHOD

is the spatial tangent of the effective hydraulic permeability with respect to the effective concentra-
tion.

The next term reduces to

−D
(
δp̃
∂J

∂t

)
[∆c̃] dV = 0 . (3.3.32)

The following term is
D (J ·Grad δc̃) [∆c̃] dV = grad δc̃ · j′c dv , (3.3.33)

where
j′c ≡ J−1F ·DJ [∆c̃]

= ∆c̃

(
∂κ̃

∂c̃
d+ κ̃d′

c

)
·
(
−φw grad c̃+

c̃

d0
w

)
− φwκ̃d · grad∆c̃+ κ̃

c̃

d0
d ·w′

c ,

(3.3.34)

and

d′
c = J−1F · ∂D

∂c̃
· FT (3.3.35)

is the spatial tangent of the diffusivity with respect to the effective concentration.
The last term is

D

(
∂ (Jφwκ̃c̃)

∂t
δc̃

)
[∆c̃] dV = δc̃

φw

∆t

∂ (κ̃c̃)

∂c̃
∆c̃ dv , (3.3.36)

where we similarly used a backward difference scheme to discretize the time derivative.

3.3.2 Linearization of External Virtual Work

The linearization of δWext in (3.3.3) depends on whether natural boundary conditions are pre-
scribed as area densities or total net values over an area. Thus, in the case when t da (net force),
wnda (net volumetric flow rate), or jnda (net molar flow rate) are prescribed over the elemental area
da, there is no variation in δWext and it follows that DδWext = 0. Alternatively, in the case when
t, wn or jn are prescribed, the linearization may be performed by evaluating the integral in the
parametric space of the boundary surface ∂b, with parametric coordinates

(
η1, η2

)
. Accordingly,

for a point x
(
η1, η2

)
on ∂b, surface tangents (covariant basis vectors) are given by

gα =
∂x

∂ηα
, (α = 1, 2) (3.3.37)

and the outward unit normal is
n =

g1 × g2
|g1 × g2|

. (3.3.38)

The elemental area on ∂b is da = |g1 × g2| dη1dη2. Consequently, the external virtual work integral
may be rewritten as

δWext =

ˆ
∂b
(δv · t+ δp̃ wn + δc̃ jn) |g1 × g2| dη1dη2 . (3.3.39)

The directional derivative of δWext may then be applied directly to its integrand, since the paramet-
ric space is invariant [35].
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If we restrict traction boundary conditions to the special case of normal tractions, then t = tnn
where tn is the prescribed normal traction component. Then it can be shown that the linearization
of δWext along ∆u produces

D (δWext) [∆u] =

ˆ
∂b
(tnδv + wnδp̃n+ jnδc̃n) ·

(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 . (3.3.40)

The linearizations along ∆p̃ and ∆c̃ reduce to zero, D (δWext) [∆p̃] = 0 and D (δWext) [∆c̃] = 0.

3.3.3 Discretization

To discretize the virtual work relations, let

δv =
m∑
a=1

Naδva , ∆u =
m∑
b=1

Nb∆ub ,

δp̃ =

m∑
a=1

Naδp̃a , ∆p̃ =

m∑
b=1

Nb∆p̃b ,

δc̃ =

m∑
a=1

Naδc̃a , ∆c̃ =

m∑
b=1

Nb∆c̃b ,

(3.3.41)

where Na represents the interpolation functions over an element, δva, δp̃a, δc̃a, ∆ua, ∆p̃a and ∆c̃a
respectively represent the nodal values of δv, δp̃, δc̃, ∆u, ∆p̃ and ∆c̃; m is the number of nodes in
an element.

The discretized form of δWint in (3.3.3) may be written as

δWint =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃a

]
·

 rua
rpa
rca

 , (3.3.42)

where ne is the number of elements in b, n(e)int is the number of integration points in the e−th
element, Wk is the quadrature weight associated with the k−th integration point, and Jη is the
Jacobian of the transformation from the current spatial configuration to the parametric space of
the element. In the above expression,

rua = σ · gradNa ,

rpa = w · gradNa −Na
1

J

∂J

∂t
,

rca = j · gradNa −Na
1

J

∂

∂t
(Jφwκ̃c̃) ,

(3.3.43)

and it is understood that Jη, rua, rpa and rca are evaluated at the parametric coordinates of the
k−th integration point. Since the parametric space is invariant, time derivatives are evaluated
in a material frame. For example, the time derivative DsJ (x, t) /Dt appearing in (3.3.3) becomes
∂J (ηk, t) /∂t when evaluated at the parametric coordinates ηk =

(
η1k, η

2
k, η

3
k

)
of the k−th integration

point.
Similarly, the discretized form of DδWint = DδWint [∆u] + DδWint [∆p̃] + DδWint [∆c̃] may be

written as

DδWint =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃a

]
·

 Kuu
ab kup

ab kuc
ab

kpu
ab kppab kpcab

kcu
ab kcpab kccab

 ·
 ∆ub

∆p̃b
∆c̃b

 , (3.3.44)
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where the terms in the first column are the discretized form of the linearization along ∆u:

Kuu
ab = gradNa · C · gradNb + (gradNa · σ · gradNb) I , (3.3.45)

kpu
ab = (wu

b )
T · gradNa +Naq

pu
b , (3.3.46)

kcu
ab = (jub )

T · gradNa +Naq
cu
b , (3.3.47)

where

jub = J
∂κ̃

∂J

[
d ·
(
−φw grad c̃+

c̃

d0
w

)]
⊗ gradNb + κ̃

(
−φw grad c̃+

c̃

d0
w

)
· d · gradNb

+ κ̃

(
−φs (d · grad c̃)⊗ gradNb +

c̃

d0
[2 (gradNb ·w)d− (d ·w)⊗ gradNb]

)
+ κ̃

c̃

d0
d ·wu

b ,

(3.3.48)

qpu
b = − 1

∆t
gradNb, (3.3.49)

qcu
b = c̃

∂ (Jϕwκ̃)

∂J
qpu
b . (3.3.50)

The terms in the second column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆p̃:

kup
ab = −Nb gradNa, (3.3.51)

kppab = − gradNa · k̃ · gradNb, (3.3.52)

kcpab = −
κ̃c̃

d0
gradNa · d · k̃ · gradNb. (3.3.53)

The terms in the third column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆c̃:

kuc
ab = Nb

(
σ′
c · gradNa −Rθ

∂ (Φκ̃c̃)

∂c̃
gradNa

)
, (3.3.54)

kpcab = gradNa ·wc
b , (3.3.55)

kccab = gradNa · jcb +Naq
c
b , (3.3.56)

where

wc
b = −Nbk̃

′
c ·
(
grad p̃+Rθ

κ̃

d0
d · grad c̃

)
−Rθk̃ ·

[
Nb

(
∂

∂c̃

(
κ̃

d0

)
d+

κ̃

d0
d′
c

)
· grad c̃+ κ̃

d0
d · gradNb

]
,

(3.3.57)

jcb = Nb

(
∂κ̃

∂c̃
d+ κ̃d′

c

)
·
(
−φw grad c̃+

c̃

d0
w

)
+ κ̃d ·

(
−φw gradNb +

c̃

d0
wc

b

)
, (3.3.58)

qcb = −Nb
ϕw

∆t

∂ (κ̃c̃)

∂c̃
. (3.3.59)

The discretization of δWext in (3.3.3) has the form

δWext =

ne∑
e=1

n
(e)

int∑
k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃a

]
·

 Natnn
Nawn

Najn

 , (3.3.60)
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where Jη = |g1 × g2|. The summation is performed over all surface elements on which these
boundary conditions are prescribed. The discretization of −DδWext has the form

−DδWext =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃a

]
·

 Kuu
ab 0 0

kpu
ab 0 0

kcu
ab 0 0

 ·
 ∆ub

∆p̃b
∆c̃b

 , (3.3.61)

where

Kuu
ab = tnNaA

{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
,

kpu
ab = −wnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n ,

kcu
ab = −jnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n .

(3.3.62)

In this expression, A {v} is the antisymmetric tensor whose dual vector is v (such that A {v} ·q =
v × q for any vector q).
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3.4 Weak Formulation for Multiphasic Materials

The virtual work integral for a mixture of intrinsically incompressible constituents combines the
balance of momentum for the mixture, the balance of mass for the mixture, and the balance of
mass for each of the solutes. In addition, for charged mixtures, the condition of (2.9.8) may be
enforced as a penalty constraint on each solute mass balance equation:

δW =

ˆ
b
δv · divσ dv

+

ˆ
b
δp̃div (vs +w) dv

+
∑

α ̸=s,w

ˆ
b
δc̃α

 1

Js

Ds

Dt
(Jsφwκ̃αc̃α) + divjα +

∑
β ̸=s,w

zβdivjβ

 dv ,
(3.4.1)

where δv is the virtual velocity of the solid, δp̃ is the virtual effective fluid pressure, and δc̃α is the
virtual molar energy of solute α. Here, b represents the mixture domain in the spatial frame and dv
is an elemental volume in b. Applying the divergence theorem, δW may be split into internal and
external contributions to the virtual work, δW = δWext − δWint, where

δWint =

ˆ
b
σ : δD dv +

ˆ
b

(
w · gradδp̃− δp̃

Js

DsJs

Dt

)
dv

+
∑

α ̸=s,w

ˆ
b

[
jα · gradδc̃α − δc̃α

Js

Ds

Dt
(Jsφwκ̃αc̃α)

]
dv

+
∑

α ̸=s,w

ˆ
b
gradδc̃α ·

∑
β ̸=s,w

zβjβ dv ,

(3.4.2)

and

δWext =

ˆ
∂b

δv · t+ δp̃ wn +
∑

α ̸=s,w

δc̃α

jαn +
∑

β ̸=s,w

zβjβn

 da . (3.4.3)

In these expressions, δD =
(

gradδv + gradT δv
)
/2, ∂b is the boundary of b, and da is an ele-

mental area on ∂b. In this finite element formulation, u, p̃ and c̃α are used as nodal variables, and
essential boundary conditions may be prescribed on these variables. Natural boundary conditions
are prescribed to the mixture traction, t = σ · n, normal fluid flux, wn = w · n, and normal solute
flux, jαn = jα · n, where n is the outward unit normal to ∂b. To solve the system δW = 0 for
nodal values of u, p̃ and c̃α, it is necessary to linearize these equations, as shown for example in
Sections 3.3.1-3.3.2 for biphasic-solute materials. If the mixture is charged, it is also necessary to
solve for the electric potential ψ by solving the algebraic relation of the electroneutrality condition
in (2.9.4), which may be rewritten as

cF +
∑

β ̸=s,w

zβκ̃β c̃β = 0 . (3.4.4)

In the special case of a triphasic mixture, where solutes consist of two counter-ions (α = +,−),
this equation may be solved in closed form to produce

ψ =
1

zα
Rθ

Fc
ln

 2zακ̂αc̃α

−cF ±
√
(cF )2 + 4 (zα)2 (κ̂+c̃+) (κ̂−c̃−)

 , α = +,−, (3.4.5)
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Only the positive root is valid in the argument of the logarithm function.

3.4.1 Linearization along ∆u

The linearization of the first term in δWint along ∆u yields(
S : δĖ

)
[∆u] dV =

[
δds : C : ∆ε+ σ :

(
gradT ∆u · grad δv

)]
dv , (3.4.6)

where C is the spatial elasticity tensor of the mixture,

C = Ce −

p̃+RθΦ
∑
β

κ̃β c̃β

 (I⊗ I− 2I⊙ I)−Rθ
∑
β

c̃β J
∂
(
Φκ̃β

)
∂J

I⊗ I , (3.4.7)

and Ce is the spatial elasticity tensor of the solid matrix,

Ce = J−1 (F⊘ F) : 2
∂Se

∂C
:
(
FT ⊘ FT

)
. (3.4.8)

The linearization of the second term is

D (W ·Grad δp̃) [∆u] dV = grad δp̃ ·w′
u dv , (3.4.9)

where

w′
u ≡ −

(
K̃ : ∆ε

)
·

grad p̃+Rθ
∑
β

κ̃β

dβ0
dβ · grad c̃β


− k̃ ·Rθ

∑
β

([
J
∂

∂J

(
κ̃β

dβ0

)
− κ̃β

dβ0

]
(div∆u)dβ +

κ̃β

dβ0

(
2∆ε · dβ +Dβ : ∆ε

))
· grad c̃β

(3.4.10)
with

K̃ = J−1 (F⊘ F) : 2
∂K̃

∂C
:
(
FT ⊘ FT

)
,

Dα = J−1 (F⊘ F) : 2
∂Dα

∂C
:
(
FT ⊘ FT

)
,

(3.4.11)

representing the spatial tangents, with respect to the strain, of the effective permeability and so-
lute diffusivity, respectively. These fourth-order tensors exhibit minor symmetries but not major
symmetry, as described recently [10]. Since K̃ is given by substituting (2.8.13)3 into (3.3.8)1, the
evaluation of K̃ is rather involved and it can be shown that

K̃ =
(
k̃⊘ k̃

)
:
[(
k−1 ⊘ k−1

)
: K+ G

]
, (3.4.12)

where
K = J−1 (F⊘ F) : 2

∂K

∂C
:
(
FT ⊘ FT

)
, (3.4.13)

and

G =
Rθ

φw

∑
α

κ̃αc̃α

dα0



(
1

φw
− J

κ̃α
∂κ̃α

∂J

)(
I− dα

dα0

)
⊗ I

+2

(
I⊙ dα

dα0
+

dα

dα0
⊙ I− I⊙ I

)
−dα

dα0
⊗ I+

Dα

dα0


. (3.4.14)
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The next term in δWint linearizes to

−D
(
δp̃
∂J

∂t

)
[∆u] dV = −δp̃ 1

∆t
div∆u dv , (3.4.15)

where we used a backward difference scheme to approximate the time derivative,

∂J

∂t
≈ 1

∆t

(
J − J−∆t

)
, (3.4.16)

and ∆t represents the time increment relative to the previous time point. The next term is given by

D (Jα ·Grad δc̃α) [∆u] dV = grad δc̃α · jα′u dv , (3.4.17)

where

jα′u ≡ J−1F ·DJ [∆u] =

(
J
∂κ̃α

∂J
(div∆u)dα + κ̃αDα : ∆ε

)
· gα

+ κ̃αdα ·
(
−φs (div∆u) grad c̃α + (2∆ε− (div∆u) I) · c̃

α

dα0
w +

c̃α

dα0
w′

u

) . (3.4.18)

where
gα = −φw grad c̃α +

c̃α

dα0
w . (3.4.19)

Using a backward difference scheme for the time derivative, the last term is

D

(
δc̃α

∂ (Jφwκ̃αc̃α)

∂t

)
[∆u] dV =

δc̃α

∆t

∂ (Jφwκ̃α)

∂J
c̃α div∆u dv . (3.4.20)

3.4.2 Linearization along ∆p̃

The linearization of the various terms in δWint along ∆p̃ yields

D
(
S : δĖ

)
[∆p̃] dV = −∆p̃ div δv dv , (3.4.21)

D

(
W ·Grad δp̃− δp̃∂J

∂t

)
[∆p̃] dV = − grad δp̃ · k̃ · grad∆p̃ dv , (3.4.22)

D

(
Jα ·Grad δc̃α − δc̃α∂ (Jφ

wκ̃αc̃α)

∂t

)
[∆p̃] dV = − κ̃

αc̃α

dα0
grad δc̃α · dα · k̃ · grad∆p̃ dv . (3.4.23)

3.4.3 Linearization along ∆c̃γ

The linearization of the first term in δWint along ∆c̃γ yields

D
(
S : δĖ

)
[∆c̃γ ] dV = ∆c̃γ

(
σ′
γ : δd−Rθ∂ (Φκ̃

αc̃α)

∂c̃γ
div δv

)
dv , (3.4.24)

where
σ′
γ = J−1F · ∂S

e

∂c̃γ
· FT (3.4.25)
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represents the spatial tangent of the stress with respect to the effective concentration. The next
term is

D (W ·Grad δp̃) [∆c̃γ ] dV = grad δp̃ ·w′
γ dv , (3.4.26)

where

w′
γ ≡ J−1F ·DW [∆c̃γ ] = −k̃′

γ ·

grad p̃+Rθ
∑
β

κ̃β

dβ0
dβ · grad c̃β

∆c̃γ

−Rθk̃ · κ̃
γ

dγ0
dγ · grad∆c̃γ −∆c̃γRθk̃ ·

∑
β

(
∂

∂c̃γ

(
κ̃β

dβ0

)
dβ +

κ̃β

dβ0
dβ′
γ

)
· grad c̃β

(3.4.27)

and

k̃′
γ = J−1F · ∂K̃

∂c̃γ
· FT , dβ′

γ = J−1F · ∂d
β

∂c̃γ
· FT (3.4.28)

are the spatial tangents of the effective hydraulic permeability and solute diffusivity with respect to
the effective concentration.

The next term reduces to

−D
(
δp̃
∂J

∂t

)
[∆c̃γ ] dV = 0 . (3.4.29)

The following term is
D (Jα ·Grad δc̃α) [∆c̃γ ] dV = grad δc̃α · jα′γ dv , (3.4.30)

where

jα′γ ≡ J−1F ·DJα [∆c̃γ ] = ∆c̃γ
(
∂κ̃α

∂c̃γ
dα + κ̃αdα′

γ

)
· gα

+ κ̃αdα ·
(
−φwδαγ grad∆c̃

γ +
∆c̃γ

dα0

(
δαγ −

c̃α

dα0

∂dα0
∂c̃γ

)
w +

c̃α

dα0
w′

γ

)
.

(3.4.31)

The last term is

D

(
∂ (Jφwκ̃αc̃α)

∂t
δc̃α
)
[∆c̃γ ] dV = δc̃α

φw

∆t

∂ (κ̃αc̃α)

∂c̃γ
∆c̃γ dv , (3.4.32)

where we similarly used a backward difference scheme to discretize the time derivative.

3.4.4 Linearization of External Virtual Work

The linearization of δWext in (3.4.3) depends on whether natural boundary conditions are pre-
scribed as area densities or total net values over an area. Thus, in the case when t da (net force),
wnda (net volumetric flow rate), or j̃αnda (net effective molar flow rate) are prescribed over the el-
emental area da, there is no variation in δWext and it follows that DδWext = 0. Alternatively, in
the case when t, wn or j̃αn are prescribed, the linearization may be performed by evaluating the
integral in the parametric space of the boundary surface ∂b, with parametric coordinates

(
η1, η2

)
.

Accordingly, for a point x
(
η1, η2

)
on ∂b, surface tangents (covariant basis vectors) are given by

gα =
∂x

∂ηα
, (α = 1, 2) (3.4.33)
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and the outward unit normal is
n =

g1 × g2
|g1 × g2|

. (3.4.34)

The elemental area on ∂b is da = |g1 × g2| dη1dη2. Consequently, the external virtual work integral
may be rewritten as

δWext =

ˆ
∂b

δv · t+ δp̃ wn +
∑

α̸=s,w

δc̃αj̃αn

 |g1 × g2| dη1dη2 , (3.4.35)

where
j̃αn = jαn +

∑
β ̸=s,w

zβjβn . (3.4.36)

The directional derivative of δWext may then be applied directly to its integrand, since the paramet-
ric space is invariant [35].

If we restrict traction boundary conditions to the special case of normal tractions, then t = tnn
where tn is the prescribed normal traction component. Then it can be shown that the linearization
of δWext along ∆u produces

D (δWext) [∆u] =

ˆ
∂b

tnδv + wnδp̃n+
∑

α ̸=s,w

δc̃αj̃αn n

 · (∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 .

(3.4.37)
The linearizations along ∆p̃ and ∆c̃γ reduce to zero, D (δWext) [∆p̃] = 0 and D (δWext) [∆c̃

γ ] = 0.

3.4.5 Discretization

To discretize the virtual work relations, let

δv =
m∑
a=1

Naδva , ∆u =
m∑
b=1

Nb∆ub ,

δp̃ =
m∑
a=1

Naδp̃a , ∆p̃ =
m∑
b=1

Nb∆p̃b ,

δc̃α =
m∑
a=1

Naδc̃
α
a , ∆c̃γ =

m∑
b=1

Nb∆c̃
γ
b ,

(3.4.38)

where Na represents the interpolation functions over an element, δva, δp̃a, δc̃αa , ∆ua, ∆p̃a and ∆c̃γa
respectively represent the nodal values of δv, δp̃, δc̃α, ∆u, ∆p̃ and ∆c̃γ ; m is the number of nodes
in an element.

The discretized form of δWint in (3.3.3) may be written as

δWint =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃αa δc̃βa

]
·


rua
rpa
rαa
rβa

 , (3.4.39)

where ne is the number of elements in b, n(e)int is the number of integration points in the e−th
element, Wk is the quadrature weight associated with the k−th integration point, and Jη is the
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Jacobian of the transformation from the current spatial configuration to the parametric space of
the element. In the above expression,

rua = σ · gradNa ,

rpa = w · gradNa −Na
1

J

∂J

∂t
,

rαa = jα · gradNa −Na
1

J

∂

∂t
(Jφwκ̃αc̃α) ,

(3.4.40)

and it is understood that Jη, rua, rpa and rαa are evaluated at the parametric coordinates of the
k−th integration point. Since the parametric space is invariant, time derivatives are evaluated
in a material frame. For example, the time derivative DsJ (x, t) /Dt appearing in (3.3.3) becomes
∂J (ηk, t) /∂t when evaluated at the parametric coordinates ηk =

(
η1k, η

2
k, η

3
k

)
of the k−th integration

point. All time derivatives are discretized using a backward difference scheme.
Similarly, the discretized form of DδWint = DδWint [∆u] +DδWint [∆p̃] +

∑
γ DδWint [∆c̃

γ ] may
be written as

DδWint =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃αa δc̃βa

]
·


Kuu

ab kup
ab kuα

ab kuβ
ab

kpu
ab kppab kpαab kpβab

kαu
ab kαpab kααab kαβab

kβu
ab kβpab kβαab kββab

 ·


∆ub

∆p̃b
∆c̃αb
∆c̃βb

 ,
(3.4.41)

where the terms in the first column are the discretized form of the linearization along ∆u:

Kuu
ab = gradNa · C · gradNb + (gradNa · σ · gradNb) I , (3.4.42)

kpu
ab = (wu

b )
T · gradNa +Naq

pu
b , (3.4.43)

kαu
ab =

(
jαub +

∑
β
zβjβub

)T
· gradNa +Naq

αu
b , (3.4.44)

where

wu
b = gp · K̃ · gradNb

−Rθ
∑
β

1

dβ0

(
J
∂κ̃β

∂J
− κ̃β

)
k̃ · dβ ·

(
grad c̃β ⊗ gradNb

)
−Rθ

∑
β

κ̃β

dβ0

[
k̃ ·
(
gradNb ⊗ grad c̃β

)
· dβ +

(
gradNb · dβ · grad c̃β

)
k̃
]

−Rθ
∑
β

κ̃β

dβ0
k̃ ·
(
grad c̃β ·Dβ · gradNb

)
,

(3.4.45)

gp = − grad p̃−Rθ
∑
β

κ̃β

dβ0
dβ · grad c̃β . (3.4.46)

jαub = J
∂κ̃α

∂J
dα · (gα ⊗ gradNb) + κ̃αgα ·Dα · gradNb

+ κ̃αdα · (gradNb ⊗w −w ⊗ gradNb + (gradNb ·w) I+wu
b )
c̃α

dα0
− φsκ̃αdα · grad c̃α ⊗ gradNb ,

(3.4.47)
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gα = −φw grad c̃α +
c̃α

dα0
w , (3.4.48)

qpu
b = − 1

∆t
gradNb , (3.4.49)

qαu
b = c̃α

∂ (Jφwκ̃α)

∂J
qpu
b . (3.4.50)

The terms in the second column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆p̃:

kup
ab = −Nb gradNa , (3.4.51)

kppab = − gradNa · k̃ · gradNb , (3.4.52)

kαpab = gradNa ·

jαpb +
∑
β

zβjβpb

 , (3.4.53)

where
jαpb = − κ̃

αc̃α

dα0
dα · k̃ · gradNb . (3.4.54)

The terms in the third column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆c̃γ :

kuα
ab = Nb

σ′
α −Rθ

Φκ̃α +
∑
β

(
∂Φ

∂c̃α
κ̃β +Φ

∂κ̃β

∂c̃α

)
c̃β

 I

 · gradNa , (3.4.55)

kpαab = gradNa ·wα
b , (3.4.56)

kαγab = gradNa ·

jαγb +
∑
β

zβjβγb

+Naq
αγ
b , (3.4.57)

where

wγ
b = Nb

k̃′
γ · gp −Rθk̃ ·

∑
β

(
∂

∂c̃γ

(
κ̃β

dβ0

)
dβ +

κ̃β

dβ0
dβγ
c

)
· grad c̃β


−Rθk̃ · κ̃

γ

dγ0
dγ · gradNb ,

(3.4.58)

and

jαγb = Nb

(
∂κ̃α

∂c̃γ
dα + κ̃αdαγ

c

)
· gα

+
κ̃α

dα0
dα ·

[
δαγ (Nbw − φwdα0 gradNb) + c̃α

(
wγ

b −
Nb

dα0

∂dα0
∂c̃γ

w

)]
,

(3.4.59)

qαγb = −Nb
φw

∆t

(
∂κ̃α

∂c̃γ
c̃α + δαγ κ̃

α

)
. (3.4.60)

The discretization of δWext in (3.4.35) has the form

δWext =

ne∑
e=1

n
(e)
int∑

k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃αa δc̃βa

]
·


Natnn
Nawn

Naj̃
α
n

Naj̃
β
n

 , (3.4.61)
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where Jη = |g1 × g2|. The summation is performed over all surface elements on which these
boundary conditions are prescribed. The discretization of −DδWext has the form

−DδWext =

ne∑
e=1

n
(e)

int∑
k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃αa δc̃βa

]
·


Kuu

ab 0 0 0
kpu
ab 0 0 0

kαu
ab 0 0 0

kβu
ab 0 0 0

 ·


∆ub

∆p̃b
∆c̃αb
∆c̃βb

 ,
(3.4.62)

where

Kuu
ab = tnNaA

{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
,

kpu
ab = −wnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n,

kαu
ab = −j̃αnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n.

(3.4.63)

In this expression, A {v} is the antisymmetric tensor whose dual vector is v (such that A {v} ·q =
v × q for any vector q).

3.4.6 Electric Potential and Partition Coefficient Derivatives

When the mixture is charged it is necessary to solve for the electric potential ψ using the elec-
troneutrality condition in (2.9.4). This equation may be rewritted as a polynomial in ζ,

n∑
i=0

aiζ
i , (3.4.64)

where

ζ = exp

(
−Fcψ

Rθ

)
, (3.4.65)

and

ai =

{
zακ̂αc̃α i = zα − zmin

cF i = −zmin
. (3.4.66)

Here, zmin = minα z
α and the polynomial degress is n = zmax − zmin where zmax = maxα z

α.
Since more than one solute may carry the same charge zα, the coefficients ai should be evalu-
ated from the summation of zακ̂αc̃α over all such solutes. Only real positive roots are valid, since
ψ = −Rθ (ln ζ) /Fc according to (3.4.65). Using Descartes’ rule of signs, an inspection of the
coefficients ai shows tht there is only one sign change in the polynomial, regardless of the sign
of cF , implying that there will always be only one positive root ζ, which must thus be real. There-
fore, there cannot be any ambiguity in the calculation of ψ, irrespective of the polynomial degree.
Newton’s method is used to solve for the positive real root when n > 2.

Using the above relations, it follows that κ̃α = κ̂αζz
α
. An examination of the equations resulting

from the linearization of the internal virtual work shows that it is necessary to evaluate derivatives
of κ̃α with respect to J and c̃γ , which are given by

∂κ̃α

∂J
=
∂κ̂α

∂J
ζz

α
+ zακ̃α

1

ζ

∂ζ

∂J

∂κ̃α

∂c̃γ
=
∂κ̂α

∂c̃γ
ζz

α
+ zακ̃α

1

ζ

∂ζ

∂c̃γ

. (3.4.67)
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In these expressions, the derivatives of κ̂α are obtained from the user-defined constitutive relations
for the solubility. Derivatives of ζ may be evaluated by differentiating the electroneutrality condition
to produce

1

ζ

∂ζ

∂J
= −

∂cF

∂J +
∑

β z
βζz

β
c̃β ∂κ̂β

∂J∑
β (z

β)
2
κ̃β c̃β

1

ζ

∂ζ

∂c̃γ
= −

zγ κ̃γ +
∑

β z
βζz

β
c̃β ∂κ̂β

∂c̃γ∑
β (z

β)
2
κ̃β c̃β

. (3.4.68)

The derivative ∂cF /∂J may be evaluated from

cF =
1− φs

r

J − φs
r

cFr , (3.4.69)

where φs
r is the referential solid volume fraction (volume of solid in current configuration per vol-

ume of the mixture in the reference configuration) and cFr is the referential fixed charge density
(equivalent charge in current configuration per volume of the mixture in the reference configura-
tion).

3.4.7 Chemical Reactions

3.4.7.1 Virtual Work and Linearization

The contribution to δW due to chemical reactions is given by δG, where

div (vs +w) = φ̂w + (1− φs) ζ̂
∑
α

ναVα

δG =

ˆ
b
δp̃
[
φ̂w + (1− φs) ζ̂V

]
dv +

∑
ι

νι
ˆ
b
δc̃ι (1− φs) ζ̂ dv . (3.4.70)

The linearization of δG along a solid displacement increment ∆u is

DδG [∆u] =

ˆ
b
δp̃ (φ̂w div∆u+ φ̂w

ε : ∆ε) dv

+ V
ˆ
b
δp̃
[
ζ̂ div∆u+ (J − φs

r) ζ̂ε : ∆ε
]
dv

+
∑
ι

νι
ˆ
b
δc̃ι
[
ζ̂

(
1− ∂φs

r

∂J

)
div∆u+ (J − φs

r) ζ̂ε : ∆ε

]
dv

, (3.4.71)

where

φ̂w
ε = F · ∂φ̂

w

∂E
· FT , ζ̂ε = J−1F · ∂ζ̂

∂E
· FT , (3.4.72)

and

∂φs
r

∂J
=

∑
σ

Mσ

ρσT
cσ
(
1 +

∑
σ

Mσ

ρσT
cσ
)
+ (J − φs

0)
∑

σ
Mσ

ρσT

1
κ̃σ

∂κ̃σ

∂J c
σ(

1 +
∑
σ

Mσcσ

ρσT

)2
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for solutes-as-SBMs, and

∂φs
r

∂J
=

∑
σ

ρσr
ρσT

(
Jφw +

∑
σ

ρσr
ρσT

)
+ Jφw (J − φs

0)
∑

σ
ρσr
ρσT

1
κ̃σ

∂κ̃σ

∂J(
Jφw +

∑
σ

ρσr
ρσT

)2

for SBMs, as obtained from eq.(2.12.16). Currently, ζ̂ is assumed to be independent of p̃ in FEBio;
it follows that the linearization along the effective fluid pressure increment ∆p̃ is

DδG [∆p̃] =

ˆ
b
δp̃
∂φ̂w

∂p̃
∆p dv . (3.4.73)

Finally, the linearization along a concentration increment ∆c̃ι is

DδG [∆c̃ι] =

ˆ
b
δp̃
∂φ̂w

∂c̃ι
∆c̃ι dv

+ V
ˆ
b
δp̃ (1− φs)

∂ζ̂

∂c̃ι
∆c̃ι dv

+
∑
γ

νγ
ˆ
b
δc̃γ

(
(1− φs)

∂ζ̂

∂c̃ι
− 1

J

∂φs
r

∂c̃ι
ζ̂

)
∆c̃ι dv

. (3.4.74)

where
∂φs

r

∂c̃ι
=


(J−φs

r)
2

J−φs
0

∑
σ

Mσ

ρσT

(
κ̃σ + c̃σ ∂κ̃σ

∂c̃σ

)
ι = σ

(J−φs
r)

2

J−φs
0

∑
σ

Mα

ρσT
c̃σ ∂κ̃σ

∂c̃ι ι ̸= σ

for solutes-as-SBMs, as obtained from eq.(2.12.16).
The discretized form of these expressions is given by

δG =
∑
a

δp̃ar
p
a +

∑
γ

∑
a

δc̃γar
γ
a , (3.4.75)

where
rpa =

ˆ
b
Na

[
φ̂w + (1− φs) ζ̂V̄

]
dv

rγa = νγ
ˆ
b
Na (1− φs) ζ̂ dv

. (3.4.76)

Similarly,
DδG [∆u] =

∑
a

δp̃a
∑
b

kpu
ab ·∆ub

+
∑
γ

∑
a

δc̃γa
∑
b

kγu
ab ·∆ub

, (3.4.77)

where
kpu
ab =

ˆ
b
Na (φ̂

wI+ φ̂w
ε ) · gradNb dv

+ V̄
ˆ
a
Na

[
ζ̂I+ Jφwζ̂ε

]
· gradNb dv

kγu
ab = νγ

ˆ
a
Na

[(
1− ∂φs

r

∂J

)
ζ̂I+ Jφwζ̂ε

]
· gradNb dv

. (3.4.78)
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Then,
DδG [∆p̃] =

∑
a

δp̃a
∑
b

kppab∆p̃b , (3.4.79)

where
kppab =

ˆ
b
Na

∂φ̂w

∂p̃
Nb dv . (3.4.80)

Finally,
DδG [∆c̃ι] =

∑
a

δp̃a
∑
b

kpιab∆c̃
ι
b

+
∑
γ

∑
a

δc̃γa
∑
b

kγιab∆c̃
ι
b

, (3.4.81)

where

kpιab =

ˆ
b
NaNb

∂φ̂w

∂c̃ι
dv + V̄

ˆ
b
NaNb (1− φs)

∂ζ̂

∂c̃ι
dv

kγιab = νγ
ˆ
b
NaNb

(
(1− φs)

∂ζ̂

∂c̃ι
− 1

J

∂φs
r

∂c̃ι
ζ̂

)
dv

. (3.4.82)

3.4.7.2 Updating Solid-Bound Molecule Concentrations

The solid-bound molecule concentrations ρσr are evaluated at integration points of each element;
they do not represent nodal degrees of freedom. The values of ρσr are updated at the end of
each iteration in the solution of the nonlinear equations for the nodal degrees of freedom, using
trapezoidal integration on ρ̂σr in (2.12.6). According to (2.12.24) and (2.12.26), we have ρ̂σr =
(J − φs

r)M
σνσ ζ̂, which is evaluated as the average of values at tn and tn+1, then

(ρσr )n+1 = (ρσr )n + (ρ̂σr )n+ 1
2
∆t (3.4.83)

where ∆t = tn+1 − tn.

3.5 Computational Fluid Dynamics

A more detailed description of the FEBio fluid solver can be found in [22].

3.5.1 Weak Formulation

The nodal unknowns in this formulation are v and J (or e), which may be solved using the mo-
mentum balance in eq.(2.13.1) and the kinematic constraint between J and v given in eq.(2.13.6).
The virtual work integral for a Galerkin finite element formulation [35] is given by

δW =

ˆ
Ω
δv · (divσ + ρ (b− a)) dv

+

ˆ
Ω
δJ

(
J̇

J
− divv

)
dv ,

(3.5.1)

where δv is a virtual velocity and δJ is a virtual energy density; Ω is the fluid finite element domain
and dv is a differential volume in Ω. This virtual work statement may be directly related to the axiom
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of energy balance, specialized to conditions of isothermal flow of viscous compressible fluids (see
Section 2.13.3). Using the divergence theorem, we may rewrite the weak form of this integral as
the difference between external and internal virtual work, δW = δWext − δWint, where

δWint =

ˆ
Ω
τ : grad δv dv +

ˆ
Ω
δv · (grad p+ ρa) dv

−
ˆ
Ω

(
δJ
J̇

J
+ grad δJ · v

)
dv ,

(3.5.2)

and

δWext =

ˆ
∂Ω
δv · tτ da+

ˆ
Ω
δv · ρb dv −

ˆ
∂Ω
δJ vn da . (3.5.3)

Here, ∂Ω is the boundary of Ω and da is a differential area on ∂Ω, tτ = τ · n is the viscous
component of the traction t, and vn = v · n is the velocity normal to the boundary ∂Ω, with n
representing the outward normal on ∂Ω. From these expressions, it becomes evident that essential
(Dirichlet) boundary conditions may be prescribed on v and J , while natural (Neumann) boundary
conditions may be prescribed on tτ and vn. The appearance of velocity in both essential and
natural boundary conditions may seem surprising at first. To better understand the nature of
these boundary conditions, it is convenient to separate the velocity into its normal and tangential
components, v = vnn + vt, where vt = (I− n⊗ n) · v. In particular, for inviscid flow, the viscous
stress τ and its corresponding traction tτ are both zero, leaving vn as the sole natural boundary
condition; similarly, J becomes the only essential boundary condition in such flows, since vt is
unknown a priori on a frictionless boundary and must be obtained from the solution of the analysis.

In general, prescribing J is equivalent to prescribing the elastic fluid pressure, since p is only
a function of J . On a boundary where no conditions are prescribed explicitly, we conclude that
vn = 0 and tτ = 0, which represents a frictionless wall. Conversely, it is possible to prescribe
vn and tτ on a boundary to produce a desired inflow or outflow while simultaneously stabilizing
the flow conditions by prescribing a suitable viscous traction. Prescribing essential boundary
conditions vt and J determines the tangential velocity on a boundary as well as the elastic fluid
pressure p, leaving the option to also prescribe the normal component of the viscous traction,
tτn = tτ ·n, to completely determine the normal traction tn = t ·n (or else tτn naturally equals zero).
Mixed boundary conditions represent common physical features: Prescribing vn and vt completely
determines the velocity v on a boundary; prescribing tτ and J completely determines the traction
t = σ · n on a boundary. Note that vn and J are mutually exclusive boundary conditions, and the
same holds for vt and the tangential component of the viscous traction, tτt = (I− n⊗ n) · tτ .

3.5.2 Temporal Discretization and Linearization

The time derivatives, ∂v/∂t which appears in the expression for a in eq.(2.13.2), and ∂J/∂t which
similarly appears in J̇ , may be discretized upon the choice of a time integration scheme, such as
the generalized-α method [74] (Section 3.10). In this scheme, δW is evaluated at an intermediate
time step tn+α = αtn+1 + (1− α) tn between the current time step tn+1 and previous time step
tn, though different values of α are used for the primary variables and their time derivatives. The
velocity and volume ratio are evaluated as vn+αf

and Jn+αf
at the intermediate time step tn+αf

,
whereas their time derivatives are evaluated as (∂v/∂t)n+αm

and (∂J/∂t)n+αm
at the intermediate

time step tn+αm . The parameters αf and αm are evaluated from the spectral radius for an infinite
time step, ρ∞, as described in Section 3.10. The solution of the nonlinear equation δW = 0 is
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obtained by linearizing this relation as

δW +DδW [∆v] +DδW [∆J ] ≈ 0 , (3.5.4)

where the operatorDδW [·] represents the directional derivative of δW at (v, J) along an increment
∆v of v, or ∆J of J [35]. The aim of this analysis is to solve for the velocity vn+1 and volume ratio
Jn+1 at the current time step tn+1. Using the split form of δW between external and internal work
contributions, this relation may be expanded as

DδWint [∆v] +DδWint [∆J ]−DδWext [∆v]

−DδWext [∆J ] ≈ δWext − δWint .
(3.5.5)

In this framework the finite element mesh is defined on the spatial domain Ω, which is fixed
(time-invariant) in conventional CFD treatments. Thus, we can linearize δWint along increments
∆v in the velocity vn+1 and ∆J in the volume ratio Jn+1, by simply bringing the directional deriva-
tive operator into the integrals of eqs.(3.5.2)-(3.5.3). The linearization of vn+αf

and Jn+αf
is given

by
Dvn+αf

[∆v] = αf∆v

DJn+αf
[∆J ] = αf∆J

whereas that of (∂v/∂t)n+αm
and (∂J/∂t)n+αm

is given by

D

(
∂v

dt

)
n+αm

[∆v] =
αm

γ

∆v

∆t
, (3.5.6)

D

(
∂J

∂t

)
n+αm

[∆v] =
αm

γ

∆J

∆t
. (3.5.7)

Here, ∆t is the current time increment and γ is the Newmark integration parameter [74].
The linearization of δWint along an increment ∆v is then

D (δWint) [∆v] = αf

ˆ
Ω
grad δv : Cτ : grad∆v dv

+ αf

ˆ
Ω
δv · ρ

((
αm

αfγ

I

∆t
+ L

)
·∆v + grad∆v · v

)
dv

− αf

ˆ
Ω

(
δJ

J
grad J + grad δJ

)
·∆v dv

(3.5.8)

where we have introduced the fourth-order tensor Cτ representing the tangent of the viscous stress
with respect to the rate of deformation,

Cτ =
∂τ

∂D
. (3.5.9)

Note that Cτ exhibits minor symmetries because of the symmetries of τ and D; in Cartesian
components, we have Cτijkl = Cτjikl and Cτijkl = Cτijlk. In general, Cτ does not exhibit major symmetry
(Cτijkl ̸= Cτklij), though the common constitutive relations adopted in fluid mechanics produce such
symmetry as shown below.

The linearization of δWint along an increment ∆J is

D (δWint) [∆J ] = αf

ˆ
b
∆J τ ′

J : grad δv dv − αf

ˆ
Ω
δv ·∆J ρ

J
a dv

+ αf

ˆ
Ω
δv ·

(
p′ grad∆J +∆J p′′ grad J

)
dv

− αf

ˆ
Ω

δJ

J

((
αm

αfγ

1

∆t
− J̇

J

)
∆J + grad∆J · v

)
dv

(3.5.10)
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where we have used DJ [∆J ] = ∆J ; p′ and p′′ respectively represent the first and second deriva-
tives of p (J). We have also defined τ ′

J as the tangent of the viscous stress τ with respect to
J ,

τ ′
J =

∂τ

∂J
. (3.5.11)

For the external work, when tτ , b and vn are prescribed, these linearizations simplify to

D (δWext) [∆v] = 0 , (3.5.12)

and
D (δWext) [∆J ] = −αf

ˆ
b
δv ·∆J ρ

J
b dv . (3.5.13)

We may define the fluid dilatation e = J − 1 as an alternative essential variable, since initial
and boundary conditions e = 0 are more convenient to handle in a numerical scheme than J = 1.
It follows that grad J = grad e and ∂J/∂t = ∂e/∂t. Therefore the changes to the above equations
are minimal, simply requiring the substitution J = 1+ e and ∆J = ∆e. Steady-state analyses may
be obtained by setting the terms involving ∆t−1 to zero in eqs.(3.5.6)-(3.5.7), (3.5.8) and (3.5.10).

3.5.3 Spatial Discretization

The velocity v (x, t) and Jacobian J (x, t) are spatially interpolated over the domain Ω using the
same interpolation functionsNa (x), with a = 1 to n where n is the number of nodes in an element),

v (x, t) =
n∑

a=1

Na (x)va , J (x, t) =
n∑

a=1

Na (x) Ja . (3.5.14)

Here, va and Ja are nodal values of v and J that evolve with time. In contrast to classical mixed
formulations for incompressible flow [106], which solve for the pressure p using divv = 0 instead
of eq.(2.13.6), equal order interpolation is acceptable in this formulation since the governing equa-
tions for v and J involve spatial derivatives of both variables (gradv and grad J). The expressions
of eq.(3.5.14) may be used to evaluate L, divv, a, grad J , J̇ , etc. Similar interpolations are used
for virtual increments δv and δJ , as well as real increments ∆v and ∆J .

When substituted into eq.(4.2.32), we find that the discretized form of δWint may be written as

δWint =
∑
a

δva · (fσa + fρa ) + fJa δJa , (3.5.15)

where
fσa =

ˆ
Ω
(τ · gradNa +Na grad p) dv ,

fρa =

ˆ
Ω
Naρa dv ,

fJa =

ˆ
Ω
−

(
Na

J̇

J
+ gradNa · v

)
dv .

(3.5.16)

Similarly, the discretized form of DδWint [∆v] in eq.(3.5.8) becomes

D (δWint) [∆v] =
∑
a

δva ·
∑
b

(Kvv
ab +Mvv

ab) ·∆vb

+
∑
a

δJa
∑
b

kJv
ab ·∆vb ,

(3.5.17)
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where
Kvv

ab = αf

ˆ
Ω
gradNa · Cv · gradNb dv ,

Mvv
ab = αf

ˆ
Ω
Naρ

(
Nb

(
αm

αfγ

I

∆t
+ gradv

)
+ (gradNb · v) I

)
dv ,

kJv
ab = −αf

ˆ
Ω

(
Na

J
grad J + gradNa

)
Nb dv ,

(3.5.18)

whereas that of DδWint [∆J ] in eq.(3.5.10) becomes

D (δWint) [∆J ] =
∑
a

δva ·
∑
b

(
kvJ
ab +mvJ

ab

)
∆Jb

+
∑
a

δJa
∑
b

kJJab ∆Jb
(3.5.19)

where
kvJ
ab = αf

ˆ
Ω

[
Nbτ

′
J · gradNa +Na

(
p′ gradNb +Nbp

′′ grad J
)]
dv ,

mvJ
ab = −αf

ˆ
Ω
NaNb

ρ

J
a dv ,

kJJab = −αf

ˆ
Ω

Na

J

((
αm

αfγ

1

∆t
− J̇

J

)
Nb + gradNb · v

)
dv .

(3.5.20)

For the external work in eq.(4.2.34), its discretized form is

δWext =
∑
a

δva ·
(
f t
a + fb

a

)
+ δJaf

v
a , (3.5.21)

where
f t
a =

ˆ
∂Ω
Nat

τ da ,

fb
a =

ˆ
Ω
Naρb dv ,

fva = −
ˆ
Ω
Navn da .

(3.5.22)

The discretized form of D (δWext) [∆J ] in eq.(3.5.13) is

D (δWext) [∆J ] =
∑
a

δva ·
∑
b

kb
ab∆Jb , (3.5.23)

where
kb
ab = −αf

ˆ
Ω
NaNb

ρ

J
b dv . (3.5.24)

3.5.4 Special Boundary Conditions

3.5.4.1 Backflow Stabilization

For arterial blood flow, backflow stabilization has been proposed previously to deal with truncated
domains where the entire artery is not modeled explicitly [27, 53]; for these types of problems,
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letting t = 0 or prescribing a constant pressure at the outflow boundary may not prevent flow re-
versals that compromise convergence of an analysis. Instead, these authors proposed a velocity-
dependent traction boundary condition, t = βρ (v ⊗ v) · n with a tensile normal component, that
counters the backflow (only when vn < 0). Here, β is a non-dimensional user-defined parameter;
a value of β = 0 turns off this feature, while a value of β = 1 generally shows good numerical
performance. We adapt this previously proposed formulation by letting the normal component of
the viscous traction be given by

tτn =

{
βρrv

2
n vn < 0

0 vn ≥ 0
. (3.5.25)

The choice of ρr in lieu of ρ is for convenience, to avoid the dependence of ρ on J (which is
negligible for nearly incompressible flow). Then, the contribution of this traction to the virtual
external work δWext is

δG =

ˆ
∂Ω
δv · tτnn da . (3.5.26)

The linearization of δG along an increment ∆v in the velocity is given by

DδG [∆v] =

ˆ
∂Ω
δv ·Kn ·∆v da , (3.5.27)

where

Kn =

{
2βρrvn (n⊗ n) vn < 0

0 vn ≥ 0
. (3.5.28)

The discretized form of δG is

δG =
∑
a

δva · fna , fna =

ˆ
∂Ω
Nat

τ
nn da , (3.5.29)

whereas the discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δva ·
∑
b

Kn
ab ·∆vb , Kn

ab =

ˆ
∂Ω
NaNbKn da . (3.5.30)

A (viscous) tangential traction is implemented as a separate flow stabilization method in the
next section, applicable to inlet or outlet surfaces, without a conditional requirement based on the
sign of vn.

3.5.4.2 Tangential Flow Stabilization

For certain outlet conditions, using the natural boundary condition tτt = 0 may lead to flow insta-
bilities. It is possible to minimize these effects by prescribing a tangential viscous traction onto the
boundary surface, which opposes this tangential flow. Optionally, this condition may be combined
with the backflow stabilization described above.

Similar to the previous section, we introduce a non-dimensional parameter β, with the tangen-
tial traction given by

tτt = −βρr |vt|vt . (3.5.31)

This form shows that tτt opposes tangential flow. The external virtual work for this traction is

δG =

ˆ
∂Ω
δv · tτt da . (3.5.32)
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Its linearization along an increment ∆v is

DδG [∆v] =

ˆ
∂Ω
δv ·Kt ·∆v da , (3.5.33)

where it can be shown that

Kt = −βρr |vt|
(
I− n⊗ n+

vt

|vt|
⊗ vt

|vt|

)
. (3.5.34)

The discretized form of δG is

δG =
∑
a

δva · f τa , f τa =

ˆ
∂Ω
Nat

τ
t da . (3.5.35)

The discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δva ·
∑
b

Kt
ab ·∆vb , Kt

ab =

ˆ
∂Ω
NaNbKt da . (3.5.36)

3.5.4.3 Flow Resistance

Flow resistance is typically implemented when modeling arterial flow, where the finite element
domain only describes a portion of an arterial network [129]. A flow resistance may be imposed
on downstream boundaries to simulate the resistance produced by the vascular network with its
branches and bifurcations. The resistance is equivalent to a mean pressure which is proportional
to the volumetric flow rate Q,

p = RQ , Q =

ˆ
∂Ω
vn da ,

where R is the resistance. Using the pressure-dilatation relation (5.16.5), equivalent to p = −K ·e,
this pressure may be prescribed as an essential boundary condition on the dilatation e.

3.6 Weak Formulation for FSI

3.6.1 General Formulation

The strong form of the virtual work statement is δW = 0 where

δW =

ˆ
b
δvs · divσs dv

+

ˆ
b
δw ·

[
divσf + ρf

(
b− af

)]
dv

−
ˆ
b
δJf

[
1

Jf

(
J̇f + grad Jf ·w

)
− divw − J̇s

Js

]
dv

. (3.6.1)

Here, b is the mixture domain (whose boundaries are defined on the solid), δvs is the virtual solid
velocity, δw is the virtual relative fluid velocity, and δJf is the virtual energy density. The weak form
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of this statement may be written as the difference δW = δWext − δWint between external virtual
work δWext and internal virtual work δWint, where

δWint =

ˆ
b
σs : grad δvs dv

+

ˆ
b
τ : grad δw dv +

ˆ
b
δw ·

(
grad p+ ρfaf

)
dv

+

ˆ
b
δJf

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇s

Js

]
dv

+

ˆ
b
w · grad δJf dv

, (3.6.2)

and
δWext =

ˆ
∂b
δvs · ts da

+

ˆ
∂b
δw · tτ da+

ˆ
b
δw · ρfb dv

+

ˆ
∂b
δJfwn da

. (3.6.3)

Here, ts = σs · n is the solid traction, tτ = τ · n is the fluid viscous traction, and wn = wn · n is the
normal component of the relative fluid velocity on the boundary ∂b, whose outward unit normal is
n. In practice, both σs and ts should contribute negligibly to δW , but they cannot be set exactly to
zero since we need some small elasticity to regularize the deforming mixture mesh.

3.6.2 Time Integration

In the generalized α−method we evaluate displacements and velocities at the intermediate time
tn+αf

= tn + αf (tn+1 − tn), such that

χs
n+αf

= (1− αf )χ
s
n + αfχ

s
n+1

us
n+αf

= (1− αf )u
s
n + αfu

s
n+1

vs
n+αf

= (1− αf )v
s
n + αfv

s
n+1

wn+αf
= (1− αf )wn + αfwn+1

Jf
n+αf

= (1− αf ) J
f
n + αfJ

f
n+1

In particular, it follows that

Fs
n+αf

=
∂χs

n+αf

∂X
= (1− αf )F

s
n + αfF

s
n+1

Js
n+αf

= detFs
n+αf

J̇s
n+αf

= Js
n+αf

F−T
n+αf

: Gradvs
n+αf

Ls
n+αf

= Gradvs
n+αf

· F−1
n+αf

In practice however, we get better numerical results when using

J̇s
n+αf

=
Js
n+1 − Js

n

∆t
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Ls
n+αf

=
Fn+1 − Fn

∆t
· F−1

n+αf

Similarly, we evaluate velocity derivatives at the intermediate time tn+αm = tn + αm (tn+1 − tn),
such that

v̇s
n+αm

= (1− αm) v̇s
n + αmv̇s

n+1

ẇn+αm = (1− αm) ẇn + αmẇn+1

J̇f
n+αm

= (1− αm) J̇f
n + αmJ̇

f
n+1

The parameters αf and αm are evaluated from a single parameter ρ∞ using

αf =
1

1 + ρ∞
, αm =

1

2

3− ρ∞
1 + ρ∞

, (3.6.4)

for first-order systems, or

αf =
1

1 + ρ∞
, αm =

2− ρ∞
1 + ρ∞

, (3.6.5)

for second-order systems, where 0 ≤ ρ∞ ≤ 1. This parameter is the spectral radius for an infinite
time step, which controls the amount of damping of high frequencies; a value of zero produces the
greatest amount of damping, anihilating the highest frequency in one step, whereas a value of one
preserves the highest frequency. Since the solid motion is governed by a second-order differential
equation in time, we adopt the formulas for second-order systems.

To complete the integration scheme, we evaluate

β =
1

4
(1 + αm − αf )

2

γ =
1

2
+ αm − αf

then
vs
n+1 = vs

n +∆t
[
(1− γ) v̇s

n + γv̇s
n+1

]
us
n+1 = us

n +∆tvs
n +

∆t2

2

[
(1− 2β) v̇s

n + 2βv̇s
n+1

]
wn+1 = wn +∆t [(1− γ) ẇn + γẇn+1]

Jf
n+1 = Jf

n +∆t
[
(1− γ) J̇f

n + γJ̇f
n+1

]
Thus,

v̇s
n+1 =

1

β∆t

(
us
n+1 − us

n

∆t
− vs

n

)
+

(
1− 1

2β

)
v̇s
n

ẇn+1 =
wn+1 −wn

γ∆t
+

(
1− 1

γ

)
ẇn =

wn+αf
−wn

αfγ∆t
−
(
1

γ
− 1

)
ẇn

J̇f
n+1 =

Jf
n+1 − J

f
n

γ∆t
+

(
1− 1

γ

)
J̇f
n =

Jf
n+αf

− Jf
n

αfγ∆t
−
(
1

γ
− 1

)
J̇f
n

According to this method [74], the virtual work is evaluated using intermediate time step values, at
tn+αf

for all parameters except v̇s, ẇ, and J̇f , which are evaluated at tn+αm .
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3.6.3 Discretization

The discretization of the internal work produces

δWint =
∑
a

δvs
a ·
ˆ
b
fua dv + δwa ·

ˆ
b
fwa dv + δJf

a

ˆ
b
fJa dv (3.6.6)

δWint =
∑
a

δvs
a ·
ˆ
b
σs · gradNa dv

+
∑
a

δwa ·
ˆ
b
τ · gradNa dv +

∑
a

δwa ·
ˆ
b
Na

(
grad p+ ρfaf

)
dv

+
∑
a

δJf
a

ˆ
b
Na

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇s

Js

]
dv

+
∑
a

δJf
a

ˆ
b
w · gradNa dv

where
fua = σs · gradNa

fwa = τ · gradNa +Na

(
grad p+ ρfaf

)
fJa = Na

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇s

Js

]
+w · gradNa

(3.6.7)

We used the following interpolations:

δvs =
∑
a

Naδv
s
a ∆u =

∑
b

Nb∆ub

grad δvs =
∑
a

δvs
a ⊗ gradNa grad∆u =

∑
b

∆ub ⊗ gradNb

div δvs =
∑
a

δvs
a · gradNa div∆u =

∑
b

∆ub · gradNb

δw =
∑
a

Naδwa ∆w =
∑
b

Nb∆wb

grad δw =
∑
a

δwa ⊗ gradNa grad∆w =
∑
b

∆wb ⊗ gradNb

δJf =
∑
a

NaδJ
f
a ∆Jf =

∑
b

Nb∆J
f
b

grad δJf =
∑
a

δJf
a gradNa grad∆Jf =

∑
b

∆Jf
b gradNb

(3.6.8)

Note that the grad ≡ ∂
∂x operator should be evaluated using xn+αf

.
The solution of the nonlinear equation δW = 0 is obtained by linearizing this relation as

δW +DδW [∆u] +DδW [∆w] +DδW
[
∆Jf

]
≈ 0 , (3.6.9)

where the operator DδW [·] represents the directional derivative of δW at
(
us,w, Jf

)
along an

increment ∆u of us, ∆w of w, or ∆Jf of Jf .
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To linearize the virtual work, we need to express the integrals appearing in δWint and δWext

over the material frame of the finite element solid domain. For notational convenience, we let
J ≡ Js and F ≡ Fs. Thus,ˆ

b
σs : grad δvs dv =

ˆ
B
F · Ss : Grad δvs dV , (3.6.10)

where Ss = J · F−1 · σs · F−T is the second Piola-Kirchhoff stress for the solid material. Similarly,ˆ
b
τ : grad δw dv =

ˆ
B
τ · JF−T : Grad δw dV . (3.6.11)

Next, ˆ
b
δw ·

(
grad p+ ρfaf

)
dv

=

ˆ
B
δw ·

(
JF−T ·Grad p+ Jρf (ẇ + v̇s) + ρf (Gradw +Gradvs) ·W

)
dV

(3.6.12)

ˆ
b
δJf

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇

J

]
dv =

ˆ
B
δJf

[
1

Jf

(
JJ̇f +Grad Jf ·W

)
− J̇

]
dV (3.6.13)

ˆ
b
w · grad δJf dv =

ˆ
B
Grad δJf ·W dV (3.6.14)

where W = JF−1 ·w.
Keep in mind that we are solving for the motions χι

n+1 at tn+1. Therefore,

Dus [∆u] = αf∆u

DF [∆u] = αf Grad∆u

DJ [∆u] = αfJ (div∆u)

DJ̇ [∆u] = D
(
JF−T : Gradvs

)
[∆u]

= αfJ

[(
divvs +

γ

β∆t

)
(div∆u)− (grad∆u)T : Ls

]
Dvs [∆u] =

αfγ

β∆t
∆u

Dw [∆w] = αf∆w

DJf
[
∆Jf

]
= αf∆J

f

Dρf
[
∆Jf

]
= −αf

ρf

Jf
∆Jf

In general, σs (and thus, Ss) is only a function of the solid strain, such as the right Cauchy-Green
tensor C = FT · F or the Green-Lagrange strain E = (C− I) /2.

DE [∆u] =
αf

2

(
GradT ∆u · F+ FT ·Grad∆u

)
Therefore, following the standard approach in solid mechanics, the linearization of Ss is

DSs = DSs [∆u] =
∂Ss

∂E
: DE [∆u]

= αfCs :
1

2

(
GradT ∆u · F+ FT ·Grad∆u

)
= αfCs :

(
FT ⊗FT

)
: ∆ε

(3.6.15)
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In general, τ is a function of the fluid volume ratio Jf and the rate of deformation of the
fluid, Df = 1

2

(
Lf +

(
Lf
)T). However, since vf is not a degree of freedom, we need to let

Df = Dw +Ds, where Dw = 1
2

(
Lw + (Lw)T

)
and Ds = 1

2

(
Ls + (Ls)T

)
. Thus,

Dτ = Cτ :
(
DDf [∆w] +DDf [∆u]

)
+

∂τ

∂Jf
DJf

[
∆Jf

]
(3.6.16)

where
Cτ =

∂τ

∂Df
(3.6.17)

3.6.4 Linearization of
´
B
F · Ss : Grad δvs dV

D

(ˆ
B
F · Ss : Grad δvs dV

)
[∆u]

=

ˆ
b
αf

(
σs : gradT ∆u · grad δvs + grad δvs : Cs : ∆ε

)
dv

(3.6.18)

where
Cs = J−1 (F⊗F) : Cs :

(
FT ⊗FT

)
Similarly,

D

(ˆ
B
F · Ss : Grad δvs dV

)
[∆w] = 0 (3.6.19)

and

D

(ˆ
B
F · Ss : Grad δvs dV

)[
∆Jf

]
= 0 (3.6.20)

The discretized version producesˆ
b
αf

(
σs : gradT ∆u · grad δvs + grad δvs : Cs : ∆ε

)
dv

=
∑
a

δvs
a ·
∑
b

ˆ
b
Kuu

ab dv ·∆ub

where
Kuu

ab = αf ((gradNa · σs · gradNb) I+ (gradNa · Cs · gradNb)) (3.6.21)

Kuw
ab = 0 (3.6.22)

kuJ
ab = 0 (3.6.23)

3.6.5 Linearization of
´
B
τ · JF−T : Grad δw dV

D

(ˆ
B
τ · JF−T : Grad δw dV

)
[∆u]

=

ˆ
b
αf (τ : grad δw ·∆G+ grad δw : Cτ : M · grad∆u) dv

(3.6.24)

D

(ˆ
B
τ · JF−T : Grad δw dV

)
[∆u] =

ˆ
B
D
(
τ · JF−T

)
[∆u] : Grad δw dV

=

ˆ
B

(
Dτ [∆u] · JF−T + τ ·D

(
JF−T

)
[∆u]

)
: Grad δw dV
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where we used
Cτ =

∂τ

∂Df
.

Similarly,

D

(ˆ
B
τ · JF−T : Grad δw dV

)
[∆w] =

ˆ
b
αf grad δw : Cτ : grad∆w dv (3.6.25)

D

(ˆ
B
τ · JF−T : Grad δw dV

)[
∆Jf

]
=

ˆ
b
αf∆J

fτ ′
J : grad δw dv (3.6.26)

where
τ ′
J =

∂τ

∂Jf

The discretized version produces
ˆ
b
αf (τ : grad δw ·∆G+ grad δw : Cτ : M · grad∆u) dv

=
∑
a

δwa ·
∑
b

ˆ
b
Kwu

ab dv ·∆ub

where

Kwu
ab = αfτ · (gradNa ⊗ gradNb − gradNb ⊗ gradNa) + (gradNa · Cτ · gradNb) ·M (3.6.27)

ˆ
b
αf grad δw : Cτ : grad∆w dv =

∑
a

δwa ·
∑
b

ˆ
b
Kww

ab dv ·∆wb

where
Kww

ab = αf gradNa · Cτ · gradNb (3.6.28)ˆ
b
αf∆J

fτ ′
J : grad δw dv =

∑
a

δwa ·
∑
b

ˆ
b
kwJ
ab dv∆J

f
b

where
kwJ
ab = αfNbτ

′
J · gradNa (3.6.29)

3.6.6 Linearization of
´
B
δw · JF−T ·Grad p dV

D

(ˆ
B
δw · JF−T ·Grad p dV

)
[∆u]

=

ˆ
b
αfδw ·∆GT · grad p dv

(3.6.30)

D

(ˆ
B
δw · JF−T ·Grad p dV

)
[∆w] = 0 (3.6.31)

D

(ˆ
B
δw · JF−T ·Grad p dV

)[
∆Jf

]
=

ˆ
b
αfδw ·

(
∆Jfp′′

(
Jf
)
grad Jf + p′

(
Jf
)
grad∆Jf

)
dv

(3.6.32)
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The discretization of these terms produces
ˆ
b
αfδw ·∆GT · grad p dv =

∑
a

δwa ·
∑
b

ˆ
b
Kwu

ab dv ·∆ub

where
Kwu

ab = αfNa (grad p⊗ gradNb − gradNb ⊗ grad p) (3.6.33)

Kww
ab = 0 (3.6.34)

ˆ
b
αfδw ·

(
∆Jfp′′

(
Jf
)
grad Jf + p′

(
Jf
)
grad∆Jf

)
dv =

∑
a

δwa ·
∑
b

ˆ
b
kwJ
ab dv∆J

f
b

kwJ
ab = αfNa

(
Nbp

′′
(
Jf
)
grad Jf + p′

(
Jf
)
gradNb

)
(3.6.35)

3.6.7 Linearization of
´
B
δw · ρf [J (ẇ + v̇s) + (Gradw +Gradvs) ·W] dV

ˆ
B
δw · ρf [J (ẇ + v̇s) + (Gradw +Gradvs) ·W] dV

D

(ˆ
B
δw · ρf [J (ẇ + v̇s) + (Gradw +Gradvs) ·W] dV

)
[∆u]

=

ˆ
b
δw · αfρ

f

[
(div∆u) (ẇ + v̇s) +

γ

β∆t
grad∆u ·w +

αm

αfβ∆t2
∆u

]
dv

+

ˆ
b
δw · αfρ

fLf ·∆G ·w dv

(3.6.36)

D

(ˆ
B
δw · ρf [J (ẇ + v̇s) + (Gradw +Gradvs) ·W] dV

)
[∆w]

=

ˆ
b
δw · αfρ

f

[(
αm

αfγ∆t
I+ Lf

)
·∆w + grad∆w ·w

]
dv

(3.6.37)

D

(ˆ
B
δw · ρf [J (ẇ + v̇s) + (Gradw +Gradvs) ·W] dV

)[
∆Jf

]
= −
ˆ
b
δw · αf

ρf

Jf
∆Jfaf dv

(3.6.38)

The discretized version is given by
ˆ
b
δw · αfρ

f

[
(div∆u) (ẇ + v̇s) +

γ

β∆t
grad∆u ·w +

αm

αfβ∆t2
∆u

]
dv

+

ˆ
b
δw · αfρ

fLf ·∆G ·w dv

=
∑
a

δwa ·
∑
b

ˆ
b
Kwu

ab dv ·∆ub
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where

Kwu
ab = αfNaρ

f

[
af ⊗ gradNb − (gradNb ·w)Lf +

(
γ

β∆t
(gradNb ·w) +

αm

αfβ∆t2
Nb

)
I

]
(3.6.39)ˆ

b
δw · αfρ

f

[(
αm

αfγ∆t
I+ Lf

)
·∆w + grad∆w ·w

]
dv

=
∑
a

δwa ·
∑
b

ˆ
b
Kww

ab dv ·∆wb

where

Kww
ab = αfNaρ

f

[
Nb

(
αm

αfγ∆t
I+ Lf

)
+ (gradNb ·w) I

]
(3.6.40)

−
ˆ
B
δw · αf

ρf

Jf
∆Jfaf dv =

∑
a

δwa ·
∑
b

ˆ
b
kwJ
ab dv∆J

f
b

where

kwJ
ab = −αfNaNb

ρf

Jf
af (3.6.41)

3.6.8 Linearization of
´
B
δJf

[
1
Jf

(
JJ̇f +Grad Jf ·W

)
− J̇

]
dV

ˆ
B
δJf

[
1

Jf

(
JJ̇f +Grad Jf ·W

)
− J̇

]
dV

D

(ˆ
B
δJf

[
1

Jf

(
JJ̇f +Grad Jf ·W

)
− J̇

]
dV

)
[∆u]

=

ˆ
B
δJf

[
1

Jf

(
DJ [∆u] J̇f +Grad Jf ·DW [∆u]

)
−DJ̇ [∆u]

]
dV

=

ˆ
b
δJfαf

[(
J̇f

Jf
− divvs − γ

β∆t

)
(div∆u) +w ·

[
(div∆u) I− gradT ∆u

]
· grad J

f

Jf
+ (grad∆u)T : Ls

]
dv

D

(ˆ
B
δJf

[
1

Jf

(
JJ̇f +Grad Jf ·W

)
− J̇

]
dV

)
[∆u]

=

ˆ
b
δJfαf

[(
J̇f

Jf
− divvs − γ

β∆t

)
(div∆u) +w ·∆GT · grad J

f

Jf
+ (grad∆u)T : Ls

]
dv

(3.6.42)

D

(ˆ
B
δJf

[
1

Jf

(
JJ̇f +Grad Jf ·W

)
− J̇

]
dV

)
[∆w]

=

ˆ
b
δJfαf

1

Jf
∆w · grad Jf dv

(3.6.43)

D

(ˆ
B
δJf

[
1

Jf

(
JJ̇f +Grad Jf ·W

)
− J̇

]
dV

)[
∆Jf

]
=

ˆ
b
δJfαf

1

Jf

([
αm

αfγ∆t
− 1

Jf

(
J̇f +w · grad Jf

)]
∆Jf +w · grad∆Jf

)
dv

(3.6.44)
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The discretization of these terms produces

ˆ
b
δJfαf

[(
J̇f

Jf
− divvs − γ

β∆t

)
(div∆u) +w ·∆GT · grad J

f

Jf
+ (grad∆u)T : Ls

]
dv

=
∑
a

δJf
a

∑
b

ˆ
b
kJu
ab dv ·∆ub

where

kJu
ab = αfNa

[(
J̇f

Jf
− divvs − γ

β∆t

)
gradNb +

(
gradNb ⊗

grad Jf

Jf
− grad Jf

Jf
⊗ gradNb

)
·w + (Ls)T · gradNb

]
(3.6.45)ˆ

b
δJfαf

1

Jf
∆w · grad Jf dv =

∑
a

δJf
a

∑
b

ˆ
b
kJw
ab dv ·∆wb

where

kJw
ab = αf

NaNb

Jf
grad Jf (3.6.46)

ˆ
b
δJfαf

1

Jf

([
αm

αfγ∆t
− 1

Jf

(
J̇f +w · grad Jf

)]
∆Jf +w · grad∆Jf

)
dv

=
∑
a

δJf
a

∑
b

ˆ
b
kJJab dv∆J

f
b

where

kJJab = αfNa
1

Jf

(
Nb

[
αm

αfγ∆t
− 1

Jf

(
J̇f +w · grad Jf

)]
+w · gradNb

)
(3.6.47)

3.6.9 Linearization of −
´
B
Grad δJf ·W dV

−
ˆ
B
Grad δJf ·W dV

D

(ˆ
B
Grad δJf ·W dV

)
[∆u] =

ˆ
b
αfw ·∆GT · grad δJf dv (3.6.48)

D

(ˆ
B
Grad δJf ·W dV

)
[∆u]

=

ˆ
B
Grad δJf ·DW [∆w] dV

=

ˆ
B
αf∆w · grad δJf dv

D

(ˆ
B
Grad δJf ·W dV

)
[∆w] =

ˆ
B
αf∆w · grad δJf dv (3.6.49)

D

(ˆ
B
Grad δJf ·W dV

)[
∆Jf

]
= 0 (3.6.50)
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The discretization of these terms producesˆ
b
αfw ·∆GT · grad δJf dv =

∑
a

δJf
a

∑
b

ˆ
v
kJu
ab dv ·∆ub

where
kJu
ab = αf (gradNb ⊗ gradNa − gradNa ⊗ gradNb) ·w (3.6.51)ˆ
B
αf∆w · grad δJf dv =

∑
a

δJf
a

∑
b

ˆ
b
kJw
ab dv ·∆wb

where
kJw
ab = αfNb gradNa (3.6.52)

kJJab = 0 (3.6.53)

3.6.10 Body force term
´
b
δw · ρfb dv

The body force term may be discretized asˆ
b
δw · ρfb dv =

∑
a

δwa ·
ˆ
b
Naρ

fb dv

To linearizes this expression, we first evaluate it in the material domain,ˆ
b
δw · ρfb dv =

ˆ
B
δw · ρfJb dV

Now,

D

(ˆ
B
δw · ρfJb dV

)
[∆u] =

ˆ
b
αfρ

f (div∆u) δw · b dv (3.6.54)

D

(ˆ
B
δw · ρfJb dV

)
[∆w] =

ˆ
b
δw · ρfDb [∆w] dv (3.6.55)

D

(ˆ
B
δw · ρfJb dV

)[
∆Jf

]
= −

ˆ
b
∆Jf αfρ

f

Jf
δw · b dv (3.6.56)

The discrete forms of these expressions are given byˆ
b
αfρ

f (div∆u) δw · b dv =
∑
a

δwa ·
∑
b

ˆ
b
Kwu

ab dv ·∆ub

where
Kwu

ab = αfρ
fNab⊗ gradNb (3.6.57)

Kww
ab = αfρ

fNaNb
∂b

∂w
(3.6.58)

−
ˆ
b
∆Jf αfρ

f

Jf
δw · b dv =

∑
a

δwa ·
∑
b

ˆ
b
kwJ
ab dv∆J

f
b

where

kwJ
ab = −αfNaNb

ρf

Jf
b (3.6.59)
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3.6.11 Fluid traction acting on solid interface

At a fluid-solid interface Γ, the fluid traction tf = σf · n acts on the solid surface, ts = −tf , where
n is the outward normal to the fluid surface. The resulting virtual work on the solid domain is

δG =

ˆ
Γ
δvs · tsn+αf

da =

ˆ
Γ
−δvs · σf · n da =

ˆ
Γη

−δvs · σf · (g1 × g2) dη
1dη2

The linearization of this work is given by

DδG [∆u] =

ˆ
Γη

−δvs·αf

[
(Cv : M · grad∆u) · (g1 × g2) + σf ·

(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)]
dη1dη2

where
gα =

∂x

∂ηα

are covariant basis vectors on Γ. Similarly,

DδG [∆w] =

ˆ
Γη

−δvs · αf [(Cv : grad∆w) · (g1 × g2)] dη
1dη2

and
DδG

[
∆Jf

]
=

ˆ
Γη

−∆Jfδvs · αf

[(
−p′

(
Jf
)
+ τ ′

J

)
· (g1 × g2)

]
dη1dη2

The discretized form of these equations is

δG =
∑
a

δvs
a ·
ˆ
Γ
fa dη

1dη2

where
fa = −Naσ

f · (g1 × g2) (3.6.60)

DδG [∆u] =
∑
a

δvs
a ·
∑
b

ˆ
Γη

Kuu
ab dη

1dη2 ·∆ub

where

Kuu
ab = −αfNa

(
[(g1 × g2) · Cv · gradNb] ·M+ σf ·A

{
∂Nb

∂η2
g1 −

∂Nb

∂η1
g2

})
(3.6.61)

and
DδG [∆w] =

∑
a

δvs
a ·
∑
b

ˆ
Γη

Kuw
ab dη

1dη2 ·∆wb

where
Kuw

ab = −αfNa (g1 × g2) · Cv · gradNb (3.6.62)

DδG
[
∆Jf

]
=
∑
a

δvs
a ·
∑
b

ˆ
Γη

kuJ
ab dη

1dη2∆Jf
b

where

kuJ
ab = −αfNaNb

(
−p′

(
Jf
)
+ τ ′

J

)
· (g1 × g2) (3.6.63)
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3.6.12 Special Boundary Conditions

3.6.12.1 Backflow Stabilization

Let the normal component of the viscous traction be given by

tτn =

{
βρrw

2
n wn < 0

0 wn ≥ 0
. (3.6.64)

Then, the contribution of this traction to the virtual external work δWext is

δG =

ˆ
∂Ω
δw · tτnn da . (3.6.65)

The linearization of δG along an increment ∆w in the relative velocity is given by

DδG [∆w] =

ˆ
∂Ω
δw · αfKn ·∆w da , (3.6.66)

where

Kn =

{
2βρrwn (n⊗ n) vn < 0

0 vn ≥ 0
. (3.6.67)

Similarly,

DδG [∆u] =

ˆ
∂Ωη

δw · αf t
τ
n

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
dη1dη2

The discretized form of δG is

δG =
∑
a

δwa ·
ˆ
∂Ωη

fna dη
1dη2, fna = Nat

τ
n (g1 × g2) , (3.6.68)

whereas the discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δwa ·
∑
b

(ˆ
∂Ωη

Kwu
ab dη

1dη2 ·∆u+

ˆ
∂Ωη

Kww
ab dη1dη2 ·∆wb

)
, (3.6.69)

with
Kww

ab = αfNaNb |g1 × g2|Kn , (3.6.70)

and

Kwu
ab = αfNat

τ
nA

{
∂Nb

∂η2
g1 −

∂Nb

∂η1
g2

}
(3.6.71)

3.6.12.2 Tangential Stabilization

The tangential traction given by
tτt = −βρr |wt|wt . (3.6.72)

This form shows that tτt opposes tangential flow. The external virtual work for this traction is

δG =

ˆ
∂Ω
δw · tτt da . (3.6.73)
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Its linearization along an increment ∆w is

DδG [∆w] =

ˆ
∂Ω
δw · αfKt ·∆w da , (3.6.74)

where it can be shown that

Kt = −βρr |wt|
(
I− n⊗ n+

wt

|wt|
⊗ wt

|wt|

)
. (3.6.75)

Similarly,

DδG [∆u] =

ˆ
∂Ωη

δw · αf (t
τ
t ⊗ n) ·

(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 .

The discretized form of δG is

δG =
∑
a

δva ·
ˆ
∂Ω

f τa dη
1dη2 , f τa = Nat

τ
t |g1 × g2| . (3.6.76)

The discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δwa ·
∑
b

ˆ
∂Ωη

(Kwu
ab ·∆ub +Kww

ab ·∆wb) dη
1dη2 , (3.6.77)

where
Kww

ab = αfNaNb |g1 × g2|Kt , (3.6.78)

and

Kwu
ab = αfNa (t

τ
t ⊗ n) ·A

{
∂Nb

∂η2
g1 −

∂Nb

∂η1
g2

}
. (3.6.79)

3.7 Weak Formulation for BFSI

3.7.1 Virtual Work and Weak Form

The virtual work statement is used to enforce the three governing equations needed to solve for
the nodal DOFs u, w and ef , namely the mixture mass balance (2.15.6), the fluid momentum
balance (2.15.7), and the solid momentum balance (2.15.8). We may rewrite the momentum
balance equations to facilitate the enforcement of natural traction boundary conditions given in
(2.15.16) and (2.15.17). Using τ f = φfτ , these become

φs
(
−ρfTa

f + ρsTa
s
)
=− φs2

φf
τ · grad φ

f

φs
+ div (−φsτ + σe)

+ φs
(
−ρfTb

f + ρsTb
s
)
+ k−1 ·w ,

ρfTa
f =− grad p+

1

ϕf
τ · gradφf + div τ

+ ρfTb
f − k−1 ·w .

(3.7.1)
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The virtual work statement for a Galerkin finite element formulation [35] is δW = 0, where

δW =

ˆ
Ωb

δvs ·

[
div (−φsτ + σe)− φs2

φf
τ · grad φ

f

φs
+ k−1 ·w

]
dv

+

ˆ
Ωb

δvs · φs
(
−ρfT

(
bf − af

)
+ ρsT (bs − as)

)
dv

+

ˆ
Ωb

δw ·
[
div τ − grad p+

1

φf
τ · gradϕf − k−1 ·w

]
dv

+

ˆ
Ωb

δw · ρfT
(
bf − af

)
dv

+

ˆ
Ωb

δJf

[
divw +

J̇s

Js
− 1

Jf

(
φf J̇f + grad Jf ·w

)]
dv .

(3.7.2)

These integrals are evaluated in the current configuration of Ωb. Here, δvs is the virtual solid
velocity, δw is the virtual relative fluid volumetric flux, and δJf is the virtual fluid energy density.
Integrating by parts and using the divergence theorem, the weak form of this statement may be
written as δW = δWext − δWint where the internal virtual work is

δWint =

ˆ
Ωb

[
(−φsτ + σe) : grad δvs − δvs · k−1 ·w

]
dv

+

ˆ
Ωb

δvs · φs

(
φs

φf
τ · grad φ

f

φs
− ρfTa

f + ρsTa
s

)
dv

+

ˆ
Ωb

τ : grad δw dv

+

ˆ
Ωb

δw ·
(
grad p+ k−1 ·w

)
dv

+

ˆ
Ωb

δw ·
(
ρfTa

f − 1

φf
τ · gradφf

)
dv

+

ˆ
Ωb

w · grad δJf dv ,

+

ˆ
Ωb

δJf

[
1

Jf

(
φf J̇f + grad Jf ·w

)
− J̇s

Js

]
dv

(3.7.3)

and the external part is

δWext =

ˆ
∂Ωb

δvs · tσ da

+

ˆ
Ωb

δvs · φs
(
−ρfTb

f + ρsTb
s
)
dv

+

ˆ
∂Ωb

δw · tτ da+
ˆ
Ωf

δw · ρfTb
f dv

+

ˆ
∂Ωb

δJfwn da .

(3.7.4)

where
tσ = −φstτ + te . (3.7.5)
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Here, te = σe ·n is the elastic traction, tτ = τ ·n is the true fluid viscous traction, and wn = wn ·n
is the normal component of the relative fluid flux on the boundary ∂Ωb, whose outward unit normal
is n. The traction tσ emerges from the jump condition in (2.15.17). The integrands of the surface
integrals represent the natural boundary conditions for this formulation. If boundary conditions are
not set explicitly on ∂Ωb, the natural boundary conditions are tσ = 0, tτ = 0, and wn = 0. These
natural boundary conditions are consistent with the jump conditions presented above. Essential
boundary conditions are prescribed on the solid displacement u, relative volumetric fluid flux w,
and fluid dilatation ef , which are also consistent with the above jump conditions. In particular, an
essential no-slip boundary condition may be prescribed on Γbs by setting w = 0. A symmetry
plane may be prescribed with the essential boundary condition un ≡ u · n = 0 and the natural
boundary conditions tτ = 0 and wn = 0.

In this formulation, the mixture traction is defined as t = −pn + te + φftτ , which may also
be written as t = −pn + tσ + tτ . Because of the way we chose to split the internal and external
virtual work in (3.7.3)-(3.7.4), t is not a natural boundary condition in this formulation. In this
expression for t, tσ, and tτ may be prescribed as natural boundary conditions, whereas p may
be prescribed as an essential boundary condition on ef , using (2.15.9). However, there are two
general scenarios where t needs to be prescribed on a region of the boundary ∂Ωb with incomplete
prior knowledge of p, tσ, or tτ : (1) When a BFSI boundary Γb represents a free surface (such as
the fluid surface in channel flow), the mixture traction boundary condition requires that t = 0, in
which case it is necessary to explicitly enforce −pn+ tσ + tτ = 0 as a constraint equation on that
boundary, to impart the free surface Γb its natural shape. (2) At a biphasic-solid interface Γbs, t
must balance the traction acting on the adjoining solid domain. Since u is continuous across Γbs

due to shared nodes, the solid natural boundary condition tσ of t is already accounted for by the
deformation, so that it is only necessary to prescribe the portion −pn+tτ of t on the solid domain,
thus −pn + tτ + ts = 0 where ts is the (equal and opposite) traction acting on the solid domain.
In both cases, the form of this traction boundary condition is the same, with te and ts representing
the tractions acting on Γb and Γbs, respectively.

For both of these cases, the resulting virtual work on the free surface Γb or the interface Γbs

takes the form
δF = −

ˆ
Γ
δvs · (−pn+ tτ ) da , (3.7.6)

where the elemental area da on Γ may be evaluated from the covariant basis vectors gα (α = 1, 2),

da = |g1 × g2| dη1dη2 , (3.7.7)

where

gα =
∂x
(
η1, η2

)
∂ηα

, (3.7.8)

and x
(
η1, η2

)
is the parametric representation of Γ, defined on the solid constituent. The outward

normal n to Ωb on Γ is evaluated from

n =
g1 × g2
|g1 × g2|

. (3.7.9)

As a result, the virtual work can be rewritten as

δF = −
ˆ
Γ
δvs · (−pI+ τ ) · (g1 × g2) dη

1dη2 . (3.7.10)

In FEBio this boundary condition is called BFSI traction, which the user must explicitly prescribe
on free surfaces Γb and deformable interfaces Γbs. The code automatically determines which of
these two types of interfaces is being considered.
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3.7.2 BFSI Linearization

Using the virtual work integral δW such that

δW +DδW [∆u] +DδW [∆w] +DδW
[
∆Jf

]
≈ 0 , (3.7.11)

it may be expanded as

DδWint [∆u] +DδWint [∆w] +DδWint

[
∆Jf

]
−DδWext [∆u]−DδWext [∆w]−DδWext

[
∆Jf

]
≈ δWext − δWint .

(3.7.12)

The linearizations of integrals are performed in the material frame of the solid domain of Ωb,
allowing us to linearize δWint along increments ∆u, ∆w, or ∆Jf by simply bringing the directional
derivative operator inside the integrals of Eqs. (3.7.3)-(3.7.4). For notational convenience, we let
J ≡ Js and F ≡ Fs. Thus, the conversion of the internal virtual work to the material frame of the
solid produces

δWint =

ˆ
Ωb

(
−φs

rTd + F · σe · FT
)
: Grad δv · F−1dV

+

ˆ
Ωb

δv · φs
r

(
φs

φf
τ · F−T ·Grad

(
φf

φs

)
− ρfTa

f + ρsT v̇
s

)
dV

+

ˆ
Ωb

δv · −J2F−T ·K−1 · F−1 ·wdV

+

ˆ
Ωb

δw · J
(
ρfTa

f + F−T ·Grad p
)
dV

+

ˆ
Ωb

δw · J
(
− 1

φf
τ · F−T ·Gradφf + JF−T ·K−1 · F−1 ·w

)
dV

+

ˆ
Ωb

Jτ : Grad δw · F−1dV

+

ˆ
Ωb

J Grad δJf · F−1 ·w + δJf

(
J
φf

Jf

DfJf

Dt
− J̇s

)
dV ,

(3.7.13)

where S = J F−1 · σe · F−T is the second Piola-Kirchhoff stress for the solid constituent of the
mixture, W = JF−1 ·w is the Piola transformation of w, and dV = J−1dv is an elemental volume
of Ωf in its material frame [35]. In addition, K−1 = J−1FT ·k−1 ·F is the inverse of the permeability
tensor in the material frame. Note that in the material frame, the fluid acceleration af is

af =
1

φf

(
ẇ + φf v̇s − φs

φf

J̇

J
w +

1

J

(
1

φf
Gradw +Gradvs − 1

φf2 w ⊗Gradφf

)
·W

)
. (3.7.14)

The linearization of δWint is then performed along an increment ∆u, and the integral is reverted
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back to the spatial frame, yielding for the displacement equations

DδWint [∆u] =

ˆ
Ωb

αf (grad∆u · σe : grad δv + grad δv : C : grad∆u) dv

+

ˆ
Ωb

αfφ
sτ : grad δv ·

(
grad∆u+

φs

φf
div∆uI

)
dv

+

ˆ
Ωb

−αfφ
s grad δv : Cτ :

(
− φs

φf2 (div∆u)Dw +M · grad∆u

)
dv

+

ˆ
Ωb

−αfφ
s grad δv :

1

φf2 Cτ : 2
φs

φf
(div∆u)w ⊗ gradφfdv

+

ˆ
Ωb

αfφ
s grad δv :

1

φf2 Cτ : w ⊗
(
− gradT ∆u · gradφf

)
dv

+

ˆ
Ωb

αfφ
s grad δv :

1

φf2 Cτ : w ⊗
(
− (div∆u) gradφf + φs grad (div∆u)

)
dv

+

ˆ
Ωb

δv · −αf
φs2

φf
τ ·
(
2
φs

φf
div∆u+ gradT ∆u

)
· grad φ

f

φs
dv

+

ˆ
Ωb

δv · αf
φs2

φf
τ · 1

φs
grad (div∆u) dv

+

ˆ
Ωb

δv · αf
φs2

φf
Cτ :

(
− φs

φf2 (div∆u)Dw +M · grad∆u

)
· grad φ

f

φs
dv

+

ˆ
Ωb

δv · αf
φs2

φf3 Cτ : 2
φs

φf
(div∆u)w ⊗ gradφf · grad φ

f

φs
dv

+

ˆ
Ωb

δv · −αf
φs2

φf3 Cτ : w ⊗
(
− gradT ∆u · gradφf

)
· grad φ

f

φs
dv

+

ˆ
Ωb

δv · −αf
φs2

φf3 Cτ : w ⊗
(
−div∆u gradφf + φs grad (div∆u)

)
· grad φ

f

φs
dv

+

ˆ
Ωb

δv · −αfφ
s ρ

f
T

φf

(
φs (div∆u) v̇s + φf αm

αfβ∆t2
∆u

)
dv

+

ˆ
Ωb

δv · αfφ
s ρ

f
T

φf

(
φs

φf

[((
− 1

φf

)
J̇

J
+

γ

β∆t

)
div∆u− gradT ∆u : Ls

]
w

)
dv

+

ˆ
Ωb

δv · −αfφ
s ρ

f
T

φf

(
− φs

φf2 div∆u gradw +
γ

β∆t
grad∆u

)
·wdv

+

ˆ
Ωb

δv · −αfφ
s ρ

f
T

φf3

[(
(φs + 1)

1

φf
gradφf div∆u− φs grad (div∆u)

)
·w
]
wdv

(3.7.15)

+

ˆ
Ωb

δv · αfφ
s ρ

f
T

φf

(
Lf · grad∆u ·w + φs (div∆u)af

)
dv

+

ˆ
Ωb

δv · αfρ
s αm

αfβ∆t2
∆udv

+

ˆ
Ωb

δv · αf

(
−2 (div∆u)k−1 + gradT ∆u · k−1

)
·wdv

+

ˆ
Ωb

δv · αf

(
k−1 · grad∆u+

(
k−1⊗k−1

)
: k : grad∆u

)
·wdv ,
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for the fluid flux equations

DδWint [∆u] =

ˆ
Ωb

δw · αf
ρfT
φf

(
−φ

s

φf

[(
− 1

φf

J̇

J
+

γ

β∆t

)
div∆u− gradT ∆u : Ls

]
w

)
dv

+

ˆ
Ωb

δw · αf
ρfT
φf

(
φs (div∆u) v̇s + φf αm

αfβ∆t2
∆u

)
dv

+

ˆ
Ωb

δw · αf
ρfT
φf

(
− φs

φf2 div∆u gradw +
γ

β∆t
grad∆u

)
·wdv

+

ˆ
Ωb

δw · αf
ρfT
φf

1

φf2

[(
(φs + 1)

1

φf
gradφf (div∆u)− φs grad (div∆u)

)
·w
]
wdv

+

ˆ
Ωb

δw · −αf
ρfT
φf

Lf · grad∆u ·wdv

+

ˆ
Ωb

δw · αf

(
1− φs

φf

)
(div∆u) ρfTa

fdv

+

ˆ
Ωb

δw · αf

(
(div∆u) I− gradT ∆u

)
· grad pdv

+

ˆ
Ωb

δw · αf

(
2 (div∆u)k−1 − gradT ∆u · k−1

)
·wdv

+

ˆ
Ωb

δw · −αf

(
k−1 · grad∆u+

(
k−1⊗k−1

)
: k : grad∆u

)
·wdv

+

ˆ
Ωb

δw · αf
1

φf
τ ·
(
2
φs

φf
(div∆u) I+ gradT ∆u

)
· gradφfdv

+

ˆ
Ωb

δw · −αf
φs

φf
τ · grad (div∆u) dv

+

ˆ
Ωb

δw · −αf
1

φf
Cτ :

(
− φs

φf2 (div∆u)Dw +M · grad∆u

)
· gradφfdv

+

ˆ
Ωb

δw · −αf
1

φf3 Cτ : 2
φs

φf
(div∆u)w ⊗ gradφf · gradφfdv

+

ˆ
Ωb

δw · αf
1

φf3 Cτ : w ⊗
(
− gradT ∆u · gradφf

)
· gradφfdv

+

ˆ
Ωb

δw · αf
1

φf3 Cτ : w ⊗
(
− (div∆u) gradφf + φs grad (div∆u)

)
· gradφfdv

+

ˆ
Ωb

αfτ : grad δw ·
((

1− φs

φf

)
(div∆u) I− grad∆u

)
dv

(3.7.16)

+

ˆ
Ωb

αf grad δw : Cτ :

(
− φs

φf2 (div∆u)Dw +M · grad∆u

)
dv

+

ˆ
Ωb

αf grad δw : Cτ : 2
φs

φf3 (div∆u)w ⊗ gradφfdv

+

ˆ
Ωb

−αf grad δw : Cτ :
1

φf2 w ⊗
(
− gradT ∆u · gradφf

)
dv

+

ˆ
Ωb

−αf grad δw : Cτ :
1

φf2 w ⊗
(
− (div∆u) gradφf + φs grad (div∆u)

)
dv ,
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and for the fluid dilatation equations

DδWint [∆u] =

ˆ
Ωb

αf grad δJ
f · (div∆uI− grad∆u) ·wdv

+

ˆ
Ωb

δJfαf
1

Jf

(
J̇f div∆u+ grad Jf · ((div∆u) I− grad∆u) ·w

)
dv

+

ˆ
Ωb

−δJfαf

(
divvs +

γ

β∆t

)
div∆u+ gradT ∆u : Lsdv ,

(3.7.17)

where M = γ
β∆tI − Ls, and C is the fourth-order spatial elasticity tensor associated with σe [35].

As done in the CFD formulation (Section 3.5.2) [22], we have introduced the fourth-order tensor
Cτ representing the tangent of the viscous stress with respect to the rate of deformation,

Cτ =
∂τ

∂Df
, (3.7.18)

where Df is the fluid rate of deformation tensor (the symmetric part of Lf ). The tensors Cd

and C depend on the choice of constitutive relations for the fluid and solid constituents of Ωf ,
respectively. In addition, k is the spatial fourth order permeability tensor with respect to right
Cauchy-Green tensor C. The linearized equations include the generalized-α parameters because
the virtual work is evaluated at the intermediate time step, while the increment itself (∆u in this
case) is at the current time step [74].

Following the same procedure, the linearizations of δWint along an increment ∆w is given by

DδWint [∆w] =

ˆ
Ωb

−αf
φs

φf
grad δv : Cτ :

(
grad∆w − 1

φf
∆w ⊗ gradφf

)
dv

+

ˆ
Ωb

δv · −αfφ
s ρ

f
T

φf

((
αm

γαf∆t
− φs

φf

J̇

J
− 1

φf2

(
gradφf ·w

))
I+ Lf

)
·∆wdv

+

ˆ
Ωb

δv · −αfφ
s ρ

f
T

φf2 grad∆w ·wdv

+

ˆ
Ωb

δv · αf
(φs)2

(φf )
2C

τ :

(
grad∆w − 1

φf
∆w ⊗ gradφf

)
· grad

(
φf

φs

)
dv

+

ˆ
Ωb

δv · −αfk
−1 ·∆wdv

+

ˆ
Ωb

δw · αf
ρfT
φf

((
αm

γαf∆t
− φs

φf

J̇

J
− 1

φf2

(
gradφf ·w

))
I+ Lf

)
·∆wdv

+

ˆ
Ωb

δw · αf
ρfT
φf2 grad∆w ·wdv

+

ˆ
Ωb

δw · αfk
−1 ·∆wdv

+

ˆ
Ωb

δw · αf
1

φf2 Cτ :

(
1

φf
∆w ⊗ gradφf − grad∆w

)
· gradφfdv

+

ˆ
Ωb

αf
1

φf
grad δw : Cτ :

(
grad∆w − 1

φf
∆w ⊗ gradφf

)
dv

+

ˆ
Ωb

αf grad δJ
f ·∆w + δJfαf

1

Jf
grad Jf ·∆wdv ,

(3.7.19)
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whereas the linearizations of δWint along an increment ∆Jf is

DδWint

[
∆Jf

]
=

ˆ
Ωb

−αfφ
sτ ′

J : grad δv∆Jfdv

+

ˆ
Ωb

δv · αfφ
s

(
φs

φf
τ ′
J · grad

φf

φs
+
ρfT
Jf

af

)
∆Jfdv

+

ˆ
Ωb

δw · αf

(
p′′ grad Jf∆Jf + p′ grad∆Jf

)
dv

+

ˆ
Ωb

δw · −αf

(
ρfT
Jf

af∆Jf +
1

φf
τ ′
J∆J

f · gradφf

)
dv

+

ˆ
Ωb

αfτ
′
J : grad δw∆Jfdv

+

ˆ
Ωb

δJfαf
1

Jf

(
φf αm

γαf∆t
− 1

Jf

(
φf J̇f + grad Jf ·w

))
∆Jfdv

+

ˆ
Ωb

δJfαf
1

Jf
grad∆Jf ·wdv .

(3.7.20)

Here, p′ and p′′ respectively represent the first and second derivatives of p
(
Jf
)
. We have also

defined τ ′
J as the tangent of the viscous stress τ with respect to Jf ,

τ ′
J =

∂τ

∂Jf
. (3.7.21)

For the external work, when tσ, tτ , all b and wn are prescribed, the linearizations simplify to

DδWext [∆u] =

ˆ
Ωb

δw · αf div∆uρfTb
fdv , (3.7.22)

DδWext [∆w] = 0 , (3.7.23)

DδWext

[
∆Jf

]
=

ˆ
Ωb

δw · −αf
ρfT
Jf

bf∆Jfdv

+

ˆ
Ωb

δv · αfφ
s ρ

f
T

Jf
bf∆Jfdv .

(3.7.24)

As discussed in Section 2.13.1, we define the fluid dilatation ef = Jf − 1 as an alternative
essential variable, since initial and boundary conditions ef = 0 are more convenient to handle in
a numerical scheme than Jf = 1. It follows that grad Jf = grad ef and J̇f = ėf . Therefore the
changes to the above equations are minimal, simply requiring the substitution Jf = 1 + ef and
∆Jf = ∆ef .

3.7.3 BFSI Spatial Discretization

The degrees of freedom u (x, t), w (x, t), Jf (x, t) are spatially interpolated over the domain Ωf

using the same interpolation functions Na (x), with a = 1 to n, where n is the number of nodes in
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an element,

u (x, t) =

n∑
a=1

Na (x)ua ,

w (x, t) =
n∑

a=1

Na (x)wa ,

Jf (x, t) =

n∑
a=1

Na (x) J
f
a .

(3.7.25)

Here, ua, wa, and Jf
a are the nodal values of the degrees of freedom that evolve over time. These

relations may be used to evaluate Ls, Lw, divw, ẇ, grad Jf , J̇f , etc. Similar interpolations are
used for virtual increments δv, δw and δJf , as well as real increments ∆u, ∆w and ∆Jf . In
practice, interpolations Na are performed in the parametric space of each finite element, which is
a material frame.

Now, the discretized form of δWint, using eq. (3.7.3), may be written as

δWint =
∑
a

δva · fua

+
∑
a

δwa · fwa

+
∑
a

δJf
a f

J
a ,

(3.7.26)

where

fua =

ˆ
Ωb

(−φsτ + σe) · gradNadv

+

ˆ
Ωb

Na

(
φs

(
φs

φf
τ · grad φ

f

φs
− ρfTa

f + ρsT v̇
s

)
− k−1 ·w

)
dv ,

fwa =

ˆ
Ωb

τ · gradNa +Na

(
ρfTa

f + grad p− 1

φf
τ · gradφf + k−1 ·w

)
dv ,

fJa =

ˆ
Ωb

gradNa ·w +Na

(
φf

Jf

DfJf

Dt
− J̇s

Js

)
dv .

(3.7.27)

The discretized form of DδWint [∆u] becomes

DδWint [∆u] =
∑
a

δva ·
∑
b

Kuu
ab ·∆ub

+
∑
a

δwa ·
∑
b

Kwu
ab ·∆ub

+
∑
a

δJf
a

∑
b

kJu
ab ·∆ub ,

(3.7.28)
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where

Kuu
ab =

ˆ
Ωb

αf ((σ
e : gradNb ⊗ gradNa) I+ gradNa · C · gradNb) dv

+

ˆ
Ωb

αfφ
sτ ·

(
φs

φf
gradNa ⊗ gradNb + gradNb ⊗ gradNa

)
dv

+

ˆ
Ωb

−αfφ
s gradNa · Cτ · gradNb ·

(
− φs

φf2 D
w +M

)
dv

+

ˆ
Ωb

−αf
φs

φf2 gradNa · Cτ ·w ·
(
2
φs

φf
gradφf ⊗ gradNb

)
dv

+

ˆ
Ωb

−αf
φs

φf2 gradNa · Cτ ·w ·
(
gradNb ⊗ gradφf

)
dv

+

ˆ
Ωb

αf
φs

φf2 gradNa · Cτ ·w ·
(
− gradφf ⊗ gradNb + φs grad gradNb

)
dv

+

ˆ
Ωb

−αfNa
φs2

φf
τ ·
(
2
φs

φf
grad

φf

φs
⊗ gradNb + gradNb ⊗ grad

φf

φs

)
dv

+

ˆ
Ωb

αfNa
φs2

φf
τ · 1

φs
grad gradNbdv

+

ˆ
Ωb

αfNa
φs2

φf
grad

φf

φs
· Cτ · gradNb ·

(
− φs

φf2 D
w +M

)
dv

+

ˆ
Ωb

αfNa
φs2

φf3 grad
φf

φs
· Cτ ·w ·

(
2
φs

φf
gradφf ⊗ gradNb

)
dv

+

ˆ
Ωb

αfNa
φs2

φf3 grad
φf

φs
· Cτ ·w ·

(
gradNb ⊗ gradφf

)
dv

+

ˆ
Ωb

−αfNa
φs2

φf3 grad
φf

φs
· Cτ ·w ·

(
− gradφf ⊗ gradNb + φs grad gradNb

)
dv

+

ˆ
Ωb

−αf
φs

φf
ρfTNa

(
φsv̇s ⊗ gradNb + φf αm

αfβ∆t2
NbI

)
dv

+

ˆ
Ωb

αfρ
f
TNa

φs2

φf2

[((
− 1

φf

)
J̇

J
+

γ

β∆t

)
w ⊗ gradNb −w ⊗

(
LsT · gradNb

)]
dv

+

ˆ
Ωb

−αfNaφ
s ρ

f
T

φf

(
− φs

φf2 L
w ·w ⊗ gradNb +

γ

β∆t
(gradNb ·w) I

)
dv

+

ˆ
Ωb

−αfNaρ
f
T

φs

φf4 (φs + 1)
(
gradφf ·w

)
w ⊗ gradNbdv

(3.7.29)
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+

ˆ
Ωb

αfNaρ
f
T

φs2

φf3 w ⊗ grad gradT Nb ·wdv

+

ˆ
Ωb

αf
φs

φf
ρfTNa

(
Lf (gradNb ·w) + φsaf ⊗ gradNb

)
dv

+

ˆ
Ωb

αfNa
αm

αfβ∆t2
ρsNbIdv

+

ˆ
Ωb

αfNa

(
−2
(
k−1 ·w

)
⊗ gradNb + gradNb ⊗

(
k−1 ·w

))
dv

+

ˆ
Ωb

αfNa

(
(gradNb ·w)k−1 +

(
k−1⊗k−1

)
: k : (gradNb ·w) I

)
dv ,

Kwu
ab =

ˆ
Ωb

αf
ρfT
φf
Na

(
φsv̇s ⊗ gradNb + φf αm

αfβ∆t2
NbI

)
dv

+

ˆ
Ωb

−αf
ρfT
φf
Na

φs

φf

(
− 1

φf

J̇

J
+

γ

β∆t

)
w ⊗ gradNbdv

+

ˆ
Ωb

αf
ρfT
φf
Na

φs

φf
w ⊗

(
LsT · gradNb

)
dv

+

ˆ
Ωb

αfNa
ρfT
φf

(
− φs

φf2 (Lw ·w)⊗ gradNb +
γ

β∆t
(gradNb ·w) I

)
dv

+

ˆ
Ωb

αfNa
ρfT
φf4 (φs + 1)

(
gradφf ·w

)
w ⊗ gradNbdv

+

ˆ
Ωb

−αfNa
ρfT
φf3 φ

sw ⊗
(
grad gradT Nb ·w

)
dv

+

ˆ
Ωb

−αf
ρfT
φf
NaL

f (gradNb ·w) dv

+

ˆ
Ωb

αfNa

(
1− φs

φf

)
ρfTa

f ⊗ gradNbdv

+

ˆ
Ωb

αfNa (grad p⊗ gradNb − gradNb ⊗ grad p) dv

+

ˆ
Ωb

αfNa

(
2
(
k−1 ·w

)
⊗ gradNb − gradNb ⊗

(
k−1 ·w

))
dv

+

ˆ
Ωb

−αfNa

(
(gradNb ·w)k−1 +

(
k−1⊗k−1

)
: k : (gradNb ·w) I

)
dv

+

ˆ
Ωb

αfNa
1

φf
τ ·
(
2
φs

φf
gradφf ⊗ gradNb + gradNb ⊗ gradφf

)
dv

+

ˆ
Ωb

−αfNa
1

φf
τ · φs grad gradNbdv

+

ˆ
Ωb

−αfNa
1

φf
gradφf · Cτ · gradNb ·

(
− φs

φf2 D
w +M

)
dv

+

ˆ
Ωb

−αfNa
1

φf3 gradφf · Cτ ·w ·
(
2
φs

φf
gradφf ⊗ gradNb

)
dv

+

ˆ
Ωb

−αfNa
1

φf3 gradφf · Cτ ·w ·
(
gradNb ⊗ gradφf

)
dv

(3.7.30)
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+

ˆ
Ωb

αfNa
1

φf3 gradφf · Cτ ·w ·
(
− gradφf ⊗ gradNb + φs grad gradNb

)
dv

+

ˆ
Ωb

αfτ ·
((

1− φs

φf

)
gradNa ⊗ gradNb − gradNb ⊗ gradNa

)
dv

+

ˆ
Ωb

αf gradNa · Cτ · gradNb ·
(
− φs

φf2 D
w +M

)
dv

+

ˆ
Ωb

αf
1

φf2 gradNa · Cτ ·w ·
(
2
φs

φf
gradφf ⊗ gradNb

)
dv

+

ˆ
Ωb

αf
1

φf2 gradNa · Cτ ·w ·
(
gradNb ⊗ gradφf

)
dv

+

ˆ
Ωb

−αf
1

φf2 gradNa · Cτ ·w ·
(
− gradφf ⊗ gradNb + φs grad gradNb

)
dv ,

kJu
ab =

ˆ
Ωb

αf (gradNb ⊗w − (gradNb ·w) I) · gradNadv

+

ˆ
Ωb

αfNa
1

Jf

(
J̇f gradNb + (gradNb ⊗w − gradNb ·wI) · grad Jf

)
dv

+

ˆ
Ωb

−αfNa

(
J̇

J
+

γ

β∆t

)
gradNb + LsT · gradNbdv ,

(3.7.31)

whereas that of DδWint [∆w] becomes

DδWint [∆w] =
∑
a

δva ·
∑
b

Kuw
ab ·∆wb

+
∑
a

δwa ·
∑
b

Kww
ab ·∆wb

+
∑
a

δJf
a

∑
b

kJw
ab ·∆wb ,

(3.7.32)
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where

Kuw
ab =

ˆ
Ωb

αf
φs

φf
gradNa · Cτ ·

(
1

φf
Nb gradφ

f − gradNb

)
dv

+

ˆ
Ωb

−αfφ
s ρ

f
T

φf
Na

((
αm

γαf∆t
− φs

φf

J̇

J
− 1

φf2

(
gradφf ·w

))
I+ Lf

)
Nbdv

+

ˆ
Ωb

−αfφ
s ρ

f
T

φf2Na (gradNb ·w) Idv

+

ˆ
Ωb

αfNa
(φs)2

(φf )
2 grad

φf

φs
· Cd ·

(
− 1

φf
Nb gradφ

f + gradNb

)
dv

+

ˆ
Ωb

−αfNaNbk
−1dv ,

Kww
ab =

ˆ
Ωb

αfNa
ρfT
φf

((
αm

γαf∆t
− φs

φf

J̇

J
− 1

φf2

(
gradφf ·w

))
I+ Lf

)
Nbdv

+

ˆ
Ωb

αfNa
ρfT
φf2 (gradNb ·w) Idv

+

ˆ
Ωb

αfNa

(
1

φf2 gradφf · Cτ ·
(

1

φf
Nb gradφ

f − gradNb

)
+Nbk

−1

)
dv

+

ˆ
Ωb

αf
1

φf
gradNa · Cτ ·

(
− 1

φf
Nb gradφ

f + gradNb

)
dv ,

kJw
ab =

ˆ
Ωb

αfNb

(
gradNa +Na

1

Jf
grad Jf

)
dv ,

(3.7.33)

and finally, for DδWint

[
∆Jf

]
the equations become

DδWint

[
∆Jf

]
=
∑
a

δva ·
∑
b

kuJ
ab ∆J

f
b

+
∑
a

δwa ·
∑
b

kwJ
ab ∆J

f
b

+
∑
a

δJf
a

∑
b

kJJab ∆J
f
b ,

(3.7.34)

where

kuJ
ab =

ˆ
Ωb

αfφ
sNaNb

(
φs

φf
τ ′
J · grad

φf

φs
+
ρfT
Jf

af

)
dv

+

ˆ
Ωb

−αfNbφ
sτ ′

J · gradNadv ,

kwJ
ab =

ˆ
Ωb

αfNa

(
p′ gradNb +Nb

(
p′′ grad Jf −

ρfT
Jf

af − 1

φf
τ ′
J · gradφf

))
dv∆Jf

b

+

ˆ
Ωb

αfNbτ
′
J · gradNadv ,

kJJab =

ˆ
Ωb

αfNa
1

Jf

((
φf αm

γαf∆t
− 1

Jf

(
φf J̇f + grad Jf ·w

))
Nb + gradNb ·w

)
dv ,

(3.7.35)
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for external virtual work in eq. (3.7.4), the discretized equations are

δWext =
∑
a

δva · fua

+
∑
a

δwa · fwa

+
∑
a

δJf
a f

J
a ,

(3.7.36)

where

fua,ext =

ˆ
∂Ωb

Nat
σda+

ˆ
Ωb

Naφ
s
(
−ρfTb

f + ρsTb
s
)
dv ,

fwa,ext =

ˆ
∂Ωb

Nat
τda+

ˆ
Ωb

ρfTNab
fdv ,

fJa,ext =

ˆ
∂Ωb

Nawnda ,

(3.7.37)

and the discretized forms of the linearized external virtual work are

DδWext [∆u] =
∑
a

δwa ·
∑
b

Kwu
ab ·∆ub ,

DδWext

[
∆Jf

]
=
∑
a

δva ·
∑
b

kuJ
ab ∆J

f
b +

∑
a

δwa ·
∑
b

kwJ
ab ∆J

f
b ,

(3.7.38)

where

Kwu
ab,ext =

ˆ
Ωb

αfNaρ
f
Tb

f ⊗ gradNbdv ,

kuJ
ab,ext =−

ˆ
Ωb

αfφ
s ρ

f
T

Jf
NaNbb

fdv ,

kwJ
ab,ext =−

ˆ
Ωb

αf
ρfT
Jf
NaNbb

fdv .

(3.7.39)

Combining these results, from the linearized virtual work equation of (3.5.5) we can represent
the system of equations in a compact matrix form as

 Kuu
ab Kuw

ab kuJ
ab − kuJ

ab,ext

Kwu
ab −Kwu

ab,ext Kww
ab kwJ

ab − kwJ
ab,ext

kJu
ab kJw

ab kJJab

 ∆u
∆w
∆Jf

 =

 fua,ext − fua
fwa,ext − fwa
fJa,ext − fJa

 . (3.7.40)
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3.7.4 BFSI Traction Interface

The virtual work δF on a biphasic-FSI interface was given in eq. (3.7.10). The linearizations of δF
are given by

DδF [∆u] =

ˆ
∂Ωb

δv · αf
φs

φf
(div∆u)Td · (g1 × g2) dη

1dη2

+

ˆ
∂Ωb

−δv · Cτ : αf

(
− φs

φf2 (div∆u)Dw +M · grad∆u

)
· (g1 × g2) dη

1dη2

+

ˆ
∂Ωb

−δv · Cτ : αf

(
2
φs

φf3 (div∆u)w ⊗ gradφf

)
· (g1 × g2) dη

1dη2

+

ˆ
∂Ωb

−δv · Cτ : αf

(
− 1

φf2 w ⊗
(
− gradT ∆u · gradφf

))
· (g1 × g2) dη

1dη2

+

ˆ
∂Ωb

δv · Cτ : αf

(
φs

φf2 w ⊗
(
− 1

J
(div∆u) gradJ + grad (div∆u)

))
· (g1 × g2) dη

1dη2

+

ˆ
∂Ωb

−δv · αfτ ·
(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 ,

DδF [∆w] =

ˆ
∂Ωb

−δv · αfCτ :

(
1

φf
grad∆w − 1

φf2 ∆w ⊗ gradφf

)
· (g1 × g2) dη

1dη2 ,

DδF
[
∆Jf

]
=

ˆ
∂Ωb

−δv · αf

(
−p′I+ τ ′

J

)
· (g1 × g2)∆J

f dη1dη2 .

(3.7.41)
The discretized forms of this virtual work is

δF =
∑
a

δva · fa , (3.7.42)

where

fa =

ˆ
∂Ωb

−Na (−pI+ τ ) · (g1 × g2) dη
1dη2 . (3.7.43)

The discretized forms of the linearizations are

DδF [∆u] =
∑
a

δva ·
∑
b

Kuu
ab ·∆ub ,

DδF [∆w] =
∑
a

δva ·
∑
b

Kuw
ab ·∆wb ,

DδF
[
∆Jf

]
=
∑
a

δva ·
∑
b

kuJ
ab ∆J

f
b ,

(3.7.44)
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where

Kuu
ab =

ˆ
∂Ωb

αfNa
φs

φf
(τ · (g1 × g2))⊗ gradNb dη

1dη2

+

ˆ
∂Ωb

−αfNa (g1 × g2) · Cd · gradNb ·
(
− φs

φf2 D
w +M

)
dη1dη2

+

ˆ
∂Ωb

−αfNa (g1 × g2) · Cτ ·w ·
(
2
φs

φf3 gradφf ⊗ gradNb

)
dη1dη2

+

ˆ
∂Ωb

−αfNa (g1 × g2) · Cτ ·w ·
(

1

φf2 gradNb ⊗ gradφf

)
dη1dη2

+

ˆ
∂Ωb

αfNa (g1 × g2) · Cτ ·w · φ
s

φf2

(
− 1

J
grad J ⊗ gradNb + grad gradNb

)
dη1dη2

+

ˆ
∂Ωb

−αfNa (−pI+ τ ) ·A
{
−g2

∂Nb

∂η1
+ g1

∂Nb

∂η2

}
dη1dη2 ,

Kuw
ab =

ˆ
∂Ωb

−αfNa (g1 × g2) · Cd ·
1

φf

(
gradNb −

1

φf
Nb gradφ

f

)
dη1dη2 ,

kuJ
ab =

ˆ
∂Ωb

−αfNaNb

(
−p′I+ τ ′

J

)
· (g1 × g2) dη

1dη2 .

(3.7.45)
Note that A {·} represents the skew-symmetric tensor form of the bracketed vector.

3.8 Weak Formulation for Fluid-Solutes Analyses

3.8.1 Virtual Work and Weak form for Fluid-Solutes

The virtual work statement is used to enforce the governing equations needed to solve for the
nodal vf , ef , and all c̃ι, namely the mixture mass balance (2.16.2), the fluid momentum balance
(2.16.10), and the solute mass balances (2.16.3), in addition to the current density constraint
(2.16.14). The virtual work statement for a Galerkin finite element formulation [35] is δW = 0,
where

δW =

ˆ
Ωf

δvf ·

(
− grad p̃+ div τ −

∑
ι

Rθκ̃ι grad c̃ι + ρf
(
bf − af

)
+M ιcιbι

)
dv

+

ˆ
Ωf

δJf

(
− 1

Jf

DfJf

Dt
+ divvf

)
dv

+
∑
ι

ˆ
Ωf

δc̃ι

 1

Jf

Df
(
Jfcι

)
Dt

+ div jι − ĉι +
∑
β

zβ div jι

 dv .

(3.8.1)

These integrals are evaluated in the current (time-invariant) configuration of Ωf . Here, δvf is the
virtual fluid velocity, δJf is the virtual fluid energy density, and δc̃ι is the virtual molar energy of
solute ι. Integrating by parts and using the divergence theorem, the weak form of this statement
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may be written as 0 = δW = δWext − δWint where the internal virtual work is

δWint =

ˆ
Ωf

δvf ·

(
grad p̃+ ρfaf +

∑
ι

Rθκ̃ι grad c̃ι

)
+ τ : grad δvfdv

+

ˆ
Ωf

δJf 1

Jf

DfJf

Dt
+ grad δJf · vfdv

+
∑
ι

ˆ
Ωf

(
grad δc̃ι ·

(
jιd +

∑
γ

zγjγd

)
− δc̃ι

(
1

Jf

Df
(
Jfcι

)
Dt

− ĉι
))

dv .

(3.8.2)

The external virtual work is

δWext =

ˆ
Γf

δvf · tτda+
ˆ
Γf

δJfvfnda+

ˆ
Γf

δc̃ιj̃ιnda

+

ˆ
Ωf

δvf ·

(
ρfbf +

∑
ι

M ιcιbι

)
dv

−
∑
ι

ˆ
Ωf

grad δc̃ι · j̃ιbdv ,

(3.8.3)

where

j̃ιn =

(
jι +

∑
γ

zγjγ

)
· n . (3.8.4)

Here, tτ = τ ·n is the fluid viscous traction, vfn = vf ·n is the normal component of the fluid velocity
on the boundary Γf , and j̃ιn is the normal effective diffusive flux of solute ι on the boundary Γf ,
where n is the outward normal to Γf . The integrands of the surface integrals represent the natural
boundary conditions for this formulation. If boundary conditions are not set explicitly on Γf , the
natural boundary conditions are tτ = 0, vfn = 0, and j̃ιn = 0. These natural boundary conditions
are consistent with the jump conditions presented above in (2.16.18), (2.16.16), and (2.16.17).

Essential boundary conditions are prescribed on the fluid velocity vf , fluid dilatation ef , and
effective solute concentration c̃ι, which are also consistent with the above jump conditions in
(2.16.15), (2.16.16), and (2.16.19). For example, an essential no-slip boundary condition may
be prescribed on Γf by setting vf = 0. A symmetry plane may be prescribed from the natural
boundary conditions tτ = 0, vfn = 0, and j̃ιn = 0. In this formulation, the mixture traction is defined
as t = −pn + tτ . Because of the way we chose to split the internal and external virtual work
in (3.8.2)-(3.8.3), t is not a natural boundary condition in this formulation. Thus, when t = 0 is
desired, it has to be enforced by satisfying the natural boundary condition tτ = 0, and select-
ing suitable values for the essential boundary conditions Jf and c̃ι using (2.16.11)-(2.16.12) to
produce p = 0, as explained next.

The actual fluid gauge pressure in this fluid-solutes mixture is p, as given in eq.(2.16.11). To
prescribe a desired value p = p∗ on a boundary, we implemented a “fluid pressure” boundary
condition that prescribed the correct value of Jf according to the current values of all c̃ι, using
the user-selected constitutive model for p̃

(
Jf
)
. For example, using eq.(2.16.12), this “fluid pres-

sure” boundary condition actually prescribes Jf = 1/ (1 + (p∗ −RθΦ
∑

ι κ̃
ιc̃ι) /K) as an essential

boundary condition at nodes of Γf . The values of Φ and κ̃ι are obtained from the finite element of
the domain Ωf right underneath the face Γf .
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3.8.2 Linearization for Fluid-Solutes

We can rewrite the internal work of eq.(3.8.1) as

δWint = δW v
int + δW J

int + δW c
int

where

δW v
int =

ˆ
Ωf

δvf ·

(
grad p̃+ ρfaf +

∑
ι

Rθκ̃ι grad c̃ι

)
+ τ : grad δvfdv

δW J
int =

ˆ
Ωf

δJf 1

Jf

DfJf

Dt
+ grad δJf · vfdv

δW c
int =

∑
ι

ˆ
Ωf

(
grad δc̃ι ·

(
jιd +

∑
γ

zγjγd

)
− δc̃ι

(
1

Jf

Df
(
Jfcι

)
Dt

− ĉι
))

dv .

Recall that ĉι = νιζ̂. Also note that

af =
∂vf

∂t
+ gradvf · vf

DfJf

Dt
=
∂Jf

∂t
+ grad Jf · vf

Df
(
Jfcι

)
Dt

= c̃ι
(
κ̃ι + Jf ∂κ̃

ι

∂Jf

)
DfJf

Dt
+ Jf

(
κ̃ι
Df c̃ι

Dt
+ c̃ι

∑
γ

∂κ̃ι

∂c̃γ
Df c̃γ

Dt

)
Dfcι

Dt
=
∂cι

∂t
+ grad cι · vf

= κ̃ι
∂c̃ι

∂t
+ c̃ι

∂κ̃ι

∂t
+ (κ̃ι grad c̃ι + c̃ι grad κ̃ι) · vf

∂κ̃ι

∂t
=
∂κ̃ι

∂Jf

∂Jf

∂t
+
∑
γ

∂κ̃ι

∂c̃γ
∂c̃γ

∂t

grad κ̃ι =
∂κ̃ι

∂Jf
grad J +

∑
γ

∂κ̃ι

∂c̃γ
grad c̃γ

Using the temporal discretization approach outlined in Section 3.5.2, the linearizations of each of
these terms along increments in the degrees of freedom are obtained using

Daf
[
∆vf

]
=
αm

γ

∆vf

∆t
+ αf

(
grad∆vf · vf + Lf ·∆vf

)
D

(
DfJf

Dt

)
[∆vf ] = αf grad J

f ·∆vf

Dτ
[
∆vf

]
= αfCτ :

1

2

(
grad∆vf + gradT ∆vf

)
D

(
Df
(
Jfcι

)
Dt

)[
∆vf

]
= αf grad

(
Jfcι

)
·∆vf
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D (grad p̃)
[
∆Jf

]
= αf

(
p̃′J grad∆J

f +∆Jf p̃′′J grad J
f
)

Dρf
[
∆Jf

]
= −αf

ρf

Jf
∆Jf

Dτ
[
∆Jf

]
= αfτ

′
J∆J

f

D

(
DfJf

Dt

)[
∆Jf

]
= αf

(
αm

αfγ

∆Jf

∆t
+ grad∆Jf · vf

)
Dκ̃ι

[
∆Jf

]
= αf

∂κ̃ι

∂Jf
∆Jf

D

(
Df
(
Jfcι

)
Dt

)[
∆Jf

]
= αf c̃

ι

(
κ̃ι + Jf ∂κ̃

ι

∂Jf

)(
αm

αfγ

∆Jf

∆t
+ grad∆Jf · vf

)

+ αf c̃
ιD

fJf

Dt

(
2
∂κ̃ι

∂Jf
+ Jf ∂2κ̃ι

∂ (Jf )
2

)
∆Jf

+ αf

(
κ̃ι
Df c̃ι

Dt
+ c̃ι

∑
γ

∂κ̃ι

∂c̃γ
Df c̃γ

Dt

)
∆Jf

+ αfJ
f

(
∂κ̃ι

∂Jf

Df c̃ι

Dt
+ c̃ι

∑
γ

(
∂2κ̃ι

∂Jf∂c̃γ

)
Df c̃γ

Dt

)
∆Jf

Dĉι
[
∆Jf

]
= αfν

ι ∂ζ̂

∂Jf
∆Jf

Djιd

[
∆Jf

]
= −αf

∂κ̃ι

∂Jf
∆Jfdι0 grad c̃

ι

D (κ̃ιc̃ι)
[
∆c̃β

]
= αf

(
διβκ̃

β +
∂κ̃ι

∂c̃β
c̃ι
)
∆c̃β

D (κ̃ι grad c̃ι)
[
∆c̃β

]
= αf

(
διβκ̃

β grad∆c̃β +
∂κ̃ι

∂c̃β
∆c̃β grad c̃ι

)
D

(
Df
(
Jfcι

)
Dt

)[
∆c̃β

]
= αfJ

f

(
διβκ̃

β + c̃ι
∂κ̃ι

∂c̃β

)((
αm

αfγ

1

∆t
+

1

Jf

DfJf

Dt

)
∆c̃β + grad∆c̃β · vf

)
Dĉι

[
∆c̃β

]
= αfν

ι ∂ζ̂

∂c̃β
∆c̃β

Djιd

[
∆c̃β

]
= −αf

(
διβκ̃

βdβ0 grad∆c̃
β +∆c̃β

(
∂κ̃ι

∂c̃β
dι0 + κ̃ι

∂dι0
∂c̃β

)
grad c̃ι

)
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Then we can evaluate the linearizations as follows,

D (δW v
int)

[
∆vf

]
= αf

ˆ
Ωf

δvf · ρf
(
αm

αfγ

∆vf

∆t
+
(
grad∆vf · vf + Lf ·∆vf

))
dv

+ αf

ˆ
Ωf

grad δvf : Cτ :
1

2

(
grad∆vf + gradT ∆vf

)
dv

D (δW v
int)

[
∆Jf

]
= αf

ˆ
Ωf

δvf ·

(
p̃′J grad∆J

f +∆Jf p̃′′J grad J
f +∆Jf

∑
ι

Rθ
∂κ̃ι

∂Jf
grad c̃ι

)
dv

− αf

ˆ
Ωf

δvf · ρ
f

Jf
∆Jfafdv + αf

ˆ
Ωf

τ ′
J∆J

f : grad δvfdv

D (δW v
int)

[
∆c̃β

]
= αf

ˆ
Ωf

δvf ·Rθ
∑
ι

(
διβκ̃

β grad∆c̃β +
∂κ̃ι

∂c̃β
∆c̃β grad c̃ι

)
dv

D
(
δW J

int

) [
∆vf

]
= αf

ˆ
Ωf

(
δJf 1

Jf
grad Jf + grad δJf

)
·∆vfdv

D
(
δW J

int

) [
∆Jf

]
= αf

ˆ
Ωf

δJf 1

Jf

((
αm

αfγ

1

∆t
− 1

Jf

DfJf

Dt

)
∆Jf + grad∆Jf · vf

)
dv

D
(
δW J

int

) [
∆c̃β

]
= 0

D (δW c
int)

[
∆vf

]
=
∑
ι

ˆ
Ωf

−δc̃ι 1

Jf
grad

(
Jfcι

)
· αf∆vf

D (δW c
int)

[
∆Jf

]
=
∑
ι

ˆ
Ωf

δc̃ι
αf∆J

f

(Jf )
2

Df
(
Jfcι

)
Dt

− δc̃ιαf
c̃ι

Jf

(
κ̃ι + Jf ∂κ̃

ι

∂Jf

)(
αm

αfγ

∆Jf

∆t
+ grad∆Jf · vf

)
− δc̃ιαf

c̃ι

Jf

DfJf

Dt

(
2
∂κ̃ι

∂Jf
+ Jf ∂2κ̃ι

∂ (Jf )
2

)
∆Jf

− δc̃ιαf
1

Jf

(
κ̃ι
Df c̃ι

Dt
+ c̃ι

∑
γ

∂κ̃ι

∂c̃γ
Df c̃γ

Dt

)
∆Jf

− δc̃ιαf

(
∂κ̃ι

∂Jf

Df c̃ι

Dt
+ c̃ι

∑
γ

(
∂2κ̃ι

∂Jf∂c̃γ

)
Df c̃γ

Dt

)
∆Jf

+ αfδc̃
ινι

∂ζ̂

∂Jf
∆Jf − αf grad δc̃

ι ·

(
∂κ̃ι

∂Jf
dι0 grad c̃

ι +
∑
γ

zγ
∂κ̃γ

∂Jf
dγ0 grad c̃

γ

)
∆Jfdv

D (δW c
int)

[
∆c̃β

]
=
∑
ι

ˆ
Ωf

−δc̃ιαf

(
διβκ̃

β + c̃ι
∂κ̃ι

∂c̃β

)((
αm

αfγ

1

∆t
+

1

Jf

DfJf

Dt

)
∆c̃β + grad∆c̃β · vf

)
+ δc̃ιαfν

ι ∂ζ̂

∂c̃β
∆c̃β

− αf grad δc̃
ι ·
(
διβκ̃

βdβ0 grad∆c̃
β +∆c̃β

(
∂κ̃ι

∂c̃β
dι0 + κ̃ι

∂dι0
∂c̃β

)
grad c̃ι

)
− αf grad δc̃

ι ·

(
zβκ̃βdβ0 grad∆c̃

β +∆c̃β
∑
γ

zγ
(
∂κ̃γ

∂c̃β
dγ0 + κ̃γ

∂dγ0
∂c̃β

)
grad c̃γ

)
dv
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Similarly, we can rewrite eq.(3.8.3) as

δWext =

ˆ
Γf

δvf · tτda+
ˆ
Γf

δJfvfnda+

ˆ
Γf

δc̃ιj̃ιnda

+ δGv
ext + δGc

ext

where

δGv
ext =

ˆ
Ωf

δvf ·

(
ρfbf +

∑
ι

M ιcιbι

)
dv

δGc
ext = −

∑
ι

ˆ
Ωf

grad δc̃ι ·

(
jιb +

∑
γ

zγjγb

)
dv

and we can linearize δGv
ext and δGc

ext as

D (δGv
ext)

[
∆vf

]
= 0

D (δGv
ext)

[
∆Jf

]
= αf

ˆ
Ωf

δvf ·

(
− ρ

f

Jf
bf +

∑
ι

M ι ∂κ̃
ι

∂Jf
c̃ιbι

)
∆Jfdv

D (δGv
ext)

[
∆c̃β

]
= αf

ˆ
Ωf

δvf ·

(
Mβκ̃βbβ +

∑
γ

Mγ ∂κ̃
γ

∂c̃β
c̃γbγ

)
∆c̃βdv

and

D (δGc
ext)

[
∆vf

]
= 0

D (δGc
ext)

[
∆Jf

]
= −

∑
ι

αf

ˆ
Ωf

grad δc̃ι ·

(
sι
∂κ̃ι

∂Jf
c̃ιbι +

∑
γ

zγsγ
∂κ̃γ

∂Jf
c̃γbγ

)
∆Jfdv

D (δGc
ext)

[
∆c̃β

]
= −

∑
ι

αf

ˆ
Ωf

grad δc̃ι ·

((
διβ + zβ

)
sβκ̃βbβ + sι

∂κ̃ι

∂c̃β
c̃ιbι +

∑
γ

zγsγ
∂κ̃γ

∂c̃β
c̃γbγ

)
∆c̃β dv

under the assumption that Dbα
[
∆vf

]
= 0

3.8.3 Discretization for Fluid-Solutes

To evaluate the discretized form of the virtual work and its linearizations we use

δvf =
∑
a

Naδv
f
a ∆vf =

∑
b

Nb∆vf
b

δJf =
∑
a

NaδJ
f
a ∆Jf =

∑
b

Nb∆J
f
b

δc̃ι =
∑
a

Naδc̃
ι
a ∆c̃β =

∑
b

Nb∆c̃
β
b

where Na are shape functions. Then, the discretized form of the virtual work takes the form

δW v
int =

∑
a

δvf
a · fva

δW J
int =

∑
a

δJf
a f

J
a

δW c
int =

∑
ι

∑
a

δc̃ιaf
ι
a
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where

fva =

ˆ
Ωf

Na

(
grad p̃+ ρfaf +

∑
ι

Rθκ̃ι grad c̃ι

)
+ τ · gradNadv

fJa =

ˆ
Ωf

Na
1

Jf

DfJf

Dt
+ gradNa · vfdv

f ιa =

ˆ
Ωf

−Na

(
1

Jf

Df
(
Jfcι

)
Dt

− ĉι
)

+ gradNa ·

(
jιd +

∑
γ

zγjγd

)
dv

1

Jf

Df
(
Jfcι

)
Dt

=
cι

Jf

DfJf

Dt
+ κ̃ι

Df c̃ι

Dt
+ c̃ι

Df κ̃ι

Dt

and
δGv

ext =
∑
a

δvf
a · bv

a

δGc
ext =

∑
ι

∑
a

δc̃ιab
ι
a

where

bv
a =

ˆ
Ωf

Na

(
ρfbf +

∑
ι

M ιcιbι

)
dv

bιa =

ˆ
Ωf

Na div

(
jιb +

∑
γ

zγjγb

)
dv

Note that
DfJf

Dt
=
∂Jf

∂t
+ grad Jf · vf

Dfcι

Dt
=
∂cι

∂t
+ grad cι · vf

= κ̃ι
∂c̃ι

∂t
+ c̃ι

∂κ̃ι

∂t
+ (κ̃ι grad c̃ι + c̃ι grad κ̃ι) · vf

Df κ̃ι

Dt
=
∂κ̃ι

∂Jf

DfJf

Dt
+
∑
γ

∂κ̃ι

∂c̃γ
Dc̃γ

Dt

grad κ̃ι =
∂κ̃ι

∂Jf
grad J +

∑
γ

∂κ̃ι

∂c̃γ
grad c̃γ

Df
(
Jfcι

)
Dt

= cι
DfJf

Dt
+ JfD

fcι

Dt

The linearization of δW v
int gets discretized into

D (δW v
int)

[
∆vf

]
=
∑
a

δvf
a ·
∑
b

αfK
vv
ab ·∆vf

b

D (δW v
int)

[
∆Jf

]
=
∑
a

δvf
a ·
∑
b

αfk
vJ
ab∆J

f
b

D (δW v
int)

[
∆c̃β

]
=
∑
a

δvf
a ·
∑
b

αfk
vβ
ab∆c̃

β
b
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where

Kvv
ab =

ˆ
Ωf

gradNa · Cτ · gradNbdv

+

ˆ
Ωf

Naρ
f

((
αm

αfγ

Nb

∆t
+ gradNb · vf

)
I+NbL

f

)
dv

kvJ
ab =

ˆ
Ωf

Na

(
p̃′J gradNb +Nb

(
p̃′′J grad J

f +Rθ
∑
γ

∂κ̃γ

∂Jf
grad c̃γ

))
dv

+

ˆ
Ωf

Nbτ
′
J · gradNadv − αf

ˆ
Ωf

NaNb
ρf

Jf
afdv

kvβ
ab =

ˆ
Ωf

NaRθ

(
κ̃β gradNb +Nb

∑
γ

∂κ̃γ

∂c̃β
grad c̃γ

)
dv

The linearization of δW J
int gets discretized into

D
(
δW J

int

) [
∆vf

]
=
∑
a

δJf
a

∑
b

αfk
Jv
ab ·∆vf

b

D
(
δW J

int

) [
∆Jf

]
=
∑
a

δJf
a

∑
b

αfk
JJ
ab ∆J

f
b

D
(
δW J

int

) [
∆c̃β

]
= 0

where

kJv
ab =

ˆ
Ωf

Nb

(
Na

1

Jf
grad Jf + gradNa

)
dv

kJJab =

ˆ
Ωf

Na

Jf

((
αm

αfγ

1

∆t
− 1

Jf

DfJf

Dt

)
Nb + gradNb · vf

)
dv

Finally, the linearization of δW c
int gets discretized into

D (δW c
int)

[
∆vf

]
=
∑
ι

∑
a

δc̃ιa
∑
b

αfk
ιv
ab ·∆vf

b

D (δW c
int)

[
∆Jf

]
=
∑
ι

∑
a

δc̃ιa
∑
b

αfk
ιJ
ab∆J

f
b

D (δW c
int)

[
∆c̃β

]
=
∑
ι

∑
a

δc̃ιa
∑
b

αfk
ιβ ∆c̃βb
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where

kιv
ab = −

ˆ
Ωf

NaNb
1

Jf
grad

(
Jfcι

)
dv

kιJab =

ˆ
Ωf

NaNb
1

(Jf )
2

Df
(
Jfcι

)
Dt

−Nac̃
ι

(
κ̃ι

Jf
+
∂κ̃ι

∂Jf

)(
αm

αfγ

Nb

∆t
+ gradNb · vf

)
−NaNb

c̃ι

Jf

DfJf

Dt

(
2
∂κ̃ι

∂Jf
+ Jf ∂2κ̃ι

∂ (Jf )
2

)

−NaNb

((
κ̃ι

Jf
+
∂κ̃ι

∂Jf

)
Df c̃ι

Dt
+ c̃ι

∑
γ

(
1

Jf

∂κ̃ι

∂c̃γ
+

∂2κ̃ι

∂Jf∂c̃γ

)
Df c̃γ

Dt

)

+NaNbν
ι ∂ζ̂

∂Jf︸︷︷︸
=0 currently

−Nb gradNa ·

(
∂κ̃ι

∂Jf
dι0 grad c̃

ι +
∑
γ

zγ
∂κ̃γ

∂Jf
dγ0 grad c̃

γ

)
dv

kιβ =

ˆ
Ωf

−Na

(
διβκ̃

β + c̃ι
∂κ̃ι

∂c̃β

)((
αm

αfγ

1

∆t
+

1

Jf

DfJf

Dt

)
Nb + gradNb · vf

)
+NaNbν

ι ∂ζ̂

∂c̃β

− gradNa ·
(
διβκ̃

βdβ0 gradNb +Nb

(
∂κ̃ι

∂c̃β
dι0 + κ̃ι

∂dι0
∂c̃β

)
grad c̃ι

)
− gradNa ·

(
zβκ̃βdβ0 gradNb +Nb

∑
γ

zγ
(
∂κ̃γ

∂c̃β
dγ0 + κ̃γ

∂dγ0
∂c̃β

)
grad c̃γ

)
dv

1

Jf
grad

(
Jfcι

)
=

1

Jf
cι grad Jf + κ̃ι grad c̃ι + c̃ι grad κ̃ι

1

Jf

Df
(
Jfcι

)
Dt

=
cι

Jf

DfJf

Dt
+ κ̃ι

Df c̃ι

Dt
+ c̃ι

Df κ̃ι

Dt

For the external work contributions from body forces, the discretized forms are

δGv
ext =

∑
a

δvf
a · bv

a

δGc
ext =

∑
ι

∑
a

δc̃ιab
ι
a

where

bv
a =

ˆ
Ωf

Na

(
ρfbf +

∑
ι

M ιcιbι

)
dv

bιa = −
ˆ
Ωf

gradNa ·

(
jιb +

∑
γ

zγjγb

)
dv
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and
D (δGv

ext)
[
∆vf

]
= 0

D (δGv
ext)

[
∆Jf

]
=
∑
a

δvf
a ·
∑
b

αfb
vJ
ab∆J

f
b

D (δGv
ext)

[
∆c̃β

]
=
∑
a

δvf
a ·
∑
b

αfb
vβ
ab∆c̃

β
b

where

bvJ
ab =

ˆ
Ωf

NaNb

(
− ρ

f

Jf
bf +

∑
γ

Mγ ∂κ̃
γ

∂Jf
c̃ιbγ

)
dv

bvβ
ab =

ˆ
Ωf

NaNb

(
Mβκ̃βbβ +

∑
γ

Mγ ∂κ̃
γ

∂c̃β
c̃γbγ

)
dv

Similarly,
D (δGc

ext)
[
∆vf

]
= 0

D (δGc
ext)

[
∆Jf

]
=
∑
ι

∑
a

δc̃ιa
∑
b

αfb
ιJ
ab∆J

f
b

D (δGc
ext)

[
∆c̃β

]
=
∑
ι

∑
a

δc̃ιa
∑
b

αfb
ιβ
ab∆c̃

β
b

where

bιJab = −
ˆ
Ωf

Nb gradNa ·

(
sι
∂κ̃ι

∂Jf
c̃ιbι +

∑
γ

zγsγ
∂κ̃γ

∂Jf
c̃γbγ

)
dv

bιβab = −
ˆ
Ωf

Nb gradNa ·

((
διβ + zβ

)
sβκ̃βbβ + sι

∂κ̃ι

∂c̃β
c̃ιbι +

∑
γ

zγsγ
∂κ̃γ

∂c̃β
c̃γbγ

)
dv

In the special case when the body force acting on each constituent is the same, bf = bι ≡ b,
these expressions simplify further,

bιJab = −
ˆ
Ωf

Nb

(
wιJ + wcJ

e

)
gradNa · bdv

bιβab = −
ˆ
Ωf

Nb

((
διβ + zβ

)
sβκ̃β + wιβ + wcβ

e

)
gradNa · b dv

where
wιJ ≡ sι ∂κ̃

ι

∂Jf
c̃ι wcJ

e ≡
∑
γ

zγsγ
∂κ̃γ

∂Jf
c̃γ

wιβ ≡ sι ∂κ̃
ι

∂c̃β
c̃ι wcβ

e ≡
∑
γ

zγsγ
∂κ̃γ

∂c̃β
c̃γ

3.9 Newton-Raphson Method

The Newton-Raphson method (also known as “Newton’s method”, “Full Newton method” or “the
Newton method”) is the basis for solving the nonlinear finite element equations. This section



150 CHAPTER 3. THE NONLINEAR FE METHOD

will describe the Full Newton method and the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
[91]. The latter variation is actually a quasi-Newton method. It is important since it provides several
advantages over the full Newton method and it is this method that is implemented in FEBio [91].

3.9.1 Full Newton Method

The Newton-Raphson equation (3.1.3) can be written in terms of the discretized equilibrium equa-
tions that were derived in the previous section as follows:

δvT ·K · u = −δvT ·R. (3.9.1)

Since the virtual velocities δvare arbitrary, a discretized Newton-Raphson scheme can be formu-
lated as follows:

K (xk) · u = −R (xk) ; xk+1 = xk + u . (3.9.2)

This is the basis of the Newton-Raphson method. For each iteration k, both the stiffness matrix
and the residual vector are re-evaluated and a displacement increment u is calculated by pre-
multiplying both sides of the above equation by K−1. This procedure is repeated until some
convergence criteria are satisfied.

The formation of the stiffness matrix and, especially, calculation of its inverse, are computation-
ally expensive. Quasi-Newton methods do not require the reevaluation of the stiffness matrix for
every iteration. Instead, a quick update is calculated. One particular method that has been quite
successful in the field of computational solid mechanics is the BFGS method, which is described
in the next section.

3.9.2 BFGS Method

The BFGS method updates the stiffness matrix (or rather its inverse) to provide an approximation
to the exact matrix. A displacement increment is defined as

dk = xk − xk−1 , (3.9.3)

and an increment in the residual is defined as

Gk = Rk−1 −Rk . (3.9.4)

The updated matrix Kk should satisfy the quasi-Newton equation:

Kkdk = Gk . (3.9.5)

In order to calculate this update, as displacement increment is first calculated:

u = K−1
k−1Rk−1 . (3.9.6)

This displacement vector defines a “direction” for the actual displacement increment. A line search
(see next section) can now be applied to determine the optimal displacement increment:

xk = xk−1 + su , (3.9.7)

where sis determined from the line search. With the updated position calculated, Rkcan be eval-
uated. Also, using equations (3.9.3) and (3.9.4), dk and Gk can be evaluted. The stiffness update
can now be expressed as

K−1
k = AT

kK
−1
k−1Ak , (3.9.8)
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where the matrix A is an n× n matrix of the simple form:

Ak = 1+ vkw
T
k . (3.9.9)

The vectors v and w are given by

vk = −
(

dT
kGk

dT
kKk−1dk

)1/2

Kk−1dk −Gk , (3.9.10)

wk =
dk

dT
kGk

. (3.9.11)

The vector Kk−1dk is equal to sRk−1 and has already been calculated.
To avoid numerically dangerous updates, the condition number c of the updating matrix A is

calculated:

c =

(
dT
kGk

dT
kKk−1dk

)1/2

. (3.9.12)

The update is not performed when this number exceeds a preset tolerance.
Considering the actual computations involved, it should be noted that using the matrix updates

defined above, the calculation of the search direction in (3.9.6) can be rewritten as,

u =
(
1+wk−1v

T
k−1

)
· · ·
(
1+w1v

T
1

)
K−1

0

(
1+ v1w

T
1

)
· · ·
(
1+ vk−1w

T
k−1

)
Rk−1 . (3.9.13)

Hence, the search direction can be computed without explicitly calculating the updated matrices
or performing any additional costly matrix factorizations as required in the full Newton-Raphson
method.

3.9.3 Line Search Method

A powerful technique often used to improve the convergence rate of Newton based methods is the
line search method. In this method, the direction of the displacement vector u is considered as
optimal, but the magnitude is controlled by a parameter s:

xk+1 = xk + su . (3.9.14)

The value of sis usually chosen so that the total potential energy W (s) = W (xk + su)at the end
of the iteration is minimized in the direction of u. This is equivalent to the requirement that the
residual force R (xk + su)at the end of the iteration is orthogonal to u:

R (s) = uTR (xk + su) = 0 . (3.9.15)

However, in practice it is sufficient to obtain a value of ssuch that,

|R (s)| < ρ |R (0)| , (3.9.16)

where typically a value of ρ = 0.9 is used. Under normal conditions the value s = 1 automatically
satisfies equation (3.9.16) and therefore few extra operations are involved. However, when this is
not the case, a more suitable value for sneeds to be obtained. For this reason it is convenient to
approximate R (s)as a quadratic in s:

R (s) ≈ (1− s)R (0) +R (1) s2 = 0 , (3.9.17)
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which yields a value for sas

s =
r

2
±
√(r

2

)2
− r , r =

R (0)

R (1)
. (3.9.18)

If r < 0, the square root is positive and a first improved value for sis obtained:

s1 =
r

2
+

√(r
2

)2
− r . (3.9.19)

If r > 0 the scan be obtained by using the value that minimizes the quadratic function, that is,
s1 = r/2. This procedure is now repeated with R (1) replaced by R (s1) until equation (3.9.16) is
satisfied.

3.9.4 Conjugate gradient solution method

The Newton-Raphson solution algorithms are highly effective for nearly linear problems, but they
have two major limitations. Firstly, for very large models, the size of the stiffness matrix K can
grow very large as well. The factorization of this matrix, which is needed when using direct linear
solvers, can become very time consuming and requires a large amount of memory. This is the
main factor that limits the size of model that can be solved on a given computer. Secondly, where
the stiffness is small, it can overestimate the displacement, resulting in excessive distortion of the
mesh and the familiar negative Jacobian failure. This can occur when a material has a low initial
stiffness that increases at higher strains (we work around this by using a large number of small
timesteps to reduce the nonlinearity on each increment), when buckling causes a temporary low
or negative stiffness, when a part of the model is not sufficiently constrained, or when contacts
cause sudden changes of stiffness. For these reasons the Newton-Raphson algorithms often fail
to converge for very nonlinear materials, models with contacts or unstable structures that can
buckle or crumple under load.

An alternative strategy is to estimate a direction to move each node directly from the residual
R:

u = −R (xk)

Then a line search is needed to find the appropriate distance to move in that direction. This is
the steepest descent method, which has the disadvantage that it converges slowly in a series of
decreasing zig-zag steps. Its convergence is much improved by adding a fraction β of the previous
step:

uk = −R (xk) + βuk−1

There are many different ways to calculate β; one method which has excellent convergence for
nonlinear problems is due to Hager and Zhang:

yi = Ri−1 −Ri

βi =
−1

ui−1 · yi

(
yi − 2ui−1

∥yi∥
2

ui−1 · yi

)
·Ri
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ηi =
−1

∥ui−1∥min {η, ∥Ri−1∥}

βi = max {βi, ηi}

A limitation of this method is that the distance each node moves is proportional to the resid-
ual; stiffer nodes produce a larger residual for a given displacement and therefore move further,
whereas in fact they need to move less than more compliant nodes. This results in mesh distortion
where the element size varies, for midside nodes in quadratic elements or for mixed materials.
This problem can be reduced by using a preconditioner, dividing the residual at each node by an
estimate of its stiffness. This requires changes also to the calculation of β:

βi =
−1

ui−1 · yi

(
yT
i P − 2ui−1

yT
i Pyi

ui−1 · yi

)
·Ri

ηi = 0.4
∆uT

i−1Ri

uT
i−1P

−1ui−1

βi = max {βi, ηi}

ui+1 = PRi + βiui

The preconditioner P can be found in various ways; a convenient approximation is to use the
reciprocal of the main diagonal of the stiffness matrix:

P−1 = diag (K)

This is calculated once at the beginning of the solution.

3.10 Generalized α−Method

The generalized α−method is used for temporal discretization of governing equations in fluid me-
chanics. For this method we combine the degrees of freedom into Yn = {v, J}n, where the
subscript n denotes time tn; similarly, we let Ẏn =

{
∂v
∂t ,

∂J
∂t

}
n
. According to this method [74], the

virtual work is evaluated at δW
(
Ẏn+αm ,Yn+αf

)
, where tn+α = tn + α∆t and ∆t = tn+1 − tn.

Here,
Yn+αf

= αfYn+1 + (1− αf )Yn

Ẏn+αm = αmẎn+1 + (1− αm) Ẏn

. (3.10.1)

The parameters αf and αm are evaluated from a single parameter ρ∞ using

αf =
1

1 + ρ∞
, αm =

1

2

3− ρ∞
1 + ρ∞

, (3.10.2)

where 0 ≤ ρ∞ ≤ 1. This parameter is the spectral radius for an infinite time step, which controls
the amount of damping of high frequencies; a value of zero produces the greatest amount of
damping, anihilating the highest frequency in one step, whereas a value of one preserves the
highest frequency.
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The linearization of δW
(
Ẏn+αm ,Yn+αf

)
reported in Section 3.5.2 is effectively performed

along an increment ∆Y of Yn+1 so that the solution to δW = 0 produces Yn+1. Based on
Newmark integration, we have

Ẏn+1 =
Yn+1 −Yn

γ∆t
−
(
1

γ
− 1

)
Ẏn . (3.10.3)

where, according to the generalized α−method,

γ =
1

2
+ αm − αf . (3.10.4)

Therefore, in this scheme, Ẏn+αm is evaluated from

Ẏn+αm =

(
1− αm

γ

)
Ẏn +

ξ

∆t

(
Yn+αf

−Yn

)
, ξ ≡ αm

αfγ
. (3.10.5)

Using (3.10.1) and (3.10.5), we find that

DYn+αf
[∆Y] = αf∆Y

DẎn+αm [∆Y] =
αm

γ

∆Y

∆t

(3.10.6)

Given the solution
(
Ẏn+αm ,Yn+αf

)
, the solution at tn+1 is evaluated from

Yn+1 = Yn +
Yn+αf

−Yn

αf
,

Ẏn+1 = Ẏn +
Ẏn+αm − Ẏn

αm
.

(3.10.7)

Four different options are presented in [74] for initializing Yn+1 and Ẏn+1 at the beginning of time
step tn+1; the first three of these have been implemented in FEBio. For steady flows these authors
recommend disregarding ρ∞ and setting αf = αm = γ = 1 to recover the backward Euler scheme.



Chapter 4

Element Library

FEBio provides several element types for finite element discretization. This chapter describes
these elements in more detail.

4.1 Solid Elements

The 3D solid elements available in FEBio are isoparametric elements. All of the solid elements
are formulated in a global Cartesian coordinate system. For all these elements, a local coordinate
system (so-called isoparametric coordinates) is defined as well. The global position vector x can
be written as a function of the isoparametric coordinates in the following sense:

x (r, s, t) =
n∑

i=1

Ni (r, s, t)xi. (4.1.1)

Here, n is the number of nodes, r, s and t are the isoparametric coordinates, Ni are the element
shape functions and xi are the spatial coordinates of the element nodes. The same parametric
interpolation is used for the interpolation of other scalar and vector quantities.

All elements in FEBio are integrated numerically. This implies that integrals over the volume of
the element ve are approximated by a sum:

ˆ

ve

f (x) dv =

ˆ

2e

f (r) J(r)d2 ∼=
m∑
i=1

f (ri) Jiwi . (4.1.2)

Here, 2 is the biunit cube, m is the number of integration points, riare the location of the integration
points in isoparametric coordinates, J is the Jacobian of the transformation x = x (r, s, t), and wi

is a weight associated with the integration point. The integration is performed over the element’s
volume in the natural coordinate system.

Most fully integrated solid elements are unsuitable for the analysis of (nearly-) incompressible
material behavior. To deal with this type of deformation, a three-field element implementation is
available in FEBio [118].

4.1.1 Hexahedral Elements

FEBio implements an 8-node trilinear hexahedral element. This element is also known as a brick
element. The shape functions for these elements are defined in function of the isoparametric
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coordinates r, s and t, and are given below.

N1 =
1

8
(1− r) (1− s) (1− t)

N2 =
1

8
(1 + r) (1− s) (1− t)

N3 =
1

8
(1 + r) (1 + s) (1− t)

N4 =
1

8
(1− r) (1 + s) (1− t)

N5 =
1

8
(1− r) (1− s) (1 + t)

N6 =
1

8
(1 + r) (1− s) (1 + t)

N7 =
1

8
(1 + r) (1 + s) (1 + t)

N8 =
1

8
(1− r) (1 + s) (1 + t)

. (4.1.3)

The following integration rule is implemented for this element type.

8-point Gauss rule
r s t w
-0.577350269 -0.577350269 -0.577350269 1
0.577350269 -0.577350269 -0.577350269 1
0.577350269 0.577350269 -0.577350269 1
-0.577350269 0.577350269 -0.577350269 1
-0.577350269 -0.577350269 0.577350269 1
0.577350269 -0.577350269 0.577350269 1
0.577350269 0.577350269 0.577350269 1
-0.577350269 0.577350269 0.577350269 1

4.1.2 Pentahedral Elements

Pentahedral elements (also knows as “wedge” elements) consist of six nodes and five faces. Their
shape functions are defined in function of the isoparametric coordinates r, s and t and are given
as follows.

N1 =
1

2
(1− r − s) (1− t)

N2 =
1

2
r (1− t)

N3 =
1

2
s (1− t)

N4 =
1

2
(1− r − s) (1 + t)

N5 =
1

2
r (1 + t)

N6 =
1

2
s (1 + t)

. (4.1.4)
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The following integration rule is implemented for this element type.

6-point Gauss rule
r s t w
0.166666667 0.166666667 -0.577350269 0.166666667
0.666666667 0.166666667 -0.577350269 0.166666667
0.166666667 0.666666667 -0.577350269 0.166666667
0.166666667 0.166666667 0.577350269 0.166666667
0.666666667 0.166666667 0.577350269 0.166666667
0.166666667 0.666666667 0.577350269 0.166666667

4.1.3 Tetrahedral Elements

Linear 4-node tetrahedral elements are also available in FEBio. Their shape functions are defined
in function of the isoparametric coordinates r, s and t.

N1 = 1− r − s− t
N2 = r

N3 = s

N4 = t

. (4.1.5)

The following integration rules are implemented for this element type.

1-point Gauss rule
r s t w
0.25 0.25 0.25 0.166666667

4-point Gauss rule
r s t w
0.13819660 0.13819660 0.13819660 0.041666667
0.58541020 0.13819660 0.13819660 0.041666667
0.13819660 0.58541020 0.13819660 0.041666667
0.13819660 0.13819660 0.58541020 0.041666667
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Different solid element types that are available in FEBio

4.1.4 Quadratic Tetrahedral Elements

FEBio implements a 10-node quadratic tetrahedral element. It has four corner nodes and six
nodes located at the midpoint of the edges. The shape functions in terms area coordinates are
given below. The area coordinates relate to the isoparametric coordinates as follows.

t1 = 1− r − s− t
t2 = r

t3 = s

t4 = t

. (4.1.6)

The shape functions follow.
Hi = ti (2ti − 1) , i = 1 · · · 4
H5 = 4t1t2

H6 = 4t2t3

H7 = 4t3t1

H8 = 4t1t4

H9 = 4t2t4

H10 = 4t3t4

. (4.1.7)

The following integration rules are implemented for this element type.

4-point Gauss rule
r s t w
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0.58541020 0.13819660 0.13819660 0.041666667
0.13819660 0.58541020 0.13819660 0.041666667
0.13819660 0.13819660 0.58541020 0.041666667
0.13819660 0.13819660 0.13819660 0.041666667

8-point Gauss rule
r s t w
0.01583591 0.328054697 0.328054697 0.023087995
0.328054697 0.01583591 0.328054697 0.023087995
0.328054697 0.328054697 0.01583591 0.023087995
0.328054697 0.328054697 0.328054697 0.023087995
0.679143178 0.106952274 0.106952274 0.018578672
0.106952274 0.679143178 0.106952274 0.018578672
0.106952274 0.106952274 0.679143178 0.018578672
0.106952274 0.106952274 0.106952274 0.018578672

11-point Gauss-Lobatto rule
r s t w
0 0 0 0.002777778
1 0 0 0.002777778
0 1 0 0.002777778
0 0 1 0.002777778
0.5 0 0 0.011111111
0.5 0.5 0 0.011111111
0 0.5 0 0.011111111
0 0 0.5 0.011111111
0.5 0 0.5 0.011111111
0 0.5 0.5 0.011111111
0.25 0.25 0.25 0.088888889

FEBio also implements a 15-node quadratic tetrahedral element.
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Quadratic tetrahedral elements available in FEBio. Left, a 10-node quadratic tet. Right, a
15-node quadratic tet.

The following integration rules are implemented for this element type.

8-point Gauss rule1

r s t w
0.0158359099 0.3280546970 0.3280546970 0.138527967
0.3280546970 0.0158359099 0.3280546970 0.138527967
0.3280546970 0.3280546970 0.0158359099 0.138527967
0.3280546970 0.3280546970 0.3280546970 0.138527967
0.6791431780 0.1069522740 0.1069522740 0.111472033
0.1069522740 0.6791431780 0.1069522740 0.111472033
0.1069522740 0.1069522740 0.6791431780 0.111472033
0.1069522740 0.1069522740 0.1069522740 0.111472033

11-point Gauss rule
r s t w
0.25 0.25 0.25 -0.01315555556
0.071428571428571 0.071428571428571 0.071428571428571 0.007622222222
0.785714285714286 0.071428571428571 0.071428571428571 0.007622222222
0.071428571428571 0.785714285714286 0.071428571428571 0.007622222222
0.071428571428571 0.071428571428571 0.785714285714286 0.007622222222
0.399403576166799 0.100596423833201 0.100596423833201 0.024888888889
0.100596423833201 0.399403576166799 0.100596423833201 0.024888888889
0.100596423833201 0.100596423833201 0.399403576166799 0.024888888889
0.399403576166799 0.399403576166799 0.100596423833201 0.024888888889
0.399403576166799 0.100596423833201 0.399403576166799 0.024888888889

1Note that weights sum up to one and not to the volume of the tet in the natural coordinate system (i.e. 1/6).
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0.100596423833201 0.399403576166799 0.399403576166799 0.024888888889

15-point Gauss rule
r s t w
0.25 0.25 0.25 0.030283678097089
0.333333333333333 0.333333333333333 0.333333333333333 0.006026785714286
0.000000000000000 0.333333333333333 0.333333333333333 0.006026785714286
0.333333333333333 0.000000000000000 0.333333333333333 0.006026785714286
0.333333333333333 0.333333333333333 0.000000000000000 0.006026785714286
0.090909090909091 0.090909090909091 0.090909090909091 0.011645249086029
0.727272727272727 0.090909090909091 0.090909090909091 0.011645249086029
0.090909090909091 0.727272727272727 0.090909090909091 0.011645249086029
0.090909090909091 0.090909090909091 0.727272727272727 0.011645249086029
0.433449846426336 0.066550153573664 0.066550153573664 0.010949141561386
0.066550153573664 0.433449846426336 0.066550153573664 0.010949141561386
0.066550153573664 0.066550153573664 0.433449846426336 0.010949141561386
0.066550153573664 0.433449846426336 0.433449846426336 0.010949141561386
0.433449846426336 0.066550153573664 0.433449846426336 0.010949141561386
0.433449846426336 0.433449846426336 0.066550153573664 0.010949141561386

4.2 Shell Elements

Historically, shells have been formulated using two different approaches [71]. The difference be-
tween these approaches lies in the way the rotational degrees of freedom are defined. In the first
approach, the rotational degrees of freedom are defined as angles. In addition, the plane stress
condition needs to be enforced to take thickness variations into account. This approach is very
useful for infinitesimal strains, but becomes very difficult to pursue in finite deformation due to
the fact that finite rotations do not commute. Another disadvantage of this approach is that it re-
quires a modification to the material formulation to enforce the plane stress condition. For complex
materials this modification is very difficult or even impossible to obtain.

The alternative approach is to use an extensible director to describe the rotational degrees of
freedom. With this approach it is not necessary to enforce the plane-stress condition and the full
3D constitutive relations can be employed. This approach is adapted in FEBio as described here.

The shell formulation implemented in FEBio is still a work in progress. The goal is to implement
an extensible director formulation with strain enhancements to deal with the well-known locking
effect in incompressible and bending problems [30]. With the current state of the implementation,
it is advised to use quadratic elements in such problems.

Starting with FEBio 2.6, two shell formulations have become available: The original formula-
tion, where nodes are located at the mid-surface through the thickness of the shell, and a new
formulation where nodes are located on the top face of the shell. The original formulation uses
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nodal displacements and directors as degrees of freedom; the new formulation uses top and bot-
tom face nodal displacements. The new formulation is designed to properly accommodate shells
attached to the surface of a solid element, or shells sandwiched between two solid elements, with
minimal alterations to the rest of the code. The original formulation does not strictly enforce conti-
nuity of all the relevant degrees of freedom in those situations. However, this original formulation
is maintained in the code for backward compatibility.

Most of the shell elements available in FEBio use a compatible strain formulation, where the
calculation of strain components is based only on nodal displacements, similar to hexahedral or
pentrahedral elements. Users should be aware that this compatible strain formulation is very
susceptible to element locking when the shell thickness is much smaller than the shell size (e.g.,
when the aspect ratio is less than 0.01). Therefore, these shell formulations should be used with
caution, keeping in mind this important constraint. Conversely, these shell elements perform very
well when they are attached to solid elements (e.g., skin over muscle), or sandwiched between
shell elements (e.g., cell membrane separating cytoplasm from extra-cellular matrix).

The element-locking limitation of compatible strain shell formulations has motivated the devel-
opment of specialized shell formulations that attempt to overcome locking. The FE literature on
this subject is rather extensive and we refer the reader to the excellent review chapter by Bischoff
et al. [33] on this topic. Methods for overcoming locking include the assumed natural strain (ANS)
formulation for transverse shear strains [26, 87] and transverse normal strains [31, 32]. The ANS
formulation may be supplemented with the enhanced assumed strain (EAS) method [120] and
extended to large deformations [77, 116, 130]. FEBio includes the ANS (q4ans) and EAS (q4eas)
quadrilateral shell element formulations of Vu-Quoc and Tan [130], using a seven-parameter EAS
interpolation, which is otherwise substantially similar to the five-parameter interpolation presented
in an earlier study by Klinkel et al. [77]. These shell elements are not suitable for attachment
to a solid element, nor sandwiching between two solid elements. Since they don’t experience
element locking, they should be loaded more slowly than compatible strain shell elements. The
formulations presented below are for the compatible strain shell elements.

4.2.1 Shell with mid-surface nodal displacements

We create a shell formulation by reducing a solid element interpolation which is linear along the
parametric coordinate ξ3. We start with the general interpolation for a solid element,

x (ξi) =

n∑
a=1

Na (ξi)xa , (4.2.1)

where i = 1, 2, 3 and n is the number of nodes, and specialize it to the case of a shell as

Na (ξi) =

{
1−ξ3
2 Ma (ξα) 1 ⩽ a ⩽ m

1+ξ3
2 Ma (ξα) m+ 1 ⩽ a ⩽ n

, (4.2.2)

where α = 1, 2, m = n/2 is the number of shell element nodes, and Ma (ξα) are the interpolation
functions within the mid-shell surface. The description of the mid-shell surface is thus given by

x̂ (ξα) =

n∑
a=1

Na (ξ1, ξ2, 0)xa ≡
m∑
b=1

Mb (ξα) x̂b , (4.2.3)

where
x̂b =

1

2
(xb + xb+m) (4.2.4)
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are the nodal positions for the mid-shell surface.

Example of shell elements with four mid-surface nodal positions x̂b and directors db

(b = 1− 4), reduced from a solid element.

We also define the director across the shell surface as

d (ξα) = x (ξ1, ξ2, 1)− x (ξ1, ξ2,−1) =
m∑
b=1

Mb (ξα)db , (4.2.5)

where
db = xb+m − xb, b = 1−m (4.2.6)

are the nodal directors. Note that the magnitude of the nodal director represents the shell thick-
ness, h (ξα) = ∥d (ξα)∥ and the shell thicknesses at the nodes are hb = ∥db∥. With these definitions
we find that the interpolation across the parametric space of the shell element is

x (ξi) = x̂ (ξα) +
1

2
ξ3d (ξα) =

m∑
b=1

Mb (ξα)

(
x̂b +

1

2
ξ3db

)
. (4.2.7)

From this relation we can obtain the covariant basis vectors as

gα (ξi) =
∂x

∂ξα
=

m∑
b=1

∂Mb

∂ξα

(
x̂b +

1

2
ξ3db

)

g3 (ξi) =
∂x

∂ξ3
=

1

2

m∑
b=1

Mb (ξα)db

, (4.2.8)

from which we may evaluate the contravariant basis vectors gj using the identity gi ·gj = δji . Then,
the gradients of the shape functions are given by

gradMb =
∂Mb

∂ξα
gα, grad

(
1

2
ξ3Mb

)
=

1

2

(
ξ3 gradMb +Mbg

3
)
. (4.2.9)
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It follows from (4.2.7) that the virtual displacement is

δu (ξi) =
m∑
a=1

Ma (ξα)

(
δûa +

1

2
ξ3δda

)
, (4.2.10)

and the incremental displacement is

∆u (ξi) =

m∑
b=1

Mb (ξα)

(
∆ûb +

1

2
ξ3∆db

)
. (4.2.11)

In FEBio, for historical reasons, the nodal director db is currently called rotation. This is a
misnomer and users should treat this rotation as the vector da whose components have units of
length. Thus, fixing or prescribing rotation components in the input file effectively places these
constraints on the components of the nodal director; similarly, requesting rotation in the output
files will produce the components of the director.

When this type of shell is connected face-to-face with a solid element, the nodes located at
x̂b automatically share their displacement degrees of freedom ub with the corresponding nodes
from the face of the solid element. However, no continuity is enforced between the directors db

and the solid element deformation. One consequence of this condition is that a shell sandwiched
between two solid elements will not detect out-of-plane shear and normal stresses transmitted
by the solid element(s). Another consequence is that bending of the solid element(s) will not
produce a bending moment in the shell. Therefore, these shell elements are best used as shell-
only structures.

4.2.1.1 Elastic Shell

For an elastic shell, the internal virtual work becomes

δW e
int =

ˆ

Ωe

σ : grad δu dv =

n∑
a=1

[
δûa δda

]
·
[
fua
fda

]
, (4.2.12)

where

fua =

ˆ

Ωe

σ · gradMa dv, fda =

ˆ

Ωe

σ · grad
(
1

2
ξ3Ma

)
dv . (4.2.13)

The linearization of the internal virtual work is

D
(
δW e

int
)
[∆u] =

´
Ωe

tr
(
grad∆u · σ · gradT δu

)
dv

+
´
Ωe

grad δu : C : gradT ∆u dv
. (4.2.14)

The first of these integrals may be discretized as

ˆ

Ωe

tr
(
grad∆u · σ · gradT δu

)
dv =

m∑
a=1

m∑
b=1

[
δûa δda

] [ Kuu
ab Kud

ab

Kdu
ab Kdd

ab

] [
∆ûb

∆db

]
, (4.2.15)
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where

Kuu
ab =

ˆ

Ωe

(gradMa · σ · gradMb) I dv

Kud
ab =

ˆ

Ωe

(
gradMa · σ · grad

(
1

2
ξ3Mb

))
I dv

Kdu
ab =

ˆ

Ωe

(
grad

(
1

2
ξ3Ma

)
· σ · gradMb

)
I dv

Kdd
ab =

ˆ

Ωe

(
grad

(
1

2
ξ3Ma

)
· σ · grad

(
1

2
ξ3Mb

))
I dv

. (4.2.16)

The second integral in (4.2.14) becomes

ˆ

Ωe

grad δu : C : gradT ∆u dv =
m∑
a=1

m∑
b=1

[
δûa δda

] [ Kuu
ab Kud

ab

Kdu
ab Kdd

ab

] [
∆ûb

∆db

]
, (4.2.17)

where

Kuu
ab =

ˆ

Ωe

gradMa · C · gradMb dv

Kud
ab =

ˆ

Ωe

gradMa · C · grad
(
1

2
ξ3Mb

)
dv

Kdu
ab =

ˆ

Ωe

grad

(
1

2
ξ3Ma

)
· C · gradMb dv

Kdd
ab =

ˆ

Ωe

grad

(
1

2
ξ3Ma

)
· C · grad

(
1

2
ξ3Mb

)
dv

. (4.2.18)

Similar expressions may be derived for the external work and inertia forces.
In FEBio a 3-point Gaussian quadrature rule is used for the through-the-thickness integration.

FEBio currently supports four- and eight-node quadrilateral and three- and six-node triangular
shell elements.

4.2.1.2 Quadrilateral shells

For four-node quadrilateral shells, the shape functions are given by

M1 =
1

4
(1− r) (1− s)

M2 =
1

4
(1 + r) (1− s)

M3 =
1

4
(1 + r) (1 + s)

M4 =
1

4
(1− r) (1 + s)

. (4.2.19)



166 CHAPTER 4. ELEMENT LIBRARY

For eight-node quadrilateral shells the shape functions are

M1 =
1

4
(1− r) (1− s)− 1

2
(M8 +M5) M5 =

1

2

(
1− r2

)
(1− s)

M2 =
1

4
(1 + r) (1− s)− 1

2
(M5 +M6) M6 =

1

2

(
1− s2

)
(1 + r)

M3 =
1

4
(1 + r) (1 + s)− 1

2
(M6 +M7) M7 =

1

2

(
1− r2

)
(1 + s)

M4 =
1

4
(1− r) (1 + s)− 1

2
(M7 +M8) M8 =

1

2

(
1− s2

)
(1− r)

. (4.2.20)

4.2.1.3 Triangular shells

For three-node triangular shell elements, the shape functions are given by

M1 = 1− r − s
M2 = r

M3 = s

. (4.2.21)

For six-node triangular shell elements they are

M1 = r1 (2r1 − 1) M4 = 4r1r2

M2 = r2 (2r2 − 1) M5 = 4r2r3

M3 = r3 (2r3 − 1) M6 = 4r3r1

r1 = 1− r − s r2 = r r3 = s

. (4.2.22)

Different shell elements available in FEBio.



4.2. SHELL ELEMENTS 167

4.2.2 Shells with top and bottom face nodal displacements

We create a shell formulation by reducing a 3D element interpolation which is linear along ξ3. The
nodal positions at the bottom of the shell (ξ3 = −1) are denoted by ya and those on the top of the
shell (ξ3 = +1) are denoted by xa, thus

x (ξi) =
∑
a

Ma (ξ1, ξ2)

(
1 + ξ3

2
xa +

1− ξ3
2

ya

)
=
∑
a

Ma (ξ1, ξ2)

(
xa −

1− ξ3
2

da

)
(4.2.23)

The vector from ya to xa is the director, da,

da = xa − ya

From this relation we can get the shell covariant basis vectors,

gα (ξi) =
∂x

∂ξα
=
∑
a

∂Ma

∂ξα

(
1 + ξ3

2
xa +

1− ξ3
2

ya

)
=
∑
a

∂Ma

∂ξα

(
xa −

1− ξ3
2

da

)
g3 (ξi) =

∂x

∂ξ3
=
∑
a

1

2
Ma (ξ1, ξ2) (xa − ya) =

∑
a

1

2
Ma (ξ1, ξ2)da

(4.2.24)

from which we may evaluate the contravariant basis vectors gi. Let the front-face and back-face
displacements be denoted by u and w, respectively. It follows that xa = Xa+ua and ya = Ya+wa,
where Xa represents the shell nodal positions in the reference configuration, provided as nodal
coordinates in the input file, and Ya = Xa − Da is evaluated from the user-defined referential
shell thickness, and the surface surface normals evaluated at each node. If the shell surface is not
planar in the reference configuration, users must be careful to select shell thicknesses that don’t
produce inverted elements (negative Jacobians) as a result of this extrapolation.

Example of shell element with front-face nodal positions xb and back-face nodal positions
yb (b = 1− 4), reduced from a solid element.

It follows that the virtual displacement is

δu (ξi) =
∑
a

Ma

(
1 + ξ3

2
δua +

1− ξ3
2

δwa

)
, (4.2.25)
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and the incremental displacement is

∆u (ξi) =
∑
b

Mb

(
1 + ξ3

2
∆ub +

1− ξ3
2

∆wb

)
, (4.2.26)

so that

grad δu =
∑
a

δua ⊗ grad

(
1 + ξ3

2
Ma

)
+ δwa ⊗ grad

(
1− ξ3

2
Ma

)
, (4.2.27)

and

grad∆u =
∑
b

∆ub ⊗ grad

(
1 + ξ3

2
Mb

)
+∆wb ⊗ grad

(
1− ξ3

2
Mb

)
(4.2.28)

Note that

gradMb =
∂Mb

∂ξα
gα , (4.2.29)

so that

grad

(
1 + ξ3

2
Mb

)
=

1

2

(
(1 + ξ3) gradMb +Mbg

3
)

(4.2.30)

and

grad

(
1− ξ3

2
Mb

)
=

1

2

(
(1− ξ3) gradMb −Mbg

3
)

(4.2.31)

To evaluate the deformation gradient in this shell element, we use

F = Gradx =
∑
b

ub ⊗Grad

(
1 + ξ3

2
Mb

)
+wb ⊗ grad

(
1− ξ3

2
Mb

)

For this formulation, when a shell element is connected face-to-face with a solid element,
the nodal displacements of the solid element face are set to coincide with the back-face nodal
displacements wb of the shell. When a user prescribes displacement components on that shared
face, they apply to the front-face displacements ub. Similarly, prescribed pressures and contact
pressures act on the shell top face.

When a shell element is sandwiched between two solid elements, the nodal displacements of
the solid element facing the shell bottom face are set to coincide with the shell back-face nodal
displacements wb, whereas the nodal displacements of the solid element facing the shell top face
are set to coincide with the shell front-face nodal displacements ua. If the shell thickness exceeds
the thickness of the solid element connected to its bottom face, results become unpredictable.

4.2.2.1 Elastic Shell

For an elastic solid, the internal virtual work is

δWint =

ˆ
v
σ : grad δu dv

=
∑
a

[
δua δwa

] [ fua
fwa

] , (4.2.32)
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where

fua =

ˆ
v
σ · grad

(
1 + ξ3

2
Ma

)
dv

fwa =

ˆ
v
σ · grad

(
1− ξ3

2
Ma

)
dv

. (4.2.33)

For the external work of body forces,

δWext =

ˆ
v
δu · ρb dv

=

m∑
a=1

δua · fua + δwa · fwa
, (4.2.34)

where

fua =

ˆ
v

1 + ξ3
2

Maρb dv

fwa =

ˆ
v

1− ξ3
2

Maρb dv

. (4.2.35)

The linearization of the internal virtual work is

D (δWint) [∆u] =

ˆ
v
tr
(
grad∆u · σ · gradT δu

)
dv

+

ˆ
v
grad δu : C : gradT ∆u dv

. (4.2.36)

So

ˆ
v
tr
(
grad∆u · σ · gradT δu

)
dv =

∑
a

∑
b

[
δua δwa

] [ Kuu
ab Kuw

ab

Kwu
ab Kww

ab

] [
∆ub

∆wb

]
, (4.2.37)

where

Kuu
ab =

ˆ
v

(
grad

(
1 + ξ3

2
Ma

)
· σ · grad

(
1 + ξ3

2
Mb

))
I dv

Kuw
ab =

ˆ
v

(
grad

(
1 + ξ3

2
Ma

)
· σ · grad

(
1− ξ3

2
Mb

))
I dv

Kwu
ab =

ˆ
v

(
grad

(
1− ξ3

2
Ma

)
· σ · grad

(
1 + ξ3

2
Mb

))
I dv

Kww
ab =

ˆ
v

(
grad

(
1− ξ3

2
Ma

)
· σ · grad

(
1− ξ3

2
Mb

))
I dv

. (4.2.38)

Similarly,

ˆ
v
grad δu : C : gradT ∆u dv =

∑
a

∑
b

[
δua δwa

] [ Kuu
ab Kuw

ab

Kwu
ab Kww

ab

] [
∆ub

∆wb

]
, (4.2.39)
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where

Kuu
ab =

ˆ
v
grad

(
1 + ξ3

2
Ma

)
· C · grad

(
1 + ξ3

2
Mb

)
dv

Kuw
ab =

ˆ
v
grad

(
1 + ξ3

2
Ma

)
· C · grad

(
1− ξ3

2
Mb

)
dv

Kwu
ab =

ˆ
v
grad

(
1− ξ3

2
Ma

)
· C · grad

(
1 + ξ3

2
Mb

)
dv

Kww
ab =

ˆ
v
grad

(
1− ξ3

2
Ma

)
· C · grad

(
1− ξ3

2
Mb

)
dv

. (4.2.40)

The linearization of the external work is

D (δWext) =
m∑
a=1

m∑
b=1

ˆ
v

(
1 + ξ3

2
Maδua +

1− ξ3
2

Maδwa

)
· ρ gradb ·

(
1 + ξ3

2
∆ub +

1− ξ3
2

Mb∆wb

)
dv

=
∑
a

∑
b

[
δua δwa

] [ Kuu
ab Kuw

ab

Kwu
ab Kww

ab

] [
∆ub

∆wb

] ,

(4.2.41)
where

Kuu
ab =

ˆ
V

(
1 + ξ3

2

)2

MaMbρ0 gradb dV

Kuw
ab =

ˆ
V

(
1 + ξ3

2

)(
1− ξ3

2

)
MaMbρ0 gradb dV

Kwu
ab =

ˆ
V

(
1 + ξ3

2

)(
1− ξ3

2

)
MaMbρ0 gradb dV

Kww
ab =

ˆ
V

(
1− ξ3

2

)2

MaMbρ0 gradb dV

. (4.2.42)

4.2.2.2 External work of surface forces

We assume that surface forces are applied on the shell top face (ξ3 = +1). Therefore, the external
work of surface forces has the form

δWext =

ˆ
∂v
δu (ξ1, ξ2,+1) · t da =

∑
a

δua ·
ˆ
∂v
Ma (ξ1, ξ2) t da (4.2.43)

In other words, the treatment of surface forces on a shell becomes identical to the treatment of
surface forces on the face of a solid. No special treatment is needed.

4.2.2.3 Shell on top of solid element

When a shell is coincident with the face of a solid element, we assume that the face of the solid
element coincides with the bottom face (ξ3 = −1) of the shell element. This means that the
solid element nodal displacements ub on that face coincide with the shell nodal displacements wb.
Therefore, when we use UnpackLM for those solid elements, we should reassign the DOF ID’s of
the ub displacements to those of the wb displacements stored in that same node.
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4.2.2.4 Shell sandwiched between solid elements

When a shell is sandwiched between two solid elements, we reassign the DOF ID’s of the the
solid ub displacements facing the bottom of the shell to those of the shell wb displacements stored
in that same node. The DOF ID’s of solid ub displacements facing the top of the shell remain
unchanged; they will coincide with those of the corresponding solid element nodes.

4.2.2.5 Rigid-Shell Interface

When the node of a deformable shell belongs to a rigid body, we need to substitute the nodal
degrees of freedom with the rigid body degrees of freedom. The positions of the shell top face and
bottom face nodes are

xb = r+Λ · (Xb −R) ≡ r+ ab

yb = r+Λ · (Yb −R) ≡ r+ bb

, (4.2.44)

where r is the current position of the rigid body center of mass and R is its initial position; Λ is the
rotation tensor for the rigid body. We assume that xb and yb are connected to the same rigid body.
From these relations it follows that virtual displacements are

δua = δr− âa · δθ
δwb = δr− b̂a · δθ

, (4.2.45)

and incremental displacements are

∆ub = ∆r− âb ·∆θ

∆wb = ∆r− b̂b ·∆θ
, (4.2.46)

where â is the skew-symmetric tensor whose dual vector is a, such that â ·v = a×v for any vector
v. When nodes are flexible (when they do not belong to any rigid body), the virtual work has the
general form

δW =

m∑
a=1

δua · fua + δwa · fwa + δpa f
p
a =

m∑
a=1

[
δva δwa δpa

]  fua
fwa
fpa

 , (4.2.47)

where p denotes any additional degree-of-freedom at that node. If node a is rigid we get

[
δua δwa δpa

]
=
[
δr δθ δpa

]  I I 0

âa b̂a 0
0 0 1

 . (4.2.48)

If node b is rigid we get  ∆ub

∆wb

∆pb

 =

 I −âb 0

I −b̂b 0
0 0 1

 ∆r
∆θ
∆pb

 . (4.2.49)

When node a belongs to a rigid body, the expression for δW must be substituted with

δW =
m∑
a=1

[
δua δwa δpa

]  fua
fwa
fpa


=

m∑
a=1

[
δr δω δpa

]  fua + fwa
ân+α
a · fua + b̂n+α

a · fwa
fpa

 . (4.2.50)
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Similarly, the linearized virtual work has the general form

DδW =
∑
a

∑
b

[
δua δwa δpa

]  Kuu
ab Kuw

ab kup
ab

Kwu
ab Kww

ab kwp
ab

kpu
ab kpw

ab kppab

 ∆ub

∆wb

∆pb

 . (4.2.51)

When node a is rigid but node b is not,

DδW =
∑
a

∑
b

[
δr δθ δpa

]
× Kuu

ab +Kwu
ab Kuw

ab +Kww
ab kup

ab + kwp
ab

âa ·Kuu
ab + b̂a ·Kwu

ab âa ·Kuw
ab + b̂a ·Kww

ab âa · kup
ab + b̂a · kwp

ab

kpu
ab kpw

ab kppab


×

 ∆ub

∆wb

∆pb


. (4.2.52)

If nodes a and b are both rigid,

DδW =
∑
a

∑
b

[
δr δθ δpa

]
×


Kuu

ab +Kwu
ab +Kuw

ab +Kww
ab

(
− (Kuu

ab +Kwu
ab ) · âb

− (Kuw
ab +Kww

ab ) · b̂b

)
kup
ab + kwp

ab(
âa · (Kuu

ab +Kuw
ab )

+b̂a · (Kwu
ab +Kww

ab )

)  −(âa ·Kuu
ab + b̂a ·Kwu

ab

)
· âb

−
(
âa ·Kuw

ab + b̂a ·Kww
ab

)
· b̂b

 âa · kup
ab + b̂a · kwp

ab

kpu
ab + kpw

ab âb · kpu
ab + b̂b · kpw

ab kppab


×

 ∆r
∆θ
∆pb



.

(4.2.53)
If node a is not rigid and node b is rigid,

DδW =
∑
a

∑
b

[
δua δwa δpa

]
×

 Kuu
ab +Kwu

ab −Kuu
ab · âb −Kuw

ab · b̂b kup
ab

Kwu
ab +Kww

ab −Kwu
ab · âb −Kww

ab · b̂b kwp
ab

kpu
ab + kpw

ab âb · kpu
ab + b̂b · kpw

ab kppab

 ∆r
∆θ
∆pb

 . (4.2.54)



Chapter 5

Constitutive Models

This chapter describes the theoretical background behind the constitutive models that are available
in FEBio. Most materials are derived from a hyperelastic strain-energy function. Please consult
Section 2.6 for more background information on this class of materials.

5.1 Linear Elasticity

In the theory of linear elasticity the Cauchy stress tensor is a linear function of the small strain
tensor ε:

σ = C : ε . (5.1.1)

Here, C is the fourth-order elasticity tensor that contains the material properties. In the most
general case this tensor has 21 independent parameters. However, in the presence of material
symmetry the number of independent parameters is greatly reduced. For example, in the case
of isotropic linear elasticity only two independent parameters remain. In this case, the elasticity
tensor is given by C = λI⊗ I+ 2µI⊗ I, or equivalently,

Cijkl = λδijδkl + µ (δikδjl + δilδjk) . (5.1.2)

The material coefficients λ and µ are known as the Lamé parameters. Using this equation, the
stress-strain relationship can be written as

σij = λεkkδij + 2µεij . (5.1.3)

If the stress and strain are represented inVoigt notation, the constitutive equation can be rewritten
in matrix form as 

σ11
σ22
σ33
σ12
σ23
σ13

 =



λ+ 2µ λ λ 0 0 0
λ λ+ 2µ λ 0 0 0
λ λ λ+ 2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ





ε11
ε22
ε33
γ12
γ23
γ13

 . (5.1.4)

The shear strain measures γij = 2εij are called the engineering strains.
The following table relates the Lamé parameters to the more familiar Young’s modulus E and

Poisson’s ratio ν or to the bulk modulus K and shear modulus G.
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E, ν λ, µ K,G

E, ν
E = µ

λ+µ (2µ+ 3λ)

ν = λ
2(λ+µ)

E = 9KG
3K+G

ν = 3K−2G
6K+2G

λ, µ
λ = νE

(1+ν)(1−2ν)

µ = E
2(1+ν)

λ = K − 2
3G

µ = G

K,G
K = E

3(1−2v)

G = E
2(1+v)

K = λ+ 2
3µ

G = µ

The theoretical range of the Young’s modulus and Poisson’s ratio for an isotropic material have
the ranges

0 < E <∞ , (5.1.5)

− 1 ⩽ ν < 0.5 . (5.1.6)

Materials with Poisson’s ratio (close to) 0.5 are known as (nearly-) incompressible materials. For
these materials, the bulk modulus approaches infinity. Most materials have a positive Poisson’s
ratio. However there do exist some materials with a negative ratio. These materials are known as
auxetic materials and they have the remarkable property that they expand under tension.

The linear stress-strain relationship can also be derived from a strain-energy function such as
in the case of hyperelastic materials. In this case the linear strain-energy is given by

W =
1

2
ε : C : ε . (5.1.7)

The stress is then similarly derived from σ = ∂W
∂ε . In the case of isotropic elasticity, (5.1.7) can be

simplified:

W =
1

2
λ (tr ε)2 + µε : ε . (5.1.8)

The Cauchy stress is now given in tensor form by

σ = λ (tr ε) I+ 2µε . (5.1.9)
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5.2 Compressible Materials

5.2.1 Isotropic Elasticity

The linear elastic material model as described in Section 5.1 is only valid for small strains and
small rotations. A first modification to this model to the range of nonlinear deformations is given
by the St. Venant-Kirchhoff model [35], which in FEBio is referred to as isotropic elasticity. This
model is objective for large strains and rotations. For the isotropic case it can be derived from the
following hyperelastic strain-energy function:

W =
1

2
λ (trE)2 + µE : E . (5.2.1)

The second Piola-Kirchhoff stress can be derived from this:

S =
∂W

∂E
= λ (trE) I+ 2µE . (5.2.2)

Note that these equations are similar to the corresponding equations in the linear elastic case,
except that the small strain tensor is replaced by the Green-Lagrange elasticity tensor E. The
material elasticity tensor is then given by,

C =
∂S

∂E
= λI⊗ I+ 2µI⊙ I . (5.2.3)

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response can be somewhat strange if not completely unrealistic. For exam-
ple, it can be shown that under uni-axial tension the stress becomes infinite and the volume tends
to zero for finite strains. Therefore, for large strains it is highly recommended to avoid this material
and instead use one of the other non-linear material models described below. The Cauchy stress
is

σ =
1

J
(λ trE− µ)b+

µ

J
b2 , (5.2.4)

where trE = (trb− 3) /2 , whereas the spatial elasticity tensor is

C =
λ

J
b⊗ b+

2

J
µb⊙ b . (5.2.5)

5.2.2 Orthotropic Elasticity

An extension of the St. Venant-Kirchhoff model [35] to orthotropic symmetry is provided in FEBio,
referred to as orthotropic elasticity. This model is objective for large strains and rotations. It can
be derived from the following hyperelastic strain-energy function:

W =
3∑

a=1

µaA
0
a : E2 +

1

2

3∑
b=1

λab
(
A0

a : E
) (

A0
b : E

)
, (5.2.6)

where A0
a = a0a ⊗ a0a is the structural tensor corresponding to one of the three mutually orthogonal

planes of symmetry whose unit outward normal is a0a (a0a · a0b = δab). The material constants are
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the three shear moduli µa and six moduli λab, where λba = λab. They may be related to the Young’s
moduli Ea, shear moduli Gab and Poisson’s ratios νab via

λ11 + 2µ1 λ12 λ13 0 0 0
λ12 λ22 + 2µ2 λ23 0 0 0
λ13 λ23 λ33 + 2µ3 0 0 0
0 0 0 (µ1 + µ2) /2 0 0
0 0 0 0 (µ2 + µ3) /2 0
0 0 0 0 0 (µ3 + µ1) /2



−1

=



1/E1 −ν12/E1 −ν13/E1 0 0 0
−ν21/E2 1/E2 −ν23/E2 0 0 0
−ν31/E3 −ν32/E3 1/E3 0 0 0

0 0 0 1/G12 0 0
0 0 0 0 1/G23 0
0 0 0 0 0 1/G31

 .
(5.2.7)

The second Piola-Kirchhoff stress can be derived from this strain energy density function:

S =
∂W

∂E
=

3∑
a=1

µa
(
A0

a ·E+E ·A0
a

)
+

1

2

3∑
b=1

λab
[(
A0

a : E
)
A0

b +
(
A0

b : E
)
A0

a

]
.

(5.2.8)

Note that these equations are similar to the corresponding equations in the linear orthotropic
elastic case, except that the small strain tensor is replaced by the Green-Lagrange elasticity tensor
E. The material elasticity tensor is then given by,

C =
∂S

∂E
=

3∑
a=1

µa
(
A0

a ⊙ I+ I⊙A0
a

)
+

1

2

3∑
b=1

λab
(
A0

a ⊗A0
b +A0

b ⊗A0
a

)
. (5.2.9)

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response can be somewhat strange if not completely unrealistic. For exam-
ple, it can be shown that under uni-axial tension the stress becomes infinite and the volume tends
to zero for finite strains. Therefore, for large strains it is highly recommended to avoid this material
and instead use one of the other non-linear material models described below. The Cauchy stress
is

σ =

3∑
a=1

µa
2J

(Aa · (b− I) + (b− I) ·Aa)

+
1

2

3∑
b=1

λab
2J

[(Aa : I− 1)Ab + (Ab : I− 1)Aa] ,

(5.2.10)

where Aa = F ·A0
a · FT and the spatial elasticity tensor is

C =

3∑
a=1

µa
J

(Aa ⊙ b+ b⊙Aa) +
1

2

3∑
b=1

λab
J

(Aa ⊗Ab +Ab ⊗Aa) . (5.2.11)
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5.2.3 Neo-Hookean Hyperelasticity

This is a compressible neo-Hookean material. It is derived from the following hyperelastic strain
energy function [35]:

W =
µ

2
(I1 − 3)− µ ln J +

λ

2
(ln J)2 . (5.2.12)

The parameters µ and λ are the Lamé parameters from linear elasticity. This model reduces to
the isotropic linear elastic model for small strains and rotations.

The Cauchy stress is given by,

σ =
µ

J
(b− I) +

λ

J
(ln J) I , (5.2.13)

and the spatial elasticity tensor is given by

C =
λ

J
I⊗ I+

2

J
(µ− λ ln J) I⊙ I . (5.2.14)

The neo-Hookean material is an extension of Hooke’s law for the case of large deformations. It
is useable for certain plastics and rubber-like substances. A generalization of this model is the
Mooney-Rivlin material, which is often used to describe the elastic response of biological tissue.

In FEBio this constitutive model uses a standard displacement-based element formulation
and a "coupled" strain energy, so care must be taken when modeling materials with nearly-
incompressible material behavior to avoid element locking.

5.2.4 Natural Neo-Hookean

This is a compressible isotropic neo-Hookean material that uses the natural (Hencky) strain ten-
sor invariants to formulate its strain energy density. These invariants are reviewed in [46]. The left
Hencky strain is evaluated from η = lnV where V is the left stretch tensor in the polar decompo-
sition of the deformation gradient F = V ·R. To evaluate η we first evaluate the left Cauchy-Green
tensor b = V2 from F as in eq.(2.6.28) and get its eigenvalues λ2i and eigenvectors ni. Then

η =

3∑
i=1

(lnλi)ni ⊗ ni . (5.2.15)

The invariants Ki of the natural strain tensor are

K1 = trη = lnJ amount of dilatation

K2 = |dev η| =
√
dev η : dev η amount of distortion

K3 = 3
√
6 detΦ mode of distortion

(5.2.16)

where J = detF as usual, and

Φ =
1

K2
dev η . (5.2.17)

It can be shown that
η =

1

3
K1I+K2Φ . (5.2.18)

Note that K2Φ → 0 as K2 → 0. It also follows that η : η = 1
3K

2
1 +K2

2 . As explained in [46], K1 ∈
(−∞,∞) with positive K1 implying expansion and negative K1 implying contraction. Similarly,
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K2 ∈ [0,∞), with K2 = 0 implying no distortion. Finally, K3 ∈ [−1, 1] with K3 = 1 representing
uniaxial extension, K3 = −1 representing uniaxial contraction and K3 = 0 representing pure
shear.

For the natural neo-Hookean material the strain energy density is

W =
κ

2
K2

1 + µK2
2 (5.2.19)

where κ is the material’s bulk modulus and µ is its shear modulus. To evaluate the Cauchy stress
σ and spatial elasticity tensor C, we use the framework of isotropic elasticity in principal directions
(Section 2.6.5). This requires us to express K1 and K2 in terms of the eigenvalues λi,

K1 = ln (λ1λ2λ3)

K2 =
1

3

√(
ln

λ21
λ2λ3

)2

+

(
ln

λ22
λ3λ1

)2

+

(
ln

λ23
λ1λ2

)2 . (5.2.20)

Now the stress σ is given by eq.(2.6.35) where, based on eq.(2.6.37), the principal normal stresses
are evaluated as

σi =
1

3J
[(3κ+ 4µ) lnλi + (3κ− 2µ) (lnλj + lnλk)] , (5.2.21)

with i, j, k forming a permutation over 1, 2, 3. Similarly, the spatial elasticity tensor C is given by
eq.(2.6.38) where we substitute

J−1λ2i
∂2W

∂λ2i
− σi =

1

3J
[(3κ+ 4µ) (1− 2 lnλi)− 2 (3κ− 2µ) (lnλj + lnλk)] (5.2.22)

and

J−1λjλk
∂2W

∂λj∂λk
=

3κ− 2µ

3J
. (5.2.23)

Finally, in the limiting case when pairs of eigenvalues are repeated, we substitute

lim
λ2
k→λ2

j

2
λ2kσj − λ2jσk
λ2j − λ2k

=
2µ

J
− 4 (3κ+ µ) lnλj + 2 (3κ− 2µ) lnλi

3J
. (5.2.24)

5.2.5 Ogden Unconstrained

The Ogden unconstrained material is defined using the following hyperelastic strain energy func-
tion:

W (λ1, λ2, λ3) =
1

2
cp (J − 1)2 +

N∑
k=1

ck
m2

k

(λmk
1 + λmk

2 + λmk
3 − 3−mk ln J) . (5.2.25)

Here, λi are the principal stretches and cp, ck and mk are material parameters.
The Cauchy stress tensor for this material may be obtained using the general formula for

isotropic elasticity in principal directions given in (2.6.35), with

σi = cp (J − 1) +

N∑
k=1

1

J

ck
mk

(λmk
i − 1) . (5.2.26)
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Similarly, the spatial elasticity tensor is given by

C =
3∑

i=1

(
cp +

N∑
k=1

1

J

ck
mk

[(mk − 2)λmk
i + 2]

)
ai ⊗ ai

+

3∑
i=1

3∑
j=i+1

cp (2J − 1) (ai ⊗ aj + aj ⊗ ai)

+
3∑

i=1

3∑
j=i+1

2
λ2jσi − λ2iσj
λ2i − λ2j

(ai ⊙ aj + aj ⊙ ai) ,

(5.2.27)

where ai = ni ⊗ ni and ni are the eigenvectors of b. In the limit when eigenvalues coincide,

lim
λj→λi

2
σiλ

2
j − σjλ2i
λ2i − λ2j

= 2cp (1− J) +
N∑
k=1

1

J

ck
mk

[2 + (mk − 2)λmk
i ] . (5.2.28)

In the reference configuration the elasticity tensor reduces to

C|b=I = cpI⊗ I+

(
N∑
k=1

ck

)
I⊙ I , (5.2.29)

which has the form of Hooke’s law for infinitesimal isotropic elasticity (see Section 5.1), with equiv-
alent Lamé coefficients cp ≡ λ and 2µ ≡

∑N
k=1 ck.

5.2.6 Holmes-Mow

The coupled hyperelastic strain-energy function for this material is given by [65],

Ψ(I1, I2, J) =
1

2
c
(
eQ − 1

)
, (5.2.30)

where I1and I2are the first and second invariants of the right Cauchy-Green tensor and J the
jacobian of the deformation. Furthermore,

Q =
β

λ+ 2µ

[
(2µ− λ) (I1 − 3) + λ (I2 − 3)− (λ+ 2µ) lnJ2

]
,

c =
λ+ 2µ

2β
,

(5.2.31)

and λ and µ are the Lamé parameters. The corresponding Cauchy stress tensor is

σ =
1

2J
eQ
(
[2µ+ λ (I1 − 1)]b− λb2 − (λ+ 2µ) I

)
, (5.2.32)

and the spatial elasticity tensor is

C =
4β

λ+ 2µ
Je−Qσ ⊗ σ + J−1eQ [λ (b⊗ b− b⊙ b) + (λ+ 2µ) I⊙ I] . (5.2.33)

In the limit as β → 0 we find that

lim
β→0

Ψ(I1, I2, J) =
1

4

[
2µ (I1 − 3) + λ (I2 − I1)− (λ+ 2µ) lnJ2

]
(5.2.34)

in which case
σ =

1

2J

(
(2µ− λ)b+ λ

(
I1b− b2

)
− (λ+ 2µ) (lnJ) I

)
(5.2.35)
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5.2.7 Conewise Linear Elasticity

Curnier et al. [48] formulated a model for describing bimodular elastic solids exhibiting orthotropic
material symmetry. This can be derived from the following hyperelastic strain-energy function:

W =

3∑
a=1

µaA
0
a : E2 +

1

2
λaa

[
A0

a : E
] (

A0
a : E

)
+

3∑
b=1, b ̸=a

1

2
λab
(
A0

a : E
) (

A0
b : E

)
, (5.2.36)

where A0
a = a0a ⊗ a0a is the structural tensor corresponding to one of the three mutually orthogonal

planes of symmetry whose unit outward normal is a0a (a0a · a0b = δab). The bimodular response is
described by

λaa
[
A0

a : E
]
=

{
λ+aa A0

a : E ⩾ 0

λ−aa A0
a : E < 0

. (5.2.37)

The material constants are the three shear moduli µa, three tensile moduli λ+aa, three compressive
moduli λ−aa, and three moduli λab (b ̸= a), where λba = λab. The second Piola-Kirchhoff stress
can be derived from this strain energy density function:

S =
∂W

∂E
=

3∑
a=1

µa
(
A0

a ·E+E ·A0
a

)
+ λaa

[
A0

a : E
] (

A0
a : E

)
A0

a +
3∑

b=1, b ̸=a

λab
(
A0

a : E
)
A0

b .

(5.2.38)

The material elasticity tensor is then given by,

C =
∂S

∂E
=

3∑
a=1

µa
(
A0

a ⊙ I+ I⊙A0
a

)
+ λaa

[
A0

a : E
]
A0

a ⊗A0
a +

3∑
b=1, b ̸=a

λabA
0
a ⊗A0

b

. (5.2.39)

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response may be unrealistic. The Cauchy stress is

σ = J−1

(
3∑

a=1

µa
2

(Aa · (b− I) + (b− I) ·Aa)

+λaa [Ka]KaAa +

3∑
b=1, b ̸=a

λabKaAb

 ,

(5.2.40)

where Aa = F ·A0
a · FT and Ka = 1

2 (Aa : I− 1). The spatial elasticity tensor is

C = J−1

 3∑
a=1

µa (Aa ⊙ b+ b⊙Aa) + λaa [Ka]Aa ⊗Aa +

3∑
b=1, b ̸=a

λabAa ⊗Ab

 . (5.2.41)

In the special case of cubic symmetry the number of material constants reduces to four,

λ+11 = λ+22 = λ+33 ≡ λ+1

λ−11 = λ−22 = λ−33 ≡ λ−1

λ12 = λ23 = λ31 ≡ λ2
µ1 = µ2 = µ3 ≡ µ

. (5.2.42)
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5.2.8 Donnan Equilibrium Swelling

The swelling pressure is described by the equations for ideal Donnan equilibrium, assuming that
the material is porous, with a charged solid matrix, and the external bathing environment consists
of a salt solution of monovalent counter-ions. Since osmotic swelling must be resisted by a solid
material, this material is not stable on its own. It must be combined with an elastic material that
resists the swelling.

The Cauchy stress for this material is the stress from the Donnan equilibrium response [8]:

σ = −π I , (5.2.43)

where π is the osmotic pressure, given by

π = Rθ

(√
(cF )2 + (c̄∗)2 − c̄∗

)
, (5.2.44)

c̄∗ is the bath osmolarity (twice the concentration) and cF is the fixed charge density in the current
configuration, related to the reference configuration via,

cF =
φw
0

J − 1 + φw
0

cF0 , (5.2.45)

where J = detF is the relative volume, R is the universal gas constant and θ is the absolute
temperature.

Note that cF0 may be negative or positive. The gel porosity φw
0 is unitless and must be in the

range 0 < φw
0 < 1. The corresponding spatial elasticity tensor is [24]

C =
RθJ

(
cF
)2

(J − 1 + φw
0 )

√
(cF )2 + (c̄∗)2

I⊗ I

+Rθ

[√
(cF )2 + (c̄∗)2 − c̄∗

]
(2I⊙ I− I⊗ I) .

(5.2.46)

5.2.9 Perfect Osmometer Equilibrium Osmotic Pressure

The swelling pressure is described by the equations for a perfect osmometer, assuming that the
material is porous, containing an interstitial solution whose solutes cannot be exchanged with the
external bathing environment. Similarly, solutes in the external bathing solution cannot be ex-
changed with the interstitial fluid of the porous material. Therefore, osmotic pressurization occurs
when there is an imbalance between the interstitial and bathing solution osmolarities. Since os-
motic swelling must be resisted by a solid matrix, this material is not stable on its own. It must be
combined with an elastic material that resists the swelling.

The Cauchy stress for this material is the stress from the perfect osmometer equilibrium re-
sponse [7]:

σ = −π I , (5.2.47)

where π is the osmotic pressure, given by

π = Rθ (c̄− c̄∗) . (5.2.48)
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Here, R is the universal gas constant and θ is the absolute temperature, c̄∗ is the external bath os-
molarity and c̄ is the interstitial fluid osmolarity in the current configuration, related to the reference
configuration osmolarity c̄0 via,

c̄ =
φw
0

J − 1 + φw
0

c̄0 . (5.2.49)

Though this material is porous, this is not a full-fledged poroelastic material. The behavior
described by this material is strictly valid only after the transient response of interstitial fluid and
solute fluxes has subsided. The corresponding spatial elasticity tensor is

C = Rθ

[
J c̄

J − 1 + φw
0

I⊗ I+ (c̄− c̄∗) (2I⊙ I− I⊗ I)

]
. (5.2.50)

5.2.10 Large Poisson’s Ratio Ligament

This material captures the transversely isotropic behavior of tendon and ligaments while enforcing
a large Poisson’s ratio. The material utilizes a three part strain energy equation:

W =Wfiber +Wmatrix +Wvol ,

where:
Wfiber =

1

2

c1
c2

(
ec2(λ−1)2−1

)
,

Wmatrix =
µ

2
(I1 − 3)− µ ln

(√
I3

)
,

Wvol =
κ

2

(
ln

(
I5 − I1I4 + I2

I
2(m−v0)
4 e−4m(λ−1)

))2

.

The transversely isotropic strain energy Wfiber takes into account the behavior of the collagen
fibers. The isotropic strain energy Wmatrix takes into account the mechanical contribution of the
extrafibrillar matrix and provides the majority of support when loaded transverse to the fiber direc-
tion. The variables c1, c2 and µ are material parameters controlling the stress-strain response of
the material.

The volumetric strain energy Wvol acts as a penalty term which enforces a Poisson’s ratio
based on user selection of the parameters m and v0. The variable κ acts as a penalty parameter.
Raising κ will cause the prescribed Poisson’s ratio to be enforced. The Poisson’s ratio in question
is given by the following function:

vapparent = −
λm−v0e−m(λ−1) − 1

λ− 1
.

5.2.11 Porous Neo-Hookean Material

Consider a porous neo-Hookean material with referential porosity φw
r . The pores are compressible

but the skeleton is intrinsically incompressible. Thus, upon pore closure, the material behavior
needs to switch from compressible to incompressible.

In the current configuration, the porosity is given by

φw =
J − 1 + φw

r

J
.
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We may define a new variable,

J̄ ≡ J − 1 + φw
r

φw
r

=
J − φs

r

1− φs
r

,

which represents the pore volume ratio. It is equal to 1 when J = 1 and is equal to J when φw
r = 1

(or φs
r = 1− φw

r = 0). Now,

φw = φw
r

J̄

J
,

and
∂J̄

∂J
=

1

φw
r

.

Pore closure occurs when φw = 0, which corresponds to J = φs
r and J̄ = 0.

Let us also define a modified deformation gradient,

F̄ =

(
J̄

J

)1/3

F ,

such that det F̄ = J̄ . Let the corresponding modified right Cauchy-Green tensor be given by

C̄ = F̄T · F̄ =

(
J̄

J

)2/3

C ,

so that
∂C̄

∂C
=

(
J̄

J

)2/3(
φs
r

3 (J − φs
r)
C⊗C−1 + I⊙ I

)
.

The constitutive relation for the strain energy density of the compressible porous neo-Hookean
material may be given by

Ψr =
µ

2

(
Ī1 − 3

)
− µ ln J̄ ,

where Ī1 = trC̄. This relation shows that the material develops an infinite strain energy density as
J̄ approaches zero. From this expression, the 2nd Piola-Kirchhoff stress is given by

S = 2
∂Ψr

∂C
= µ

[(
J̄

J

)2/3

I+
1

J − φs
r

(
φs
r

(
J̄

J

)2/3
I1
3
− J

)
C−1

]
.

When C = I we can verify that S = 0. The corresponding Cauchy stress is

σ =
µ

J

[(
J̄

J

)2/3

b+
1

J − φs
r

(
φs
r

(
J̄

J

)2/3
I1
3
− J

)
I

]
,

where b is the left Cauchy-Green tensor.
The material elasticity tensor is given by

C = 2
∂S

∂C

=
2

3
g (J)

(
I⊗C−1 +C−1 ⊗ I

)
+

(
J
dg

dJ

I1
3

+ J
dh

dJ

)
C−1 ⊗C−1

− 2

[
g (J)

I1
3

+ h (J)

]
C−1 ⊙C−1

,
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where

f (J) = µ

(
J̄

J

)2/3

g (J) =
φs
r

J − φs
r

f (J)

h (J) = −µ J

J − φs
r

,

and

J
dg

dJ
= µ

(2φs
r − 3J)φs

r

3 (J − φs
r)

2

(
J̄

J

)2/3

J
dh

dJ
= µ

Jφs
r

(J − φs
r)

2

.

Then, the spatial elasticity tensor may be evaluated as

C = J−1

[
2

3
g (J) (b⊗ I+ I⊗ b) +

(
J
dg

dJ

I1
3

+ J
dh

dJ

)
I⊗ I− 2

[
g (J)

I1
3

+ h (J)

]
I⊙ I

]
.

In the limit of infinitesimal strains and rotations, when b = I and J = 1, we find that

f (1) = µ J
dg

dJ
= µ

(2φs
r − 3)φs

r

3 (1− φs
r)

2

g (J) = µ
φs
r

1− φs
r

J
dh

dJ
= µ

φs
r

(1− φs
r)

2

h (J) = −µ 1

1− φs
r

µ

and

C =
2µ

3

(
1

(φw
r )

2 − 1

)
I⊗ I+ 2µI⊙ I .

Thus, by comparison to a standard neo-Hookean material, this porous neo-Hookean material has
an effective Young’s modulus equal to

E =
3µ

1 + 1
2 (φ

w
r )

2 ,

and an effective Poisson’s ratio equal to

ν =
1− (φw

r )
2

2 + (φw
r )

2 .

The two material properties that need to be provided are E and the referential porosity φw
r (or

referential solid volume fraction φs
r = 1 − φw

r ). Poisson’s ratio in the limit of infinitesimal strains
is dictated by the porosity according to the above formula. In particular, a highly porous material
(φw

r → 1) has an effective (infinitesimal strain) Poisson ratio that approaches zero (ν → 0) and
E → 2µ. A low porosity material (φw

r → 0) has ν → 1
2 and E → 3µ, which is the expected

behavior of an incompressible neo-Hookean solid. Note that setting φw
r = 0 would not produce

good numerical behavior, since the Cauchy stress in an incompressible material would need to
be supplemented by a pressure term (a Lagrange multiplier that enforces the incompressibility
constraint). Nevertheless, this compressible porous neo-Hookean material behaves well even for
values of φw as low as ∼ 0.015.
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5.2.12 Cell Growth

The cell growth material implements a swelling pressure π such that the Cauchy stress is given by

σ = −πI ,

where

π = RT

(
cr

J − φs
r

− ce
)
.

Here, cr represents the referential molar concentration of intracellular solutes (moles of solutes
per mixture volume in the reference configuration), φs

r is the referential intracellular solid volume
fraction, and J = detF is the determinant of the deformation gradient, representing the volume ra-
tio in the current configuration. The extracellular osmolarity is ce. This model assumes that neither
intracellular solutes nor extracellular solutes may transport across the cell membrane passively.
When a cell divides, it must use active transport mechanisms to bring in membrane-impermeant
extracellular solutes inside, some of which are converted into intracellular solid matrix (e.g., cy-
toskeletal structures). As the intracellular osmolarity increases, water is transported into the cell,
thus causing it to swell. The process of cell division is not modeled explicitly in this continuum
representation, though the net effect is that cell proliferation leads to an increase in intracellular
osmotic pressure, which generally translates into an increase in volume (unless the cell growth
is constrained significantly). In a cell growth model, the initial condition (when J = 1) should be
selected for cr and φs

r such that π = 0, thus

cr
1− φs

r

= ce initial condition .

The spatial elasticity tensor associated with this osmotic pressure is

Π = −
(
π + J

∂π

∂J

)
I⊗ I+ 2πI⊙ I ,

where

J
∂π

∂J
= −RT J

(J − φs
r)

2 cr .

This elasticity tensor has the same form as that of an isotropic elastic material whose effective
Young’s modulus EY and Poisson’s ratio ν are given by

EY = π

(
π + 3J ∂π

∂J

)
J ∂π

∂J

ν =
π + J ∂π

∂J

2J ∂π
∂J

.

In the reference configuration, when π = 0, it follows that EY = 0 and ν = 1
2 .

σ̃ = σ̃m + σ̃f . (5.2.51)
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5.2.13 Fiber with Exponential Power Law

This material model describes a constitutive model for fibers, where a single fiber family follows an
exponential power law strain energy function. The Cauchy stress is given by:

σ = 2J−1H (In − I0) In
∂Ψr

∂In
n⊗ n , (5.2.52)

and the corresponding spatial elasticity tensor is

C = 4J−1H (In − I0) I2n
∂2Ψr

∂I2n
n⊗ n⊗ n⊗ n , (5.2.53)

where In = λ2n = nr · C · nr is the square of the fiber stretch, nr is the fiber orientation in the
reference configuration,

nr = sinφ cos θ e1 + sinφ sin θ e2 + cosφ e3 , (5.2.54)

and n = F · nr/λn. The function H (·) is the unit step function that enforces the tension-only
contribution. Thus, the stress and elasticity tensors are non-zero only when In > I0, where I0 = λ20
is the square of the stretch at which the fiber’s tensile response engages. By default we may take
I0 = 1, though the actual value of I0 may be set by the user. The fiber strain energy density is
given by

Ψr =
ξ

αβ

(
exp

[
α (In − I0)β

]
− 1
)
, (5.2.55)

where ξ > 0, α ⩾ 0and β ⩾ 2. From this expression we get

∂Ψr

∂In
= ξ (In − I0)β−1 exp

[
α (In − I0)β

]
∂2Ψr

∂I2n
= ξ

(
β
(
1 + α (In − I0)β

)
− 1
)
(In − I0)β−2 exp

[
α (In − I0)β

] . (5.2.56)

Note: In the limit when α→ 0, this expression produces a power law,

lim
α→0

Ψr =
ξ

β
(In − I0)β . (5.2.57)

Note: According to (5.2.53) and (5.2.56), when β > 2 the fiber modulus is zero at the strain origin
(In = I0). Therefore, use β > 2 when a smooth transition in the stress is desired from compression
to tension.

There is an option to also add a shear modulus µ to account for the interaction of a fiber with
the ground matrix. This additional contribution does not depend on whether the fiber is in tension.
It has a strain energy density

W =
µ

4
(Kn − 1− 2 (In − 1)) , Kn = nr ·C2 · nr (5.2.58)

The corresponding stress is

σ = 2
In
J

(
∂W

∂In
n⊗ n+

∂W

∂Kn
(n⊗ n · b+ b · n⊗ n)

)
=
µ

2

In
J

(n⊗ n · (b− I) + (b− I) · n⊗ n)

(5.2.59)
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where b = F · FT is the left Cauchy-Green tensor. The elasticity tensor is

C = 4
I2n
J

(
∂2W

∂I2n
N⊗N+

∂2W

∂K2
n

(N · b+ b ·N)⊗ (N · b+ b ·N)

)
+ 4

I2n
J

∂2W

∂In∂Kn
(N⊗ (N · b+ b ·N) + (N · b+ b ·N)⊗N)

+
4In
J

∂W

∂Kn
(N⊙ b+ b⊙N)

= µ
In
J

(N⊙ b+ b⊙N)

, (5.2.60)

where N = n⊗ n.

5.2.14 Fiber with Natural Neo-Hookean Response

This model is an adaptation of the natural neo-Hookean material presented in Section (5.2.4).
Consider that the state of strain in a fiber is given by the unidirectional natural (left Hencky) strain
along the fiber,

η = lnλn n⊗ n (5.2.61)

where λn is the stretch ratio along the current fiber unit vector n. For this special state of strain the
invariants Ki of the natural strain tensor reduce to K1 = lnλn, K2 =

√
3/2 lnλn, and K3 = 1. In

this case, a natural neo-Hookean fiber response is given by

Ψr =
ξ

2
H (lnλn) (lnλn)

2 . (5.2.62)

The corresponding Cauchy stress is

σ = ξJ−1H (lnλn) lnλnn⊗ n (5.2.63)

and the elasticity tensor is

C = ξJ−1H (lnλn) (1− 2 lnλn)N⊗N (5.2.64)

where ξ is the fiber modulus. This expression shows that the components of the elasticity tensor
become negative when 1− 2 lnλn < 0, or equivalently when λn > e

1
2 . However, the stress always

remains positive.
If we want the tensile response to engage only beyond a threshold stretch ratio λ0, we may

rewrite the strain energy density as

Ψr =
ξ

2
H (lnλn − lnλ0) (lnλn − lnλ0)

2 =
ξ

2
H

(
ln
λn
λ0

)(
ln
λn
λ0

)2

. (5.2.65)

Then

σ = ξJ−1H

(
ln
λn
λ0

)
ln
λn
λ0

n⊗ n , (5.2.66)

and

C = ξJ−1H

(
ln
λn
λ0

)(
1− 2 ln

λn
λ0

)
N⊗N . (5.2.67)
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5.2.15 HGO Unconstrained

A coupled formulation of the Holzapfel-Gasser-Ogden material is implemented in the “HGO un-
constrained” material.

The strain energy density is given by,

Ψr =
c

2
(I1 − 3)− c ln J +

k1
2k2

∑
α

(
exp

(
k2 ⟨Eα⟩2

)
− 1
)
+
K0

2

(
J2 − 1

2
− ln J

)
The fiber strain is

Eα = κ (I1 − 3) + (1− 3κ) (I4α − 1)

where I1 = trC and I4α = aαr ·C ·aαr. The Macaulay brackets around ⟨Eα⟩ indicate that this term
is zero when Eα < 0 and equal to Eα when this strain is positive.There are two fiber families along
the vectors aαr (α = 1, 2), lying in the {e1, e2} plane of the local material axes {e1, e2, e3}, making
an angle ±γ with respect to e1. Each fiber family has a dispersion κ, where 0 ≤ κ ≤ 1

3 . When
κ = 0 there is no fiber dispersion, implying that all the fibers in that family act along the angle ±γ;
the value κ = 1

3 represents an isotropic fiber dispersion.
The Cauchy stress is given by,

σ =
1

J

[
c (b− 1) +

k

2

(
J2 − 1

)
1

]
+

1

J

[∑
α

2k1 ⟨Eα⟩ exp
(
k2 ⟨Eα⟩2

)
hα

]
where, hα = κb+ (1− 3κ)Aα, and Aα = aα ⊗ aα.
The spatial elasticity tensor is given by,

c =
1

J

{
kJ21⊗ 1+

[
2c− k

(
J2 − 1

)]
1⊙ 1

}
+

1

J

[∑
α

4k1

(
1 + 2k2 ⟨Eα⟩2

)
exp

(
k2 ⟨Eα⟩2

)
hα ⊗ hα

]

5.3 Nearly-Incompressible Materials

5.3.1 Mooney-Rivlin Hyperelasticity

This material model is a hyperelastic Mooney-Rivlin type with uncoupled deviatoric and volumetric
behavior. The uncoupled strain energy W is given by:

W = c1

(
Ĩ1 − 3

)
+ c2

(
Ĩ2 − 3

)
+

1

2
K (ln J)2 . (5.3.1)

Here, c1 and c2 are the Mooney-Rivlin material coefficients, Ĩ1 and Ĩ2 are the invariants of the
deviatoric part of the right Cauchy-Green deformation tensor, C̃ = F̃T · F̃, where F̃ = J−1/3F, F
is the deformation gradient and J = detF is the Jacobian of the deformation. When c2 = 0, this
model reduces to an uncoupled version of the incompressible neo-Hookean constitutive model.

The Cauchy stress is given by

σ = pI+
2

J

[(
c1 + c2Ĩ1

)
b̃− c2b̃2 − 1

3

(
c1Ĩ1 + 2c2Ĩ2

)
I

]
. (5.3.2)

The spatial elasticity tensor is given by

C = p (I⊗ I− 2I⊙ I)− 2

3
(devσ ⊗ I+ I⊗ devσ) + Cw , (5.3.3)
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where,

Cw =
4

3J

(
c1Ĩ1 + 2c2Ĩ2

)(
I⊙ I− 1

3
I⊗ I

)
+

4c2
J

(
b̃⊗ b̃− b̃⊙ b̃

)
− 4c2

3J

[(
Ĩ1b̃− b̃2

)
⊗ I+ I⊗

(
Ĩ1b̃− b̃2

)]
+

8c2Ĩ2
9J

I⊗ I .

(5.3.4)

This material model uses a three-field element formulation, interpolating displacements as linear
field variables and pressure and volume ratio as piecewise constant in each element [118].

5.3.2 Ogden Hyperelastic

The Ogden material is defined using the following hyperelastic strain energy function:

W (λ1, λ2, λ3, J) =

N∑
i=1

ci
m2

i

(
λ̃mi
1 + λ̃mi

2 + λ̃mi
3 − 3

)
+ U (J) . (5.3.5)

Here, λ̃i are the deviatoric principal stretches and ci and mi are material parameters. The term
U (J) is the volumetric component and J is the determinant of the deformation gradient.

Note that the neo-Hookean and Mooney-Rivlin models can also be obtained from the general
Ogden strain energy function using special choices for ci and mi.

5.3.3 Veronda-Westmann Hyperelasticity

This model is similar to the Mooney-Rivlin model in that it also uses an uncoupled strain energy.
However, in this case the strain energy is given by an exponential form:

W = C1

[
e(C2(Ĩ1−3)) − 1

]
− C1C2

2

(
Ĩ2 − 3

)
+ U (J) . (5.3.6)

The dilatational term U is identical to the Mooney-Rivlin model.
The Cauchy stress σ is found from

σ = pI+ dev σ̃ , (5.3.7)

where

σ̃ =
2

J

[
(W1 + I1W2) b̃−W2b̃

2
]
. (5.3.8)

The strain energy derivatives are given by

W1 = C1C2e
C2(I1−3) , (5.3.9)

W2 = −
C1C2

2
. (5.3.10)

This material model was the result from the research of the elastic response of skin tissue [128].
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5.3.4 Arruda-Boyce Hyperelasticity

Arruda and Boyce proposed a model for the deformation of rubber materials [4]. Their main moti-
vation was to develop a model that accurately captures the behavior of rubbers in different loading
scenarios and that can be described with a limited number of physically motivated parameters.
Their model is based on the Langevin chain statistics, which models a rubber chain segment be-
tween chemical crosslinks as a number N of rigid links of equal length l. The parameter N is
related to the locking stretch λL, the stretch at which the chains reach their full extended state,
λL =

√
N .

Their proposed strain-energy is a truncated Taylor series of the inverse Langevin function. A
formulation that retains the first five terms of this function takes on the following form:

W̃ = µ
5∑

i=1

αi

N i−1

(
Ĩi1 − 3i

)
+ U (J) , (5.3.11)

where µ is a shear-modulus like parameter and the coefficients αi are

α1 =
1

2
, α2 =

1

20
, α3 =

11

1050
, α4 =

19

7000
, α5 =

519

673750
. (5.3.12)

The Cauchy stress is given by

σ = pI+
2

J
dev

(
W1b̃

)
= pI+

2W1

J

(
b̃− 1

3
Ĩ1I

)
, (5.3.13)

where,

W1 =
∂W̃

∂Ĩ1
= µ

5∑
i=1

αii

(
Ĩ1
N

)i−1

. (5.3.14)

5.3.5 Transversely Isotropic Hyperelastic

This constitutive model can be used to represent a material that has a single preferred fiber direc-
tion and was developed for application to biological soft tissues [101, 103, 132]. It can be used
to model tissues such as tendons, ligaments and muscle. The elastic response of the tissue is
assumed to arise from the resistance of the fiber family and an isotropic matrix. It is assumed that
the strain energy function can be written as follows:

W = F1

(
Ĩ1, Ĩ2

)
+ F2

(
λ̃
)
+
K

2
[ln (J)]2 . (5.3.15)

Here, Ĩ1 and Ĩ2 are the first and second invariants of the deviatoric version of the right Cauchy
Green deformation tensor C̃ and λ̃ is the deviatoric part of the stretch along the fiber direction
(λ̃2 = A · C̃ · A, where A is the initial fiber direction). The function F1 represents the material
response of the isotropic ground substance matrix, while F2represents the contribution from the
fiber family. The strain energy of the fiber family is as follows:

λ̃
∂F2

∂λ̃
=


0 λ̃ ⩽ 1

C3

(
eC4(λ̃−1) − 1

)
1 < λ̃ < λm

C5 + C6λ̃ λ̃ ⩾ λm

. (5.3.16)
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Here, λm is the stretch at which the fibers are straightened, C3 scales the exponential stresses,
C4 is the rate of uncrimping of the fibers, and C5 is the modulus of the straightened fibers. C6 is
determined from the requirement that the stress is continuous at λm,

C6 =
1

λm

[
C3

(
eC4(λm−1) − 1

)
− C5

]
. (5.3.17)

It also follows that

F2

(
λ̃
)
=


0 λ̃ ⩽ 1

C3

(
e−C4

[
Ei
(
C4λ̃

)
− Ei (C4)

]
− ln λ̃

)
1 < λ̃ < λm(

C5 +
C6
2 λ̃
)
λ̃+ C7 λ̃ ⩾ λm

, (5.3.18)

where

C7 = C3

(
e−C4 [Ei (C4λm)− Ei (C4)]− lnλm

)
−
(
C5 +

C6

2
λm

)
λm . (5.3.19)

This material model uses a three-field element formulation, interpolating displacements as
linear field variables and pressure and volume ratio as piecewise constant on each element [118].

5.3.6 Ellipsoidal Fiber Distribution

This constitutive model describes a material that is composed of an ellipsoidal continuous fiber
distribution in an uncoupled formulation. The deviatoric part of the stress is given by [5, 8, 79],

σ̃ =

ˆ 2π

0

ˆ π

0
H
(
Ĩn − 1

)
σ̃n (n) sinφdφdθ , (5.3.20)

and the corresponding elasticity tensor is

C̃ =

ˆ 2π

0

ˆ π

0
H
(
Ĩn − 1

)
C̃n (n) sinϕdϕ dθ . (5.3.21)

Ĩn = λ̃2n = N · C̃ ·N is the square of the fiber stretch F, N is the unit vector along the fiber direction
(in the reference configuration), which in spherical angles is directed along (θ, φ), n = F̃ ·N/λ̃n
and H (·) is the unit step function that enforces the tension-only contribution. The fiber stress is
determined from a fiber strain energy function in the usual manner:

σ̃n (n) = 2J−1Ĩn
∂Ψ̃

∂Ĩn
n⊗ n , (5.3.22)

whereas the fiber elasticity tensor is

C̃n (n) = 4J−1Ĩ2n
∂2Ψ̃

∂Ĩ2n
n⊗ n⊗ n⊗ n , (5.3.23)

where in this material

Ψ̃
(
n, Ĩn

)
= ξ (n)

(
Ĩn − 1

)β(n)
. (5.3.24)
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The materials parameters β and ξ are determined from:

ξ (n) =

(
cos2 θ sin2 φ

ξ21
+

sin2 θ sin2 φ

ξ22
+

cos2 φ

ξ23

)−1/2

,

β (n) =

(
cos2 θ sin2 φ

β21
+

sin2 θ sin2 φ

β22
+

cos2 φ

β23

)−1/2

.

(5.3.25)

Since fibers can only sustain tension, this material is not stable on its own. It must be combined
with a material that acts as the ground matrix. The total stress is then given by the sum of the fiber
stress and the ground matrix stress:

σ̃ = σ̃m + σ̃f . (5.3.26)

5.3.7 Fiber with Exponential Power Law Uncoupled

This material model describes a constitutive model for fibers, where a single fiber family follows an
exponential power law strain energy function. The deviatoric part of the Cauchy stress is given by:

σ̃ = 2J−1H
(
Ĩn − 1

)
Ĩn
∂Ψ̃

∂Ĩn
n⊗ n , (5.3.27)

and the corresponding spatial elasticity tensor is

C̃ = 4J−1H
(
Ĩn − 1

)
Ĩ2n
∂2Ψ̃

∂Ĩ2n
n⊗ n⊗ n⊗ n , (5.3.28)

where Ĩn = λ̃2n = N · C̃ · N is the square of the fiber stretch, N is the fiber orientation in the
reference configuration,

N = sinφ cos θ e1 + sinφ sin θ e2 + cosφ e3 , (5.3.29)

and n = F̃ ·N/λ̃n and H (·) is the unit step function that enforces the tension-only contribution.
The fiber strain energy density is given by

Ψ̃ =
ξ

αβ

(
exp

[
α
(
Ĩn − 1

)β]
− 1

)
, (5.3.30)

where ξ > 0, α ⩾ 0and β ⩾ 2.
Note: In the limit when α→ 0, this expression produces a power law,

lim
α→0

Ψ̃ =
ξ

β

(
Ĩn − 1

)β
. (5.3.31)

Note: When β > 2, the fiber modulus is zero at the strain origin (Ĩn = 1). Therefore, use β > 2when
a smooth transition in the stress is desired from compression to tension.

5.3.8 Fung Orthotropic

The hyperelastic strain energy function for a Fung Orthotropic material is given by [56, 57]

Ψ̃ =
1

2
c
(
eQ̃ − 1

)
+ U (J) , (5.3.32)
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where

Q̃ = c−1
3∑

a=1

[
2µaMa : Ẽ2 +

3∑
b=1

λab

(
Ma : Ẽ

)(
Mb : Ẽ

)]
. (5.3.33)

Here, Ẽ = 1
2

(
C̃− I

)
and Ma = Aa ⊗ Aa, where Aa are orthonormal vectors that define the

initial direction of material axes. The orthotropic Lamé coefficients should be chosen such that the
stiffness matrix,

λ11 + 2µ1 λ12 λ13 0 0 0
λ12 λ22 + 2µ2 λ23 0 0 0
λ13 λ23 λ33 + 2µ3 0 0 0
0 0 0 1

2 (µ1 + µ2) 0 0
0 0 0 0 1

2 (µ2 + µ3) 0
0 0 0 0 0 1

2 (µ1 + µ3)

 (5.3.34)

is positive definite.

5.3.9 Tension-Compression Nonlinear Orthotropic

This material model is based on the following uncoupled hyperelastic strain energy function [16]:

Ψ(C, λ1, λ2, λ3) = Ψ̃iso

(
C̃
)
+

3∑
i=1

Ψ̃TC
i

(
λ̃i

)
+ U (J) . (5.3.35)

The isotropic strain energy Ψ̃iso and the dilatational energy U are the same as for the Mooney-
Rivlin material (Section 5.3.1). The tension-compression term is defined as follows:

Ψ̃TC
i

(
λ̃i

)
=

ξi
(
λ̃i − 1

)βi

λ̃i > 1

0 λ̃i ⩽ 1
, ξi ⩾ 0 (no sum over i). (5.3.36)

The λ̃i parameters are the deviatoric fiber stretches of the local material fibers,

λ̃i =
(
Ai · C̃ ·Ai

)1/2
. (5.3.37)

The local material fibers are defined (in the reference frame) as an orthonormal set of vectors Ai.
The corresponding deviatoric part of the Cauchy stress is

σ̃ = J−1
3∑

i=1

1

λ̃i

∂Ψ̃

∂λ̃i
ai ⊗ ai , (5.3.38)

and the spatial elasticity tensor is

C̃ = J−1
3∑

i=1

1

λ̃i

∂

∂λ̃i

(
1

λ̃i

∂Ψ̃

∂λ̃i

)
ai ⊗ ai ⊗ ai ⊗ ai , (5.3.39)

where ai = F̃ ·Ai.
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5.3.10 Holmes-Mow Uncoupled

The uncoupled hyperelastic strain-energy function for this material is given by [65],

Ψ(C) = Ψ̃
(
C̃
)
+ U (J) , (5.3.40)

where
Ψ̃
(
C̃
)
=

1

2

µ

β

(
eQ̃ − 1

)
, (5.3.41)

and
Q̃ = β

(
Ĩ1 − 3

)
. (5.3.42)

Here, µ is the shear modulus and β is the exponential nonlinearity coefficient. The corresponding
spatial stress and elasticity tensors are

σ̃ =
µ

J
eQ̃b̃ , (5.3.43)

and
C̃ = 2β

µ

J
eQ̃b̃⊗ b̃ (5.3.44)

respectively. Note that σ̃ does not reduce to zero when b̃ = I, but dev σ̃ does. These expressions
can be substituted into (2.6.61) and (2.6.68) to evaluate the final expressions for the Cauchy stress
and spatial elasticity tensors, respectively.
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5.4 Viscoelasticity

When some of the energy stored during mechanical loading of a material gets dissipated into
heat, the material’s response is called inelastic. Inelastic behaviors include viscoelasticity and
plasticity, although this presentation focuses exclusively on viscoelasticity. In continuum mechan-
ics, we can identify three forms of viscoelasticity in materials. Viscoelasticity may occur due to
(1) friction between molecules of the same material, (2) friction between solid and fluid matter in
a porous deformable medium, and (3) breaking and reforming of weak bonds between molecules
of the same material. The first form is classically described as the viscous response of a mate-
rial, whereby the friction between molecules of the same material is represented by the material’s
viscosity [45]. The second form is classically described by poroelasticity [47, 107] or biphasic [94]
theory, whereby the frictional drag between the porous solid and its interstitial fluid is represented
by the hydraulic permeability (also known as Darcy’s law of permeation), see Section 2.7. The last
form was proposed by Green and Tobolsky [61, 124] as the fundamental mechanism for viscoelas-
ticity in polymers. Recently, we presented a constrained reactive mixture approach to formulate a
reactive viscoelasticity theory that embodies the molecular mechanism of viscoelasticity proposed
by those authors [14, 21], see Section 5.4.2. A conventional approach for modeling viscoelasticity
uses the framework of internal state variables [43], whereby we may decompose the deformation
gradient F into deformations occurring in a microstructural model of the material, consisting of a
spring and dashpot in series [67, 86, 114], see Section5.4.1.
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Figure 5.4.1: Spring-dashpot model for Maxwell representation of the standard solid.

5.4.1 Internal State Variable Theory

We may model a continuum version of the standard linear solid using quasilinear viscoelasticity,
as shown for example by Simo [114], though we make minor modifications and extensions to his
presentation here. Consider that the microstructural model of this viscoelastic material consists
of a spring and dashpot in series (a Maxwell model), combined with a spring in parallel, which is
equivalent to the Maxwell representation of a standard linear solid in linear viscoelasticity (Figure
5.4.1). The total deformation gradient, associated with the parallel spring, is F = Fs · Fd, where
Fs is the internal state variable representing the deformation gradient associated with the series
spring of the Maxwell model, and Fd is that associated with the dashpot. The second Piola-
Kirchhoff stress in the parallel spring is given by

Se (F) =
∂Ψe

r

∂E
, (5.4.1)

where E = 1
2

(
FT · F− I

)
is the Lagrange strain tensor derived from F. In this quasilinear vis-

coelasticity theory, the second Piola-Kirchhoff stress in the Maxwell spring is given by

M (Fs) = γSe (Fs) , (5.4.2)

where γ ≥ 0 is a user-defined non-dimensional parameter that produces standard hyperelasticity
in the limit when γ = 0. Note that Se in eq.(5.4.2) uses the same constitutive model as in eq.(5.4.1),
but its argument is different (Fs instead of F). By recognizing that M should also be the stress in
the Maxwell dashpot, we use eq.(5.4.2) to find that

Ṡe (Fs (t)) +
1

τ
Se (Fs (t)) = Ṡe (F (t)) , Se (Fs (0)) = 0 , (5.4.3)

where the time constant τ is the ratio of the damping coefficient in the dashpot to the Maxwell
spring stiffness, and the dot operator represents the material time derivative in the material frame.
The solution to this linear ordinary differential equation (hence, quasi-linear viscoelasticity theory)
is

Se (Fs (t)) =

ˆ t

0
e−(t−s)/ν dS

e (F (s))

ds
ds . (5.4.4)
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Now, the total stress S in this material, which is the sum of stresses in the two springs, S =
Se (F) + γSe (Fs), reduces to the familiar form

S =

ˆ t

0
G (t− s) dS

e (F (s))

ds
ds , (5.4.5)

where
G (t) = 1 + γe−t/τ (5.4.6)

is called the relaxation function. A convenient and efficient numerical scheme for solving for S in
eq.(5.4.5) was given previously by Puso and Weiss [101], where they used H to denote Se (Fs)
(see Section 5.4.1.2). Of course, the last step in this analysis is to evaluate the Cauchy stress
from eq.(5.4.5) using the standard push-forward formula σ = J−1F · S · FT .

The strain energy density associated with this viscoelastic material corresponds to that stored
in the two springs. Its continuum form is

Ψr = Ψe
r (F) + γΨe

r (Fs) . (5.4.7)

It is important to note that this presentation does not provide an explicit solution for Fs (t). In
principle, it is possible to extract a suitable measure of strain associated with Fs (t) by inverting
eq.(5.4.4), since Se (Fs (t)) must be evaluated explicitly in this scheme as part of the solution for
S in eq.(5.4.5). This inversion requires the adoption of suitable constitutive assumptions about the
multiplicative decomposition F = Fs · Fd; it may possibly be numerically expensive.

In the context of reactive viscoelasticity (see Section 5.4.2), in eq.(5.4.7) we can refer to
Ψe

r (F) as the strong bond strain energy density, since it persists under a non-zero strain, whereas
γΨe

r (Fs) represents the weak bond strain energy density, since it decays to zero under a constant
strain as t→∞.

5.4.1.1 Strain Energy Density in Standard Solid

For example, in the special case of a stress-relaxation response to an instantaneous step strain,
evaluated from F (0+), we may let Fs (0

+) = F (0+) since the dashpot cannot deform instanta-
neously, under the reasonable constitutive assumption that there is no rigid body rotation asso-
ciated with the dashpot distinct from that of the Maxwell series spring, thus Fd (0

+) = I. If we
adopt this assumption for all times t, then we can also conclude that the right stretch tensor Us

of the Maxwell spring deformation gradient tends toward I in the limit as t → ∞, as the dashpot
elongates or contracts to match the right-stretch tensor of the parallel spring, also implying that
Ψe

r (Fs)→ 0 in this limit.
Building upon this example, we can assume more generally that U = Us · Ud under the

constitutive assumption that the rotation tensor R in the polar decomposition of F = R · U is
the same in both branches of the microstructural model. However, for self-consistency, we must
also assume that Us and Ud share the same eigenvectors as U to preserve the symmetry of all
three right-stretch tensors. Thus, a valid constitutive model for the multiplicative decomposition is
to let Us = Uα and Ud = U1−α, where the exponent α (t) is a scalar function of time that can
be obtained by solving eq.(5.4.5) in the form γSe (Uα) = S (U) − Se (U) at the current time t.
This constitutive model is insensitive to flipping the spring and dashopt sequence in the Maxwell
element, as should be expected. Now, for an instantaneous step strain, we would have α (0+) = 1,
whereas the steady-state response to a step strain would produce limt→∞ α (t) = 0. Logically, it
would be reasonable to expect that α (t) must remain in the range 0 ≤ α ≤ 1, since we cannot
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physically justify that the Maxwell spring would stretch (expand or contract) by a greater amount
than the parallel spring. A more formal enforcement of thermodynamic constraints of this internal
variable theory [43], not provided here, should confirm this expectation.

5.4.1.2 Puso and Weiss Numerical Scheme

Here we consider the slightly more general case where the relaxation function is given by a Prony
series

G (t) = γ0 +

N∑
i=1

γi exp (−t/τi) . (5.4.8)

With this function chosen for the relaxation function, we can write the total stress as

S (t) =

tˆ

0

(
γ0 +

N∑
i=1

γi exp ((−t+ s) /τi)
dSe

ds

)
ds . (5.4.9)

Introducing the internal variables,

H(i) (t) =

tˆ

0

exp [− (t− s) /τi]
dSe

ds
ds , (5.4.10)

we can rewrite (5.4.9) as follows,

S (t) = γ0S
e (t) +

N∑
i=1

γiH
(i) (t) . (5.4.11)

In FEBio, γ0 = 1, so Se is the long-term elastic response of the material.
The question now remains how to evaluate the internal variables. From equation (5.4.10) it

appears that we have to integrate over the entire time domain. However, we can find a recurrence
relationship that will allow us to evaluate the internal variables at a time t+∆t given the values at
time t.

H(i) (t+∆t) =

t+∆tˆ

0

exp [− (t+∆t− s) /τi]
dSe

ds
ds

= exp (−∆t/τi)
tˆ

0

exp [− (t− s) /τi]
dSe

ds
ds+

t+∆tˆ

t

exp [− (t+∆t− s) /τi]
dSe

ds
ds

= exp (−∆t/τi)H(i) (t) +

t+∆tˆ

t

exp [− (t+∆t− s) /τi]
dSe

ds
ds .

(5.4.12)
The last term can now be simplified using the midpoint rule to approximate the derivate. In that
case we find the recurrence relation:

H(i) (t+∆t) = exp (−∆t/τi)H(i) (t) +
1− exp (−∆t/τi)

∆t/τi
(Se (t+∆t)− Se (t)) . (5.4.13)

The following procedure can now be applied to calculate the new stress. Given Se
n and H

(i)
n

corresponding to time t, find Se
n+1 and H

(i)
n+1 corresponding to time t+∆t:
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1. calculate elastic stress:
Se
n+1 = 2

∂Ψe
r

∂Cn+1
,

2. evaluate internal variables:

Hi
n+1 = exp (−∆t/τi)Hi

n +
1− exp (−∆t/τi)

∆t/τi

(
Se
n+1 − Se

n

)
,

3. find the total stress:

Sn+1 = γ0S
e
n+1 +

N∑
i=1

γiH
i
n+1 .
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5.4.2 Reactive Viscoelasticity

Reactive viscoelasticity models a material as a mixture of strong bonds, which are permanent, and
weak bonds, which break and reform in response to loading [14, 17]. This framework is based on
constrained reactive mixtures of solids (Section 2.10). Strong bonds produce the equilibrium elas-
tic response, whereas weak bonds produce the transient viscous response. Strong bonds are in a
stress-free state when in their reference configuration X. Their deformation gradient is defined as
usual, F (X, t) = ∂χ (X, t) /∂X. When weak bonds break in response to loading at some time u,
they reform instantaneously in a stress-free configuration Xu that coincides with the current con-
figuration at time u, thus, Xu = χ (X, u). Therefore, a reaction transforms intact loaded bonds into
reformed unloaded bonds. Weak bonds that reform at time u may be called u−generation bonds.
The deformation gradient of u−generation weak bonds relative to their reference configuration Xu

is denoted by Fu (X, t), which may be evaluated from the chain rule,

F (X, t) = Fu (X, t) · R̄ (X, u) ·U (X, u) , (5.4.14)

where U is the right-stretch tensor of F = R ·U and R̄ = (Ru)T ·R is the relative rotation between
generation u and the master generation. The strain energy density Ψr in a reactive viscoelastic
material is given by

Ψr (F) = Ψe
r (F) +

∑
u

wuΨb
0 (F

u) , (5.4.15)

where Ψe
r is the strain energy density of strong bonds and Ψb

0 is the strain energy density of
weak bonds, when they all belong to the same generation. In this expression, wu (X, t) is the
mass fraction of u−generation weak bonds, which evolves over time as described below. The
summation is taken over all generations u that were created prior to the current time t. Based on
eq.(2.10.15), the mixture Cauchy stress σ in a reactive viscoelastic material is similarly given by

σ (Fs) = σe (Fs) +
∑
u

wuJ−1 (u)σb
0 (F

u) , (5.4.16)

where σe is the stress in the strong bonds and σb
0 is the stress in the weak bonds. These stresses

are related to the respective strain energy densities of strong and weak bonds according to

σe (Fs) =
1

Js

∂Ψe
r (F

s)

∂Fs
· (Fs)T , σb

0 (F
u) =

1

Ju

∂Ψb
0 (F

u)

∂Fu
· (Fu)T . (5.4.17)

The mass fractions wu (X, t) are obtained by solving the equation of mass balance for reactive
constrained mixtures,

ẇu = ŵu (F, wγ) , (5.4.18)

where the mass fraction supply ŵu must be specified as a constitutive function of the deformation
gradient F and the mass fractions wγ from all generations. Since mass must be conserved over
all generations, it follows that ∑

u

ŵu = 0,
∑
u

wu = 1 . (5.4.19)

Any number of valid solutions may exist for wu, based on constitutive assumptions for ŵu. For
example, for u−generation bonds reforming in an unloaded state during the time interval u ⩽ t < v,
and subsequently breaking in response to loading at t = v, Type I bond kinetics provides a solution
of the form

wu (X, t) =


0 t < u

fu (X, t) u ⩽ t < v

fu (X, v) g (F (v) ;X, t− v) v ⩽ t

, (5.4.20)
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where
fu (X, t) = 1−

∑
γ<u

wγ (X, t) , (5.4.21)

and g (F (v) ;X, t− v) is a reduced relaxation function which may assume any number of valid
forms. (A reduced relaxation function g (t) satisfies g (0) = 1 and g (t→∞) = 0, and decreases
monotonically with t.) In particular, g may depend on the state of strain at time v when the
u−generation starts breaking and reforming. In the recursive expression of eq.(5.4.20), the ear-
liest generation u = −∞, which is initially at rest, produces wu (t) = 1 for t < v and wu (t) =
g (F (v) ;X, t− v) for t ⩾ v; this latter expression seeds the recursion for subsequent generations.
Therefore, providing a functional form for g suffices to produce the solution for all bond generations
u.

For Type II bond kinetics, the solution for the mass fractions is given by

wu (t) =


0 t < u

1− g (t− u) u ⩽ t < v

g (t− v)− g (t− u) v ⩽ t

. (5.4.22)

For this type of bond kinetics, the reduced relaxation function g cannot depend on the magnitude of
the strain, because strain-dependence might violate the constraint 0 ⩽ wu ⩽ 1. Thus, type II bond
kinetics is only valid for quasilinear viscoelasticity, whereas type I bond kinetics also encompasses
nonlinear viscoelasticity.

For all bond kinetics, it is also possible to constrain the occurrence of the breaking-and-
reforming reaction to specific forms of the strain. For example, the reaction may be allowed to
proceed only in the case of dilatational strain, or only in the case of distortional strain.

The finite element implementation of reactive viscoelasticity stores the value of time v, mass
fraction of reformed bonds fu (X, v), and the right stretch tensor U (X, v) needed to evaluate wu

in eq.(5.4.20) and Fv (X, t) in eq.(5.4.14).

5.4.2.1 Constitutive Model for R̄

In reactive viscoelasticity we adopt the constitutive assumption that Uu = I, thus Fu = Ru, at time
tu when generation u must come into existence in a stress-free state. Since R̄ in eq.(5.4.14) must
be a proper orthogonal transformation, we may select

R̄ = I . (5.4.23)

Since this choice is invariant to any transformation Q it remains valid for all material symmetries,
ranging from triclinic to isotropic. Therefore, eq.(5.4.14) now takes the form

Fu (X, t) = F (X, t) ·U−1 (X, u) (5.4.24)

where U is the right stretch tensor of F.
There remains one special case that must be addressed with a separate choice for R̄. In

biomechanics we often find it convenient to model fibrous or fibrillar materials using one-dimensional
fibers that can only sustain tension. Typically, such fibers are represented with a strain energy den-
sity function

Ψ0 (C) = H (In − 1)Ψn (In) , In = nr ·C · nr (5.4.25)

where nr is the unit vector along the fiber in its reference configuration, and In is the square of
the stretch ratio along the fiber. The Heaviside unit step function H (In − 1) in eq.(5.4.25) ensures
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that the fiber contributes strain energy only when it is under tension (In > 1); thus, the constitutive
model Ψn (In) for the tensile response of the fiber must reduce to zero when In = 1.

In the reactive viscoelasticity framework, each generation u comes into existence at time tu,
thus the constitutive model for the fiber must account for the fact that the fiber orientation is no
longer along nr at time tu. Indeed, the total weak bond free energy in a reactive viscoelastic
material now reduces to ∑

u

wuΨb
0 (F

u (t)) =
∑
u

wuH (Iun − 1)Ψn (I
u
n)

Iun = nu
r ·Cu · nu

r

(5.4.26)

where nu
r is the fiber orientation at time tu and Iun is the square of the stretch ratio of the fiber

relative to its reference configuration at time tu. Recall that the elemental line along nr gets
transformed in the material frame at any time t by U to λnn = U · nr where

λn =
√
nr ·C · nr , n =

1

λn
U · nr (5.4.27)

At time tu when generation u forms in a stress-free state, it follows that the fiber material is now
based on the orientation nu

r ≡ n (tu), evaluated using U (X, tu) as shown in eq.(5.4.27). In gen-
eral, nu

r and nr need not be collinear, therefore we can find the rotation R̄ that transforms nu
r to

nr,
R̄ = (1− cos γ)m⊗m+ cos γI− E · (sin γm) (5.4.28)

with cos γ = nu
r · nr and sin γm = nu

r × nr. In this expression, m is the unit vector along the
rotation axis, γ is the rotation angle about the axis, and E represents the (pseudo-)third-order
permutation tensor whose components are equal to the permutation symbol εijk. Thus, −E · ω
is the antisymmetric second-order tensor Ω whose dual vector is ω, from which it follows that
Ω · a = ω × a for any vector a. Here again, since R̄ represents a relative rotation between the
material vectors nu

r and nr, it is invariant to any transformation Q.
In practice it is not necessary to evaluate R̄ in eq.(5.4.28) for each generation u of each fiber

in a material model; instead one can reset the fiber direction from nr to nu
r = n (u), where n is

evaluated as per eq.(5.4.27), requiring only the storage of U (X, u) for each generation u. This
scheme may also be used with continuous fiber distributions [69]. As explained in [17], this con-
stitutive model for R̄ ensures that cyclical loading of a reactive viscoelastic fibrous material never
produces compressive fiber stresses.

5.4.2.2 Reduced Relaxation Functions

Reduced relaxation functions are monotonically decreasing functions of time g (t) that satisfy
g (0) = 1 and limt→∞ g (t) = 0. Many different forms of reduced relaxation functions are available in
FEBio, given in the FEBio User’s Manual . The simplest and most commonly used relaxation func-
tion is the exponential function g (t) = e−t/τ , where τ is the relaxation constant. In viscoelasticity
theory it is common to use a combination of relaxation functions with distinct relaxation constants
τi, described as a Prony series of the form

g (t) =

∑
i γie

−t/τi∑
i γi

. (5.4.29)

The coefficients γi are normalized by
∑

i γi to enforce g (0) = 1. Alternatively, we could have
written

g (t) =
∑
i

γ̂ie
−t/τi ,

∑
i

γ̂i = 1 . (5.4.30)

https://febio.org/knowledgebase/
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This type of relaxation function g (t) is said to have a discrete spectrum of coefficients γ̂i corre-
sponding to each τi.

It is also possible to define a continuous relaxation spectrum γ̂ (τ) such that the reduced relax-
ation function is given by

g (t) =

ˆ ∞

0
γ̂ (τ) e−t/τ dτ . (5.4.31)

To satisfy g (0) = 1 the continous relaxation spectrum γ̂ (τ) must satisfy
ˆ ∞

0
γ̂ (τ) dτ = 1 . (5.4.32)

For example, Fung [58] proposed a relaxation spectrum of the form

γ̂ (τ) =


1

ln
τ2
τ1

1
τ τ1 ≤ τ ≤ τ2

0 otherwise
. (5.4.33)

When substituted into eq.(5.4.31) it produces

g (t) =
Γ
(
0, t

τ2

)
− Γ

(
0, t

τ1

)
ln τ2

τ1

=
−Ei

(
− t

τ2

)
+ Ei

(
− t

τ1

)
ln τ2

τ1

, (5.4.34)

where Γ (a, z) is the incomplete gamma function and Ei (z) is the exponential integral function,
which satisfy Γ (0, z) = −Ei (−z). An alternative model proposed later by Fung [55] is

γ̂ (τ) =

{
1

τ2−τ1
τ1 ≤ τ ≤ τ2

0 otherwise
, (5.4.35)

which produces

g (t) =
τ2e

−t/τ2 − τ1e−t/τ1 + t
[
Ei
(
− t

τ2

)
− Ei

(
− t

τ1

)]
τ2 − τ1

. (5.4.36)

A generalization of Fung’s earlier continuous relaxation spectrum may be derived from the work
of Malkin [89] who proposed to use a function proportional to τ−β. If we constrain this spectrum to
the range τ1 ≤ τ ≤ τ2 it takes the form (Figure 5.4.2)

γ̂ (τ) =

{
β−1

τ1−β
1 −τ1−β

2

1
τβ

τ1 ≤ τ ≤ τ2
0 otherwise

. (5.4.37)

When substituted into (5.4.31) this continuous relaxation spectrum produces the reduced relax-
ation function (Figure 5.4.3)

g (t) =
(β − 1) t1−β

τ1−β
1 − τ1−β

2

[
Γ

(
β − 1,

t

τ2

)
− Γ

(
β − 1,

t

τ1

)]
. (5.4.38)

In the limit as β → 1, the expression of eq.(5.4.38) reduces to eq.(5.4.34). For proper evaluation
of the Γ function we must have β ≥ 1.

Another example for a continuous relaxation spectrum is the exponential spectrum (Figure
5.4.4)
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Figure 5.4.2: Continuous relaxation spectrum γ̂ (τ) of eq.(5.4.37), based on the work of Malkin
[89], for two representative values of β.

Figure 5.4.3: Malkin’s reduced relaxation function g (t), eq.(5.4.38), for τ1 = 10−2 and τ2 = 103, for
two representative values of β.
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Figure 5.4.4: Continuous exponential relaxation spectrum γ̂ (τ) of eq.(5.4.39), for three represen-
tative values of τ0.

γ̂ (τ) =
1

τ0
e−τ/τ0 , 0 ≤ τ <∞ , (5.4.39)

which produces

g (t) = 2

√
t

τ0
K1

(
2

√
t

τ0

)
, (5.4.40)

where K1 (z) is the modified Bessel function of the second kind, of order 1 (Figure (5.4.5)).
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Figure 5.4.5: Reduced relaxation function g (t) of eq.(5.4.40) for continuous exponential relaxation
spectrum, for three representative values of τ0.

5.4.2.3 Viscous Friction

The Cauchy stress in a viscous material [45] is given by

σ = σe + τ , (5.4.41)

where σe is the elastic part of the stress as given in eq.(2.6.10) and τ is the viscous stress, which
depends on the rate of deformation tensor D (the symmetric part of the velocity gradient). For
example, in an isotropic Newtonian viscous response, τ = λ (trD) I + 2µD, where λ and µ are
viscosity coefficients. Since τ reduces to zero under static loading (when D = 0), it follows that
σe is the equilibrium response of this type of viscoelastic material. For a viscous fluid, the elastic
stress tensor simplifies to σe = −pI, where p is the fluid pressure. In a compressible fluid, p is a
function of the volumetric strain (e.g., a function of J) and the absolute temperature.

By the nature of eq.(5.4.41), we may interpret this type of viscous material microscopically as
a spring and dashpot in parallel, often called a Voigt model in linear viscoelasticity [34, 44], though
the general continuum mechanics expression of eq.(5.4.41) may encompass nonlinear behaviors
for σe and for τ . The energy density dissipated in this type of material is τ : D.

Though we include this type of viscoelastic model here for completeness, in practice, investi-
gators in biomechanics have rarely adopted this model to describe biological tissues, because it
predicts that the stress τ becomes infinite under a step increase in strain.

5.5 Reactive Damage Mechanics

5.5.1 Bond-Breaking Reaction

The reactive damage mechanics framework was first described in [97]. It is based on constrained
reactive mixtures of solids (Section 2.10) and used to model damage in an elastic solid as a
reaction that transforms intact (elastic) bonds into broken bonds,

E i → Eb . (5.5.1)

Here, Eα is the material associated with bonds α (α = i for intact bonds and α = b for broken
bonds). The material is modeled as a constrained mixture of these two constituents α. Whereas
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intact bonds may store free energy, broken bond sustain none. This framework assumes that
isothermal conditions prevail. Thus, any heat generated by the dissipative damage reaction must
be radiated from the continuum to preserve a constant temperature. In an isothermal framework,
the free energy density is also equal to the strain energy density.

The referential mass density of the solid mixture is ρr (mass of solid per volume in its refer-
ential, stress-free configuration), which remains constant throughout an analysis. The material
associated with intact bonds has an apparent mass density ρir while that associated with broken
bonds is ρbr,such that the mixture mass balance is satisfied by

ρr = ρir + ρbr . (5.5.2)

5.5.2 Strain Energy Density and Stress

Let the specific free energy stored in intact bonds be represented by ψ (F); that of broken bonds
is zero. Therefore, the free energy density of the mixture is

Ψr (F) = ρirψ (F) . (5.5.3)

We may define the mass fraction wα of bond species α as

wα =
ραr
ρr
. (5.5.4)

Now, the mixture mass balance in eq.(5.5.2) may be rewritten as
∑

αw
α = 1, or more specifically,

wi + wb = 1 . (5.5.5)

We may also rewrite the mixture free energy density in eq.(5.5.3) as

Ψr (F) = wiρrψ (F) =
(
1− wb

)
ρrψ (F) , (5.5.6)

where we have made use of eq.(5.5.5). The corresponding Cauchy stress may be evaluated using
the standard hyperelasticity formula,

σ = J−1∂Ψr

∂F
· FT =

(
1− wb

) ρr
J

∂ψ

∂F
· FT . (5.5.7)

These relation show that the free energy density and stress of a damaged material are scaled by
the mass fraction wi = 1 − wb of remaining intact bonds. Comparing these formulas to those of
classical damage mechanics [41, 75, 83, 84, 104, 119], it becomes immediately apparent that the
classical damage variable D appearing in those theories is equivalent to the mass fraction wb of
broken bonds,

D ≡ wb. (5.5.8)

To further clarify this equivalence, we may let Ψ0 ≡ ρrψ represent the free energy density of an
intact elastic solid, such that eq.(5.5.6) may be rewritten as Ψr = (1−D)Ψ0. Similarly, eq.(5.5.7)
may be rewritten as σ = (1−D)σ0, where σ0 is the stress in the intact elastic solid, derived from
the hyperelasticity relation σ0 = J−1 (∂Ψ0/∂F) · FT .

For nearly-incompressible hyperelastic materials (Section 2.6.8), the strain energy density of
the intact material has the form of eq.(2.6.53), thus Ψ0 (C) = Ψ̃0

(
C̃
)
+ U (J). In this case,

we assume that the damage only affects the distortional part of the strain energy density Ψ̃0

(
C̃
)

,
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consistent with the general framework advocated in [66]. Thus, for uncoupled damage, we assume
that Ψr (C) = (1−D) Ψ̃0

(
C̃
)
+ U (J). The resulting damage stress similarly takes the form

σ = (1−D) dev σ̃0 + pI, consistent with eq.(2.6.61), where σ̃0 is evaluated from Ψ̃0

(
C̃
)

as given
in eq.(2.6.62) and p is evaluated from U (J) as given in eq.(2.6.55).

When investigating the damage mechanics of tension-bearing fibrous materials, described in
Section 2.6.9, it is important to use the unconstrained version of the fiber and damage mechan-
ics models, even when the fibers are embedded in a ground matrix with a nearly-incompressible
response (uncoupled formulation). This is a necessary requirement since uncoupled fiber formu-
lations are now understood to be non-physical. Nevertheless, for historical reasons, FEBio allows
users to use uncoupled fiber formulations in an uncoupled damage material.

5.5.3 Damage Criterion

At each material point X in the continuum, damage occurs when a scalar damage (or failure)
measure Ξ (F) achieves a critical value Ξm over the loading history,

Ξm (X) = max
−∞<s≤t

Ξ (F (X, s)) . (5.5.9)

The scalar damage measure Ξ (F) must be invariant to orthogonal transformations Q that pre-
serve material symmetry, or else the damage formulation would not be observer-independent. For
example, for isotropic materials, Ξ (F) must be an isotropic function of the deformation, in which
case it should be expressed as Ξ (U) or Ξ (E), where U is the right stretch tensor in the polar
decomposition F = R ·U of the deformation gradient, and

E =
1

2

(
FT · F− I

)
=

1

2

(
U2 − I

)
(5.5.10)

is the Green-Lagrange strain tensor. It follows that(
∂E

∂U

)
ijmn

=
1

2

(
1

2
(δimUnj + δinUmj) +

1

2
(Uimδjn + Uinδjm)

)
.

For anisotropic materials where a is the unit normal to a symmetry plane and A = a ⊗ a, the
damage measure Ξ must satisfy

Ξ (U,A) = Ξ
(
Q ·U ·QT ,Q ·A ·QT

)
, (5.5.11)

for transformations Q that satisfy Q ·A ·QT = A (or Q · a = a). We may replace U with E in the
above expression.

We assume that the amount of damage (the fractionD of broken bonds) is given by the function
of state

D = F (Ξm) , (5.5.12)

where 0 ≤ F (Ξm) ≤ 1. As shown in [97], the Clausius-Duhem inequality imposes the constraint
that F (Ξm) must be a monotonically increasing function of its argument. Therefore, we may un-
derstand F to represent a cumulative density function (CDF), whose derivative f (Ξm) = F ′ (Ξm)
is a probability distribution function (PDF) that describes the probability of bonds breaking at the
specific threshold Ξm.
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5.5.4 Reaction Kinetics and Thermodynamics

The axiom of mass balance in a reactive constrained mixture reduces to

ρ̇αr = ρ̂αr , (5.5.13)

where ρ̇αr is the material time derivative of ραr and ρ̂αr is a function of state representing the ref-
erential mass supply density to constituent α due to reactions with all other constituents. In the
damage framework, the above relations show that

ρir = ρr (1− F (Ξm))

ρbr = ρrF (Ξm)
. (5.5.14)

Substituting these expressions into eq.(5.5.13) shows that the referential mass density supplies
are given by

ρ̂ir = −ρrḞ (Ξm)

ρ̂br = ρrḞ (Ξm)
, (5.5.15)

where

Ḟ (Ξm) =

f (Ξ) Ξ̇
∣∣∣
Ξm

advancing damage

0 otherwise
. (5.5.16)

In these expressions, the damage is advancing when Ξm increases over two consecutive time
points. In this expression for Ḟ we need to evaluate

Ξ̇ (U) =
∂Ξ

∂U
: U̇ = N : U̇ , (5.5.17)

where we defined

N ≡ ∂Ξ

∂U
(5.5.18)

to represent the tensorial normal to the damage hypersurface, which needs to be evaluated at Ξm.
In this isothermal damage framework it can be shown from the energy balance that a heat sup-

ply density ρrr must radiate the bond-breaking energy out of the continuum to maintain isothermal
conditions, where

ρrr = ρ̂irψ (F) = −ρrḞ (Ξm)ψ (F) . (5.5.19)

Since F is a monotonically increasing function of Ξm, its material time derivative Ḟ is always
positive when the damage is increasing, and zero otherwise as per eq.(5.5.17). Since the specific
strain energy ψ (F) is always positive, it follows that the specific heat supply r = −Ḟ (Ξm)ψ (F)
in eq.(5.5.19) is negative or zero, consistent with the expectation that heat needs to leave the
continuum to maintain isothermal conditions.

5.5.5 Constitutive Models for Damage and Yield Criteria

Constitutive models for the damage or yield measure Ξ (U) may be derived from energy- or stress-
based potentials or (less commonly) strain measures. A summary of constitutive models for dam-
age or yield criteria currently implemented in FEBio is presented below.
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5.5.5.1 Strain Energy Density

It may be assumed that damage occurs when the strain energy density Ψr achieves a certain
threshold Ψm. In that case, the constitutive model for the damage measure is

Ξ (U) = Ψr (U) . (5.5.20)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
Ψr must satisfy the frame-invariance of eq.208 by construction. The resulting damage surface
normal is

N =
∂Ψr

∂U
=

1

2
(S ·U+U · S) , (5.5.21)

where S = ∂Ψr/∂E = JF−1 · σ · F−T is the second Piola-Kirchhoff stress associated with the
material.

5.5.5.2 Simo Damage Criterion

Simo [114, 119] proposed a damage criterion related to the strain energy density,

Ξ (U) =
√
2Ψr (U) . (5.5.22)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
Ψr must satisfy the frame-invariance of eq.208 by construction. Its resulting damage surface
normal is

N =
1√
2Ψr

1

2
(S ·U+U · S) , (5.5.23)

where we have used the result of eq.(5.5.21). The normal reduces to the null tensor in the limit
when Ψr and σ tend to zero.

5.5.5.3 Specific Strain Energy

It may be assumed that damage occurs when the specific strain energy Ψr/ρr achieves a certain
threshold ψm. In that case, the constitutive model for the damage measure is

Ξ (U) =
1

ρr
Ψr (U) . (5.5.24)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
Ψr must satisfy the frame-invariance of eq.208 by construction. The resulting damage surface
normal is

N =
1

ρr

∂Ψr

∂U
=

1

2ρr
(S ·U+U · S) , (5.5.25)

where we have used the result of eq.(5.5.21).

5.5.5.4 Von Mises Stress

For this criterion it is assumed that damage or yield is initiated by increases in the von Mises (or
effective) stress, σY . Thus,

Ξ (U) = σY (U) =

√
3

2
devσ : devσ , (5.5.26)



5.5. REACTIVE DAMAGE MECHANICS 211

where devσ is the deviatoric part of σ. To evaluate the damage surface normal in this case, we
must use the chain rule,

N =
∂Ξ

∂σ
:
∂σ

∂F
:
∂F

∂U
. (5.5.27)

From the hyperelasticity relation in eq.(5.5.7) it can be shown that

∂σ

∂F
= (C + I⊘ σ + σ ; I− σ ⊗ I) · F−T , (5.5.28)

where C is the fourth-order spatial elasticity tensor associated with the strain energy density Ψr.
Then, it can be shown that

N =
1

2
RT ·M ·R ·U−1 +

1

2
U−1 ·RT ·MT ·R , (5.5.29)

where

M =
∂Ξ

∂σ
: C + 2

∂Ξ

∂σ
· σ −

(
∂Ξ

∂σ
: σ

)
I . (5.5.30)

From the von Mises criterion in eq.(5.5.26), it can be shown that

∂Ξ

∂σ
=

3

2σY
devσ . (5.5.31)

Substituting Eqs.(5.5.30)-(5.5.31) into eq.(5.5.29) provides the surface normal N.

5.5.5.5 Maximum Normal Stress

For this criterion, the damage measure takes the form

Ξ (U) = σ1 , (5.5.32)

where σ1 is the maximum principal stress (under the assumption that the three principal stresses
of σ are ordered such that σ1 ≥ σ2 ≥ σ3). To evaluate the damage surface normal, we may use
Eqs.(5.5.29)-(5.5.30) where

∂Ξ

∂σ
=
∂σ1
∂σ

= n1 ⊗ n1 . (5.5.33)

Here, n1 is a unit vector along the principal direction of maximum normal stress (the eigenvector
of σ corresponding to the eigenvalue σ1).

5.5.5.6 Maximum Shear Stress

For this criterion, the damage measure takes the form

Ξ (U) =
σ1 − σ3

2
, (5.5.34)

where σ1 and σ3 are the maximum and minimum principal normal stresses (under the assumption
that the three principal stresses of σ are ordered such that σ1 ≥ σ2 ≥ σ3). To evaluate the damage
surface normal, we may use Eqs.(5.5.29)-(5.5.30) where

∂Ξ

∂σ
=

1

2
(n1 ⊗ n1 − n3 ⊗ n3) . (5.5.35)

Here, n1 and n3 are unit vectors along the principal directions of maximum and minimum normal
stress, respectively.



212 CHAPTER 5. CONSTITUTIVE MODELS

5.5.5.7 Drucker Shear Stress

This criterion is based on the yield criterion for plasticity introduced in [51]. Its damage (or yield)
measure takes the form

Ξ (U) = k =
(
J3
2 − cJ2

3

)1/6
, (5.5.36)

where J2 = 1
2 devσ : devσ, J3 = det (devσ), k is the yield limit in simple shear and c is a user-

specified non-dimensional material constant which must lie in the range −27
8 ≤ c ≤ 9

4 . To better
understand the meaning of k, consider uniaxial loading of a bar which yields at the normal stress
value of σy. In this case,

k =
σy√
3

(
1− 4

27
c

)1/6 σy√
3

(
2

3

)1/6

≤ k ≤ σy√
3

(
3

2

)1/6

. (5.5.37)

In the special case when c = 0 the Drucker criterion reduces to the von Mises criterion, with
k = σy/

√
3. To evaluate the damage or yield surface normal, we may use Eqs.(5.5.29)-(5.5.30)

where
∂Ξ

∂σ
=

1

k5

(
J2
2

2
devσ − cJ2

3

3
dev (devσ)−1

)
. (5.5.38)

5.5.5.8 Maximum Normal Lagrange Strain

The Lagrange strain tensor E is related to F via eq.(5.5.10). Its maximum principal value is de-
noted by E1. For this criterion, we let

Ξ (U) = E1 . (5.5.39)

Then, the damage surface normal is given by

N =
∂E1

∂U
=
√
1 + 2E1n1 ⊗ n1 , (5.5.40)

where n1 is a unit vector along the principal direction of normal strain.
Note that the maximum normal Lagrange strain is a kinematic measure, thus it does not repre-

sent an intrinsic material property. Though FEBio allows users to specify this criterion, it is strongly
recommended to employ stress- or strain-energy-density-based failure or yield criteria in practice.

5.5.5.9 Octahedral Lagrange Strain

The octahedral Lagrange strain is given by

e (U) =

√
2

3
devE : devE , (5.5.41)

where devE is the deviatoric part of the Lagrange strain tensor,

devE = E− 1

3
tr (E) I , (5.5.42)

and E is given in eq.(5.5.10). For this damage measure we let

Ξ (U) = e (U) . (5.5.43)
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The damage surface normal can be evaluated from

N =
∂e

∂E
:
∂E

∂U
=

1

3e
(devE ·U+U · devE) , (5.5.44)

where we used
∂e

∂E
=

2

3e
devE (5.5.45)

and
∂E

∂U
=

1

2

∂U2

∂U
=

1

2
(I⊙U+U⊙ I) . (5.5.46)

Note that the octahedral Lagrange strain is a kinematic measure, thus it does not represent
an intrinsic material property. Though FEBio allows users to specify this criterion, it is strongly
recommended to employ stress- or strain-energy-density-based failure or yield criteria in practice.
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5.6 Reactive Plasticity

Reactive plasticity models a material as a mixture of bonds that break in response to loading and
reform in a stressed state [138]. This framework is based on constrained reactive mixtures of
solids (Section 2.10).

5.6.1 Elastic-Perfectly Plastic Response

This section describes a reactive framework in which all loaded bonds in an elemental region
break and reform simultaneously into a stressed state with a new reference configuration, resulting
in elastic-perfectly plastic behavior. The theory outlined here is similar to reactive viscoelasticity
(Section 5.4.2) [14, 96], although bonds now reform in a stressed rather than a stress-free state.

The elastic response of this material is achieved when bonds have not yet failed in response to
loading. In this case it is assumed that the bonds belong to generation s (the master constituent)
whose reference configuration is represented by material points located at Xs. When bonds break
and reform at time tσ, a new σ−generation is formed. Consider that bonds of the σ−generation
yield based on a scalar yield measure Φ (Uσ) (e.g., the von Mises stress), where Uσ is the right
stretch tensor from the polar decomposition Fσ = R ·Uσ, and R is the rotation tensor, assumed
to also be the rotation tensor of Fs. Thus, according to eq.(2.10.2), Us = Uσ · Fσs.

Let the yield threshold for the σ−generation be given by Φm, which represents the threshold
value at which yielding begins. For σ−generation bonds the yield criterion may thus be defined as

φ (Uσ) = Φ (Uσ)− Φm ≤ 0 , (5.6.1)

where φ (Uσ) represents the yield surface of σ−generation bonds whose tensorial normal is

Nσ =
∂φ

∂Uσ
=
∂Φ (Uσ)

∂Uσ
. (5.6.2)

When yield thresholds are formulated in stress space, the dependence on the deformation takes
the form Φ = Φ(σσ (Uσ)).

Consider two consecutive generations σ, denoted by u and v, such that the bond-breaking-
and-reforming reaction is Eu → Ev. Upon breaking of the u−generation to form the v−generation
the plastic consistency condition is given by dφ = 0, which reduces to

Nu (u) : (Uv (v)−Uu (u)) = 0 . (5.6.3)

The constitutive model for Fσs is given by

(Fvs)−1 = (Fus)−1 ·
(
I− λN̂v

)
(5.6.4)

where
N̂v =

Nv

√
Nv : Nv

(5.6.5)

is the unit tensor along Nv and λ is a non-dimensional scalar which may be determined analyti-
cally by enforcing the plastic consistency condition in eq.(5.6.3). When the plastic deformation is
assumed to be isochoric the solution for λ is obtained while enforcing detFσs = 1. For the earliest
yielded generation u, the preceding s−generation is in the elastic regime; therefore, Fus = I at the
start of the recursive relation in eq.(5.6.4).
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The stress response of this solid mixture is given generically by eq.(2.10.13), specialized to the
case where each generation σ is assumed to have the same constitutive model Ψ0 for its strain
energy density, Ψσ

r = JσsΨ0. For example, in the case of the three consecutive σ generations s, u
and v, the strain energy density is Ψr (F

s) =
∑

σ w
σJσsΨ0 (U

σ) and the stress is

σ = wsσ0 (U
s) + wuσ0 (U

u) + wvσ0 (U
v) , (5.6.6)

where Uu and Uv are evaluated from Us · (Fσs)−1 = Uσ (σ = u, v) and eq.(5.6.4), and σ0 is given
in eq.(2.10.16). For an elastic-perfectly plastic response the bond mass fractions are constitutively
assumed to satisfy

ws = 1−H (t− tu) , wu = H (t− tu)−H (t− tv) , wv = H (t− tv) , (5.6.7)

where H (·) is the Heaviside unit step function. The corresponding constitutive models for ρ̂σr may
be obtained by substituting these expressions into (2.10.5). The onset of yielding of generations
u and v is the time t when φ (Us) = 0 (Es → Eu, t = tu) and φ (Uu) = 0 (Eu → Ev, t = tv),
respectively. In summary wσ = 1 during the lifetime of generation σ (tσ ≤ t < tσ+1) and 0 at other
times t.

5.6.2 Kinematic “Hardening” Response

The framework presented in Section 5.6.1 has considered an elastic-perfectly plastic response,
i.e., all the bonds yield when a single yield threshold Φm is met. However, a wealth of experimen-
tal results show a more progressive yielding, rather than a sudden onset, and an increase in the
stress with increasing plastic deformation, a phenomenon alternately termed strain hardening or
work hardening. Real materials typically exhibit the Bauschinger effect, where loading to yield in
one direction changes the yield threshold in the reverse direction. The hardening behavior that
accounts for this effect is known as kinematic hardening; for a load reversal, it predicts yielding
occurs when the change in load achieves twice the monotonic yield strength. The reactive plas-
ticity framework can be extended to allow for kinematic hardening by introducing multiple families
of bonds. In the current FEBio implementation each bond family β shares the same yield criterion
Φ but distinct associated yield thresholds Φmβ, and it follows the elastic-perfectly plastic behavior
for multiple generations outlined in Section 5.6.1. The superposition of multiple bond families β in
parallel naturally develops behavior consistent with kinematic hardening, as different bond families
yield at different thresholds.

We consider nf bond families β = 0, . . . , nf − 1, which may yield under different thresholds,
where each bond family may evolve over multiple generations σ. This framework requires us to
update our notation to include a subscript β for suitable variables introduced in the presentation
above. In particular, the reference configuration of generation σ in bond family β is now denoted
by Xσ

β and the corresponding deformation gradient is Fσ
β. We assume that the free energy den-

sity of each bond family β is Ψβr = Jσs
β Ψ0

(
Fσ
β

)
, when the mixture consists entirely of bonds of

family β in generation σ. The master reference configuration of all bond families remains Xs and
the associated (total) deformation gradient is still Fs. Therefore, each bond family β requires a
constitutive relation for the function of state Fσs

β in the updated form of eq.(2.10.2), such as that
given in eq.(5.6.4), where each term should now include a subscript β.

The referential mass density of bond family β is ρrβ , such that the mixture referential mass
density is given by ρr =

∑
β ρrβ . The referential mass density of generation σ in bond family β is
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ρσrβ , which satisfies
∑

σ ρ
σ
rβ = ρrβ , as per eq.(2.10.6). For convenience, we define

wβ ≡
ρrβ
ρr

,
∑
β

wβ = 1 , (5.6.8)

which represents the mass fraction of each bond family β within the constrained solid mixture, and

wσ
β =

ρσrβ
ρrβ

,
∑
σ

wσ
β = 1 , (5.6.9)

which represents the mass fraction of each generation σ within the bond family β. From these
definitions, it follows that bond family mass fractions wβ are time-invariant (thus user-selected for
a particular material response), whereas generation mass fractions wσ

β evolve with bond-breaking-
and-reforming reactions.

The mixture strain energy density Ψr is now given by

Ψr =
∑
β

wβ

∑
σ

wσ
βJ

σs
β Ψ0

(
Fσ
β

)
, (5.6.10)

whereas the mixture stress is

σ =
∑
β

wβ

∑
σ

wσ
βσ0

(
Fσ
β

)
︸ ︷︷ ︸

σβ

, σ0

(
Fσ
β

)
=

1

Jσ
β

∂Ψ0

∂Fσ
β

·
(
Fσ
β

)T
. (5.6.11)

To simplify the remainder of this presentation, we introduce the concept of yielded bonds, denoted
by y, to represent bonds of the current extant generation in a plasticity formulation. The yielded
bond fraction for each family β is given by

wy
β =

∑
σ ̸=s

wσ
β = 1− ws

β (5.6.12)

where the summation runs over all possible yielded generations σ ̸= s. In particular, at time t = u,
eq.(5.6.12) reduces to the statement wy

β = wu
β . We then define the relative deformation gradient of

yielded bonds as Fy
β, which equals Fσ

β for the extant generation σ in family β. With these notational
changes, we may write the yielding reactions in the form

Es → Eu → Ev → . . .︸ ︷︷ ︸
Ey

. (5.6.13)

Then the mixture stress in eq.(5.6.11) may be rewritten as σ =
∑

β wβσβ where σβ = ws
βσ0 (F

s)+(
1− ws

β

)
σ0

(
Fy
β

)
. We may also define the total fraction ws of intact bonds in the mixture as

ws =
∑

β wβw
s
β, and the total fraction of yielded bonds as wy =

∑
β wβw

y
β = 1 − ws, such that

ws + wy = 1. Then σ = wsσ0 (F
s) +

∑
β wβ

(
1− ws

β

)
σ0

(
Fy
β

)
. The summation in this last

expression does not simplify further since Fy
β is different for each bond family β.

Let each bond family β exhibit an elastic-perfectly plastic response, following the model of
Section 5.6.1. Once the yield threshold Φmβ is reached, all the intact bonds of that family yield at
once, such that ws

β = 0 and wy
β = 1 as shown for the mixture stress response in Figure 5.6.1a-

c. Now consider that there are three bond families, β = 0, 1, 2 which are weighted evenly, wβ =
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1/3 ∀β. The stress response for this illustrative example is shown in Figure 5.6.1d-f. Though each
bond family is elastic-perfectly plastic, their superposition develops “hardening”-like behavior. At
the onset of yielding, when family β = 0 yields, its bond mass fractions are ws

0 = 0 and wy
0 = 1,

implying that this entire family has yielded. However, since the family has a mass fraction w0 = 1/3
in the solid mixture, two-thirds of the bonds in the mixture remain intact at this juncture, 1 − ws

0 =
2/3. As subsequent families β yield, their bonds transition from intact to yielded generations in the
same manner. Though the resulting stress response in Figure 5.6.1d is classically described as a
“hardening” behavior, the reactive plasticity mixture framework proposes a different interpretation,
namely that there are multiple elastic-perfectly plastic bond families in the material, each with a
different threshold of yielding.

For each bond family β, the family mass fraction wβ and the associated yield threshold Φmβ

must be provided by constitutive assumption, along with a single constitutive model for Ψ0 which
applies to all generations of all bond families. The total number nf of bond families must also be
provided. Parameters nf and {wβ,Φmβ} , β ∈ [0, nf − 1] suffice to define an elastoplastic material
which exhibits classical kinematic hardening behavior, for a given elastic response Ψ0 and yield
criterion Φ.

5.6.3 Constitutive Modeling of Yield Response

Here, we provide basic constitutive relations for the parameters {wβ,Φmβ} , β ∈ [0, nf − 1] which
define an elastoplastic material. We also demonstrate how these various parameters affect the
uniaxial stress-strain response of a material. The example in Figure 5.6.1d shows how super-
position of multiple elastic-perfectly plastic bond families may create a hardening-like curve. In
particular, we present a constitutive modeling framework that requires at most six scalar parame-
ters, regardless of the value of nf .

Since each family behaves elastically until it yields, a family’s yield threshold Φmβ is generally
not the value recorded on a stress-strain curve when the slope changes (Figure 5.6.2). That value
may be called the apparent yield threshold Υβ, which can be related to the true yield threshold
Φmβ by assuming a linear elastic stress-strain relationship prior to yielding. For simplicity, we
assume that Υβ values are evenly distributed between an initial yield threshold Υ0 and a final yield
threshold Υmax, parameters which may be identified from a stress strain curve (Figure 5.6.3a-b).
Beyond Υmax, the material either behaves as if it is perfectly plastic (a scenario which may be
valid around the ultimate strength, for example), or it transitions to a linear hardening regime. The
constitutive model thus specifies

Υβ = Υ0 + β
Υmax −Υ0

nf − 1
, β = 0, . . . , nf − 1

Φmβ = Φm,β−1 +
Υβ −Υβ−1

1−
∑β−1

b=0 wb

, Φm0 = Υ0

(5.6.14)

The relationships between Υβ and Φmβ embodied in eq.(5.6.14) are illustrated graphically in Fig-
ure 5.6.2. Through this relationship, only the values of Υ0 and Υmax must be specified, along with
nf .

The family mass fractions wβ govern the influence of each family on the overall material re-
sponse. The simplest model for wβ involves specifying the mass fraction of the first yielding family
w0, which controls the slope of the initial post-yield response (Figure 5.6.3a), and then evenly
weighting the rest of the bond families, wβ = (1− w0) / (nf − 1). However, in cases where the ma-
terial transitions to a linear hardening regime, we can recover this behavior by adding one more
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Figure 5.6.1: The phenomenon described as “kinematic hardening” in classical plasticity may be
represented by the superposition of multiple elastic-perfectly plastic bond families with different
yield thresholds. The elastic-perfectly plastic stress response of a single bond family β = 0 in
the reactive framework is presented in (a), with the initial linear response contributed by the intact
bonds s; upon yielding at the threshold Φm0, the perfectly plastic response consists of multiple
generations of breaking and reforming bonds σ = u, v, . . . . The evolution of mass fractions ws

0

of intact and wy
0 of yielded bonds is presented in (b) and (c), respectively. The stress response

obtained from the superposition of three bond families β = 0, 1, 2 is shown in (d), where each
family occupies the same mass fraction wβ in the mixture, w0 = w1 = w2 = 1

3 , reproducing the
classical kinematic hardening behavior. Green dashed lines help indicate changes in slope due
to yielding of each bond family. The corresponding mixture mass fractions of (e) intact bonds ws,
and (f) yielded bonds wy = 1− ws further illustrates the occurence of each yielding reaction.
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Figure 5.6.2: Schematic stress-strain curve illustrating derivation of constitutive models for Φmβ.
E is Young’s modulus of the elastic solid (whose value does not matter here), Υβ are the effective
yield thresholds for the global material (given), εβ are the yield strains and Φmβ are the true yield
thresholds for each bond family, which need to be determined, and wβ are the family mass fractions
(given).

bond family, β = nf , that never yields, thus remaining elastic. The associated mass fraction wβ

for β = nf is called the elastic mass fraction and denoted we; a non-zero value for this parameter
may be specified whenever we wish to include linear hardening behavior (Figure 5.6.3b). Given
initial and elastic mass fractions w0 and we, the simplest constitutive assumption for the remaining
wβ ’s assumes the remaining mass is evenly divided, such that

wβ =
1− we − w0

nf − 1
, β ∈ [1, nf − 1] . (5.6.15)

The effect of the mass fraction parameters w0 and we is explored parametrically in Figure 5.6.3c
and Figure 5.6.3d, respectively. In general, most ductile materials have w0 very close to unity,
which provides hardening behavior over a finite strain range. As w0 → 1 the stress-strain behavior
approaches perfect plasticity. In contrast, when we = 0, the material response becomes perfectly
plastic once the final yield threshold Υmax has been exceeded. As we increases, a region of linear
hardening is seen on a plot of the true stress against strain. For most ductile materials, we is
usually 0 or on the order of 0.001.

It is also possible to refine the constitutive relations of Eqs. (5.6.14)-(5.6.15) by introducing a
bias factor r, which allows a geometric progression rather than uniform spacing of the apparent
yield thresholds and family mass fractions. The bias factor r has the effect of modifying the shape
of the hardening region between Υ0 and Υmax (Figure 5.6.3b). The modified constitutive relations
for wβ and Φmβ take the form

c =
1− r

1− rnf−1 Φm0 = Υ0

Υ1 = Υ0 + c (Υmax −Υ0) , Φm1 = Υ0 +
Υ1 −Υ0

1− w0

Υβ = Υβ−1 + r (Υβ−1 −Υβ−2) , Φmβ = Φm,β−1 +
Υβ −Υβ−1

1−
∑β−1

b=0 wb

(5.6.16)

The mass fractions wβ are similarly biased, where w0 and we are specified and

w1 = c (1− we − w0)

wβ = wβ−1r
(5.6.17)
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Figure 5.6.3: Modeling uniaxial stress-strain curves using the constitutive model for scalar bond
family parameters given in Section 5.6.3. Identification of parameters on idealized stress-strain
curves showing (a) a plateau in the stress, or (b) exhibiting a region of linear hardening. The
yielding behavior is fully described by the set of parameters {nf ,Υ0,Υmax, w0, we, r}. Parametric
variations of (c) w0 and (d) we illustrate their influence on the stress-strain response; other param-
eters are held fixed. In (c-d) nf = 10, Υ0 = 600 MPa, Υmax = 1000 MPa, and r = 1. In (c), we = 0
and in (d) w0 = 0.75. For all cases, E = 200GPa and ν = 0.3.
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The full set of parameters is then given by {nf ,Υ0,Υmax, w0, we, r}. Setting r = 1 recovers the
uniform distribution presented in Eqs.(5.6.14)-(5.6.15). Figure 5.6.3a-b graphically describes the
influence of each parameter on simplified stress-strain curves, showing how these parameters
may be extracted from experimental data.
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5.7 Reactive Elastoplastic Damage Mechanics

Plastic deformation (Section 5.6) is often coupled with damage, as the finite deformation and
plastic flow of a loaded material typically induces some amount of failure. Within the constrained
reactive mixture framework adopted in FEBio (Section 2.10), damage is produced by bonds break-
ing permanently (Section 5.5), which reduces the generation mass fractions wσ

β [138]. In our
treatment of elastoplastic damage we assume that both intact and yielded bonds may become
damaged. Damage to intact bonds may represent some initial damage value for a material with
defects, or damage due to intermolecular failure of bonds that never yielded; we refer to this as
elastic damage. Damage to yielded bonds represents plastic damage. The mechanism of damage
and the failure measure may be different for these two types of bonds, particularly since a stress-
or energy-based failure measure may not be appropriate for plastic damage. Intact bonds belong
to the s−generation which is present at t = −∞. Once yielding occurs, all successive generations
of that family are labeled as yielded bonds y. This distinction is necessary so we can then dis-
tinguish between damage to intact bonds (elastic damage) and damage to yielded bonds (plastic
damage), since intact bonds which get damaged never have the ability to yield. It is important
to note that the nature of the plastic deformation described in Section 5.6 remains unchanged.
Damage modifies the material behavior by reducing the fraction of bonds in various generations,
which scales the response accordingly.

In a reactive constrained mixture framework the insertion of damage into the reactive plasticity
formulation is straightforward. Since bonds break permanently in a damage reaction, there is
no need to define a function of state Fσs

β to describe a (non-existing) reformed configuration.
Furthermore, the specific free energy of broken bonds is zero. The scalar elastic damage criterion
Ξe (Fs), which is taken to have the same functional form for all bond families β, is the analog to the
yield criterion Φ for plasticity. As shown in Section 5.5, the main contrast with reactive plasticity
is that not all bonds in the family β break simultaneously at a single elastic damage threshold
Ξe
mβ. Instead, the fraction of broken bonds varies as a function of Ξe (Fs), denoted by F e

(
Ξe
β

)
,

such that 0 ≤ F e
(
Ξe
β

)
≤ 1. Here, F e

(
Ξe
β

)
is a function of state; it must be a monotonically

increasing function of its argument to satisfy the Clausius-Duhem inequality [97]. We may view F e

as a cumulative distribution function (CDF), whose corresponding probability distribution function
(PDF) represents the probability of damage at a particular value of Ξe

β.

5.7.1 Theoretical Formulation

We first briefly sketch the structure of the elastoplastic damage theory in FEBio for a single bond
family β. Since each bond family in reactive plasticity yields all at once, we can easily split an
elastoplastic damage theory into two parts to represent elastic and plastic damage regimes. As-
sume that the first yielding reaction for bond family β occurs at time t = uβ. Prior to this initial
yielding, the damage behavior described in Section 5.5 applies, and the material composition is
generally a mixture of intact (σ = s) and broken (σ = b) bonds satisfying the reaction Esβ → Ebβ.

The corresponding bond mass fractions satisfy 1 = ws
β + wb

β and wy
β = 0, where wb

β = F e
(
Ξe
β

)
is

the elastic damage in bond family β. At t = uβ, the remaining intact bonds ws
β = 1 − wb

β all yield,
following the reaction in eq.(5.6.13). The family mass balance is then given as 1 = wy

β +wb
β, since

ws
β = 0 after yielding. The mass fraction of broken bonds wb =

∑
β wβw

b
β is equal to the elastic

damage variable D as defined in classical damage mechanics.
For time t > uβ, yielded bonds may continue to yield, but they may also sustain damage
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according to the reaction Eyβ → E
b
β, which reduces their mass fraction wy

β. Damage to yielded
bonds may occur based on a function of state (often described as a plastic strain, though it is not an
observable kinematic variable), which is distinct from the measure of elastic damage. Therefore,
we denote the plastic damage measure as Ξp

(
Fys
β

)
and its cumulative distribution function by

F p
(
Ξp
β

)
, under the assumption that all bond families β share the same functional forms for Ξp

and F p. For each bond family β, only the remaining undamaged fraction 1 − F p
(
Ξp
β

)
of yielded

bonds may break and reform as the next yielded generation.
The modern understanding is that plastic strain is ill-defined and not a suitable state variable.

It must be recognized that, just as Fys
β is a constitutively-prescribed function of state and does not

carry the meaning of a plastic deformation gradient, the plastic damage measure Ξp
(
Fys
β

)
is also

a function of state. This quantity is called a plastic strain for convenience only.
When plastic deformation occurs simultaneously with damage, the mass fraction of each suc-

cessive yielded generation will have decreased. The following treatment now considers the super-
position of multiple plastic bond families, as described in Section 5.6.2.

5.7.1.1 Damage to Intact Bonds

At any given time t, there is a maximum value of Ξe that has been achieved over the past deforma-
tion history. This maximum value may be distinct for each bond family β, since intact bond families
may yield at different values of Fs; it is thus denoted by Ξe

mβ,

Ξe
mβ = max

−∞ < τ ≤ t < uβ
Ξe (Fs (τ)) . (5.7.1)

Any damage sustained by intact bonds reduces their mass fraction, such that
ws
β = 1− F e

(
Ξe
mβ

)
wy
β = 0

wb
β = F e

(
Ξe
mβ

) , t < uβ , (5.7.2)

and hence the mass balance of eq.(5.6.9) is satisfied. Since all remaining intact bonds yield at
t = uβ and thus no intact bonds are left to sustain damage, F e

(
Ξe
mβ

)
remains constant constant

for bond family β when t ≥ uβ.

5.7.1.2 Damage to Yielded Bonds

At time t = uβ, the yield threshold Φmβ for family β is reached and all remaining intact bonds in
family β yield such that 

ws
β = 0

wy
β = 1− F e

(
Ξe
mβ

)
wb
β = F e

(
Ξe
mβ

) , t = uβ . (5.7.3)

Once they have formed, yielded bonds may sustain plastic damage. The maximum value of the
plastic damage measure Ξp experienced by family β up until the current time t is denoted by Ξp

mβ,

Ξp
mβ = max

uβ ≤ τ < t
Ξp
(
Fy
β (τ)

)
. (5.7.4)
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For t > uβ, yielded bonds may continue to yield, breaking and reforming into successive gen-
erations. However, in contrast to Section 5.6, the mass fraction wy

β of yielded bonds in family β
no longer remains constant over successive yield generations, due to the plastic damage reac-
tion. Each time a yielded bond breaks and reforms into a new generation, wy

β is given by the
undamaged fraction of yielded bonds,

ws
β = 0

wy
β =

(
1− F p

(
Ξp
mβ

)) (
1− F e

(
Ξe
mβ

))
wb
β = F e

(
Ξe
mβ

)
+ F p

(
Ξp
mβ

) (
1− F e

(
Ξe
mβ

)) , t > uβ . (5.7.5)

Equations (5.7.2),(5.7.3), and (5.7.5) govern the temporal behavior of the bond species mass
fractions.

5.7.1.3 Strain Energy Density, Stress, and Damage

Recognizing that damaged (broken) bonds do not store free energy, the referential mixture free
energy density in eq.(5.6.10) may be rewritten as

Ψr =
∑
β

wβ

(
ws
βΨ0 (F

s) + wy
βJ

ysΨ0

(
Fy
β

))
, (5.7.6)

where the bond mass fractions ws
β and wy

β are given in Eqs.(5.7.2)-(5.7.5) prior to, during, and after
yielding of each bond family β. Similarly, the mixture stress may be evaluated from eq.(5.6.11) as

σ =
∑
β

wβ

(
ws
βσ0 (F

s) + wy
βσ0

(
Fy
β

))
, (5.7.7)

where the stresses σ0 are given by the standard hyperelasticity relation in eq.(5.6.11). These
expressions may be simplified further when assuming that the functional form of ψβ remains the
same for all bond families β. Finally, the reactive mixture equivalent of the damage variable D may
be evaluated for elastoplastic damage as the fraction of all bonds that are broken,

D = wb =
∑
β

wβw
b
β . (5.7.8)

5.7.1.4 Damage Measures

For elastic damage, we may use the same functional measure as proposed for plastic yielding
(e.g., the von Mises stress); this implies that the functions Ξe and Φ have the same form. For plastic
damage, experimental results show that during plastic flow damage is coupled with measures of
plastic strain [85], necessitating a (pseudo-)strain-based plastic damage measure Ξp. For yielded
bonds in a bond family β, we can use the constitutively-determined mapping Fys

β to define plastic
right Cauchy-Green and Lagrange strain tensors through

Cys
β =

(
Fys
β

)T
· Fys

β

Eys
β =

1

2

(
Cys

β − I
) . (5.7.9)
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One possible constitutive relation for Ξp, which remains valid for general deformations, is to set it
equal to the effective plastic strain epβ for the various bond families β,

epβ =

√
2

3
devEys

β : devEys
β . (5.7.10)

In a numerical implementation, the effective plastic strain ep0 of the first bond family to yield may
be reported as the effective plastic strain in the entire material, for consistency with plastic strain
measures in classical models of plasticity.

Quantities in this section do not represent plastic strains or plastic strain tensors, though we
adopt the terminology due to similarities. Recall that the non-observable function of state Fys

β =

Fys
β

(
Fs, ραrβ

)
is a time-invariant mapping providing the reference configuration of a yielded bond y

with respect to the reference configuration of the master constituent s, for family β. The quantities
Cys

β and Eys
β then also represent non-observable functions of state calculated as strain tensors.

Consequently, epβ is a measure of the relative motion of the reference configuration of bond family β
, expressed as a scalar “strain”. Physically, this amounts to the modeling assumption that once the
breaking-and-reforming process takes a bond family out of a local neighborhood centered about
its original position, the bond begins to degrade with further breaking-and-reforming processes.
That each of these quantities exists for every bond family β emphasizes the lack of any true or
unique plastic strain measure in this framework.

5.7.1.5 Cumulative Damage Distribution Functions

The final set of constitutive relations required to fully define an elastoplastic damage material
are the two CDFs, F e

(
Ξe
mβ

)
and F p

(
Ξp
mβ

)
. As shown by (author?) [97], the only requirement

imposed by the Clausius-Duhem inequality is that these be monotonically increasing functions.
Whereas these CDFs may be characterized directly from experimental data, here we illustrate the
FEBio elastoplastic damage framework using a Weibull distribution of the form

F (Ξ) = 1− exp

(
−
(
Ξ

κ

)γ)
, (5.7.11)

where κ (same units as Ξ) is the value of Ξ at which the fraction 1 − e−1 of bonds have failed
and the exponent γ (unitless) controls the slope of the response, such that F (Ξ) approaches a
step function with a jump at Ξ = κ as γ → ∞. Therefore, each damage function has two free
parameters κ and γ. Based on experimental evidence, we may let Ξe be given by the von Mises
(effective) stress, while Ξp is taken to be the effective plastic strain (Section 5.7.1.4). Figure 5.7.1
shows the effect of the Weibull parameter γp on the stress-strain and damage-strain responses,
with κp fixed. The damage response as a function of plastic strain is identically the prescribed
CDF (Figure 5.7.1b). The shape of the CDF changes from logarithmic-like to exponential as γp

increases, demonstrating the ability of this formulation to recover a broad variety of experimentally
measured damage-strain behaviors [36].
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Figure 5.7.1: Parametric study of the effect of the damage parameter γp for a Weibull distribution,
with no intact damage taking place. (a) As γp increases, the onset of noticeable damage shifts to
higher strains and becomes more rapid. (b) Plot of the damage variable D =

∑
β wβF

p
(
Ξp
mβ

)
.

The response becomes more nonlinear as γp deviates from unity. Other plasticity and damage
parameters are nf = 20, Υ0 = 600 MPa, Υmax = 1000 MPa, w0 = 0.75, we = 0, r = 1, and
κp = 0.03.

5.8 Hydraulic Permeability

Hydraulic permeability is a material function needed for biphasic and multiphasic materials.

5.8.1 Constant Isotropic Permeability

When the permeability is isotropic,
k = k I . (5.8.1)

For this material model, k is constant. Generally, this assumption is only reasonable when strains
are small.

5.8.2 Exponential Isotropic Permeability

This isotropic material has a permeability that varies as a function of the determinant J of the
deformation gradient. Its general form is

k = k (J) I , (5.8.2)

where,

k (J) = k0 exp

(
M

J − 1

J − φ0

)
. (5.8.3)

Pore closure occurs as J approaches φ0 from above, in which case the permeability reduces to
zero,

lim
J→φ0

k (J) = 0 . (5.8.4)
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In the special case when M = 0, the permeability becomes constant. In the limit of infinitesimal
strains, the permeability has the form

k (J) = k0

(
1 +

M

1− φ0
(J − 1) +O

(
(J − 1)2

))
. (5.8.5)

For the type of isotropic permeability given in (5.8.2), the spatial permeability tangent K with
respect to the solid matrix strain has the general form

K =
(
k + Jk′

)
I⊗ I− 2kI⊙ I , (5.8.6)

where

k′ (J) =M
1− φ0

(J − φ0)
2k (J) (5.8.7)

in this case.

5.8.3 Holmes-Mow

This isotropic material uses a strain-dependent permeability tensor as formulated by [65]:

k = k (J) I , (5.8.8)

where,

k (J) = k0

(
J − φ0

1− φ0

)α

e
1
2
M(J2−1) . (5.8.9)

When α > 0, pore closure occurs as J → φ0 from above, in which case k reduces to 0. Setting
α = 0 and M = 0 produces a constant permeability. In the limit of infinitesimal strains,

k (J) = k0

(
1 +

(
M +

α

1− φ0

)
(J − 1) +O

(
(J − 1)2

))
. (5.8.10)

The spatial tangent of the permeability tensor with respect to strain may be evaluated from
(5.8.6) using

k′ (J) =

(
J M +

α

J − φ0

)
k (J) . (5.8.11)

5.8.4 Referentially Isotropic Permeability

This material uses a strain-dependent permeability tensor that accommodates strain-induced
anisotropy [10]:

k =

(
k0rI+

k1r
J2

b+
k2r
J4

b2

)(
J − φs

r

1− φs
r

)
eM(J2−1)/2 , (5.8.12)

Note that the permeability in the reference state (F = I) is isotropic and given by k = (k0r + k1r + k2r) I.
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5.8.5 Referentially Orthotropic Permeability

This material uses a strain-dependent permeability tensor that is orthotropic in the reference con-
figuration, and accommodates strain-induced anisotropy [10]:

k = k0I+
3∑

a=1

ka1ma + ka2 (ma · b+ b ·ma) , (5.8.13)

where,

k0 = k0r

(
J − φs

r

1− φs
r

)α0

eM0(J2−1)/2 ,

ka1 =
ka1r
J2

(
J − φs

r

1− φs
r

)αa

eMa(J2−1)/2 ,

ka2 =
ka2r
2J4

(
J − φs

r

1− φs
r

)αa

eMa(J2−1)/2 .

a = 1, 2, 3 (5.8.14)

Here, ma are second order tensors representing the spatial structural tensors describing the or-
thogonal planes of symmetry, given by

ma = F · (Va ⊗Va) · FT , a = 1− 3, (5.8.15)

where Va are orthonormal vectors normal to the planes of symmetry. Note that the permeability

in the reference state (F = I) is given by k = k0rI+
3∑

a=1
(ka1r + ka2r)Va ⊗Va.

5.8.6 Referentially Transversely Isotropic Permeability

This material uses a strain-dependent permeability tensor that is transversely isotropic in the ref-
erence configuration, and accommodates strain-induced anisotropy [10]:

k = k0r

(
J − φs

r

1− φs
r

)α0

eM0(J2−1)/2I

+

(
kT1r
J2

(b−m) +
kT2r
2J4

[
2b2 − (m · b+ b ·m)

])(J − φs
r

1− φs
r

)αT

eMT (J2−1)/2

+

(
1

J2
kA1rm+

1

2J4
kA2r (m · b+ b ·m)

)(
J − φs

r

1− φs
r

)αA

eMA(J2−1)/2 ,

(5.8.16)

where m is a second order tensor representing the spatial structural tensor describing the axial
direction, given by

m = F · (V ⊗V) · FT , (5.8.17)

and V is a unit vector along the axial direction. Note that the permeability in the reference state
(F = I) is given by k =

(
k0r + kT1r + kT2r

)
I+

(
kA1r − kT1r + kA2r − kT2r

)
(V ⊗V).
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5.9 Solute Diffusivity

Diffusivity materials provide a constitutive relation for the solute diffusivity in a biphasic-solute
material. In general, the diffusivity tensor d may be a function of strain and solute concentration.

5.9.1 Constant Isotropic Diffusivity

When the permeability is isotropic,
d = d I . (5.9.1)

For this material model, d is constant. This assumption is only true when strains are small. Note
that the user must specify d ⩽ d0, where d0 is the solute diffusivity in free solution, since a solute
cannot diffuse through the biphasic-solute mixture faster than in free solution.

5.9.2 Constant Orthotropic Diffusivity

When the permeability is orthotropic,

d =

3∑
a=1

daVa ⊗Va , (5.9.2)

where Va are orthonormal vectors normal to the planes of symmetry. For this material model, the
da are constant. Therefore this model should be used only when strains are small. Note that the
user must specify da ⩽ d0, where d0 is the solute diffusivity in free solution, since a solute cannot
diffuse through the biphasic-solute mixture faster than in free solution.

5.9.3 Referentially Isotropic Diffusivity

This material uses a strain-dependent diffusivity tensor that is isotropic in the reference configura-
tion and accommodates strain-induced anisotropy:

d =

(
d0rI+

d1r
J2

b+
d2r
J4

b2

)(
J − φs

r

1− φs
r

)
eM(J2−1)/2, (5.9.3)

where J is the jacobian of the deformation, i.e. J = detF where F is the deformation gradient,
and b = F · FT is the left Cauchy-Green tensor. Note that the diffusivity in the reference state
(F = I) is isotropic and given by d = (d0r + d1r + d2r) I.

5.9.4 Referentially Orthotropic Diffusivity

This material uses a strain-dependent diffusivity tensor that is orthotropic in the reference config-
uration and accommodates strain-induced anisotropy:

d = d0I+
3∑

a=1

da1ma + da2 (ma · b+ b ·ma) , (5.9.4)
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where

d0 = d0r

(
J − φs

r

1− φs
r

)α0

eM0(J2−1)/2 ,

da1 =
da1r
J2

(
J − φs

r

1− φs
r

)αa

eMa(J2−1)/2 ,

da2 =
da2r
2J4

(
J − φs

r

1− φs
r

)αa

eMa(J2−1)/2 .

a = 1, 2, 3 (5.9.5)

Here, J is the Jacobian of the deformation, i.e. J = detF where F is the deformation gradient.
ma are second order tensor representing the spatial structural tensors describing the orthogonal
planes of symmetry, given by

ma = F · (Va ⊗Va) · FT , a = 1− 3 , (5.9.6)

where Va are orthonormal vectors normal to the planes of symmetry. Note that the permeability

in the reference state (F = I) is given by k = k0rI+
3∑

a=1
(ka1r + ka2r)Va ⊗Va.
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5.10 Solute Solubility

Solubility constitutive equations provide a relation for κ̃ as a function of solid matrix strain and
effective solute concentrations.

5.10.1 Constant Solubility

For this material model, κ̃ is constant.
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5.11 Osmotic Coefficient

Osmotic coefficient constitutive equations provide a relation for Φ as a function of solid matrix
strain and effective solute concentrations.

5.11.1 Constant Osmotic Coefficient

For this material model, Φ is constant.
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5.12 Active Contraction Model

A time varying “elastance” active contraction model [62] was added to the transversely isotropic
materials. When active contraction is activated, the total Cauchy stress σ is defined as the sum of
the active stress tensor σa = T aa⊗ a and the passive stress tensor σp:

σ = σp + σa, (5.12.1)

where a is the deformed fiber vector (unit length), defined as λa = F · a. The time varying
elastance model is a modification of the standard Hill equation that scales the standard equation
by an activation curve C (t). The active fiber stress T a is defined as:

T a = Tmax
Ca20

Ca20 + ECa250
C (t) , (5.12.2)

where Tmax = 135.7 kPa is the isometric tension under maximal activation at the peak intracellular
calcium concentration of Ca0 = 4.35µM. The length dependent calcium sensitivity is governed by
the following equation:

ECa50 =
(Ca0)max√

exp [B(l − l0)]− 1
, (5.12.3)

where (Ca0)max = 4.35µM is the maximum peak intracellular calcium concentration,B = 4.75µm−1

governs the shape of the peak isometric tension-sarcomere length relation, l0 = 1.58µm is the
sarcomere length at which no active tension develops, and l is the sarcomere length which is the
product of the fiber stretch λ and the sarcomere unloaded length lr = 2.04µm.
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5.13 Prescribed Active Contraction

Prescribed active contraction models allow the user to directly specify the time history of the active
contractile stress.

5.13.1 Uniaxial Active Contraction

For this model, the active stress is acting along a prescribed direction given by the unit vector ar
in the reference configuration. The 2nd Piola-Kirchhoff stress is

Sa = T aar ⊗ ar , (5.13.1)

and the Cauchy stress is
σa = J−1T aa⊗ a , (5.13.2)

where T a is the prescribed contractile stress and a = F ·ar. Since Sa is not a function of deforma-
tion, the material and spatial tangents are both zero.

5.13.2 Transversely Isotropic Active Contraction

In this case, the active stress is isotropic in a plane transverse to the direction ar,

Sa = T a (I− ar ⊗ ar) , (5.13.3)

and the corresponding Cauchy stress is

σa = J−1T a (B− a⊗ a) , (5.13.4)

where B = F · FT is the left Cauchy-Green tensor. The material and spatial tangents are zero.

5.13.3 Isotropic Active Contraction

An isotropic active contractile stress is given by

Sa = T aI (5.13.5)

and the corresponding Cauchy stress is

σa = J−1T aB . (5.13.6)

The material and spatial tangents are zero.
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5.14 Chemical Reaction Production Rate

Production rate constitutive equations provide a relation for ζ̂ as a function of solid matrix strain,
solute concentrations, and the concentrations of solid-bound molecular species.

5.14.1 Mass Action Forward

According to the law of mass action for forward reactions,

ζ̂ = k (θ,F, ρσr )
∏
α

(cα)ν
α
R . (5.14.1)

A constitutive relation for the specific reaction rate k (θ,F, ρσr ) must also be provided.

5.14.2 Mass Action Reversible

According to the law of mass action for reversible reactions,

ζ̂F = kF (θ,F, ρσr )
∏
α

(cα)ν
α
R

ζ̂R = kR (θ,F, ρσr )
∏
α

(cα)ν
α
P

ζ̂ = ζ̂F − ζ̂R = ζ̂F

[
1−Kc (θ,F, ρ

σ
r )
∏
α

(cα)ν
α

]
,

(5.14.2)

where Kc = kR/kF is a function that reduces to the equilibrium constant of the reversible reaction
at chemical equilibrium (when ζ̂ = 0). Constitutive relations for the specific forward and reverse
reaction rates, kF (θ,F, ρσr ) and kR (θ,F, ρσr ) respectively, must also be provided.

5.14.3 Michaelis-Menten

Michaelis-Menten is a model for enzyme kinetics as represented by the reactions

Ee + Es ⇌ Ees → Ee + Ep , (5.14.3)

where Ee is the enzyme, Es is the substrate, Ees is the enzyme-substrate complex, and Ep is the
product. The molar mass supply ĉp producing Ep is related to the concentration of the substrate
Es via

ĉp =
Vmaxc

s

Km + cs
, (5.14.4)

where Vmax is the maximum rate achieved by the system, at maximum (saturating) substrate
concentrations. Km is the substrate concentration at which the reaction rate is half of Vmax.

This relation may be derived by applying the law of mass action to the two reactions in (5.14.3).
under the simplifying assumption that the reversible reaction between the enzyme and substrate
reaches steady state much faster than the subsequent forward reaction forming the product. If the
first and second reactions are denoted by subscripts 1 and 2, respectively, the law of mass action
for the first (reversible) and second (forwar) reaction produces

ζ̂1 = kF1c
ecs − kR1c

es, ζ̂2 = kF2c
es ,

ĉs = −ζ̂1, ĉp = ζ̂2, ĉes = ζ̂1 − ζ̂2 .
(5.14.5)
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The total enzyme concentration remains constant at ce0 = ce+ces, so thatζ̂1 = kF1c
e
0c

s−(kF1c
s + kR1) c

es.
Assuming that the first reaction equilibrates much faster than the second is equivalent to letting
ζ̂1 ≈ 0, in which case

ces ≈ ce0c
s

cs +Km
, (5.14.6)

where Km = kR1/kF1. Then,

ζ̂2 =
Vmaxc

s

cs +Km
,

where Vmax = kF2c
e
0 represents the maximum value of ζ̂2, when Km ≪ cs. In practice, choosing

kF1 ≫ kF2 can produce the desired effect.

5.15 Specific Reaction Rate

Specific reaction rate constitutive equations provide a relation for k as a function of solid matrix
strain and the concentrations of solid-bound molecular species.

5.15.1 Constant Specific Reaction Rate

For this material model, k is constant.

5.15.2 Huiskes Remodeling

For this material, which is based on the bone remodeling framework of Weinans et al. [131], the
specific reaction rate depends on the deviation of the specific strain energy from a threshold value,

k (F, ρsr) =
B

(J − φs
r)M

s

(
Ψr

ρsr
− ψ0

)
, , (5.15.1)

where B is a constant, Ψr is the strain energy density of the solid, ρsr is the referential mass density
of the solid, ψ0 is the threshold value for the specific strain energy. In this relation, J = detF is
evaluated from the solid deformation and φs

r is evaluated from (2.12.7).
In the subsequent study by Mullender et al. [95] it was proposed to let osteocytes serve as

sensing cells, such that the remodeling rate may depend on cells in the neighborhood of the the
point at which remodeling is calculated. In that case, the model of eq.(5.15.1) is extended to
include the contribution from neighboring sensing cells,

k (F, ρsr) =
1

(J − φs
r)M

s

(
B

(
Ψr

ρsr
− ψ0

)
+

N∑
i=1

e−di/DBi

(
Ψri

ρsri
− ψ0

))
. (5.15.2)

Here, N represents the number of elements in the neighborhood of the current material point
element, which fall within a characteristic sensing distance D, and di represents the distance
between these neighboring points and the current material point.
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5.16 Viscous Fluids

The most common family of constitutive relations employed for viscous fluids, including Newtonian
fluids, is given by

τ (J,D) =

(
κ− 2

3
µ

)
(trD) I+ 2µD , (5.16.1)

where µ and κ are, respectively, the dynamic shear and bulk viscosity coefficients (both posi-
tive), which may generally depend on J and, for non-Newtonian fluids, on invariants of D. In
practice, most constitutive models for non-Newtonian viscous fluids only use a dependence on
γ̇ =
√
2D : D, since it is the only non-zero invariant in viscometric flows [105]. In this case, substi-

tuting eq.(5.16.1) into eq.(3.5.9) produces

Cτ =

(
κ− 2

3
µ

)
I⊗ I+

2

γ̇

(
∂κ

∂γ̇
− 2

3

∂µ

∂γ̇

)
(trD) I⊗D

+ 2

(
2

γ̇

∂µ

∂γ̇
D⊗D+ µ I⊙ I

)
.

(5.16.2)

The term containing I ⊗ D is the only one that does not exhibit major symmetry. In Newtonian
fluids, µ and κ are independent of D; in incompressible fluids they are independent of J (since
J = 1 remains constant and trD = 0). Thus, for both of these cases the term containing I ⊗D
drops out and Cτ exhibits major symmetry.

Similarly, using eq.(5.16.1), the tangent τ ′
J in eq.(3.5.11) reduces to

τ ′
J =

(
∂κ

∂J
− 2

3

∂µ

∂J

)
(trD) I+ 2

∂µ

∂J
D . (5.16.3)

Explicit forms for the dependence of µ or κ on J are not illustrated here, since viscosity generally
shows negligible dependence on pressure (thus J) over typical ranges of pressures in fluids, hence
τ ′
J ≈ 0 in most analyses.

Many fluid mechanics textbooks employ Stoke’s condition (κ = 0) for the purpose of equating
the elastic pressure p with the mean normal stress −1

3 trσ [99]; in FEBio, κ is kept as a user-
defined material property, which may be set to zero if desired. A common example of a non-
Newtonian fluid is the Carreau model, where τ = 2µ (γ̇)D, which is a special case of eq.(5.16.1),
with κ = 2µ/3 and

µ = µ∞ + (µ0 − µ∞)
(
1 + (λγ̇)2

)(n−1)/2
, (5.16.4)

where λ is a time constant, n is a parameter governing the power-law response, µ0 is the viscosity
when γ̇ = 0 and µ∞ is the viscosity as γ̇ →∞. Other common models of non-Newtonian viscous
fluids are summarized in [42], though it should be noted that some of these models produce
infinite values when evaluating γ̇−1∂µ/∂γ̇ as γ̇ → 0, which is problematic in the evaluation of Cτ in
eq.(5.16.2).

For nearly incompressible fluids, a simple constitutive relation may be adopted for the pressure,

p (J) = K (1− J) , (5.16.5)

where K is the bulk modulus of the fluid in the limit when J = 1. It follows that p′ (J) = −K
and p′′ (J) = 0 in eq.(3.5.10). This constitutive relation is adopted for nearly-incompressible CFD
analyses in FEBio, though alternative formulations may be easily implemented.
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Chapter 6

Dynamics

FEBio can perform a nonlinear dynamic analysis by iteratively solving the following nonlinear semi-
discrete finite element equations [25].

Md̈
k
n+1 +K∆dk = Tk

n+1 − Fn+1

dk
n+1 = dk−1

n+1 +∆dk
. (6.0.1)

Here, M is the mass matrix, K the stiffness matrix, T the internal force (stress) vector and F
the externally applied loads. The upperscript index k refers to the iteration number, the subscript
nrefers to the time increment. The trapezoidal (or midpoint) rule is used to perform the time
integration. This results in the following approximations for the displacement and velocity updates.

dn+1 = dn +
h

2

(
ḋn + ḋn+1

)
ḋn+1 = ḋn +

h

2

(
d̈n + d̈n+1

) . (6.0.2)

Using (6.0.2) we can solve for d̈n+1,

d̈k
n+1 =

4

h2

(
dk−1
n+1 − dn +∆dk

)
− 4

h
ḋn − d̈n . (6.0.3)

Substituting this into equation (6.0.1) results in the following linear system of equations.(
4

h2
M+K

)
∆dk = Tk

n+1 − Fn+1 −M

(
4

h2

(
dk−1
n+1 − dn

)
− 4

h
ḋn − d̈n

)
. (6.0.4)

Solving this equation for ∆dk and using (6.0.1) gives the new displacement vector dk
n+1 . The

acceleration vector d̈k
n+1 can then be found from (6.0.3) and the velocity vector ḋk

n+1 from(6.0.3).
This algorithm is repeated until convergence is reached.

6.1 Newmark Integration

To solve a differential equation which is second-order in time, we need to perform a numerical
integration in the time domain. Let θ (t) denote the function of interest and let tn and tn+1 represent
consecutive time steps such that ∆t = tn+1 − tn. The function θ (t) may be represented at each
time point as θn = θ (tn) and θn+1 = θ (tn+1). The Newmark integration formulas are used to
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evaluate θn+1 and θ̇n+1 at time θn+1, assuming that they can be integrated from a judiciously
selected θ̈ (tn+γ) in the time interval [tn, tn+1]. Using the mean value theorem for definite integrals,
we know that an exact solution may be found for the integral according toˆ tn+1

tn

θ̈ (t) dt = θ̇n+1 − θ̇n ≡ θ̈ (tn+γ)∆t , (6.1.1)

where γ is generally unknown a priori. In the Newmark integration scheme we let

θ̈ (tn+γ) = γθ̈n+1 + (1− γ) θ̈n , (6.1.2)

where γ is a user-selected parameter in the range 0 to 1. It follows that

θ̇n+1 = θ̇n +∆t
[
γθ̈n+1 + (1− γ) θ̈n

]
. (6.1.3)

We can similarly integrate this function twice to obtain θn+1,ˆ tn+1

tn

ˆ t

tn

θ̈ (τ) dτ dt =

ˆ tn+1

tn

(
θ̇ (t)− θ̇n

)
dt = θn+1 − θn − θ̇n∆t ≡ θ̈ (tn+2β)

∆t2

2

where we let
θ̈ (tn+2β) = 2βθ̈n+1 + (1− 2β) θ̈n .

Here, β represents a parameter that varies from 0 to 1
2 . It follows that

θn+1 = θn + θ̇n∆t+
∆t2

2

[
2βθ̈n+1 + (1− 2β) θ̈n

]
, (6.1.4)

or alternatively,

θ̈n+1 =
1

β∆t2

(
θn+1 − θn − θ̇n∆t

)
−
(

1

2β
− 1

)
θ̈n , (6.1.5)

from which we may re-evaluate (6.1.3) as

θ̇n+1 = θ̇n +∆t

[
γ

β∆t2

(
θn+1 − θn − θ̇n∆t

)
+

(
1− γ

2β

)
θ̈n

]
. (6.1.6)

Stability of this integration scheme is guaranteed when

γ ≥ 1

2
, β ≥

(
γ + 1

2

)2
4

. (6.1.7)

6.2 Elastodynamics

6.2.1 Governing Equations

The linear momentum balance for elastodynamics is

ρa = divσ + ρb , (6.2.1)

where ρ is the density, a is the acceleration, σ is the Cauchy stress, and b is the body force per
mass. The angular momentum balance is satisfied by letting σT = σ. The integrated form of the
mass balance equations yields

ρ =
ρr
J
, (6.2.2)

where ρr is the density in the reference configuration and J = detF, where F is the deformation
gradient. The acceleration is given by the material time derivative of the velocity v, evaluated
either in a spatial or a material frame,

a = v̇ (6.2.3)
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6.2.2 Virtual Work

The virtual work for the domain b is given by

δW =

ˆ
b
δv · (divσ + ρ (b− a)) dv , (6.2.4)

where δv is the virtual velocity. Using the divergence theorem, this virtual work may be expressed
as the difference δW = δWext − δWint between external virtual work δWext and internal virtual
work δWint, where

δWint =

ˆ
b
σ : grad δv dv +

ˆ
b
δv · ρa dv ,

δWext =

ˆ
∂b
δv · t da+

ˆ
b
δv · ρb dv ,

(6.2.5)

where t = σ · n is the traction on the boundary ∂b.

6.2.3 Generalized α−Method for Elastodynamics

In the generalized α−method, we evaluate displacements and velocities at the intermediate time
tn+αf

= tn + αf (tn+1 − tn), where αf is a user-defined parameter (0 < αf ≤ 1), such that

χn+αf
= (1− αf )χn + αfχn+1 ,

un+αf
= (1− αf )un + αfun+1 ,

vn+αf
= (1− αf )vn + αfvn+1 ,

(6.2.6)

where χ is the motion and u is the displacement. In particular, it follows that the deformation
gradient and its determinant are given at the intermediate time by

Fn+αf
=
∂χn+αf

∂X
= (1− αf )Fn + αfFn+1 , (6.2.7)

and
Jn+αf

= detFn+αf
. (6.2.8)

The material time derivative of Jn+αf
, and the velocity gradient Ln+αf

are normally evaluated as

J̇n+αf
= Jn+αf

F−T
n+αf

: Gradvn+αf
, (6.2.9)

and
Ln+αf

= Gradvn+αf
· F−1

n+αf
. (6.2.10)

In practice however, we get better numerical results when using

J̇n+αf
=
Jn+1 − Jn

∆t
, (6.2.11)

and
Ln+αf

=
Fn+1 − Fn

∆t
· F−1

n+αf
. (6.2.12)

According to the generalized−α method, we evaluate the velocity derivative at a different inter-
mediate time tn+αm = tn + αm (tn+1 − tn), such that

v̇n+αm = (1− αm) v̇n + αmv̇n+1 . (6.2.13)
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Since elastodynamics represent a second-order system of equations in time, the parameters αf

and αm are evaluated from a single parameter ρ∞ using [28]

αf =
1

1 + ρ∞
, αm =

2− ρ∞
1 + ρ∞

, (6.2.14)

where 0 ≤ ρ∞ ≤ 1. This parameter is the spectral radius for an infinite time step, which controls
the amount of damping of high frequencies; a value of zero produces the greatest amount of
damping, anihilating the highest frequency in one step, whereas a value of one preserves the
highest frequency.

To complete the integration scheme [74], we evaluate

β =
1

4
(1 + αm − αf )

2

γ =
1

2
+ αm − αf

, (6.2.15)

then we use the Newmark integration formulas (Section 6.1),

vn+1 = vn +∆t [(1− γ) v̇n + γv̇n+1]

un+1 = un +∆tvn +
∆t2

2
[(1− 2β) v̇n + 2βv̇n+1]

v̇n+1 =
1

β∆t

(
un+1 − un

∆t
− vn

)
+

(
1− 1

2β

)
v̇n

. (6.2.16)

At the start of each time step, we initialize the variables as follows:

un+1 = un

v̇n+1 =

(
1− 1

2β

)
v̇n −

1

β∆t
vn

vn+1 =

(
1− γ

β

)
vn +∆t

(
1− γ

2β

)
v̇n

. (6.2.17)

6.2.4 Linearization

The solution of the nonlinear equation δW = 0 is obtained by linearizing this relation as

δW +DδW [∆u] ≈ 0 , (6.2.18)

where the operator DδW [·] represents the directional derivative of δW at u along an increment
∆u of un+1 [35]. According to the generalized−α method [74], the virtual work is evaluated using
intermediate time step values, at tn+αf

for all parameters except v̇, which is evaluated at tn+αm . It
follows from these definitions that the linearizations of critical variables are given by

Du [∆u] = αf∆u

DF [∆u] = αf Grad∆u

DJ [∆u] = αfJ (div∆u)

DJ̇ [∆u] = D
(
JF−T : Gradv

)
[∆u]

= αfJ

[(
divv +

γ

β∆t

)
(div∆u)− (grad∆u)T : L

]
Dv [∆u] =

αfγ

β∆t
∆u

Dv̇ [∆u] =
αm

β∆t2
∆u

. (6.2.19)
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To linearize the virtual work, we need to express the integrals appearing in δWint and δWext over
the material frame of the finite element solid domain.

6.2.4.1 Internal Work

The first term in the internal work becomesˆ
b
σ : grad δv dv =

ˆ
B
F · S : Grad δv dV , (6.2.20)

where S = J ·F−1 ·σ ·F−T is the second Piola-Kirchhoff stress for the solid material. In general, σ
(and thus, S) is only a function of the solid strain, such as the right Cauchy-Green tensor C = FT ·F
or the Green-Lagrange strain E = (C− I) /2.

DE [∆u] =
αf

2

(
GradT ∆u · F+ FT ·Grad∆u

)
. (6.2.21)

Therefore, following the standard approach in solid mechanics, the linearization of S is

DS [∆u] =
∂S

∂E
: DE [∆u]

= αfC :
1

2

(
GradT ∆u · F+ FT ·Grad∆u

)
= αfC :

(
FT ⊘ FT

)
: ∆ε

, (6.2.22)

where C is the material elasticity tensor. Now, the linearization of the first term in δWint is

D

(ˆ
B
F · S : Grad δv dV

)
[∆u]

=

ˆ
v
αf (grad δv : grad∆u · σ + grad δv : C : grad∆u) dv

. (6.2.23)

where C is the spatial elasticity tensor. Similarly, the second term in δWint produces

D

(ˆ
B
δv · ρra dV

)
[∆u] =

ˆ
b
δv · αm

β∆t2
ρ∆u dv . (6.2.24)

6.2.4.2 External Work

The linearization of the body force term is

D

(ˆ
B
δv · ρrb dV

)
[∆u] =

ˆ
b
δv · αfρ gradb ·∆u dv . (6.2.25)

The linearization of the traction force term is

D

(ˆ
Γη

δv · t |g1 × g2| dη1dη2
)
[∆u]

=

ˆ
Γη

αfδv · (t⊗ n) ·
(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
dη1dη2

+

ˆ
Γη

δv ·Dt [∆u] |g1 × g2| dη1dη2

. (6.2.26)
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Note that Dt [∆u] depends on the nature of the surface traction. For a prescribed traction we have
Dt [∆u] = 0. A contact analysis needs more elaborate derivations (not yet implemented as of
FEBio 2.7). In the above expression we used

D |g1 × g2| [∆u] = n ·D (g1 × g2) [∆u]

= αfn ·
(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

) (6.2.27)

where the unit outward normal is evaluated as

n =
g1 × g2
|g1 × g2|

. (6.2.28)

6.2.5 Discretization

We use the following interpolations:

δv =
∑
a

Naδva ∆u =
∑
b

Nb∆ub

grad δv =
∑
a

δva ⊗ gradNa grad∆u =
∑
b

∆ub ⊗ gradNb

div δv =
∑
a

δva · gradNa div∆u =
∑
b

∆ub · gradNb

, (6.2.29)

where Na

(
η1, η2, η3

)
are shape functions of the element parametric coordinates

(
η1, η2, η3

)
. Note

that the grad ≡ ∂
∂x operator should be evaluated at tn+αf

, using xn+αf
. For example, in the case

of a scalar function f ,

grad f =
∂f

∂xn+αf

=
∂f

∂ηi
gi
n+αf

gi
n+αf

=
∂ηi

∂xn+αf

,

where the contravariant basis vectors gi
n+αf

may be evaluated from the covariant basis vectors

g
n+αf

i =
∂xn+αf

∂ηi
= (1− αf )

∂xn

∂ηi
+ αf

∂xn+1

∂ηi

using g
n+αf

i · gj
n+αf

= δji .
The discretization of the internal work produces

δWint =
∑
a

δva ·
ˆ
b
(fua + fρa ) dv , (6.2.30)

where
fua = σ · gradNa

fρa = Naρa
. (6.2.31)

The discretization of the stress and elasticity terms in the internal work isˆ
v
αf (grad δv : grad∆u · σ + grad δv : C : grad∆u) dv

=
∑
a

δva ·
∑
b

ˆ
v
Kab dv ·∆ub

,
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where
Kab = αf ((gradNa · σ · gradNb) I+ gradNa · C · gradNb) . (6.2.32)

The discretization of the mass term in the internal work isˆ
b
δv · αm

β∆t2
ρ∆u dv =

∑
a

δva ·
∑
b

ˆ
b
Mab dv ·∆ub ,

where
Mab =

αm

β∆t2
ρNaNbI . (6.2.33)

For the external work of body forces,ˆ
b
δv · ρb dv =

∑
a

δva ·
ˆ
b
fba dv

where
fba = Naρ

sb , (6.2.34)

and ˆ
b
δvs · αfρ

s gradb ·∆u dv =
∑
a

δvs
a ·
∑
b

ˆ
b
Kb

ab dv ·∆ub

where
Kb

ab = αfNaNbρ
s gradb . (6.2.35)

For prescribed tractions, ˆ
∂b
δvs · ts da =

∑
a

δvs
a ·
ˆ
Γη

f ta dη
1dη2

where
f ta = Nat

s |g1 × g2| , (6.2.36)

and ˆ
Γη

αfδv
s · (ts ⊗ n) ·

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
dη1dη2

=
∑
a

δvs
a ·
∑
b

ˆ
Γη

Kt
ab dη

1dη2 ·∆ub

where

Kt
ab = αfNa (t

s ⊗ n) ·
(
∂Nb

∂η2
ĝ1 −

∂Nb

∂η1
ĝ2

)
, (6.2.37)

where ĝ is the skew-symmetric tensor whose dual vector is g.

6.2.6 Energy-Momentum Conservation Scheme

The time discretization scheme may be selected in a manner that enforces linear and angular
momentum, and energy conservation over consecutive time steps tn and tn+1, when boundary
conditions and external loads are time-independent. Based on the prior literature [60, 102, 117],
this momentum and energy conservation may be achieved by using the midpoint rule (ρ∞ = 1,
leading to αf = αm = 1

2 ), and evaluating the virtual work at tn+ 1
2
. However, since the virtual work

strictly enforces momentum balance only, there is no guarantee that energy conservation will be
satisfied as a result of time discretization. Therefore, we need to enforce a specific scheme to
satisfy energy balance.
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6.2.6.1 Energy Balance

For an elastic solid, in the absence of heat exchanges (i.e., in elastodynamics), the equation of
energy balance reduces

ρε̇ = σ : D , (6.2.38)

where ε is the specific internal energy and D is the rate of deformation tensor. Recall that ε =
ψ + θη, where ψ is the specific free energy, θ is the absolute temperature and η is the specific
entropy. Since η = 0 in elasticity (due to the temperature remaining constant), the above energy
balance may be combined with the mass balance (6.2.2) as

ρψ̇ =
ρr
J
ψ̇ = σ : D , (6.2.39)

or
Ψ̇r = Jσ : D , (6.2.40)

where Ψr = ρrψ is the free energy density (per volume of the material in the reference configura-
tion).

In our time integration scheme, to satisfy energy balance, this equation needs to be evaluated
at tn+αf

, thus (
Ψ̇r

)
n+αf

= Jn+αf
σn+αf

: Dn+αf
. (6.2.41)

However, the solution for σn+αf
≡ σ

(
Fn+αf

)
obtained from the momentum balance may not

necessarity satisfy this equation. Thus, to satisfy energy balance over consecutive time steps, we
want to evaluate an effective stress σ̃n+αf

such that

Jn+αf
σ̃n+αf

: Dn+αf
=

(Ψr)n+1 − (Ψr)n
∆t

. (6.2.42)

To find a solution for σ̃n+αf
, we follow the procedure of Gonzalez [60] and let

σ̃n+αf
= σn+αf

+ fDn+αf
, (6.2.43)

where f is some scalar function to be determined. Substituting this relation, (6.2.43), into the
previous equation, (6.2.42), produces

f =

(
(Ψr)n+1 − (Ψr)n

Js
n+αf

∆t
− σn+αf

: Dn+αf

)
1

Dn+αf
: Dn+αf

. (6.2.44)

Hence, the equation for an effective stress needed to satisfy energy balance between consecutive
time steps is

σ̃n+αf
= σn+αf

+

(
(Ψr)n+1 − (Ψr)n

Jn+αf
∆t

− σn+αf
: Dn+αf

)
Dn+αf

Dn+αf
: Dn+αf

. (6.2.45)

In the limit when Dn+αf
: Dn+αf

= 0, we use σ̃n+αf
= σn+αf

. Recall that this scheme produces
conservation of linear and angular momentum and total energy only with ρ∞ = 1, or equivalently,
αf = αm = 1

2 , β = 1
2 and γ = 1. Therefore, this effective stress calculation is only applied when

the user employs ρ∞ = 1.
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6.3 Rigid Body Dynamics

6.3.1 Rigid Body Rotation

6.3.1.1 Exponential Map

Conventionally, the rigid body rotation tensor Λ corresponding to a rotation of angle χ about the
unit vector n may be expressed in terms of the vector χ = χn as

Λ (χ) = cosχ I− sinχE · n+ (1− cosχ)n⊗ n (6.3.1)

where E is the third-order permutation pseudo-tensor with Cartesian components εijk. Making
use of the trigonometric identity,

cosχ = 1− 2 sin2
1

2
χ , (6.3.2)

this expression may be rearranged as

Λ (χ) = I− sinχ

χ
E · χ+

2

χ2
sin2

1

2
χ (E · χ)2 , (6.3.3)

where we have made use of the identity

(E · χ)2 = χ⊗ χ− χ2I . (6.3.4)

Letting
χ̂ = −E · χ (6.3.5)

represent the antisymmetric tensor with axial vector χ, Λ (χ) may now be represented as

Λ (χ) ≡ exp [χ̂] = I+
sinχ

χ
χ̂+

2

χ2
sin2

(
1

2
χ

)
χ̂2 , (6.3.6)

where exp [χ̂] is known as the exponential map. Thus, the exponential map provides the rotation
tensor for a rotation χ about the unit vector n. Note that Λ · χ = χ, since χ̂ · χ = χ× χ = 0.

Let Q be any orthogonal transformation, then

Q · exp [χ̂] ·QT = I+
sinχ

χ
Q · χ̂ ·QT +

2

χ2
sin2

1

2
χ
(
Q · χ̂ ·QT

)2
= exp

[
Q · χ̂ ·QT

]
≡ exp

[
θ̂
] (6.3.7)

where θ̂ = Q · χ̂ ·QT and its corresponding axial vector is θ = Q · χ, implying that θ = χ. This
property of the exponential map is used in the next derivation.

Consider a vector Z in the reference configuration of a rigid body. Upon rigid body rotation, this
vector is currently at

z (t) = Λ (t) · Z . (6.3.8)

The corresponding axial vector of Λ (t) is χ (t). At a subsequent time t′, we would similarly have

z
(
t′
)
= Λ

(
t′
)
· Z = exp

[
θ̂
]
·Λ (t) · Z , (6.3.9)

where here, θ is the incremental (finite) rotation from t to t′. Alternatively, we may choose to write

z
(
t′
)
= Λ

(
t′
)
· Z = Λ (t) · exp

[
Θ̂
]
· Z , (6.3.10)
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such that
Λ
(
t′
)
= exp

[
θ̂
]
·Λ (t)

= Λ (t) · exp
[
Θ̂
] , (6.3.11)

implying that
exp

[
θ̂
]
= exp

[
Λ (t) · Θ̂ ·ΛT (t)

]
θ = Λ (t) ·Θ

. (6.3.12)

Note from these relations that θ = Θ. Thus, Θ is the material representation of the incremental
rotation from t to t′, while θ is the corresponding spatial representation.

6.3.1.2 Cayley Transform

An alternative to the exponential map is the Cayley transform,

Λ (χ) = cay [χ̂] = I+
2

1 +
(
1
2χ
)2 (1

2
χ̂+

1

4
χ̂2

)
(6.3.13)

which is a second order approximation to the exponential map. This formula is a correction to
that appearing in [102] (which has 1

2χ
2 in the denominator). According to Puso [102], the Cayley

transform must be used to enforce conservation of momentum and energy in a midpoint rule
discretization scheme, whenever the rigid body is connected to a deformable body, or whenever
two rigid bodies are connected by a joint. Comparing the above expression to the exponential map
exp

[
θ̂
]

using (6.3.6), we find that χ and θ are related via

χ = 2 tan
θ

2
n . (6.3.14)

6.3.1.3 Linearization Along Rotational Increment

Let θ represent a spatial rotational increment, such that a rotation tensor compounded by an
infinitesimal incremental rotation is given by

Λε = cay
[
εθ̂
]
·Λ . (6.3.15)

Using the Cayley transform for illustration, the linearization of Λ along the increment θ is obtained
from

DΛ [θ] =
d

dε

∣∣∣∣
ε=0

cay
[
εθ̂
]
·Λ

=
d

dε

∣∣∣∣
ε=0

(
I+

2

1 + 1
4ε

2θ2

(
1

2
εθ̂ +

1

4
ε2θ̂

2
))
·Λ

= θ̂ ·Λ

. (6.3.16)

The same result may be obtained with the exponential map. Similarly, using an infinitesimal mate-
rial rotational increment such that Λε = Λ · cay

[
εΘ̂
]
, we may find

DΛ [Θ] = Λ · Θ̂ . (6.3.17)
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6.3.2 General Rigid Body Motion

If the point x is connected to a rigid body, its motion is given by

x = r (t) +Λ (t) · Z = r (t) + z (t) (6.3.18)

where r (t) is the position of the rigid body center of mass and Λ (t) is the body’s rotation tensor,
which satisfies Λ (t0) = I at the initial time t0; here, z (t) = Λ (t) · Z is the distance of the point
from the body’s center of mass, and X = r (t0) + Z is the initial position. The velocity of that point
is

ẋ = ṙ (t) + Λ̇ (t) · Z , (6.3.19)

where
Λ̇ (t) = ω̂ (t) ·Λ (t) = Λ (t) · Ŵ (t) . (6.3.20)

Here, ω̂ is an antisymmetric tensor with axial vector ω which represents the spatial angular velocity
vector; similarly, Ŵ is an antisymmetric tensor with axial vector W (the material angular velocity),
such that ω = Λ ·W and

ω̂ = Λ · Ŵ ·ΛT . (6.3.21)

We may now rewrite
ẋ = ṙ (t) + ω̂ (t) · z (t)
= ṙ (t) +Λ (t) · Ŵ (t) · Z

, (6.3.22)

so that the acceleration of the point is

ẍ = r̈ (t) +
(
α̂ (t) + ω̂2 (t)

)
· z

= r̈ (t) +Λ (t) ·
(
Â (t) + Ŵ2 (t)

)
· Z

, (6.3.23)

where α = ω̇ = Λ ·A is the spatial angular acceleration vector, A = Ẇ is the material angular
acceleration vector. As shown below, the time discretization is performed in the material frame.

6.3.3 Rigid Body Momentum Balance

For a rigid body, the conservation of linear momentum is given by

d

dt
(mṙ) = ṗ = f ext (t) (6.3.24)

where m is the mass of the rigid body, ṙ is the velocity of the center of mass, p = mṙ is the linear
momentum, and f ext (t) represents the sum of external forces acting on the body. Here, m is con-
stant for a rigid body. There are typically four contributions to f ext (t): Body forces f extb (t) = mb (t)
(where b represents the body force per mass, such as gravitational acceleration), other user-
prescribed forces f extp (t) (which act at the center of mass), forces f extc (t) produced by rigid body
connectors (such as revolute and prismatic joints, or contact forces), and forces f extf (t) produced
by rigid-flexible connections (where deformable materials interface with the rigid body), in which
case f extf is evaluated from the traction t = σ ·n over that interface, with σ representing the stress
in the deformable material.

The conservation of angular momentum is similarly given by

d

dt
(J · ω) = ḣ = ω × h+ J ·α = mext (t) (6.3.25)
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where J is the rigid body mass moment of inertia about its center of mass, ω is its angular velocity,
h = J · ω is its angular momentum, α = ω̇ is the rigid body angular acceleration, and mext (t)
is the sum of moments acting on the rigid body. External moments include contributions from
user-prescribed moments/torques mext

p (t), from rigid body connectors, mext
c (t) = zc (t) × f extc (t)

where zc (t) is the connector insertion relative to the rigid body center of mass, and rigid-flexible
interfaces, mext

f (t) = zf (t) × f extf (t) where zf (t) is the position of the interface point relative to
the rigid body center of mass. Since body forces f extb and user-prescribed forces f extp act at the
center of mass, they do not contribute to mext (t). Note that

J (t) = Λ (t) · Jr ·ΛT (t) , (6.3.26)

where Jr is the mass moment of inertia about the center of mass in the reference configuration
and Λ (t) is the rotation tensor representing the orientation of the rigid body at time t, with Λ = I
in the reference configuration.

The virtual work statement is given by

δW = δr ·
(
f ext (t)− ṗ

)
+ δθ ·

(
mext (t)− ḣ

)
, (6.3.27)

where δr is the virtual velocity of the center of mass and δθ is the virtual angular velocity of the
rigid body.

6.3.4 Time Discretization

6.3.4.1 Newmark Integration for Rigid Body Dynamics

Let tn and tn+1 represent consecutive time points. According to the Newmark integration scheme,
the rigid body center of mass velocity and acceleration at tn+1 may be expressed in terms of their
values at tn as

ṙn+1 = ṙn +∆t [(1− γ) r̈n + γr̈n+1]

r̈n+1 =
1

β∆t

[
1

∆t
(rn+1 − rn)− ṙn

]
+

(
1− 1

2β

)
r̈n
, (6.3.28)

where β and γ are Newmark parameters that satisfy 0 ≤ 2β ≤ 1 and 0 ≤ γ ≤ 1.
Let the rigid body rotation tensor Λ (t) be expressed as Λ (t) = exp [ξ (t)], and ξ (t) is the

material rotation of the rigid body from its reference configuration. Thus, Λn = exp [ξn] and Λn+1 =
exp

[
ξn+1

]
respectively represent the rigid body rotation tensors at tn and tn+1. (In practice, ξ is

stored as a quaternion to facilitate the multiplication of rotation tensors.) These tensors are related
by the incremental spatial rotation θ or material rotation Θ from tn to tn+1 according to

Λn+1 = cay [θ] ·Λn = Λn · cay [Θ] . (6.3.29)

Here, it should be understood that the material frame for this incremental rotation is the config-
uration at time tn, while the spatial frame is the configuration at tn+1. For rotational motion, the
Newmark scheme is applied in the material frame as

Wn+1 =
γ

β∆t
Θ−Wn +

(
2− γ

β

)(
Wn +

∆t

2
An

)
An+1 =

1

γ∆t
(Wn+1 −Wn) +

(
1− 1

γ

)
An

=
1

β∆t

(
1

∆t
Θ−Wn

)
+

(
1− 1

2β

)
An

. (6.3.30)
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Then, using the relations ω = Λ ·W and α = Λ ·A at tn and tn+1, along with (6.3.29), we may
express these relations in the spatial frame as

ωn+1 = cay [θ] ·
(

γ

β∆t
θ − ωn +

(
2− γ

β

)(
ωn +

∆t

2
αn

))
αn+1 = cay [θ] ·

(
1

β∆t

(
1

∆t
θ − ωn

)
+

(
1− 1

2β

)
αn

) . (6.3.31)

In a nonlinear solution scheme we solve for Θ incrementally. According to (6.3.17), the lin-
earization of cay [Θ] along an increment ∆Θ is given by

D (cay [Θ]) [∆Θ] = cay [Θ] · ∆̂Θ , (6.3.32)

so that
DΛn+1 [∆Θ] = Λn+1 · ∆̂Θ . (6.3.33)

The linearizations of Wn+1 and An+1, as given in (6.3.30), along an increment ∆Θ requires us to
first evaluate DΘ [∆Θ]. According to Puso [102],

DΘ [∆Θ] = T (Θ) ·∆Θ , (6.3.34)

where
T (Θ) = I+

1

2
Θ̂+

1

4
Θ⊗Θ . (6.3.35)

Thus,
DWn+1 [∆Θ] =

γ

β∆t
T (Θ) ·∆Θ

DAn+1 [∆Θ] =
1

β∆t2
T (Θ) ·∆Θ

. (6.3.36)

6.3.5 Generalized-α Method for Rigid Body Dynamics

In the generalized-α method, we evaluate forces and moments at time tn+αf
= (1− αf ) tn +

αf tn+1 and the time rate of change of linear and angular momenta at time tn+αm = (1− αm) tn +
αmtn+1, where αf and αm may be evaluated from the spectral radius for an infinite time step, ρ∞
(Section 3.10). For second-order systems these parameters may be evaluated from [28]

αf =
1

1 + ρ∞
, αm =

2− ρ∞
1 + ρ∞

, (6.3.37)

Then, the Newmark parameters are given by

β =
1

4
(1 + αm − αf )

2 ,

γ =
1

2
+ αm − αf .

(6.3.38)

Accordingly, to solve numerically for δW = 0 over the time domain, we express (6.3.27) in the
discretized time domain as

δr ·
(
f extn+αf

− ṗn+αm

)
+ δθ ·

(
mext

n+αf
− ḣn+αm

)
= 0 , (6.3.39)
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or equivalently, [
δr δθ

]
·

[
f extn+αf

− ṗn+αm

mext
n+αf

− ḣn+αm

]
= 0 , (6.3.40)

Thus, the residual vector is given by

[R] =

[
f extn+αf

mext
n+αf

]
−
[
ṗn+αm

ḣn+αm

]
(6.3.41)

where
ṗn+αm = (1− αm) ṗn + αmṗn+1

ḣn+αm = (1− αm) ḣn + αmḣn+1

. (6.3.42)

According to the Newmark integration scheme,

ṗn+1 =
pn+1 − pn

γ∆t
+

(
1− 1

γ

)
ṗn

ḣn+1 =
hn+1 − hn

γ∆t
+

(
1− 1

γ

)
ḣn

, (6.3.43)

where pn+1 = mṙn+1 and hn+1 = Jn+1 · ωn+1.
The nonlinear system R = 0 is solved using a Newton scheme that requires linearizing R

along increments ∆r and ∆θ. Thus,

R+DR [∆r] +DR [∆θ] ≈ 0 . (6.3.44)

The increments ∆r and ∆θ are evaluated at tn+1 and the iterative Newton scheme requires up-
dates of the form

rj+1
n+1 = rjn+1 +∆r

cay
[
θj+1

]
= cay [∆θ] · cay

[
θj
] , (6.3.45)

where j represents the Newton iteration. At each Newton iteration, the current value of cay
[
θj+1

]
is used to perform the update

Λj+1
n+1 = cay

[
θj+1

]
·Λn , (6.3.46)

until convergence is achieved.
In practice, it is convenient to store θ and ∆θ in quaternions, recognizing that

cay [θn] = exp

[(
2 tan−1 θ

2

)
n

]
,

where n is the unit vector along θ and θ = ∥θ∥. Thus, it is
(
2 tan−1 θ

2

)
n which is stored in the

quaternion, instead of θn.
In the linearization of R, the contributions from the rate of change of linear momentum ṗn+αm

reduce to
Dṗn+αm [∆r] =

αm

β∆t2
m∆r

Dṗn+αm [∆θ] = 0
.

To evaluate the contributions from the rate of change of angular momentum ḣn+αm , we start from
Dḣn+αm = αmDḣn+1. Then, it becomes necessary to transform the variables to the material
frame,

ḣn+1 = ωn+1 × hn+1 + Jn+1 ·αn+1

= Λn+1 ·
(
Ŵn+1 · Jr ·Wn+1 + Jr ·An+1

) .
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It follows that
Dḣn+αm [∆r] = 0 .

Then, using the relations in Section 6.3.4.1, it can be shown that

Dḣn+αm [∆Θ] = αm

[
1

β∆t

((
γω̂n+1 +

1

∆t
I

)
· Jn+1 − γĥn+1

)
·T (θ)− ˆ̇

hn+1

]
·∆θ ≡ αmK ·∆θ .

Alternatively, we may use the discretization in (6.3.43) to produce

Dḣn+αm [∆Θ] =
αm

γ∆t
Dhn+1 [∆Θ]

where

Dhn+1 [∆Θ] =

(
γ

β∆t
Jn+1 ·T (θ)− ĥn+1

)
·∆θ

so that

Dḣn+αm [∆Θ] =
αm

∆t

(
1

β∆t
Jn+1 ·T (θ)− 1

γ
ĥn+1

)
·∆θ ≡ αmK ·∆θ

Therefore, the contribution toDR from the linear and angular momenta produces a stiffness matrix
called the mass matrix,

D

[
ṗn+αm

ḣn+αm

]
= αm

[ m
β∆t2

I 0

0 K

] [
∆r
∆θ

]
.

Consider that the moments mext
n+αf

about the rigid body center of mass are produced by the
forces f extn+αf

according to

mext
n+αf

= zn+αf
× f extn+αf

= ẑn+αf
· f extn+αf

,

where zn+αf
is the moment arm at tn+αf

,

zn+αf
= (1− αf ) zn + αfzn+1

= [(1− αf )Λn + αfΛn+1] · Z
≡ Λn+αf

· Z

where Z is the moment arm in the reference configuration. Note that

Dzn+αf
[∆r] = 0

Dzn+αf
[∆θ] = αfDΛn+1 [∆θ] · Z = −αf ẑn+1 ·∆θ

Thus, [
Df extn+αf

[∆r]

Dmext
n+αf

[∆r]

]
=

[
Df extn+αf

[∆r]

zn+αf
×Df extn+αf

[∆r]

]
and [

Df extn+αf
[∆θ]

Dmext
n+αf

[∆θ]

]
=

[
Df extn+αf

[∆θ]

zn+αf
×Df extn+αf

[∆θ]− (αf ẑn+1 ·∆θ)× f extn+αf

]
.
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Chapter 7

Contact and Coupling

FEBio allows the user to connect the different parts of the model in various ways. Deformable
parts can be connected to rigid bodies. Deformable objects can be brought in contact with each
other. Rigid bodies can be connected with rigid joints. This chapter describes the different ways
to couple parts together.

7.1 Sliding Interfaces

This section summarizes the theoretical developments of the two body contact problem. After in-
troducing some notation and terminology, the contact integral is presented, which contains the
contribution to the virtual work equation from the contact tractions. Since the nonlinear con-
tact problem is solved using a Newton based iterative method, the contact integral is linearized.
Next, anticipating a finite element implementation, the contact integral and its linearization are dis-
cretized using a standard finite element approach. Finally the augmented Lagrangian method for
enforcing the contact constraints is described.

7.1.1 Contact Kinematics

For the most part the notation of this section follows [82], with a few simplifications here and
there since the implementation in FEBio is currently for quasi-static, frictionless, two body contact
problem.

The volume occupied by body i in the reference configuration is denoted by Ω(i) ⊂ R3where
i = 1, 2. The boundary of body i is denoted by Γ(i) and is divided into three regions Γ(i) =

Γ
(i)
σ ∪ Γ

(i)
u ∪ Γ

(i)
c , where Γ

(i)
σ is the boundary where tractions are applied, Γ(i)

u the boundary where
the solution is prescribed and Γ

(i)
c the part of the boundary that will be in contact with the other

body. It is assumed that Γ(i)
σ ∩ Γ

(i)
u ∩ Γ

(i)
c = ∅.

The deformation of body i is defined by φ(i). The boundary of the deformed body i, that is the
boundary of φ(i)

(
Ω(i)

)
is denoted by γ(i) = γ

(i)
σ ∪γ(i)u ∪γ(i)c where γ(i)σ = φ(i)

(
Γ
(i)
σ

)
is the boundary

in the current configuration where the tractions are applied and similar definitions for γ(i)u and γ(i)c .
See the figure below for a graphical illustration of the defined regions.

255
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The two-body contact problem.
Points in body 1 are denoted by X in the reference configuration and x in the current config-

uration. For body 2 these points are denoted by Y and y. To define contact, the location where
the two bodies are in contact with each other must be established. If body 1 is the slave body and
body 2 is the master body, then for a given point X on the slave reference contact surface there is
a point Ȳ (X) on the master contact surface that is in some sense closest to point X. This closest
point is defined in a closest point projection sense:

Ȳ (X) = arg min
Y∈Γ(2)

c

∥∥∥φ(1) (X)−φ(2) (Y)
∥∥∥ . (7.1.1)

With the definition of Ȳ (X) established the gap function can be defined, which is a measure for
the distance between X and Ȳ (X),

g (X) = −ν ·
(
φ(1) (X)−φ(2)

(
Ȳ (X)

))
, (7.1.2)

where ν is the local surface normal of surface γ(2)c evaluated at ȳ = φ(2)
(
Ȳ (X)

)
. Note that g > 0

when X has penetrated body 2, so that the constraint condition to be satisfied at all time is g ⩽ 0.

7.1.2 Weak Form of Two Body Contact

The balance of linear momentum can be written for each of the two bodies in the reference con-
figuration,

G(i)
(
φ(i),w(i)

)
=

ˆ

Ω(i)

Gradw(i) : P(i) dΩ−
ˆ

Ω(i)

w(i) ·F(i) dΩ−
ˆ

Γ
(i)
s

w(i) ·T(i) dΓ−
ˆ

Γ
(i)
c

w(i) ·T(i) dΓ = 0 ,

(7.1.3)
where w(i) is a weighting function and P is the 1st Piola-Kirchhoff stress tensor. The last term
corresponds to the virtual work of the contact tractions on body i. For notational convenience, the
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notations φand w are introduced to denote the collection of the respective mappings φ(i) and w(i)

(for i =1,2). In other words,
φ : Ω̄(1) ∪ Ω̄(2) → R3 ,

w : Ω̄(1) ∪ Ω̄(2) → R3 .
(7.1.4)

The variational principle for the two body system is the sum of (7.1.3) for body 1 and 2 and can be
expressed as,

G (φ,w) :=
2∑

i=1

G(i)
(
φ(i),w(i)

)

=
2∑

i=1


ˆ

Ω(i)

Gradw(i) : P(i) dΩ−
ˆ

Ω(i)

w(i) · F(i) dΩ−
ˆ

Γ
(i)
s

w(i) ·T(i) dΓ

︸ ︷︷ ︸
Gint,ext(φ,w)

−
2∑

i=1

ˆ

Γ
(i)
c

w(i) ·T(i) dΓ

︸ ︷︷ ︸
Gc(φ,w)

.

(7.1.5)

Or in short,
G (φ,w) = Gint,ext (φ,w) +Gc (φ,w) . (7.1.6)

Note that the minus sign is included in the definition of the contact integral Gc. The contact integral
can be written as an integration over the contact surface of body 1 by balancing linear momentum
across the contact surface:

t(2) (ȳ (x)) dΓ(2) = −t(1) (x) dΓ(1) . (7.1.7)

The contact integral can now be rewritten over the contact surface of body 1:

Gc = −
ˆ

Γ
(1)
c

t(1) (x) ·
[
w(1) (x)−w(2) (ȳ (x))

]
dΓ . (7.1.8)

In the case of frictionless contact, the contact traction is taken as perpendicular to surface 2 and
therefore can be written as, t(1) = tNν where ν is the (outward) surface normal and tN is to be
determined from the solution strategy. For example in a Lagrange multiplier method the tN ’s would
be the Lagrange multipliers.

By noting that the variation of the gap function is given by

δg = −ν ·
(
w(1) (x)−w(2) (ȳ (x))

)
, (7.1.9)

equation (7.1.8) can be simplified as,

Gc =

ˆ

Γ
(1)
c

tNδg dΓ . (7.1.10)
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7.1.3 Linearization of the Contact Integral

In a Newton-Raphson implementation the contact integral must be linearized with respect to the
current configuration:

∆Gc (φ,w) =

ˆ

Γ
(1)
c

∆(tNδg) dΓ . (7.1.11)

Examining the normal contact term first, the directional derivative of tN is given (for the case of
the penalty regularization) by:

∆tN = ∆ {εN ⟨g⟩}
= H (g) εN∆g

, (7.1.12)

where εN is the penalty factor and H (g) is the Heaviside function. The quantity ∆(δg) is given by

∆(δg) = g
[
ν · δφ(2)

,γ

(
Ȳ (X)

)
+ καγ

(
Ȳ (X)

)
δξ̄α

]
mγβ[

ν ·∆φ(2)
,β

(
Ȳ (X)

)
+ καβ

(
Ȳ (X)

)
∆ξ̄α

]
+ δξ̄βν ·

[
∆φ

(2)
,β

(
Ȳ (X)

)]
+∆ξ̄βν ·

[
δφ

(2)
,β

(
Ȳ (X)

)]
+ καβ

(
Ȳ (X)

)
δξ̄β∆ξ̄α .

(7.1.13)

7.1.4 Discretization of the Contact Integral

The contact integral, which is repeated here,

Gc (φ,w) =

ˆ

Γ(1)

tNδg dΓ , (7.1.14)

will now be discretized using a standard finite element procedure. First it is noted that the integra-
tion can be written as a sum over the surface element areas:

Gc (φ,w) =

Nsel∑
e=1

ˆ

Γ(1)e

tNδg dΓ , (7.1.15)

where Nsel is the number of surface elements. The integration can be approximated using a
quadrature rule,

Gc (φ,w) ∼=
Nsel∑
e=1


Ne

int∑
i=1

wij (ξi) tN (ξi) δg (ξi)

 , (7.1.16)

where N e
int are the number of integration points for element e. It is now assumed that the inte-

gration points coincide with the element’s nodes (e.g. for a quadrilateral surface element we have
ξ1 = (−1,−1), ξ2 = (1,−1), ξ3 = (1, 1) and ξ4 = (−1, 1)). With this quadrature rule, we have

w(1) (ξi) = c
(1)
i

w(2)
(
ξ̄i
)
=

n∑
j=1

Nj

(
ξ̄i
)
c
(2)
j

, (7.1.17)
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so that,

δg (ξi) = −ν ·

c
(1)
i −

n∑
j=1

N
(2)
j

(
ξ̄i
)
c
(2)
j

 . (7.1.18)

If the following vectors are defined,

δΦT =
[
c
(1)
i c

(2)
1 · · · c

(2)
n

]
NT =

[
ν −νN (2)

1 · · · −νN (2)
n

] , (7.1.19)

equation (7.1.16) can then be rewritten as follows,

Gc (φ,w) ∼=
Nsel∑
e=1


Ne

int∑
i=1

wij (ξi) tN (ξi) δΦ
TNT

 . (7.1.20)

The specific form for tNwill depend on the method employed for enforcing the contact constraint.

7.1.5 Discretization of the Contact Stiffness

A similar procedure can now be used to calculate the discretized contact stiffness matrix. The
linearization of the contact integral is repeated here:

∆Gc (φ,w) =

Nsel∑
e=1

ˆ

Γ(1)e

∆(tNδg) dΓ

=

Nsel∑
e=1

Ne
int∑

i=1

wij (ξi)∆ (tNδg) (ξi)

. (7.1.21)

Using matrix notation we can rewrite equation (7.1.21) as,

∆W c (φ,w) =

Nsel∑
e=1

Ne
int∑
i

wij (ξi) δΦ · kc∆Φ , (7.1.22)

where δΦ is as above and ∆Φ similar to δΦ with δ replaced with ∆, and kc is

kc = εNH
(
λkN + εNg

)
NNT + tN

{
g
[
m11N̄1N̄

T
1

+m12
(
N̄1N̄

T
2 + N̄2N̄

T
1

)
+ m22N̄2N̄

T
2

]
−D1N

T
1

−D2N
T
2 −N1D

T
1 −N2D

T
2 + κ12

(
D1D

T
2 +D2D

T
1

)} , (7.1.23)

where,

N =


ν

−N1

(
ξ̄
)
ν

...
−N4

(
ξ̄
)
ν

 , Tα =


τα

−N1

(
ξ̄
)
τα

...
−N4

(
ξ̄
)
τα

 , Nα =


0

−N1,α

(
ξ̄
)
ν

...
−N4,α

(
ξ̄
)
ν

 . (7.1.24)
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The following vectors are also defined which depend on the vectors of (7.1.24):

D1 =
1

detA
[A22 (T1 + gN1)−A12 (T2 + gN2)]

D2 =
1

detA
[A11 (T2 + gN2)−A12 (T1 + gN1)]

N̄1 = N1 − κ12D2

N̄2 = N2 − κ12D1

, (7.1.25)

where the matrix A is defined as,
Aij = mij + gκij . (7.1.26)

Here, mij = τ i · τ j is the surface metric tensor and κij = ν ·φ(2)
t,ij

(
Ȳ
)

denotes the components of
the surface curvature at ξ̄.

7.1.6 Augmented Lagrangian Method

The augmented Lagrangian method is used in FEBio to enforce the contact constraints to a user-
specified tolerance. This implies that the normal contact tractions are given by,

tN = ⟨λN + εNg⟩ . (7.1.27)

Note that this assumption is consistent with the approach that was used in establishing the dis-
cretization of the linearization of the contact integral (7.1.23). In (7.1.27) εN is a penalty factor that
is chosen arbitrarily.

The Newton-Raphson iterative method is now used to solve the nonlinear contact problem
where Uzawa’s method (REF) is employed to calculate the Lagrange multipliers λN . This implies
that the Lagrange multipliers are kept fixed during the Newton-Raphson iterations. After conver-
gence the multipliers are updated and a new NR procedure is started. This procedure can be
summarized by the following four steps.

1. Initialize the augmented Lagrangian iteration counter k, and the initial guesses for the mul-
tipliers:

λ
(0)
Nn+1

= λNn ,

k = 0 .
(7.1.28)

2. Solve for d(k)
n+1, the solution vector corresponding to the fixed kth iterate for the multipliers,

Fint
(
d
(k)
n+1

)
+ Fc

(
d
(k)
n+1

)
= Fext

n+1 , (7.1.29)

where the contact tractions used to compute Fc, the contact force, are governed by

t
(k)
Nn+1

=
〈
λ
(k)
Nn+1

+ εNg
k
n+1

〉
. (7.1.30)

3. Update the Lagrange multipliers and iteration counters:

λ
(k+1)
Nn+1

=
〈
λ
(k)
Nn+1

+ εNg
(k)
n+1

〉
,

k = k + 1 .
(7.1.31)

4. Return to the solution phase.

Steps 2-4 of the above algorithm are generally repeated until all contact constraints are satisfied to
a user-specified tolerance or little change in the solution vector from augmentation to augmentation
is noted.
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7.1.7 Automatic Penalty Calculation

The determination of the penalty factor εN can be a difficult task, since a good value may depend
on both material parameters and geometrical factors. In FEBio the value of this penalty factor can
be determined automatically. In this case FEBio will calculate a penalty factor for each facet using
the following formula.

εi =
fSIEiAi

Vi
. (7.1.32)

Here, Ei is the effective Young’s modulus along the facet normal, Ai the surface area of the facet,
Vi the volume of the element to which this facet belongs and fSI a user defined scale factor. The
parameter Ei is evaluated from the elasticity tensor C and the facet unit normal n according to

1

Ei
= (n⊗ n) : C−1 : (n⊗ n) , (7.1.33)

where C−1 is the compliance tensor.

7.1.8 Facet-To-Facet Sliding

As of FEBio version 1.2, two alternative formulations for sliding contact are available. The first
method, which is referred to as the facet-to-facet sliding, is very similar to the formulation described
above. It only differs in that it uses a Gaussian quadrature rule instead of nodal integration. Be-
cause of the more accurate integration rule, it was noted that this method in many situations was
more stable and resulted in better convergence.

7.1.9 Sliding-Elastic

This algorithm was presented in [137] and differs considerably from the previous two. Consider
a domain b consisting of two bodies b(1) and b(2) with respective boundaries ∂b(1) and ∂b(2). The
two bodies are in contact over portions of ∂b(1) and ∂b(2), respectively denoted γ(1) and γ(2). The
contribution of contact to the external virtual work may be written as

δGc =

2∑
i=1

ˆ

γ(i)

δv(i) · t(i) da(i) (7.1.34)

where δv(i) is a virtual velocity, t(i) represents the traction on γ(i), and da(i) is an elemental area of
γ(i). In contact analyses, the tractions on γ(i) are equal and opposite, t(1) = −t(2), and the contact
surfaces are shared, hence we may select one surface to perform the integration over. The virtual
work arising from contact may be written as an integral over the primary surface γ(1) only, yielding

δGc =

ˆ

γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1) (7.1.35)

eq.(7.1.35) is commonly referred to as the contact integral.
To evaluate the directional derivatives of δGc along increments in the displacements ∆u(i) of

γ(i), as required for an iterative technique such as Newton’s method, it is necessary to formulate
the integration over an invariant domain so that the directional derivative may be brought inside
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the integral without concern for variations in the domain of integration. In our approach the integral
is formulated over the invariant parametric space of γ(1) [12, 35].

Each surface γ(i) is expressed in parametric form using coordinates ηα(i), and material points
X(i) are identified through their parametric coordinates. On each surface γ(i), covariant basis
vectors are given by

g(i)
α =

∂x(i)

∂ηα(i)
. (7.1.36)

Here, x(i)
(
ηα(i), t

)
is the spatial representation of surface γ(i) as it deforms over time t, in terms

of contravariant surface parametric coordinates ηα(i). These covariant basis vectors are tangent to
γ(i), and it follows that the unit outward normal to γ(i) is

n(i) =
g
(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.1.37)

Furthermore, the elemental area on γ(i) is evaluated as

da(i) = J (i)
η dη1(i)dη

2
(i) , J (i)

η =
∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.1.38)

Therefore the contact integral of eq.(7.1.35) may be placed into matrix form and rewritten as

δGc =

ˆ
Γ
(1)
η

[
δv(1) δv(2)

]
·
[
t(1)

−t(1)

]
J (1)
η dη1(1)dη

2
(1) , (7.1.39)

where Γ
(1)
η represents the invariant parametric space of surface γ(1) and integration is performed

over points X(1) with prescribed parametric coordinates ηα(1). Since Γ
(1)
η represents a material

frame, it is possible to linearize δGc by applying the directional derivative operator directly to the
integrand,

DδGc =

ˆ
Γ
(1)
η

D

([
δv(1) δv(2)

]
·
[
t(1)

−t(1)

]
J (1)
η

)
dη1(1)dη

2
(1) , (7.1.40)

where it is understood that for any function f ,

Df ≡
2∑

i=1

Df
[
∆u(i)

]
. (7.1.41)

To proceed with this linearization, it is necessary to formulate the kinematics of points on γ(i) and
provide expressions for the contact traction t(1) that can differentiate between frictional stick and
slip.

7.1.9.1 Slip Kinematics

During contact slip, γ(1) and γ(2) move relative to one another as their configurations evolve. Per-
forming a contact analysis requires mapping points between these surfaces. For the spatial po-
sition x(1)

(
ηα(1), t

)
of each material point on the primary surface, we define the intersection point
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x(2)
(
ηα(2), t

)
on the secondary surface as the point intersected by a ray directed along the unit

outward normal to the primary surface n(1)
(
ηα(1), t

)
,

x(2) = x(1) + gn(1), (7.1.42)

where the gap function g is defined to be positive when the surfaces γ(1) and γ(2) are separated,
and negative when they penetrate,

g =
(
x(2) − x(1)

)
· n(1). (7.1.43)

The ray intersects γ(2) at a spatial position x(2) through which different material points X(2) identi-
fied by parametric coordinates ηα(2) may convect. Computationally, this ray intersection and contact
detection is performed with an Octree method [54].

The projection approach of eq.(7.1.42), described in our previous study [12] and commonly
termed ray-tracing [100], can be characterized as an inverse projection relative to the classical
contact mechanics approach used for NTS contact [82, 133]. Although the definition of this pro-
jection and its associated gap function is not new, it has typically been employed mostly for mortar
contact (e.g. as in Tur et al. [126]). The benefits associated with a projection method such as
eq.(7.1.42) for non-mortar contact have been developed in detail [100]. Here it suffices to note
that avoiding a reliance on secondary surface normal vectors eliminates many contact-searching
difficulties that plague NTS algorithms [136], and also serves to greatly reduce the complexity of
the linearizations and the resulting stiffness matrices.

7.1.9.2 Stick Kinematics

Equations (7.1.42) and (7.1.43) describe searching for evolving contact and are only valid during
slip. In stick no relative motion occurs between contacting points, thus the intersection point X(2)

on γ(2) does not evolve during the iterative solution process, allowing the development of kinemat-
ics of sticking contact. Implicit in this condition is the assumption that the contact projection was
previously resolved, and thus contact searching is not performed again; rather, the contact point
on γ(2) is given by the parametric coordinates of intersection ηα(2) found from the previous time
point, which will be denoted as ηα(2)p, with the subscripted p referring to the previous time. Thus,
we write the spatial position of X(2) in stick as

x(2)
s = x(2)

(
ηα(2)p, t

)
= x(1)

(
ηα(1), t

)
+ gs , (7.1.44)

where gs is a vectorial gap function,
gs = x(2)

s − x(1) . (7.1.45)

Here, gs is the vectorial distance, at the current time t, between material points which were in
contact at the previous time step; for perfect stick we must have gs = 0. In a finite element
implementation however, it is important to note that the intersection point x(2)

s is not in general the
point that would be found from a ray directed from ηα(1) along the unit outward normal n(1). This is

because stick will not be enforced exactly, so the points x(1) and x
(2)
s will separate slightly when

using a penalty method for enforcing this constraint. How to minimize this separation and enforce
perfect stick behavior is the subject of the forthcoming sections.
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7.1.9.3 Velocities

The kinematics developed above can be used to formulate velocities. The formulation for stick
developed in Section 7.1.9.4 does not rely on velocity constraints, therefore we are only concerned
with velocities of opposing contact points in slip. The development of velocities presented below
anticipates the need for a relative velocity as required by Coulomb’s law of kinetic friction, which
aligns the friction force with this slip direction.

Since the parametric coordinates ηα(1) of integration points represent material points on γ(1), the
velocity v(1) of these points on the primary surface is evaluated from the material time derivative
in the material frame,

v(1)
(
ηα(1), t

)
=
∂x(1)

(
ηα(1), t

)
∂t

. (7.1.46)

In contrast, since material may convect through the intersection point of the ray with γ(2), the
total velocity v(2) at the intersection point on γ(2) needs to be evaluated using the material time
derivative in the spatial frame,

v(2)
(
ηα(2), t

)
=
∂x(2)

(
ηα(2), t

)
∂t

+ η̇α(2)g
(2)
α . (7.1.47)

Here, ∂x(2)/∂t represents the velocity of the intersection point on γ(2), whereas η̇α(2) are the con-
travariant components of the convective velocity of material passing through this intersection point.
In effect, η̇α(2)g

(2)
α represents the relative (slip) velocity between the material on γ(2) and that on γ(1).

Importantly, as noted below when performing time discretization and linearization, by definition
∂x(2)/∂t is evaluated while keeping ηα(2) constant.

We now use these relations to produce a more practical formulation of the slip velocity for our
frictional contact implementation. Taking the material time derivative of eq.(7.1.42) and using the
contact persistency condition ġ = 0 [81] produces v(2) = v(1) + gṅ(1). Substituting Eqs.(7.1.46)-
(7.1.47) into this expression yields a frame-invariant measure of relative velocity between γ(1) and
γ(2) [49, 100],

vr ≡ η̇α(2)g
(2)
α = gṅ(1) +

∂x(1)
(
ηα(1), t

)
∂t

−
∂x(2)

(
ηα(2), t

)
∂t

, (7.1.48)

where ṅ(1) is the material time derivative of n(1) in the parametric material frame of γ(1), evaluated
from eq.(7.1.37) as

ṅ(1) = PN ·
ġ
(1)
1 × g

(1)
2 + g

(1)
1 × ġ

(1)
2

J
(1)
η

. (7.1.49)

Here, ġ(1)
α denotes the material time derivative of g(1)

α in the material frame,

ġ(1)
α

(
ηβ(1), t

)
=
∂g

(1)
α

(
ηβ(1), t

)
∂t

, (7.1.50)

and we define the tangential plane projection tensor PN as

PN = I− n(1) ⊗ n(1) . (7.1.51)

Previous authors have utilized vr = η̇α(2)g
(2)
α directly instead of the right-hand-side of eq.(7.1.48);

this expression requires the evaluation of time derivatives of parametric coordinates [81, 109, 135],
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which necessitates special integration algorithms to handle crossing element boundaries [50]. The
relative velocity measure on the right-hand-side of eq.(7.1.48) obviates the need for any such spe-
cial treatment. In particular, the choice of ∂x(2)/∂t ensures that element boundaries will never be
crossed when calculating this velocity, since it is evaluated while keeping ηα(2) constant.

The tangential frictional traction in slip depends only on the tangential component of the relative
velocity, therefore we may define the slip direction s(1) as the unit vector of the projection PN · vr

of vr onto the tangent plane of γ(1),

s(1) =
PN · vr

|PN · vr|
, (7.1.52)

These definitions of contact kinematics may now be used to formulate frictional contact.

7.1.9.4 Coulomb Frictional Contact

This work considers Coulomb frictional contact, with no distinction made between static and kinetic
coefficients of friction. Although classical Coulomb friction is the most frequently adopted behavior,
it should be noted that other constitutive equations, including micromechanically-inspired formula-
tions which consider local phenomena, have been proposed as well [133, 135]. During frictional
contact, the contact traction t(i) on the opposing surfaces is determined by the sticking or slipping
behavior. For Coulomb friction, the relationship between sticking and slipping is described by a
slip criterion Φ, where on the primary surface

Φ =
∣∣∣t(1)T

∣∣∣− µ |tn| . (7.1.53)

Here, tn = t(1) · n(1) is the normal component of the contact traction (negative in compression),
t
(1)
T = t(1) − tnn(1) is the tangential component of the contact traction, and µ is the friction coeffi-

cient. The value of the slip criterion determines the stick-slip status,

Φ

{
< 0 sticking
= 0 slipping

(7.1.54)

Algorithmically, stick and slip are typically based on a predictor-corrector approach derived from
an analogy with elastoplasticity [59], leading to constitutive relations for the rate of the traction and
thus requiring numerical integration [50]. Variations of this approach have been utilized in differing
forms [81, 109, 135].

In contrast, this presentation proposes to treat stick and slip separately, controlled by an exact
return mapping based on the slip criterion. The return mapping defines a rule for correcting a
calculated traction which exceeds the slip limit and is thus not permissible. Stick will be treated
as a special case of a tied interface, whereas in slip the traction will be directly prescribed. The
formulation of Coulomb frictional contact is presented for both penalty and augmented Lagrangian
regularization schemes.

7.1.9.5 Penalty Scheme

During stick, no relative motion may occur between surfaces; thus, points on γ(1) and γ(2) that
were in contact at the previous time must remain in contact. The stick traction may be obtained by
penalizing any relative motion between such points,

t(1) = εgs , (7.1.55)
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where ε is the penalty parameter and we have employed eq.(7.1.45).
During slip, we first calculate the normal component of the contact traction by penalizing the

normal gap of eq.(7.1.43),
tn = εg . (7.1.56)

The total traction vector is then directly obtained as

t(1) = tn

(
n(1) + µs(1)

)
. (7.1.57)

Here we have achieved an exact expression for the tangential traction in slip and remark that
since tn is strictly negative in contact, the frictional contact traction µtns(1) acting on γ(1) is in the
direction opposing the motion of γ(1) relative to γ(2). A trial state and return map, presented in
Section 7.1.9.7, is employed to differentiate between stick and slip.

7.1.9.6 Augmented Lagrangian Scheme

The augmented Lagrangian scheme employed in this study is first order and utilizes Uzawa’s
algorithm [29], where multipliers are updated outside of the Newton step, producing a double loop
algorithm (see the texts by Laursen [82] and Wriggers [133] for a discussion of Uzawa’s algorithm
applied to frictional contact problems). Such an approach preserves the quadratic convergence of
Newton’s method near solution points. The presented scheme is a modification of the approach
suggested by Simo and Laursen [113].

During stick, the traction is calculated by augmenting the vector gap gs,

t(1) = λs + εgs , (7.1.58)

where λs is the vectorial Lagrange multiplier in stick. In slip, we first calculate the normal compo-
nent of the contact traction by augmenting the normal gap g,

tn = λn + εg , (7.1.59)

where λn is the normal Lagrange multiplier. The total traction vector in slip is then defined to be

t(1) = tn

(
n(1) + µs(1)

)
, (7.1.60)

where tn is given by eq.(7.1.59). In this approach the Lagrange multiplier λs augments the traction
t(1) in stick, but in slip only the normal component of traction tn is augmented by λn and the
tangential traction is directly prescribed from the augmented normal component. This approach
has the advantage of preserving an exact mapping to the proper tangential traction in slip, which
is consistent with the augmented normal traction. As in the penalty case, a trial state and return
map controlled by the slip criterion is employed to differentiate between stick and slip, presented
in Section 7.1.9.7.

The Lagrange multipliers λn and λs are held constant during each Newton step. Outside of
the Newton loop, in this study we propose a novel update scheme where one of these multipliers
is considered active and is updated from the kinematic data (gs or g), and the other is considered
passive and is derived from the active multiplier. The contact status is determined via eq.(7.1.54).
If the current status is stick (Φ < 0), we update λs (active) and derive λn (passive),

λs ← λs + εgs

λn = λs · n(1)
(7.1.61)
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Alternatively, if the current contact status is slip (Φ = 0), we update λn (active) and derive λs

(passive),
λn ← λn + εg

λs = λn

(
n(1) + µs(1)

) (7.1.62)

An active-passive strategy for the multipliers ensures consistency when the contact status switches
between stick and slip and is made possible due to this formulation’s use of a single penalty
parameter ε, in conjunction with an exact return mapping for slip.

Augmentations proceed until a tolerance related to a convergence criterion is met. In this
formulation, two separate convergence criteria and their associated tolerances are defined. The
first criterion considers the relative change of the norms of the active Lagrange multipliers between
successive iterations, where the associated unitless tolerance Ptol specifies the largest allowable
change. Convergence is achieved when∣∣∣∣Lr − Lr−1

Lr

∣∣∣∣ < Ptol , (7.1.63)

where Lr represents the total norm of the active multipliers across the contact surface at augmen-
tation step r, calculated by summing all the individual norms,

Lr =

n
(1)
e∑

e=1

n
(e)
int∑

k=1

lrk,e (7.1.64)

In this expression, n(1)e is the number of element faces on γ(1), n(e)int is the number of integration
points on the eth element face, and lrk,e is the norm of the active Lagrange multiplier at the kth
integration point on the eth element of γ(1) at augmentation step r, defined by

lrk,e =

{
λr
s · λr

s Φ < 0, sticking
(λrn)

2 Φ = 0, slipping
(7.1.65)

The second criterion is a gap tolerance, where augmentations will continue until the magnitude of
the gap is lower than the specified tolerance Gtol at every location. Convergence of the augmen-
tations requires

max (|gs| , |g|) < Gtol (7.1.66)

where |gs| is associated with points currently sticking and |g| with those in slip. The tolerance Gtol

has units of length, allowing enforcement of the non-penetration and stick constraints to arbitrarily
small precision.

7.1.9.7 Stick-Slip Algorithm

Determination of whether stick or slip is active is accomplished by a trial state and return map,
and follows the same procedure for both penalty and augmented Lagrangian regularizations. We
begin by calculating a trial traction t̃(1) assuming stick, utilizing either eq.(7.1.55) or eq.(7.1.58).
The trial normal and tangential components t̃n and t̃

(1)
T are evaluated from t̃(1) and inserted into

the slip criterion Φ,
Φ =

∣∣∣t̃(1)T

∣∣∣− µ ∣∣t̃n∣∣ . (7.1.67)
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Based on the slip criterion and trial traction vector, we perform a return mapping and obtain the
traction vector as

t(1) =

{
t̃(1) Φ < 0 , sticking
tn(n

(1) + µs(1)) Φ = 0 , slipping
(7.1.68)

where tn is given by either eq.(7.1.56) or eq.(7.1.59). In the case of first contact, a trial stick
traction cannot be calculated, as stick requires a previous intersection point. Consequently, first
contact is treated as a case of slip in this framework. The alternative of treating first contact as
frictionless is unsatisfying, as the lack of friction at the first iteration can lead to premature failure
and thus precludes the modeling of certain problems that rely on frictional forces for stability (such
as load-control analyses). After one iteration, the traction can be evaluated via the return map
described above.

Computationally, care must be taken to ensure that augmentation does not unnecessarily
change the stick-slip status. For normal contact, the update λn ← λn+ εg will augment the normal
traction until the non-penetration contact constraint is adequately satisfied, with no adverse con-
sequence if λn slightly overshoots the final target value during an intermediate augmentation. For
tangential contact however, augmentation of the tangential traction that overshoots the final target
value may cross the boundary between stick and slip, thus changing the nature of the solution. For
example, at the first augmentation step, the stick traction is t(1) = εgs and the multiplier λs is aug-
mented from its initial zero value to λs = εgs according to eq.(7.1.61). Thus, at the start of the next
iteration, when gs has not yet changed, the traction is calculated as t(1) = λs+ εgs = 2εgs accord-
ing to eq.(7.1.58), which essentially counts the gap function twice and can in some cases shift the
contact from stick to slip. To circumvent potential error introduced by this step, our implementation
freezes the stick-slip status until the completion of the first iteration following an augmentation step.
After the first iteration, the gap function has been reduced by the augmentation and the traction is
split appropriately between the remaining gap and the multiplier. In this way, the double-counting
of the gap function does not unnecessarily shift the contact status, but augmentation is able to
modify the stick-slip status if accurate enforcement of the contact constraints requires it.

7.1.9.8 Linearization

To evaluate the linearization in eq.(7.1.40) requires directional derivatives of kinematic quantities,
some of which are dependent on the stick-slip status. In an attempt to simplify the presentation,
the continuum linearization of only a few kinematic quantities is described below, and the majority
of the linearization will be deferred until after the discretization presented in Section 7.1.9.9. We
note that, as a consequence of the double-loop Uzawa algorithm discussed in Section 7.1.9.6, the
Lagrange multipliers are updated outside of each Newton step and thus Dλn = 0 and Dλs = 0
in the following linearizations. Furthermore, in forthcoming sections, ∆u(i) refers to an increment
in displacement in the trial solution χ. All other expressions which employ ∆ are slight abuses of
notation, used to compactly denote changes in a quantity from the previous time step.

Stick Parametric coordinates on the primary surface are always invariant since they represent
material points X(1) where the contact integral is to be evaluated (integration points), and in stick
the parametric coordinates of contact on the secondary surface are similarly fixed by definition.
Accordingly, directional derivatives of δv(i) and x(i) are given by

Dx(1) = ∆u(1) , Dx(2) = ∆u(2)

Dδv(1) = 0 , Dδv(2) = 0
(7.1.69)
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From the above expressions and Eqs.(7.1.36) and (7.1.38), we find directional derivatives of g(1)
α

and J (1)
η to be

Dg(1)
α =

∂∆u(1)

∂ηα(1)

DJ (1)
η = n(1) ·

(
ĝ
(1)
1 ·

∂∆u(1)

∂η2(1)
− ĝ

(1)
2 ·

∂∆u(1)

∂η1(1)

) (7.1.70)

where ĝ
(1)
α is a skew-symmetric tensor whose dual vector is g

(1)
α ; thus ĝ

(1)
α · z = g

(1)
α × z for any

vector z. Given the definitions of Eqs.(7.1.45) and (7.1.55), along with the relations of eq.(7.1.69),
it follows that

Dt(1) = ε
(
∆u(2) −∆u(1)

)
. (7.1.71)

The linearization operator may be brought inside the contact integral of eq.(7.1.39) to find

DδGc =

ˆ
Γ
(1)
η

[
δv(1) δv(2)

]
·
([

1
−1

]
Dt(1)J (1)

η

+

[
t(1)

−t(1)

]
DJ (1)

η

)
dη1(1)dη

2
(1)

(7.1.72)

where we recall that Dδv(1) = Dδv(2) = 0 from eq.(7.1.69).

Slip As in stick, the contact integral over γ(1) is performed over integration points of prescribed
parametric coordinates ηα(1). However, the point on γ(2) in contact with γ(1) has parametric co-
ordinates ηα(2) that change with variations in x(1) and n(1), in accordance with eq.(7.1.42). Thus,
directional derivatives of δv(i) and x(i) are given by

Dx(1) = ∆u(1) , Dx(2) = ∆u(2) + g(2)
α Dηα(2)

Dδv(1) = 0 , Dδv(2) =
∂δv(2)

∂ηα(2)
Dηα(2)

(7.1.73)

where we recall that x(2) is the spatial location of the intersection point ηα(2) at the current time t.
We evaluate Dηα(2) in terms of increments in solid displacements by means of our modification

[10] of a method proposed by Laursen and Simo [81]. Briefly, recognizing that
(
x(2) − x(1)

)
·

g
(1)
α = 0, the directional derivative of this expression is evaluated and the resulting linear system

is inverted to yield

Dηα(2) =
(
∆u(1) −∆u(2)

)
· ḡα

(2) − a
αβgn(1) · ∂∆u(1)

∂ηβ(1)
(7.1.74)

where aαβ = (Aαβ)
−1, Aαβ = g

(1)
α · g(2)

β , and

ḡβ
(1) = aαβg(2)

α , ḡα
(2) = aαβg

(1)
β . (7.1.75)

In this expression, ḡα
(i) are approximate contravariant basis vectors on γ(i). In the limit of perfect

contact (g → 0), γ(1) and γ(2) become true mating surfaces and a number of relations emerge,
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including ḡα
(i) → gα

(i) since aαβ → gα
(2) · g

β
(1) (see the discussion following eq.(40) in [10]). In the

present formulation, this simplification to perfect contact is not adopted, as it was determined that
retaining all terms provides better convergence and stability.

From eq.(7.1.57) it follows that

Dt(1) = Dtn

(
n+ µs(1)

)
+ tn

(
Dn(1) + µDs(1)

)
. (7.1.76)

By eq.(7.1.56), Dtn = εDg, and

Dg =
(
∆u(2) −∆u(1) + g(2)

α Dηα(2)

)
· n(1) . (7.1.77)

Applying the linearization operator to eq.(7.1.52) yields

Ds(1) =
1

|PN · vr|
(I− s(1) ⊗ s(1)) ·

(
DPN · vr +PN ·Dvr

)
(7.1.78)

where Dvr = Dg ṅ(1) + g Dṅ(1) +D
(
∂x(1)/∂t

)
−D

(
∂x(2)/∂t

)
according to eq.(7.1.48).

To linearize partial time derivatives of positions x(i), we adopt Euler integration and find

∂x(i)
(
ηα(i), t

)
∂t

≈
x(i)

(
ηα(i), t

)
− x(i)

(
ηα(i), t−∆t

)
∆t

=
∆x(i)

∆t
(7.1.79)

where ∆t represents the time increment and ∆x(i) denotes the change in x(i) from the previous
time step. Since ηα(i) is kept constant when evaluating the partial time derivative, the linearization
of this expression reduces to

D

∂x(i)
(
ηα(i), t

)
∂t

 ≈ ∆u(i)

∆t
. (7.1.80)

Finally, linearizing Eqs.(7.1.37) and (7.1.51) produces

Dn(1) =
1

J
(1)
η

PN ·

(
ĝ
(1)
1 ·

∂∆u(1)

∂η2(1)
− ĝ

(1)
2 ·

∂∆u(1)

∂η1(1)

)
(7.1.81)

and
DPN = −

(
Dn(1) ⊗ n(1) + n(1) ⊗Dn(1)

)
. (7.1.82)

7.1.9.9 Discretization

Let the continuous variables on the primary and secondary surfaces be interpolated over each
element face according to

δv(1) =

m(1)∑
a=1

N (1)
a δv(1)

a , δv(2) =

m
(2)
k∑

b=1

N
(2)
b δv

(2)
b

∆u(1) =

m(1)∑
c=1

N (1)
c ∆u(1)

c , ∆u(2) =

m
(2)
k∑

d=1

N
(2)
d ∆u

(2)
d

(7.1.83)
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where N
(i)
a represent interpolation functions on the element faces of γ(i), m(1) is the number of

nodes and interpolation functions on each primary element face, m(2)
k is the number of nodes and

interpolation functions on the secondary element face which is intersected by the ray issued from
the kth integration point on the primary element face, and δv

(i)
a and ∆u

(i)
a represent respective

nodal values of δv(i) and ∆u(i). From this point forward, the summation signs will be written
simply as

∑
a, where it is assumed they have the same meaning described above.

Stick Applying the discretization to eq.(7.1.39), the contact integral becomes

δGc =
[∑

a δv
(1)
a

∑
b δv

(2)
b

]
·
ˆ
Γ
(1)
η

[
f
(1)
a

f
(2)
b

]
J (1)
η dη1(1)dη

2
(1) (7.1.84)

where
f (1)a = N (1)

a t(1), f
(2)
b = −N (2)

b t(1) (7.1.85)

and t(1) is defined by eq.(7.1.55) in the penalty case and eq.(7.1.58) when augmented Lagrangian
regularization is used. Individual terms may now be discretized and placed into matrix nota-
tion, facilitating their substitution into eq.(7.1.72). A straightforward application of eq.(7.1.83) to
eq.(7.1.70)2 yields

DJ (1)
η =

[∑
c J

(1)
η A

(1)
c · n(1)

∑
d 0
]
·

[
∆u

(1)
c

∆u
(2)
d

]
(7.1.86)

where

A(1)
c =

1

J
(1)
η

(
∂N

(1)
c

∂η1(1)
ĝ
(1)
2 −

∂N
(1)
c

∂η2(1)
ĝ
(1)
1

)
(7.1.87)

and
[
∆u

(1)
c ∆u

(2)
d

]T
is the vector of incremental changes in the degrees of freedom to the cth

node associated with the element face on γ(1), and to the dth node of the element face on γ(2) as-
sociated with the current integration point on γ(1). Furthermore, discretizing eq.(7.1.71) produces

Dt(1) =
[∑

c−εN
(1)
c I

∑
d εN

(2)
d I

]
·

[
∆u

(1)
c

∆u
(2)
d

]
. (7.1.88)

Substituting eq.(7.1.86) and eq.(7.1.88) into eq.(7.1.72) and applying the discretization of eq.(7.1.83)
yields the directional derivative of the virtual work in stick as

DδGc =
[∑

a δv
(1)
a

∑
b δv

(2)
b

]
·
ˆ
Γ
(1)
η

([∑
c−N

(1)
a N

(1)
c

∑
dN

(1)
a N

(2)
d∑

cN
(2)
b N

(1)
c

∑
d−N

(2)
b N

(2)
d

]
εI

+

[∑
c−N

(1)
a

∑
d 0∑

cN
(2)
b

∑
d 0

](
−t(1) ⊗A(1)

c · n(1)
))

× J (1)
η dη1(1)dη

2
(1) ·

[
∆u

(1)
c

∆u
(2)
d

]
(7.1.89)

An examination of eq.(7.1.89) shows that the stiffness matrix associated with this contact formula-
tion is not symmetric in stick.
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Although the stiffness matrix of eq.(7.1.89) can be cast in a more traditional form,

DδGc =
[∑

a δv
(1)
a

∑
b δv

(2)
b

]
·
ˆ
Γ
(1)
η

[∑
cK

(1,1)
ac

∑
dK

(1,2)
ad∑

cK
(2,1)
bc

∑
dK

(2,2)
bd

]
J (1)
η dη1(1)dη

2
(1) ·

[
∆u

(1)
c

∆u
(2)
d

]
(7.1.90)

as was done in [12], splitting up like terms is a more natural way to implement the final equations,
and provides some insight into the resulting matrix structure. A discussion of how to numerically
evaluate the integrals in the above equations is deferred until Section 7.1.9.12.

Slip In the case of slip, the contact integral of eq.(7.1.39) can be split into normal and tangential
parts, δGc = δGn

c + δGt
c, such that

δGc =

ˆ
Γ
(1)
η

[
δv(1) δv(2)

]
·
[
tnn

(1)

−tnn(1)

]
J (1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
δv(1) δv(2)

]
·
[
µtns

(1)

−µtns(1)

]
J (1)
η dη1(1)dη

2
(1)

(7.1.91)

Discretizing this expression yields

δGc =
[∑

a δv
(1)
a

∑
b δv

(2)
b

]
·
ˆ
Γ
(1)
η

[
f
(1)
a

f
(2)
b

]
J (1)
η dη1(1)dη

2
(1) (7.1.92)

where

f (1)a = tnN
(1)
a

(
n(1) + µs(1)

)
, f

(2)
b = −tnN (2)

b

(
n(1) + µs(1)

)
(7.1.93)

and tn is given by eq.(7.1.56) in the penalty formulation and eq.(7.1.59) with augmented La-
grangian regularization.

For the following linearization and discretization the normal and tangential components, rep-
resenting frictionless and frictional contributions to the contact integral, will be treated separately
and may then be added together as in eq.(7.1.91).

7.1.9.10 Frictionless Terms

The linearization of the frictionless contribution δGn
c makes use of eq.(7.1.73) to find

DδGn
c =

ˆ
Γ
(1)
η

[
0 ∂δv(2)

∂ηα
(2)

]
·
[
tnn

(1)

−tnn(1)

]
Dηα(2)J

(1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
δv(1) δv(2)

]
·
([

tnn
(1)

−tnn(1)

]
DJ (1)

η

+

[
n(1)

−n(1)

]
DtnJ

(1)
η +

[
tn
−tn

]
Dn(1)J (1)

η

)
dη1(1)dη

2
(1)

(7.1.94)
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Evaluating eq.(7.1.94) requires Dn(1), Dtn, and Dηα(2). Directly inserting Eqs.(7.1.73) and (7.1.83)
into Eqs.(7.1.74), (7.1.77), and (7.1.81) yields

Dηα(2) =

[∑
cN

(1)
c ḡα

(2) − ga
αβ ∂N

(1)
c

∂ηβ
(1)

n(1)
∑

d−N
(2)
d ḡα

(2)

]
·

[
∆u

(1)
c

∆u
(2)
d

]

Dtn =
[∑

c−εN
(1)
c N̄(1) · n(1) − tnN(1) · m̄(1)

c
∑

d εN
(2)
d N̄(1) · n(1)

]
·

[
∆u

(1)
c

∆u
(2)
d

]

Dn(1) =
[∑

c−PN ·A(1)
c

∑
d 0
]
·

[
∆u

(1)
c

∆u
(2)
d

] (7.1.95)

with the definitions

N(1) = n(1) ⊗ n(1), N̄(1) = I− g
(1)
β ⊗ ḡβ

(1)

m̄(1)
c =

∂N
(1)
c

∂ηβ(1)
ḡβ
(1), m̄

(2)
b =

∂N
(2)
b

∂ηα(2)
ḡα
(2)

(7.1.96)

Applying the discretization in eq.(7.1.83) to eq.(7.1.94) and employing the linearizations of Eqs.(7.1.86)
and (7.1.95) to evaluate the resulting matrix products yields the directional derivative of δGn

c as

DδGn
c =

[∑
a δv

(1)
a

∑
b δv

(2)
b

]
·
ˆ
Γ
(1)
η

([∑
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(1)
a N

(1)
c

∑
dN

(1)
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(2)
d∑
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c
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d
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+
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a

∑
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b

∑
d 0

]
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)
+

[ ∑
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∑
d 0∑

cN
(1)
c

∑
d−N

(2)
d

]
tnM̄

(2)
b

+

[ ∑
c 0

∑
d 0∑

cGbc
∑

d 0

]
tnN

(1)

)
J (1)
η dη1(1)dη

2
(1) ·

[
∆u

(1)
c

∆u
(2)
d

]
(7.1.97)

where
Ñ(1) = n(1) ⊗ N̄(1) · n(1)

M̄(1)
c = n(1) ⊗ m̄(1)

c

M̄
(2)
b = −n(1) ⊗ m̄

(2)
b

Gbc = gaαβ
∂Nb

∂ηα(2)

∂Nc

∂ηβ(1)

(7.1.98)

and it is apparent that the resulting frictionless stiffness matrix is also nonsymmetric. eq.(7.1.97)
is very similar to that which may be found by reducing our previous frictionless biphasic contact
algorithm to the case of contact between two nonporous solids (eliminating all fluid degrees of free-
dom) [12], although the present framework is more general, since that previous study evaluated
expressions in the limit as g → 0.
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7.1.9.11 Frictional Terms

The linearization of the frictional contribution follows from the second term of eq.(7.1.91) as

DδGt
c =

ˆ
Γ
(1)
η

[
0 ∂δv(2)

∂ηα
(2)

]
·
[
µtns

(1)

−µtns(1)

]
Dηα(2)J

(1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
δv(1) δv(2)

]
·
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(1)

−µtns(1)

]
DJ (1)

η

+

[
µs(1)

−µs(1)

]
DtnJ

(1)
η +

[
µtn
−µtn

]
Ds(1)J (1)

η

)
dη1(1)dη

2
(1)

(7.1.99)

The remaining quantity to be determined in this expression is the linearization Ds(1); according to
eq.(7.1.78), Dṅ(1) must also be evaluated. As ṅ(1) depends on ġ

(1)
α via eq.(7.1.49), we must first

propose a temporal discretization scheme for these rate quantities.
In a similar fashion to eq.(7.1.79), let the material time derivative in the material frame of the

covariant basis vectors of γ(1) be discretized as

ġ(1)
α ≈

g
(1)
α

(
ηβ(i), t

)
− g

(1)
α

(
ηβ(i), t−∆t

)
∆t

=
∆g

(1)
α

∆t
(7.1.100)

where ∆g
(1)
α denotes the change in g

(1)
α from the previous time step. A temporally discretized form

of eq.(7.1.49) may now be written as

ṅ(1) ≈ 1

∆t
c(1) (7.1.101)

where
c(1) =

1

J
(1)
η

PN ·m(1)

m(1) = ∆g
(1)
1 × g

(1)
2 + g

(1)
1 ×∆g

(1)
2

(7.1.102)

The directional derivative of ṅ(1) may now be evaluated as

Dṅ(1) =
1

∆t

[∑
cQ

(1) ·PN ·A(1)
c −PN ·

(
A

(1)
c + Ā

(1)
c

)
− c(1) ⊗A

(1)
c · n(1)∑

d 0

]T

·

[
∆u

(1)
c

∆u
(2)
d

] (7.1.103)

where
Q(1) =

1

J
(1)
η

((
n(1) ·m(1)

)
I+ n(1) ⊗m(1)

)
(7.1.104)

and Ā
(1)
c is defined by analogy with eq.(7.1.87) to be

Ā(1)
c =

1

J
(1)
η

(
∂N

(1)
c

∂η1(1)
∆ĝ

(1)
2 −

∂N
(1)
c

∂η2(1)
∆ĝ

(1)
1

)
, (7.1.105)

where ∆ĝ
(1)
α is a skew-symmetric tensor whose dual vector is ∆g

(1)
α .
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Utilizing the discrete-time equations Eqs.(7.1.79) and (7.1.101) in eq.(7.1.48), we find

vr ≈ r(1)

∆t
=
gc(1) +∆x(1) −∆x(2)

∆t
(7.1.106)

and thus eq.(7.1.78) may be discretized in time,

Ds(1) = PS ·
(
DPN · r(1) +PN ·Dr(1)

)
(7.1.107)

where Dr(1) = Dg c(1) + g Dc(1) +∆u(1) −∆u(2) and

|PN · vr| = ∆h

∆t

PS =
1

∆h

(
I− s(1) ⊗ s(1)

) (7.1.108)

In eq.(7.1.108), ∆h is a spatial increment defined to simplify notation and PS is a projection tensor.
Defining the tensors

R(1) =
1

g

((
n(1) · r(1)

)
I+ n(1) ⊗ r(1)

)
B(1) = PS · c(1) ⊗ N̄(1) · n(1) −PS ·PN

L(1) = gPS ·
(
PN ·Q(1) +R(1) − I

)
·PN

J(1)
c = L(1) ·A(1)

c − gPS ·PN · Ā(1)
c

(7.1.109)

and vectors
h
(1)
c+ = N(1) · m̄(1)

c +A(1)
c · n(1)

h
(1)
c− = N(1) · m̄(1)

c −A(1)
c · n(1)

, (7.1.110)

the directional derivative Ds(1) may be written fairly compactly as

Ds(1) =
[∑

c−N
(1)
c B(1) − gPS · c(1) ⊗ h

(1)
c+ + J

(1)
c

∑
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(2)
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]
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c
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d

]
(7.1.111)

Finally, the tangential stiffness matrix is found to be

DδGt
c =

[∑
a δv

(1)
a

∑
b δv

(2)
b

]
·
ˆ
Γ
(1)
η

([∑
c−N

(1)
a N

(1)
c

∑
dN

(1)
a N

(2)
d∑

cN
(2)
b N

(1)
c

∑
d−N

(2)
b N

(2)
d

]
µ
(
εS̃(1) + tnB

(1)
)

+

[∑
c−N

(1)
a

∑
d 0∑

cN
(2)
b

∑
d 0

]
µtn

(
s(1) ⊗ h

(1)
c− + gPS · c(1) ⊗ h

(1)
c+ − J(1)

c

)
+

[ ∑
c 0

∑
d 0∑

cN
(1)
c

∑
d−N

(2)
d

]
µtn

(
−s(1) ⊗ m̄

(2)
b

)
+

[ ∑
c 0

∑
d 0∑

cGbc
∑

d 0

]
µtnS

(1)

)
J (1)
η dη1(1)dη

2
(1) ·

[
∆u

(1)
c

∆u
(2)
d

]
(7.1.112)



276 CHAPTER 7. CONTACT AND COUPLING

where

S(1) = s(1) ⊗ n(1)

S̃(1) = s(1) ⊗ N̄(1) · n(1)
(7.1.113)

The stiffness matrix of the frictional contribution to the virtual work, eq.(7.1.112), is nonsymmetric.
Summing eq.(7.1.97) and eq.(7.1.112) produces the total stiffness matrix for the case of frictional
slip, which is also nonsymmetric.

7.1.9.12 Integration Scheme

In this formulation, a Gaussian quadrature integration scheme is adopted. The general form of the
contact integral (e.g. eq.(7.1.84) or eq.(7.1.92)) may be integrated numerically as

δGc =

n
(1)
e∑

e=1

n
(e)
int∑

k=1

WkJ
(1)
η

[∑
a δv

(1)
a

∑
b δv

(2)
b,k

]
·

[
f
(1)
a

f
(2)
b,k

]
(7.1.114)

where n(1)e is the number of element faces on γ(1), n(e)int is the number of integration points on the
eth element face of γ(1), Wk is the weight associated with the kth integration point, and where it
should be understood that terms associated with γ(1) (such as J (1)

η , δv(1)
a , etc.) are evaluated at

the parametric coordinates ηα(1), associated with the kth integration point, and terms associated

with γ(2) (such as f
(2)
b,k ) are evaluated at the parametric coordinates of contact ηα(2)p or ηα(2), defined

by Eqs.(7.1.44) and (7.1.42) for cases of stick and slip, respectively. The subscript k appearing in
the terms associated with γ(2) has been added to emphasize that there may be up to n(e)int distinct
element faces on γ(2) associated with all the integration points on the eth element face of γ(1),
based on the location of the contact point on γ(2) as defined by either eq.(7.1.44) or (7.1.42).

In a similar fashion, the contact stiffness may be integrated numerically as

DδGc =

n
(1)
e∑

e=1

n
(e)
int∑

k=1

WkJ
(1)
η

[∑
a δv

(1)
a

∑
b δv

(2)
b,k

]
·

[∑
cK

(1,1)
ac

∑
dK

(1,2)
ad,k∑

cK
(2,1)
bc,k

∑
dK

(2,2)
bd,k

]
·

[
∆u

(1)
c

∆u
(2)
d,k

] (7.1.115)

where the matrix of tensors K
(i,j)
ab is a general representation of the stiffness terms given explicitly

in either eq.(7.1.89) or Eqs.(7.1.97) and (7.1.112). In this expression,
[
∆u

(1)
c ∆u

(2)
d,k

]T
is the

vector of incremental changes in the degrees of freedom of the cth node of the eth element
face on γ(1), and the dth node of the element face on γ(2) which contains the contact point ηα(2)
associated with the kth integration point on the eth element face of γ(1); the specific form of ηα(2)
will be dictated by the stick/slip status. A more detailed treatment of Gaussian quadrature, and a
discussion of the benefits of this scheme versus nodal integration, may be found in our previous
work [10].
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7.2 Biphasic Contact

7.2.1 Contact Integral

See Section 2.7 for a review of biphasic materials, reference [12] for additional details on biphasic
frictionless contact, and reference [139] for biphasic frictional contact. The presentation here
follows that of [139]. The contact interface is defined between surfaces γ(1) and γ(2). Due to
continuity requirements on the traction and fluxes, the external virtual work resulting from contact
tractions t(i) and solvent fluxes w(i)

n (i = 1, 2), may be combined into the contact integral

δGc =

ˆ
γ(1)

((
δv(1) − δv(2)

)
· t(1) +

(
δp(1) − δp(2)

)
wn

)
da(1) (7.2.1)

where t(1) is the contact traction on the primary surface, which is equal and opposite to that on the
secondary surface, t(1) = −t(2); wn ≡ w

(1)
n is the outward normal component of the fluid flux w(1)

from the primary surface, δv(i) are virtual velocities, δp(i) are virtual fluid pressures, and da(1) is an
elemental area on the primary surface γ(1). The contact integral is then written over the invariant
parametric space of γ(1), which is denoted by Γ

(1)
η [35], facilitating its linearization as required for

use with an iterative solution method such as Newton’s method. The elemental area is given by

da(1) = J (1)
η dη1(1)dη

2
(1), J (1)

η =
∣∣∣g(1)

1 × g
(1)
2

∣∣∣ (7.2.2)

using the covariant basis vectors

g(i)
α =

∂x(i)

∂ηα(i)
(7.2.3)

where x(i)
(
ηα(i), t

)
is the spatial representation of surface γ(i) as it deforms in time t, in terms of

contravariant surface parametric coordinates ηα(i). Casting eq.(7.2.1) into convenient matrix nota-
tion and switching the domain of integration to the parametric frame yields the invariant biphasic
contact integral

δGc =

ˆ
Γ
(1)
η

([
δv(1) δp(1)

]
·
[
t(1)

wn

]
+
[
δv(2) δp(2)

]
·
[
−t(1)
−wn

])
J (1)
η dη1(1)dη

2
(1) (7.2.4)

Since Γ
(1)
η represents an invariant material frame, the linearization of δGc can be accomplished by

applying the directional derivative operator directly to the integrand,

DδGc =

ˆ
Γ
(1)
η

D

([
δv(1) δp(1)

]
·
[
t(1)

wn

]
J (1)
η +

[
δv(2) δp(2)

]
·
[
−t(1)
−wn

]
J (1)
η

)
dη1(1)dη

2
(1) (7.2.5)

where it is understood that for any function f in this biphasic analysis,

Df ≡
2∑

i=1

Df
[
∆u(i)

]
+Df

[
∆p(i)

]
(7.2.6)

7.2.2 Biphasic Friction Formulation

An examination of eq.(7.2.4) reveals that a contact framework must provide expressions for both
the normal fluid flux wn and the contact traction t(1). For the contact traction, this work implements
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a Coulomb-like framework for frictional contact [137]. In this framework the relationship between
sticking and slipping, and thus the contact traction t(i) on the opposing surfaces, is described by a
slip criterion Ψ, where on the primary surface

Ψ =
∣∣∣t(1)T

∣∣∣− µeff |tn| (7.2.7)

where

µeff = µeq

[
1 + (1− φ) p

tn

]
(7.2.8)

Here, tn = t(1) · n(1) is the normal component of the contact traction (negative in compression),
t
(1)
T = t(1)−tnn(1) is the tangential component of the contact traction, and the effective friction coef-

ficient µeff is given by eq.(7.2.8) with no distinction made between static and kinetic coefficients of
friction. The user-defined parameter µeq represents the friction coefficient when the fluid pressure
has subsided (p = 0), whereas the user-defined parameter φ represents the fraction of the appar-
ent contact area where solid-on-solid contact takes place [13]. The ratio−p/tn represents the local
fluid load support at each point on the contact surface. Since the friction coefficient µeff cannot
be negative, the theoretical upper bound on the local fluid load support is −p/tn|max = (1− φ)−1.
This upper bound is enforced whenever numerical errors produce a greater value of the local fluid
load support.

The value of the slip criterion determines the stick-slip status via

Ψ

{
< 0 sticking
= 0 slipping

(7.2.9)

Following our prior study [137], this work treats stick and slip separately, controlled by an exact
return mapping predicated on the value of the slip criterion. The return mapping defines a rule for
correcting a calculated stick traction which exceeds the slip limit and is thus not permissible. Stick
is treated as a special case of a tied biphasic interface (Section 7.6), whereas in slip the traction is
directly prescribed as a natural boundary condition. The formulation of biphasic frictional contact
is presented for both penalty and augmented Lagrangian regularization schemes.

7.2.3 Contact Kinematics

7.2.3.1 Slip Kinematics

The kinematics of slip are developed by mapping points between the surfaces γ(i) as they move
relative to one another. The relationship between spatial points x(i)

(
ηα(i), t

)
on each surface is

given by
x(2) = x(1) + gn(1) (7.2.10)

where n(1) is the unit outward normal to γ(1) given by

n(1) =
g
(1)
1 × g

(1)
2∣∣∣g(1)

1 × g
(1)
2

∣∣∣ (7.2.11)

and the gap function g is defined as

g =
(
x(2) − x(1)

)
· n(1) (7.2.12)
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Here we note that x(1)
(
ηα(1), t

)
is the spatial position of a material point X(1) on the primary

surface, and x(2)
(
ηα(2), t

)
is the corresponding spatial intersection point on the secondary surface,

through which different material points X(2) identified by parametric coordinates ηα(2) may convect.
At any given instant, ηα(2) are termed the parametric coordinates of intersection.

7.2.3.2 Stick Kinematics

Implicit in the concept of stick is the assumption that the contact projection was previously resolved;
thus points are not mapped between surfaces during stick. Rather, the current contact point on
γ(2) is given by the parametric coordinates of intersection ηα(2) from the previous time point, now
denoted as ηα(2)p with the subscripted p referring to the previous time. The spatial position of the
material point X(2) identified by ηα(2)p is then given by

x(2)
s = x(2)

(
ηα(2)p, t

)
= x(1)

(
ηα(1), t

)
+ gs (7.2.13)

where the vector gap gs in stick is defined to be

gs = x(2)
s − x(1) (7.2.14)

Here gs is the vectorial distance, at the current time t, between material points which were in
contact at the previous time step; for perfect stick we must have gs = 0.

7.2.3.3 Velocities

Coulomb’s law of kinetic friction requires that the friction force be aligned with the relative slip
velocity between the two surfaces. Despite the name, Coulomb’s law is a constitutive relation,
and hence must obey the Principle of Material-Frame Indifference; this requires a frame-invariant
relative velocity. As points in stick do not experience relative motion, the development of velocities
below is only concerned with opposing contact points in slip.

As parametric coordinates ηα(1) of integration points on the primary surface γ(1) represent ma-
terial points, the velocity v(1) of these points is evaluated from the material time derivative in the
material frame,

v(1)
(
ηα(1), t

)
=
∂x(1)

(
ηα(1), t

)
∂t

(7.2.15)

In contrast, different material points X(2) may convect through the intersection point x(2), and so
the velocity v(2) at the intersection point on γ(2) is evaluated from the material time derivative in
the spatial frame,

v(2)
(
ηα(2), t

)
=
∂x(2)

(
ηα(2), t

)
∂t

+ η̇α(2)g
(2)
α (7.2.16)

where ∂x(2)/∂t represents the velocity of the intersection point on γ(2), while η̇α(2) are the con-
travariant components of the convective velocity of material passing through the intersection point
x(2). The quantity η̇α(2)g

(2)
α represents the relative slip velocity between the material on γ(2) and

that on γ(1). Importantly, by definition ∂x(2)/∂t is evaluated while holding ηα(2) constant. From
these relations, a more practical formulation of the slip velocity can be achieved [137]. Taking



280 CHAPTER 7. CONTACT AND COUPLING

the material time derivative of eq.(7.2.10) and recalling the contact persistency condition ġ = 0
[134] produces v(2) = v(1) + gṅ(1). Substituting Eqs.(7.2.15)-(7.2.16) into this expression yields
the desired frame-invariant measure of relative velocity between γ(1) and γ(2) [49],

vr ≡ η̇α(2)g
(2)
α = gṅ(1) +

∂x(1)
(
ηα(1), t

)
∂t

−
∂x(2)

(
ηα(2), t

)
∂t

, (7.2.17)

where ṅ(1) is evaluated from eq.(7.2.11) as

ṅ(1) = PN ·
ġ
(1)
1 × g

(1)
2 + g

(1)
1 × ġ

(1)
2

J
(1)
η

. (7.2.18)

Here, ġ(1)
α is the material time derivative of g(1)

α in the material frame, evaluated from eq.(7.2.3) as

ġ(1)
α

(
ηβ(1), t

)
=
∂g

(1)
α

(
ηβ(1), t

)
∂t

, (7.2.19)

and PN is the tangential plane projection tensor,

PN = I− n(1) ⊗ n(1) . (7.2.20)

A unit vector in the slip direction can then be found by projecting the relative velocity vr onto the
tangent plane of γ(1), yielding

s(1) =
P

(1)
N · vr∣∣∣P(1)
N · vr

∣∣∣ . (7.2.21)

7.2.4 Penalty Scheme

The defining characteristic of frictional stick is a lack of relative motion between points which were
previously in contact. Consequently, the stick traction is obtained by penalizing relative motion
between such points,

t(1) = εgs , (7.2.22)

where ε is the contact penalty parameter and we have utilized eq.(7.2.14) to define the gap vector
gs during stick.

During slip, the normal component of the contact traction is first calculated by penalizing the
normal component g of the gap, given by eq.(7.2.12),

tn = εg . (7.2.23)

The total traction vector in slip is then directly prescribed as

t(1) = tn

(
n(1) + µeffs

(1)
)
, (7.2.24)

where s(1) is the unit vector in the slip direction, given by eq.(7.2.21). We note that eq.(7.2.24)
has the same form as the classical Coulomb friction considered in Section 7.1.9 and [137], with
the standard Coulomb friction coefficient replaced by µeff, as evaluated from (7.2.8). A trial state
and return map, adapted from Section 7.1.9.7 [137] and presented in Section 7.2.6, is employed
to differentiate between stick and slip.
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The jump conditions for a biphasic mixture require continuity of the fluid pressure across an
interface and therefore an expression for the normal fluid flux wn can be obtained by penalizing
the fluid pressure gap π between contacting points [10],

wn = εpπ , tn < 0

p(i) = 0 , tn = 0
(7.2.25)

where p(i) = 0 prescribes zero fluid pressure (free-draining conditions) on the portions of the
boundary where no contact takes place. We define the fluid pressure gap as

π = p(1) − p(2) (7.2.26)

and εp is the pressure penalty parameter which has units of hydraulic permeability per unit length
(e.g. m3/N·s, similar to the hydraulic permeability of a membrane). Equation (7.2.25) is valid for
both stick and slip. Note that p(1) = p(1)

(
ηα(1)

)
is evaluated at a point with parametric coordinates

ηα(1) on the primary surface, whereas the pressure on the secondary surface, p(2) = p(2)
(
ηα(2), t

)
,

is evaluated at the parametric coordinates of the intersection of a ray issued from that primary
surface point and normal to γ(1). As detailed previously [137] and summarized in Section7.2.3,
the parametric coordinates of intersection are dependent on the stick-slip status, so care must be
taken to evaluate wn from eq.(7.2.25) using the contact kinematics determined by eq.(7.2.9). In
practice this is accomplished by calculating wn once the stick-slip status has been resolved for
each iteration.

7.2.5 Augmented Lagrangian Scheme

The augmented Lagrangian scheme presented herein was developed in Section 7.1.9.6 [137]
as a modification of the approach proposed by Simo and Laursen [115]. Briefly, this is a first-
order augmentation scheme that utilizes Uzawa’s algorithm [29], where the multipliers are updated
outside of the Newton step, producing a double loop algorithm [134] and preserving quadratic
convergence of Newton’s method near solution points.

During stick, the traction is calculated by augmenting the vector gap gs,

t(1) = λs + εgs , (7.2.27)

where λs is the vectorial Lagrange multiplier in stick. In slip, the normal component of the contact
traction is first calculated by augmenting the normal gap g,

tn = λn + εg , (7.2.28)

where λn is the normal Lagrange multiplier. The total traction vector in slip is then directly pre-
scribed as

t(1) = tn

(
n(1) + µeffs

(1)
)

(7.2.29)

where eq.(7.2.28) has been used. The update formulas for the Lagrange multipliers can be found
in Section 7.1.9.6 [137]. Here it suffices to note that by augmenting only the normal gap and
employing eq.(7.2.29), we have ensured an exact mapping to the proper tangential traction in slip,
which is consistent with the augmented normal traction. As in the penalty case, a trial state and
return map, presented in Section 7.2.6 and controlled by the slip criterion, is used to differentiate
between stick and slip.
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In this augmentation scheme, the normal fluid flux is given by

wn = λp + εpπ , tn < 0

p(i) = 0 , tn = 0
(7.2.30)

where λp is the fluid pressure Lagrange multiplier, and the update formula for λp has been detailed
in our prior work on frictionless biphasic contact [10] and is given by

λp ← λp + εpπ (7.2.31)

Unlike λs and λn [137], λp is not dependent on the stick-slip status. However, as noted before,
eq.(7.2.30) must be evaluated after the stick-slip status has been resolved.

7.2.6 Stick-Slip Algorithm

Determining whether stick or slip is occurring at a given instant is accomplished by a trial state
and return map, and has the same form for both penalty and augmented Lagrangian regulariza-
tion schemes [137]. We initially assume stick and calculate a trial traction t̃(1), utilizing either
eq.(7.2.22) or eq.(7.2.27). The trial normal and tangential components t̃n and t̃

(1)
T are evaluated

from t̃(1) and inserted into the slip criterion Ψ,

Ψ =
∣∣∣t̃(1)T

∣∣∣− µeff
∣∣t̃n∣∣ . (7.2.32)

Based on the slip criterion and trial traction vector, the traction vector is calculated from the return
mapping as

t(1) =

{
t̃(1) Ψ < 0 , sticking
tn(n

(1) + µeffs
(1)) Ψ = 0 , slipping

(7.2.33)

where tn is given by either eq.(7.2.23) or eq.(7.2.28).

7.2.7 Linearization and Discretization Outline

The following sections provide the linearization and discretization of stick and slip for biphasic
frictional contact, culminating in the final forms of the residual vectors and stiffness matrices which
have been implemented into FEBio. Section 7.2.8 begins with an important discussion of kinematic
definitions and notation which is assumed to hold without repetition. Sections 7.2.9 and 7.2.10
linearize and discretize biphasic stick and slip, respectively. Importantly, Section 7.2.9 sets up and
uses more formal notation and definitions, before we dispense of this cumbersome notation for the
remainder of the treatment.

7.2.8 Definitions and Notation

Evaluating the linearizations of eq.(7.2.4) requires directional derivatives of kinematic quantities,
some of which depend on the stick-slip status. To simplify the presentation, the continuum lin-
earization is presented only for a few select quantities. The remainder of the linearization is de-
ferred until after discretization, as many expressions are much easier to manipulate in discretized
form. To keep the equations more manageable, the discretization of slip is split into frictionless
and frictional terms, and the final form of the stiffness matrices follows this split. The full model is
easily obtained by summing the frictionless and frictional contributions. Here we emphasize that,
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as a consequence of the double-loop Uzawa algorithm discussed in Section 7.2.5 (reprised from
[137]), all Lagrange multipliers are updated outside of each Newton step, thus Dλ = 0, where λ is
any Lagrange multiplier, i.e. λ = λn,λs, λp, etc. As a consequence, Lagrange multipliers do not
appear in any of the linearized or discretized equations. In what follows, Greek indices are associ-
ated with covariant basis vectors on the contacting surfaces, and thus vary from 1 to 2. Repeated
Greek indices indicate implicit summation over their range.

Many kinematic quantities remain unchanged from Section 7.1.9 on elastic frictional contact
[137]. We thus accept without repetition the definitions of N(1), N̄(1), m̄(1)

c , m̄(2)
b , Ñ(1), M̄(1)

c , M̄(2)
b ,

c(1), m(1), Q(1), Ā
(1)
c , A

(1)
c , PN , PS , R

(1), B(1), L(1), J
(1)
c , S(1), and S̃(1). These terms are all

defined in Sections 7.1.9.10-7.1.9.11 [137]. Directional derivatives which will not be duplicated
here include Dn(1), Dṅ(1), Ds(1), Dtn = εDg, Dg, DJ (1)

η , Dηα(2), and DPN (see Sections 7.1.9.8,
7.1.9.10 and 7.1.9.11).

The final residual vectors and stiffness matrices presented below are written in integral form.
In the FEBio implementation, a Gaussian quadrature scheme is adopted to perform numerical
integration. A detailed treatment of Gaussian quadrature, and equations for numerically integrating
the contact integrals and stiffnesses, may be found in Section 7.1.9.12.

As a final implementation detail, we note that multiplying all biphasic entries in the residual
vector and stiffness matrices by the time step leads to better convergence. In this context, biphasic
refers to all terms which are not purely related to solid-solid contact. In the residual, this is all terms
which are not f (i)m (see below). Similarly, this includes all stiffness entries except the solid-solid
K

(i,j)
mn terms (see below).

7.2.9 Biphasic Stick

7.2.9.1 Linearization

In stick parametric coordinates are fixed on both surfaces, hence directional derivatives of x(i),
p(i), δv(i), and δp(i) are given by

Dx(1) = ∆u(1) Dx(2) = ∆u(2)

Dp(1) = ∆p(1) Dp(2) = ∆p(2)

Dδv(1) = 0 Dδv(2) = 0

Dδp(1) = 0 Dδp(2) = 0

(7.2.34)

From the definitions of eq.(7.2.14) and eq.(7.2.22), and utilizing eq.(7.2.34), it follows that

Dt(1) = ε
(
∆u(2) −∆u(1)

)
. (7.2.35)

Similarly, application of eq.(7.2.34) to Eqs.(7.2.25)-(7.2.26) yields

Dwn = εp

(
∆p(1) −∆p(2)

)
(7.2.36)

The biphasic contact integral of eq.(7.2.1), written over an invariant domain, can then be linearized
directly to find

DδGc =

ˆ
Γ
(1)
η

([
δv(1) δv(2)

]
·
([

1
−1

]
Dt(1)J (1)

η +

[
t(1)

−t(1)

]
DJ (1)

η

)
+
[
δp(1) δp(2)

]
·
([

1
−1

]
DwnJ

(1)
η +

[
wn

−wn

]
DJ (1)

η

))
dη1(1)dη

2
(1)

(7.2.37)
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Note that for convenience, terms in eq.(7.2.37) have been grouped differently than in eq.(7.2.5).

7.2.9.2 Discretization

Let the continuous variables on the primary and secondary surfaces be interpolated over element
faces according to [10, 137]

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =

m
(2)
k∑

b=1

N
(2)
b δv

(2)
b

∆u(1) =
m(1)∑
c=1

N (1)
c ∆u(1)

c ∆u(2) =

m
(2)
k∑

d=1

N
(2)
d ∆u

(2)
d

δp(1) =
m(1)∑
a=1

N (1)
a δp(1)a δp(2) =

m
(2)
k∑

b=1

N
(2)
b δp

(2)
b

∆p(1) =
m(1)∑
c=1

N (1)
c ∆p(1)c ∆p(2) =

m
(2)
k∑

d=1

N
(2)
d ∆p

(2)
d

(7.2.38)

where N
(i)
a represent interpolation functions on the element faces of γ(i), m(1) is the number of

nodes and interpolation functions on each primary element face, m(2)
k is the number of nodes and

interpolation functions on the secondary element face which is intersected by the ray issued from
the kth integration point on the primary element face, and δv

(i)
a , ∆u

(i)
a ,δp(i)a , and ∆p

(i)
a represent

respective nodal values of δv(i) , ∆u(i), δp(i), and ∆p(i). From this point forward the summation
signs will be written simply as

∑
a, where it is assumed they have the same meaning described

above.
Inserting the discretization of eq.(7.2.38) into eq.(7.2.4) yields

δGc =
∑
a

[
δv

(1)
a δp

(1)
a

]
·
ˆ
Γ
(1)
η

[
f
(1)
a

w
(1)
a

]
J (1)
η dη1(1)dη

2
(1)

+
∑
b

[
δv

(2)
b δp

(2)
b

]
·
ˆ
Γ
(1)
η

[
f
(2)
b

w
(2)
b

]
J (1)
η dη1(1)dη

2
(1)

(7.2.39)

where the residuals are

f (1)a =N (1)
a t(1) , f

(2)
b =−N (2)

b t(1)

w(1)
a =N (1)

a wn , w
(2)
b =−N (2)

b wn

(7.2.40)

and t(1) is obtained from eq.(7.2.22) in the penalty case and from eq.(7.2.27) if augmented La-
grangian regularization is employed. Similarly, wn is calculated from either eq.(7.2.25) or eq.(7.2.30)
for penalty and augmented Lagrange methods, respectively.

We may now discretize individual terms and place them into matrix notation, anticipating their
substitution into eq.(7.2.37). By placing eq.(7.2.39) into Eqs.(7.2.35)-(7.2.36) and inserting the
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resulting linearizations into eq.(7.2.37), we obtain the stiffness matrix for biphasic stick as

DδGc =
∑
a

[
δv

(1)
a δp

(1)
a

]
·
ˆ
Γ
(1)
η

(∑
c

[
K

(1,1)
ac 0

g
(1,1)
ac g

(1,1)
ac

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+
∑
d

[
K

(1,2)
ad 0

g
(1,2)
ad g

(1,2)
ad

]
·

[
∆u

(2)
d

∆p
(2)
d

])
J (1)
η dη1(1)dη

2
(1)

+
∑
b

[
δv

(2)
b δp

(2)
b

]
·
ˆ
Γ
(1)
η

(∑
c

[
K

(2,1)
bc 0

g
(2,1)
bc g

(2,1)
bc

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+
∑
d

[
K

(2,2)
bd 0

g
(2,2)
bd g

(2,2)
bd

]
·

[
∆u

(2)
d

∆p
(2)
d

])
J (1)
η dη1(1)dη

2
(1)

(7.2.41)

where
K(1,1)

ac = −εnN (1)
a N (1)

c I+N (1)
a t(1) ⊗A(1)

c · n(1)

K
(1,2)
ad = εnN

(1)
a N

(2)
d I

K
(2,1)
bc = εnN

(2)
b N (1)

c I−N (2)
b t(1) ⊗A(1)

c · n(1)

K
(2,2)
bd = −εnN (2)

b N
(2)
d I

(7.2.42)

and
g(1,1)
ac = N (1)

a wnA
(1)
c · n(1) g(1,1)ac = εpN

(1)
a N (1)

c

g
(1,2)
ad = 0 g

(1,2)
ad = −εpN (1)

a N
(2)
d

g
(2,1)
bc = −N (2)

b wnA
(1)
c · n(1) g

(2,1)
bc = −εpN (2)

b N (1)
c

g
(2,2)
bd = 0 g

(2,2)
bd = εpN

(2)
b N

(2)
d

(7.2.43)

In eq.(7.2.41),
[
∆u

(1)
c ∆p

(1)
c

]T
is the vector of incremental changes in the degrees of freedom

of the cth node of the current element face on γ(1). Similarly,
[
∆u

(2)
d ∆p

(2)
d

]T
represents the in-

cremental changes in the degrees of freedom of the dth node of the element face on γ(2) which
contains the intersection pointX(2) associated with the kth integration point on the current element
face on γ(1) [12, 137]. See Section 7.1.9.12 for a description of the Gaussian quadrature integra-
tion scheme used to evaluate residuals and stiffness matrices (e.g. Eqs.(7.2.39) and (7.2.41)).
Briefly, it should be noted that for all terms associated with γ(2) (e.g. K(1,2)

ad , ∆u
(2)
d , δp(2)b ) there may

be k ∈
[
1, n

(e)
int

]
distinct element faces on γ(2) associated with all the integration points X(1) on the

eth element face of γ(1), based on the location of X(2) obtained from eq.(7.2.13).
In Section 7.1.9 on sliding-elastic frictional contact, we split the contact stiffness matrices in a

different way, which allowed us to clearly separate like terms. Here, due to the complexity of the
biphasic contact formulation, it was determined that the form of eq.(7.2.41) provides more clarity.

7.2.10 Biphasic Slip

7.2.10.1 Linearization

During slip, the contact integral over γ(1) is performed over integration points X(1) with prescribed
parametric coordinates ηα(1). However, the point on γ(2) in contact with γ(1) has parametric coor-
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dinates ηα(2) which change with variations in x(1) and n(1), in accordance with eq.(7.2.12). Conse-
quently, directional derivatives of x(i), p(i), δv(i), and δp(i) are given by

Dx(1) = ∆u(1) Dx(2) = ∆u(2) + g(2)
α Dηα(2)

Dp(1) = ∆p(1) Dp(2) = ∆p(2) +
∂p(2)

∂ηα(2)
Dηα(2)

Dδv(1) = 0 Dδv(2) =
∂δv(2)

∂ηα(2)
Dηα(2)

Dδp(1) = 0 Dδp(2) =
∂δp(2)

∂ηα(2)
Dηα(2)

(7.2.44)

where Dηα(2) is evaluated by our modification [12] of a method proposed by Laursen and Simo
[81], and may be found in Section 7.1.9.10. The linearization of the slip traction proceeds as
before [137], with the addition of a term involving the linearization of µeff. From eq.(7.2.8) it follows
that

Dµeff = µeq (1− φ)
∆p(1)

tn
− µeq (1− φ)

p(1)

t2n
Dtn (7.2.45)

where Dtn = εDg according to eq.(7.2.23); this term has been provided previously in eq.(7.1.77)
[137]. Equation (7.2.45) was derived by recalling that µeq and φ are constants. We then obtain

Dt(1) = Dtn

(
n(1) + µeffs

(1)
)
+ tn

(
Dn(1) + (Dµeff) s

(1) + µeffDs(1)
)

(7.2.46)

Finally, from eq.(7.2.25) (evaluated at x(2) determined by eq.(7.2.10)) and eq.(7.2.44) it follows
that

Dwn = εp

(
∆p(1) −∆p(2) − ∂p(2)

∂ηα(2)
Dηα(2)

)
(7.2.47)

Note that the form of Dwn given in eq.(7.2.47) contains additional terms not present in eq.(7.2.36).
This is because the parametric coordinates of intersection may vary in slip, but are invariant in
stick; as a consequence, whether or not the linearization of p(2) depends on ηα(2) is determined by
the stick-slip status. Per the discussion following eq.(7.2.26) in the main text, the fluid flux must be
calculated after the stick-slip status has been resolved.

7.2.10.2 Discretization

Let the continuous variables on the primary and secondary surfaces be interpolated over each
element face according to

δv(1) =
∑
a

N (1)
a δv(1)

a δv(2) =
∑
b

N
(2)
b δv

(2)
b

∆u(1) =
∑
c

N (1)
c ∆u(1)

c ∆u(2) =
∑
d

N
(2)
d ∆u

(2)
d

δp(1) =
∑
a

N (1)
a δp(1)a δp(2) =

∑
b

N
(2)
b δp

(2)
b

∆p(1) =
∑
c

N (1)
c ∆p(1)c ∆p(2) =

∑
d

N
(2)
d ∆p

(2)
d

(7.2.48)
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In the case of slip, the contact integral of eq.(7.2.4) can be split into normal and tangential parts,
δGc = δGn

c + δGt
c, such that

δGc =

ˆ
Γ
(1)
η

([
δv(1) δv(2)

]
·
[
tnn

(1)

−tnn(1)

]
+
[
δp(1) δp(2)

]
·
[
wn

−wn

])
J (1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
δv(1) δv(2)

]
·
[
µefftns

(1)

−µefftns
(1)

]
J (1)
η dη1(1)dη

2
(1)

(7.2.49)

This split will be useful for the full linearization. Discretizing this expression yields

δGc =
∑
a

[
δv

(1)
a δp

(1)
a

]
·
ˆ
Γ
(1)
η

[
f
(1)
a

w
(1)
a

]
J (1)
η dη1(1)dη

2
(1)

+
∑
b

[
δv

(2)
b δp

(2)
b

]
·
ˆ
Γ
(1)
η

[
f
(2)
b

w
(2)
b

]
J (1)
η dη1(1)dη

2
(1)

(7.2.50)

where
f (1)a =N (1)

a t(1) , f
(2)
b =−N (2)

b t(1)

w(1)
a =N (1)

a wn , w
(2)
b =−N (2)

b wn

(7.2.51)

and t(1) is given by Eqs.(7.2.23)-(7.2.24) for the penalty method and Eqs.(7.2.28)-(7.2.29) for aug-
mented Lagrangian regularization; similarly, wn is given by eq.(7.2.25) or eq.(7.2.30) for penalty
and augmented Lagrangian schemes, respectively. For the following linearization and discretiza-
tion the normal and tangential components, representing frictionless and frictional contributions to
the contact integral, will be treated separately and may then be added together as in eq.(7.2.49).

Frictionless Terms The linearization of the frictional part of eq.(7.2.49) makes use of eq.(7.2.44)
to find

DδGc =

ˆ
Γ
(1)
η

[
δv(1) δp(1)

]
·

([
tnn

(1)

wn

]
1

J
(1)
η

DJ (1)
η +

[
tn
0

]
Dn(1) +

[
n(1)

0

]
Dtn

+

[
0
1

]
Dwn

)
J (1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
∂δv(2)

∂ηα
(2)

∂δp(2)

∂ηα
(2)

]
·
[
−tnn(1)

−wn

]
Dηα(2) J

(1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
δv(2) δp(2)

]
·

([
−tnn(1)

−wn

]
1

J
(1)
η

DJ (1)
η +

[
−tn
0

]
Dn(1) +

[
−n(1)

0

]
Dtn[

0
−1

]
Dwn

)
J (1)
η dη1(1)dη

2
(1)

(7.2.52)

where we note that the virtual variables on the secondary surface now enter the linearization, as
parametric coordinates on the secondary surface vary during slip according to eq.(7.2.12). The
only linearization which has not been previously discretized is Dwn, and it follows from placing
eq.(7.2.48) into eq.(7.2.47) that

Dwn =
∑
c

[
−εpN (1)

c p(2) + εpPcn
(1) εpN

(1)
c

]
·

[
∆u

(1)
c

∆p
(1)
c

]
+
∑
d

[
εpN

(2)
d p(2) −εpN (2)

d

]
·

[
∆u

(2)
d

∆p
(2)
d

]
(7.2.53)
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where we define

p(2) =
∂p(2)

∂ηα(2)
ḡα
(2)

Pc = gaαβ
∂p(2)

∂ηα(2)

∂N
(1)
c

∂ηβ(1)

(7.2.54)

and for convenience we note that

∂p(2)

∂ηα(2)
Dηα(2) =

∑
c

[
N

(1)
c p(2) − Pcn

(1) 0
]
·

[
∆u

(1)
c

∆p
(1)
c

]
+
∑
d

[
−N (2)

d p(2) 0
]
·

[
∆u

(2)
d

∆p
(2)
d

]
(7.2.55)

Directional derivatives of virtual variables on the secondary surface will lead to expressions of the
form

(
∂N

(2)
b /∂ηλ(2)

)
Dηλ(2), where

∂N
(2)
b

∂ηλ(2)
Dηλ(2) =

[∑
cN

(1)
c m̄

(2)
b −Gbcn

(1)
∑

d−N
(2)
d m̄

(2)
b

]
·

[
∆u

(1)
c

∆u
(2)
d

]
(7.2.56)

In eq.(7.2.56), the pressure degrees of freedom do not enter into the linearization. In an ef-
fort to keep the expression more compact, we have not included these variables. However, this
expression could easily be cast into the form of e.g. eq.(7.2.55) by adding zeros where neces-
sary. Discretizing eq.(7.2.52) and making use of linearizations found previously [137], along with
Eqs.(7.2.53) and (7.2.55), allows the resulting stiffness matrix to be expressed as

DδGc =
∑
a

[
δv

(1)
a δp

(1)
a

]
·
ˆ
Γ
(1)
η

(∑
c

[
K

(1,1)
ac 0

g
(1,1)
ac g

(1,1)
ac

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+
∑
d

[
K

(1,2)
ad 0

g
(1,2)
ad g

(1,2)
ad

]
·

[
∆u

(2)
d

∆p
(2)
d

])
J (1)
η dη1(1)dη

2
(1)

+
∑
b

[
δv

(2)
b δp

(2)
b

]
·
ˆ
Γ
(1)
η

(∑
c

[
K

(2,1)
bc 0

g
(2,1)
bc g

(2,1)
bc

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+
∑
d

[
K

(2,2)
bd 0

g
(2,2)
bd g

(2,2)
bd

]
·

[
∆u

(2)
d

∆p
(2)
d

])
J (1)
η dη1(1)dη

2
(1)

(7.2.57)

where

K(1,1)
ac = −N (1)

a N (1)
c

(
εÑ(1)

)
−N (1)

a

(
tnA

(1)
c + tnM̄

(1)
c ·N(1)

)
K

(1,2)
ad = N (1)

a N
(2)
d

(
εÑ(1)

)
K

(2,1)
bc = N

(2)
b N (1)

c

(
εÑ(1)

)
+N

(2)
b

(
tnA

(1)
c + tnM̄

(1)
c ·N(1)

)
+N (1)

c

(
tnM̄

(2)
b

)
+Gbc

(
tnN

(1)
)

K
(2,2)
bd = −N (2)

b N
(2)
d

(
εÑ(1)

)
−N (2)

d

(
tnM̄

(2)
b

)
(7.2.58)
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and

g(1,1)
ac = −N (1)

a N (1)
c

(
εpp

(2)
)
+N (1)

a

(
wnA

(1)
c · n(1) + εpPcn

(1)
)

g
(1,2)
ad = N (1)

a N
(2)
d

(
εpp

(2)
)

g
(2,1)
bc = N

(2)
b N (1)

c

(
εpp

(2)
)
−N (2)

b

(
wnA

(1)
c · n(1) + εpPcn

(1)
)
−N (1)

c

(
wnm̄

(2)
b

)
+Gbc

(
wnn

(1)
)

g
(2,2)
bd = −N (2)

b N
(2)
d

(
εpp

(2)
)
+N

(2)
d

(
wnm̄

(2)
b

)
(7.2.59)

and
g(1,1)ac = −N (1)

a N (1)
c (−εp)

g
(1,2)
ad = N (1)

a N
(2)
d (−εp)

g
(2,1)
bc = N

(2)
b N (1)

c (−εp)

g
(2,2)
bd = −N (2)

b N
(2)
d (−εp)

(7.2.60)

The expressions above are very similar to those which can be found in our frictionless bipha-
sic contact paper [10], although the present framework is more general, as that previous study
evaluated expressions in the limit as g → 0 (see Zimmerman and Ateshian [137] for a detailed
discussion of this assumption and the benefits of relaxing it).

Frictional Terms Linearizing the frictional contribution follows from the second term of eq.(7.2.49)
as

DδGc =

ˆ
Γ
(1)
η

[
δv(1) δp(1)

]
·
([
tns

(1)

0

]
Dµeff +

[
µeffs

(1)

0

]
Dtn

+

[
µefftn
0

]
Ds(1) +

[
µefftns

(1)

0

]
1

J
(1)
η

DJ (1)
η

)
J (1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
δv(2) δp(2)

]
·
([
−tns(1)

0

]
Dµeff +

[
−µeffs

(1)

0

]
Dtn

+

[
−µefftn

0

]
Ds(1) +

[
−µefftns

(1)

0

]
1

J
(1)
η

DJ (1)
η

)
J (1)
η dη1(1)dη

2
(1)

+

ˆ
Γ
(1)
η

[
∂δv(2)

∂ηα
(2)

∂δp(2)

∂ηα
(2)

]
·
[
−µefftns

(1)

0

]
Dηα(2)J

(1)
η dη1(1)dη

2
(1)

(7.2.61)

The remaining quantity in this expression to be determined is the discretization of Dµeff; from
eq.(7.2.45) and eq.(7.2.48) it follows that

Dµeff =
∑
c

[
εN

(1)
c µeqΓp

1
t2n
N̄(1) · n(1) + µeqΓp

1
tn
N(1) · m̄(1)

c N
(1)
c µeq (1− φ) 1

tn

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+
∑
d

[
−εnN (2)

d µeqΓp
1
t2n
N̄(1) · n(1) 0

]
·

[
∆u

(2)
d

∆p
(2)
d

]
(7.2.62)

where we made the definition
Γp = (1− φ) p(1) (7.2.63)
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just to be used in eq.(7.2.62) for space considerations. Finally, inserting Eqs.(7.2.48) and (7.2.62)
into eq.(7.2.61) yields the stiffness matrix for the frictional terms

DδGc =
∑
a

[
δv

(1)
a δp

(1)
a

]
·
ˆ
Γ
(1)
η

(∑
c

[
K

(1,1)
ac k

(1,1)
ac

0 0

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+
∑
d

[
K

(1,2)
ad k

(1,2)
ad

0 0

]
·

[
∆u

(2)
d

∆p
(2)
d

])
J (1)
η dη1(1)dη

2
(1)

+
∑
b

[
δv

(2)
b δp

(2)
b

]
·
ˆ
Γ
(1)
η

(∑
c

[
K

(2,1)
bc k

(2,1)
bc

0 0

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+
∑
d

[
K

(2,2)
bd k

(2,2)
bd

0 0

]
·

[
∆u

(2)
d

∆p
(2)
d

])
J (1)
η dη1(1)dη

2
(1)
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where

K(1,1)
ac = −N (1)

a N (1)
c

(
εµeqS̃

(1) + µefftnB
(1)
)
−N (1)

a

(
tns

(1) ⊗ h̄
(1)
c−

+µefftngPS · c(1) ⊗ h
(1)
c+ − µefftnJ

(1)
c

)
K

(1,2)
ad = N (1)

a N
(2)
d

(
εµeqS̃

(1) + µefftnB
(1)
)

K
(2,1)
bc = N

(2)
b N (1)

c

(
εµeqS̃

(1) + µefftnB
(1)
)
+N

(2)
b

(
tns

(1) ⊗ h̄
(1)
c−

+µefftngPS · c(1) ⊗ h
(1)
c+ − µefftnJ

(1)
c

)
+N (1)

c

(
−µefftns

(1) ⊗ m̄
(2)
b

)
+Gbc

(
µefftnS

(1)
)

K
(2,2)
bd = −N (2)

b N
(2)
d

(
εµeqS̃

(1) + µefftnB
(1)
)
−N (2)

d

(
−µefftns

(1) ⊗ m̄
(2)
b

)

(7.2.65)

and
k(1,1)
ac = −N (1)

a N (1)
c

(
−µeq (1− φ) s(1)

)
k
(1,2)
ad = 0

k
(2,1)
bc = N

(2)
b N (1)

c

(
−µeq (1− φ) s(1)

)
k
(2,2)
bd = 0

(7.2.66)

In eq.(7.2.65), we have defined

h̄
(1)
c− = µeqN

(1) · m̄(1)
c − µeffA

(1)
c · n(1) (7.2.67)

by analogy with our definitions for h
(1)
c+ and h

(1)
c− in Section 7.1.9.11. The stiffness matrix of

the frictional contribution to the virtual work, given by eq.(7.2.64), is nonsymmetric. Summing
Eqs.(7.2.57) and (7.2.64) produces the total stiffness matrix for the case of frictional biphasic slip;
this total stiffness matrix is also nonsymmetric. However, as noted before [10], the stiffness matrix
for biphasic materials is nonsymmetric by construction, so there is no expectation that the contact
stiffness matrices be symmetric.

Equation (7.2.65) contains the solid-solid stiffness terms. Comparing eq.(7.2.65) with eq.(7.1.112)
shows that the same form of the equations is recovered. Interestingly, however, some of the terms
in sliding-elastic (Section 7.1.9) which were multiplied by the friction coefficient µ are now multi-
plied by µeff, which indicates certain terms which are important in biphasic contact. Of course, in
the absence of pressurized fluid, µeff → µ and we recover the sliding-elastic formulation.
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7.3 Biphasic-Solute Contact

7.3.1 Contact Integral

See Section 2.8 for a review of biphasic-solute materials. The contact interface is defined between
surfaces γ(1) and γ(2). Due to continuity requirements on the traction and fluxes, the external virtual
work resulting from contact tractions t(i), solvent fluxes w(i)

n and solute fluxes j(i)n (i = 1, 2), may
be combined into the contact integral

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1)

+

ˆ
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n da(1)

+

ˆ
γ(1)

(
δc̃(1) − δc̃(2)

)
j(1)n da(1) .

(7.3.1)

In the current implementation, only frictionless contact is taken into consideration, so that the
contact traction has only a normal component, t(i) = tnn

(i). To evaluate and linearize δGc, define
the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.3.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g
(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.3.3)

Now the contact integral may be rewritten as

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
tng

(1)
1 × g

(1)
2 dη1(1)dη

2
(1)

+

ˆ
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1)
+

ˆ
γ(1)

(
δc̃(1) − δc̃(2)

)
j(1)n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1) ,
(7.3.4)

and the linearization DδGc of δGc has the form

DδGc =

2∑
i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p̃(i)

]
+DδGc

[
∆c̃(i)

]
. (7.3.5)

7.3.2 Gap Function

The gap function g, representing the distance between the contact surfaces, is defined by

x(2) = x(1) + gn(1), g =
(
x(2) − x(1)

)
· n(1) . (7.3.6)
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The linearization of variables associated with motion, pressure, and concentration, is given by

Dx(1) = ∆u(1) Dx(2) = ∆u(2) + g(2)
α ∆ηα(2)

Dp̃(1) = ∆p̃(1) Dp̃(2) = ∆p̃(2) +
∂p̃(2)

∂ηα(2)
∆ηα(2)

Dc̃(1) = ∆c̃(1) Dc̃(2) = ∆c̃(2) +
∂c̃(2)

∂ηα(2)
∆ηα(2)

Dδv(1) = 0 Dv(2) =
∂δv(2)

∂ηα(2)
∆ηα(2)

Dδp̃(1) = 0 Dδp̃(2) =
∂δp̃(2)

∂ηα(2)
∆ηα(2)

Dδc̃(1) = 0 Dδc̃(2) =
∂δc̃(2)

∂ηα(2)
∆ηα(2)

, (7.3.7)

where

∆ηα(2) =
(
∆u(1) −∆u(2)

)
· aαβg(1)

β − a
αβgn(1) · ∂∆u(1)

∂ηβ(1)
, (7.3.8)

with aαβ = (Aαβ)
−1 and Aαβ = g

(1)
α · g(2)

β .

7.3.3 Penalty Method

Let the normal component of the contact traction be described by the penalty function,

tn =

{
εng g < 0

0 g ⩾ 0
, (7.3.9)

where εn is a penalty factor associated with tn. Similarly, let{
wn = εpπ = εp

(
p̃(1) − p̃(2)

)
tn < 0

p̃(i) = p̃∗ tn = 0
, (7.3.10)

and {
jn = εcχ = εc

(
c̃(1) − c̃(2)

)
tn < 0

c̃(i) = c̃∗ tn = 0
, (7.3.11)

where εp and εc are penalty factors associated with wn and jn, respectively. It follows that

Dtn = εn

(
∆u(2) −∆u(1) + g(2)

α ∆ηα(2)

)
· n(1)

Dwn = εp

(
∆p̃(1) −∆p̃(2) − ∂p̃(2)

∂ηα(2)
∆ηα(2)

)

Djn = εc

(
∆c̃(1) −∆c̃(2) − ∂c̃(2)

∂ηα(2)
∆ηα(2)

) . (7.3.12)
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Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

D
(
tn

(
δv(1) − δv(2)

)
· g(1)

1 × g
(1)
2

)
=

− J (1)
η εn

(
δv(1) − δv(2)

)
·
(
n(1) ⊗ n(1)

)
·
(
∆u(1) −∆u(2)

)
+ J (1)

η tn
∂δv(2)

∂ηα(2)
·
(
n(2) ⊗ gα

(2)

)
·
(
∆u(1) −∆u(2)

)
+ tn

(
δv(1) − δv(2)

)
·

(
∂∆u(1)

∂η1(1)
× g

(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2(1)

)
, (7.3.13)

D
(
wn

(
δp̃(1) − δp̃(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

J (1)
η εp

(
δp̃(1) − δp̃(2)

)(
∆p̃(1) −∆p̃(2)

)
− J (1)

η

[
εp

(
δp̃(1) − δp̃(2)

) ∂p̃(1)
∂ηα(1)

gα
(1) + wn

∂δp̃(2)

∂ηα(2)
gα
(2)

]
·
(
∆u(1) −∆u(2)

)
+ wn

(
δp̃(1) − δp̃(2)

)
n(1) ·

(
∂∆u(1)

∂η1(1)
× g

(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2(1)

)
, (7.3.14)

D
(
jn

(
δc̃(1) − δc̃(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

J (1)
η εc

(
δc̃(1) − δc̃(2)

)(
∆c̃(1) −∆c̃(2)

)
− J (1)

η

[
εc

(
δc̃(1) − δc̃(2)

) ∂c̃(1)
∂ηα(1)

gα
(1) + jn

∂δc̃(2)

∂ηα(2)
gα
(2)

]
·
(
∆u(1) −∆u(2)

)
+ jn

(
δc̃(1) − δc̃(2)

)
n(1) ·

(
∂∆u(1)

∂η1(1)
× g

(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2(1)

)
, (7.3.15)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.

7.3.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[
tn

(
δv(1) − δv(2)

)
· n(1) + wn

(
δp̃(1) − δp̃(2)

)
+ jn

(
δc̃(1) − δc̃(2)

)]
.

(7.3.16)
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The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =
m(2)∑
b=1

N
(2)
b δv

(2)
b

∆u(1) =
m(1)∑
c=1

N (1)
c ∆u(1)

c ∆u(2) =
m(2)∑
d=1

N
(2)
d ∆u

(2)
d

δp̃(1) =

m(1)∑
a=1

N (1)
a δp̃(1)a δp̃(2) =

m(2)∑
b=1

N
(2)
b δp̃

(2)
b

∆p̃(1) =
m(1)∑
c=1

N (1)
c ∆p̃(1)c ∆p̃(2) =

m(2)∑
d=1

N
(2)
d ∆p̃

(2)
d

δc̃(1) =
m(1)∑
a=1

N (1)
a δc̃(1)a δc̃(2) =

m(2)∑
b=1

N
(2)
b δc̃

(2)
b

∆c̃(1) =

m(1)∑
c=1

N (1)
c ∆c̃(1)c ∆c̃(2) =

m(2)∑
d=1

N
(2)
d ∆c̃

(2)
d

. (7.3.17)

Then,

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

(1)
a

]
·

 f
(1)
a

w
(1)
a

j
(1)
a



+

m
(2)
k∑

b=1

[
δv

(1)
b,k δp̃

(1)
b,k δc̃

(1)
b,k

]
·

 f
(1)
b,k

w
(1)
b,k

j
(1)
b,k


 ,

(7.3.18)

where

f (1)a = N (1)
a tnn

(1) f
(2)
b,k = −N (2)

b tnn
(1)

w(1)
a = N (1)

a wn w
(2)
b,k = −N (2)

b wn

j(1)a = N (1)
a jn j

(2)
b,k = −N (2)

b jn

. (7.3.19)
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Similarly,

−DδGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

×

m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

(1)
a

]
·

m(1)∑
c=1

 K
(1,1)
ac 0 0

g
(1,1)
ac g

(1,1)
ac 0

h
(1,1)
ac 0 h

(1,1)
ac

 ·
 ∆u

(1)
c

∆p̃
(1)
c

∆c̃
(1)
c



+

m
(2)
k∑

d=1

 K
(1,2)
ad,k 0 0

g
(1,2)
ad,k g

(1,2)
ad,k 0

h
(1,2)
ad,k 0 h

(1,2)
ad,k

 ·
 ∆u

(2)
d

∆p̃
(2)
d

∆c̃
(2)
d




+

m
(2)
k∑

b=1

[
δv

(2)
b,k δp̃

(2)
b,k δc̃

(2)
b,k

]
·

m(1)∑
c=1

 K
(2,1)
bc,k 0 0

g
(2,1)
bc,k g

(2,1)
bc,k 0

h
(2,1)
bc,k 0 h

(2,1)
bc,k

 ·
 ∆u

(1)
c

∆p̃
(1)
c

∆c̃
(1)
c



+

m
(2)
k∑

d=1

 K
(2,2)
bd,k 0 0

g
(2,2)
bd,k g

(2,2)
bd,k 0

h
(2,2)
bd,k 0 h

(2,2)
bd,k

 ·
 ∆u

(2)
d

∆p̃
(2)
d

∆c̃
(2)
d



 ,

(7.3.20)

where
K(1,1)

ac = N (1)
a

(
εnN

(1)
c N(1) + tnA

(1)
c

)
K

(1,2)
ad,k = −εnN (1)

a N
(2)
d N(1)

K
(2,1)
bc,k = −N (1)

c

(
εnN

(2)
b N(1) + tnM

(2)
b

)
− tnN (2)

b A(1)
c

K
(2,2)
bd,k = N

(2)
d

(
εnN

(2)
b N(1) + tnM

(2)
b

)
, (7.3.21)

g(1,1)
ac = N (1)

a

(
εpN

(1)
c p(1) − wnA

(1)
c · n(1)

)
g
(1,2)
ad,k = −εpN (1)

a N
(2)
d p(1)

g
(2,1)
bc,k = N (1)

c

(
−εpN (2)

b p(1) + wnm
(2)
b

)
+ wnN

(2)
b A(1)

c · n(1)

g
(2,2)
bd,k = N

(2)
d

(
εpN

(2)
b p(1) − wnm

(2)
b

)
, (7.3.22)

g(1,1)ac = −εpN (1)
a N (1)

c

g
(1,2)
ad,k = εpN

(1)
a N

(2)
d

g
(2,1)
bc,k = εpN

(2)
b N (1)

c

g
(2,2)
bd,k = −εpN (2)

b N
(2)
d

, (7.3.23)

h(1,1)
ac = N (1)

a

(
εcN

(1)
c q(1) − jnA(1)

c · n(1)
)

h
(1,2)
ad,k = −εcN (1)

a N
(2)
d q(1)

h
(2,1)
bc,k = N (1)

c

(
−εcN (2)

b q(1) + jnm
(2)
b

)
+ jnN

(2)
b A(1)

c · n(1)

h
(2,2)
bd,k = N

(2)
d

(
εcN

(2)
b q(1) − jnm(2)

b

)
, (7.3.24)
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h(1,1)ac = −εcN (1)
a N (1)

c

h
(1,2)
ad,k = εcN

(1)
a N

(2)
d

h
(2,1)
bc,k = εcN

(2)
b N (1)

c

h
(2,2)
bd,k = −εcN (2)

b N
(2)
d

, (7.3.25)

and
N(1) = n(1) ⊗ n(1)

A(1)
c =

1

J
(1)
η

A
{
∂N

(1)
c

∂η1(1)
g
(1)
2 −

∂N
(1)
c

∂η2(1)
g
(1)
1

}
M

(2)
b = n(2) ⊗m

(2)
b

m
(2)
b =

∂N
(2)
b

∂ηα(2)
gα
(2)

p(1) =
∂p̃(1)

∂ηα(1)
gα
(1)

q(1) =
∂c̃(1)

∂ηα(1)
gα
(1)

. (7.3.26)

7.4 Multiphasic Contact

7.4.1 Contact Integral

See Section 2.9 for a review of multiphasic materials. The contact interface is defined between
surfaces γ(1) and γ(2). Due to continuity requirements on the traction and fluxes, the external
virtual work resulting from contact tractions t(i), solvent fluxes w(i)

n and solute fluxes jα(i)n for solute
α (i = 1, 2), may be combined into the contact integral

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1)

+

ˆ
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n da(1)

+
∑
α

ˆ
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jα(1)n da(1)

. (7.4.1)

In the current implementation, only frictionless contact is taken into consideration, so that the
contact traction has only a normal component, t(i) = tnn

(i). To evaluate and linearize δGc, define
the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.4.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g
(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.4.3)
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Now the contact integral may be rewritten as

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
tng

(1)
1 × g

(1)
2 dη1(1)dη

2
(1)

+

ˆ
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1)
+
∑
α

ˆ
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jα(1)n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1)
, (7.4.4)

and the linearization DδGc of δGc has the form

DδGc =
2∑

i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p̃(i)

]
+
∑
α

DδGc

[
∆c̃α(i)

]
. (7.4.5)

7.4.2 Gap Function

The gap function g, representing the distance between the contact surfaces, is defined by

x(2) = x(1) + gn(1), g =
(
x(2) − x(1)

)
· n(1) . (7.4.6)

The linearization of variables associated with motion, pressure, and concentration, is given by

Dx(1) =∆u(1) Dx(2) = ∆u(2) + g(2)
α ∆ηα(2)

Dp̃(1) =∆p̃(1) Dp̃(2) = ∆p̃(2) +
∂p̃(2)

∂ηα(2)
∆ηα(2)

Dc̃γ(1) =∆c̃γ(1) Dc̃γ(2) = ∆c̃γ(2) +
∂c̃γ(2)

∂ηα(2)
∆ηα(2)

Dδv(1) = 0 Dv(2) =
∂δv(2)

∂ηα(2)
∆ηα(2)

Dδp̃(1) = 0 Dδp̃(2) =
∂δp̃(2)

∂ηα(2)
∆ηα(2)

Dδc̃γ(1) = 0 Dδc̃γ(2) =
∂δc̃γ(2)

∂ηα(2)
∆ηα(2)

, (7.4.7)

where

∆ηα(2) =
(
∆u(1) −∆u(2)

)
· aαβg(1)

β − a
αβgn(1) · ∂∆u(1)

∂ηβ(1)
, (7.4.8)

with aαβ = (Aαβ)
−1 and Aαβ = g

(1)
α · g(2)

β .

7.4.3 Penalty Method

Let the normal component of the contact traction be described by the penalty function,

tn =

{
εng g < 0

0 g ⩾ 0
, (7.4.9)
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where εn is a penalty factor associated with tn. Similarly, let{
wn = εpπ = εp

(
p̃(1) − p̃(2)

)
tn < 0

p̃(i) = p̃∗ tn = 0
, (7.4.10)

and {
jαn = εcχ

α = εc
(
c̃α(1) − c̃α(2)

)
tn < 0

c̃α(i) = c̃α∗ tn = 0
, (7.4.11)

where εp and εc are penalty factors associated with wn ≡ w
(1)
n and jαn ≡ j

α(1)
n , respectively. It

follows that
Dtn = εn

(
∆u(2) −∆u(1) + g(2)

α ∆ηα(2)

)
· n(1)

Dwn = εp

(
∆p̃(1) −∆p̃(2) − ∂p̃(2)

∂ηα(2)
∆ηα(2)

)

Djγn = εc

(
∆c̃γ(1) −∆c̃γ(2) − ∂c̃γ(2)

∂ηα(2)
∆ηα(2)

) . (7.4.12)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
tn

(
δv(1) − δv(2)

)
· g(1)

1 × g
(1)
2

)
=

J (1)
η εn

(
δv(1) − δv(2)

)
·
(
n(1) ⊗ n(1)

)
·
(
∆u(1) −∆u(2)

)
− J (1)

η tn
∂δv(2)

∂ηα(2)
·
(
n(2) ⊗ gα

(2)

)
·
(
∆u(1) −∆u(2)

)
+ tn

(
δv(1) − δv(2)

)
·

(
g
(1)
2 ×

∂∆u(1)

∂η1(1)
− g

(1)
1 ×

∂∆u(1)

∂η2(1)

)
, (7.4.13)

−D
(
wn

(
δp̃(1) − δp̃(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

− J (1)
η εp

(
δp̃(1) − δp̃(2)

)(
∆p̃(1) −∆p̃(2)

)
+ J (1)

η

[
εp

(
δp̃(1) − δp̃(2)

) ∂p̃(1)
∂ηα(1)

gα
(1) + wn

∂δp̃(2)

∂ηα(2)
gα
(2)

]
·
(
∆u(1) −∆u(2)

)
+ wn

(
δp̃(1) − δp̃(2)

)
n(1) ·

(
g
(1)
2 ×

∂∆u(1)

∂η1(1)
− g

(1)
1 ×

∂∆u(1)

∂η2(1)

)
, (7.4.14)

−D
(
jγn

(
δc̃γ(1) − δc̃γ(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

− J (1)
η εc

(
δc̃γ(1) − δc̃γ(2)

)(
∆c̃γ(1) −∆c̃γ(2)

)
+ J (1)

η εc

(
δc̃γ(1) − δc̃γ(2)

) ∂c̃γ(1)
∂ηα(1)

g(1)
α ·

(
∆u(1) −∆u(2)

)
+ J (1)

η jγn
∂δc̃γ(1)

∂ηα(1)
g(1)
α ·

(
∆u(1) −∆u(2)

)
+ jγn

(
δc̃γ(1) − δc̃γ(2)

)
n(1) ·

(
g
(1)
2 ×

∂∆u(1)

∂η1(1)
− g

(1)
1 ×

∂∆u(1)

∂η2(1)

)
(7.4.15)
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where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
7.4.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[
tn

(
δv(1) − δv(2)

)
· n(1) + wn

(
δp̃(1) − δp̃(2)

)
+
∑
γ

jγn

(
δc̃γ(1) − δc̃γ(2)

)]
.

(7.4.16)
The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =
m(2)∑
b=1

N
(2)
b δv

(2)
b

∆u(1) =

m(1)∑
c=1

N (1)
c ∆u(1)

c ∆u(2) =

m(2)∑
d=1

N
(2)
d ∆u

(2)
d

δp̃(1) =
m(1)∑
a=1

N (1)
a δp̃(1)a δp̃(2) =

m(2)∑
b=1

N
(2)
b δp̃

(2)
b

∆p̃(1) =
m(1)∑
c=1

N (1)
c ∆p̃(1)c ∆p̃(2) =

m(2)∑
d=1

N
(2)
d ∆p̃

(2)
d

δc̃γ(1) =

m(1)∑
a=1

N (1)
a δc̃γ(1)a δc̃γ(2) =

m(2)∑
b=1

N
(2)
b δc̃

γ(2)
b

∆c̃γ(1) =
m(1)∑
c=1

N (1)
c ∆c̃γ(1)c ∆c̃γ(2) =

m(2)∑
d=1

N
(2)
d ∆c̃

γ(2)
d

. (7.4.17)

Then,

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η


m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

α(1)
a δc̃

β(1)
a

]
·


f
(1)
a

w
(1)
a

j
α(1)
a

j
β(1)
a



+
m(2)∑
b=1

[
δv

(2)
b δp̃

(2)
b δc̃

α(2)
b δc̃

β(2)
b

]
·


f
(2)
b,k

w
(2)
b,k

j
α(2)
b,k

j
β(2)
b,k


 ,

(7.4.18)

where
f (1)a = tnN

(1)
a n(1) f

(2)
b,k = −tnN (2)

b n(1)

w(1)
a = wnN

(1)
a w

(2)
b,k = −wnN

(2)
b

jγ(1)a = jγnN
(1)
a j

γ(2)
b,k = −jγnN

(2)
b

. (7.4.19)
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Similarly,

−DδGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η ×

m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

α(1)
a δc̃

β(1)
a

]
·


m(1)∑
c=1


K

(1,1)
ac 0 0 0

g
(1,1)
ac g

(1,1)
ac 0 0

h
α(1,1)
ac 0 h

αα(1,1)
ac 0

h
β(1,1)
ac 0 0 h

ββ(1,1)
ac

 ·


∆u
(1)
c

∆p̃
(1)
c

∆c̃
α(1)
c

∆c̃
β(1)
c



+

m
(2)
k∑

d=1


K

(1,2)
ad,k 0 0 0

g
(1,2)
ad,k g

(1,2)
ad,k 0 0

h
α(1,2)
ad,k 0 h

αα(1,2)
ad,k 0

h
β(1,2)
ad,k 0 0 h

ββ(1,2)
ad,k

 ·


∆u
(2)
d

∆p̃
(2)
d

∆c̃
α(2)
d

∆c̃
β(2)
d




+

m
(2)
k∑

b=1

[
δv

(2)
b,k δp̃

(2)
b,k δc̃

α(2)
b,k δc̃

β(2)
b,k

]
·

m(1)∑
c=1


K

(2,1)
bc,k 0 0 0

g
(2,1)
bc,k g

(2,1)
bc,k 0 0

h
α(2,1)
bc,k 0 h

αα(2,1)
bc,k 0

h
β(2,1)
bc,k 0 0 h

ββ(2,1)
bc,k

 ·


∆u
(1)
c

∆p̃
(1)
c

∆c̃
α(1)
c

∆c̃
β(1)
c



+

m
(2)
k∑

d=1


K

(2,2)
bd,k 0 0 0

g
(2,2)
bd,k g

(2,2)
bd,k 0 0

h
α(2,2)
bd,k 0 h

αα(2,2)
bd,k 0

h
β(2,2)
bd,k 0 0 h

ββ(2,2)
bd,k

 ·


∆u
(2)
d

∆p̃
(2)
d

∆c̃
α(2)
d

∆c̃
β(2)
d



 ,

(7.4.20)

where
K(1,1)

ac = N (1)
a

(
εnN

(1)
c N(1) + tnA

(1)
c

)
K

(1,2)
ad,k = −εnN (1)

a N
(2)
d N(1)

K
(2,1)
bc,k = −N (1)

c

(
εnN

(2)
b N(1) + tnM

(2)
b

)
− tnN (2)

b A(1)
c

K
(2,2)
bd,k = N

(2)
d

(
εnN

(2)
b N(1) + tnM

(2)
b

)
, (7.4.21)

g(1,1)
ac = N (1)

a

(
εpN

(1)
c p(1) − wnA

(1)
c · n(1)

)
g
(1,2)
ad,k = −εpN (1)

a N
(2)
d p(1)

g
(2,1)
bc,k = N (1)

c

(
−εpN (2)

b p(1) + wnm
(2)
b

)
+ wnN

(2)
b A(1)

c · n(1)

g
(2,2)
bd,k = N

(2)
d

(
εpN

(2)
b p(1) − wnm

(2)
b

)
, (7.4.22)

g(1,1)ac = −εpN (1)
a N (1)

c g
(1,2)
ad,k = εpN

(1)
a N

(2)
d

g
(2,1)
bc,k = εpN

(2)
b N (1)

c g
(2,2)
bd,k = −εpN (2)

b N
(2)
d

, (7.4.23)
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hγ(1,1)
ac = N (1)

a

(
N (1)

c εcq
γ(1) −A(1)

c · jγnn(1)
)

h
γ(1,2)
ad,k = −N (1)

a N
(2)
d εcq

γ(1)

h
γ(2,1)
bc,k = N

(2)
b

(
−N (1)

c εcq
γ(1) +A(1)

c · jγnn(1)
)
+N (1)

c jγnm
(2)
b

h
γ(2,2)
bd,k = N

(2)
b N

(2)
d εcq

γ(1) −N (2)
d jγnm

(2)
b

, (7.4.24)

hγγ(1,1)ac = −εcN (1)
a N (1)

c

h
γγ(1,2)
ad,k = εcN

(1)
a N

(2)
d

h
γγ(2,1)
bc,k = εcN

(2)
b N (1)

c

h
γγ(2,2)
bd,k = −εcN (2)

b N
(2)
d

, (7.4.25)

and

N(1) = n(1) ⊗ n(1) A(1)
c =

1

J
(1)
η

A
{
∂N

(1)
c

∂η1(1)
g
(1)
2 −

∂N
(1)
c

∂η2(1)
g
(1)
1

}

M
(2)
b = n(2) ⊗m

(2)
b m

(2)
b =

∂N
(2)
b

∂ηα(2)
gα
(2)

p(1) =
∂p̃(1)

∂ηα(1)
gα
(1) qγ(1) =

∂c̃γ(1)

∂ηα(1)
gα
(1)

. (7.4.26)

7.5 Tied Contact

In some situations it is useful to connect two non-conforming meshes together. This can be done
by defining a tied contact interface. In FEBio, the tied contact works very similar to the sliding
contact interface. We need to define a slave surface and a master surface, where it is assumed
that the slave surface nodes will be tied to the master surface faces.

7.5.1 Gap Function

Just as in sliding contact, we need to define a gap function that measures the distance between
the slave and master surface. In order to do that, we first define the projection of a slave node to
the master surface.

Ȳ (X) = arg min
Y∈Γ(2)

∥X−Y∥ . (7.5.1)

This definition is similar to that of the sliding interface, except that now the projection is done in the
material reference frame. This implies that the projection only needs to be calculated once, at the
beginning of the analysis. We can now proceed to the definition of the gap function.

g (X) = φ(1) (X)−φ(2)
(
Ȳ (X)

)
. (7.5.2)

An important observation is that the gap function is now a vector quantity since the gap needs to
be closed in all direction, not just the normal direction as is the case in sliding contact.
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7.5.2 Tied Contact Integral

With the definition of the gap function at hand (equation (7.5.2)), we can define the contribution to
the virtual work equation from the tied contact reaction forces.

Wt =

ˆ

Γc

T · δg dΓ . (7.5.3)

Here, T is the reaction force that enforces the constraint g (X) = 0. Since we anticipate the use
of an augmented Lagrangian formalism, we can write this reaction force as follows,

T = λ+ εg . (7.5.4)

The vector quantity λ is the Lagrangian multiplier and ε is a penalty factor.

7.5.3 Linearization of the Contact Integral

Since equation (7.5.3) is nonlinear we need to calculate the linearization. For tied contact, this is
simply given by the following equation.

∆Wt =

ˆ

Γc

ε∆g · δg dΓ . (7.5.5)

Where
δg = w(1) −w(2) (7.5.6)

and
∆g = ∆φ(1) (X)−∆φ(2)

(
Ȳ (X)

)
. (7.5.7)

We also introduced the notation w(i) = δφ(i).
The discretization of (7.5.5) will lead to a contribution to the stiffness matrix. Notice that due to

symmetry between δg and∆g this matrix will be symmetric.

7.5.4 Discretization

The contact integral (7.5.3) can be discretized as follows. First, we split the integration over all the
slave surface elements.

Wt =

nel∑
e=1

ˆ

Γ
(e)
c

T · δg dΓ(e) . (7.5.8)

The integration can be approximated by a quadrature rule,

Wt =

nel∑
e=1

N
(e)
int∑

i=1

wij (ξi)T (ξi) · δg (ξi) . (7.5.9)

If we use a nodally integrated elements, we have

w(1) (ξi) = c
(1)
i ,

w(2) (ξi) =
∑
j

Nj

(
ξ̄i
)
c
(2)
j , (7.5.10)
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so that,
δg (ξi) = c

(1)
i −

∑
j

Nj

(
ξ̄i
)
c
(2)
j . (7.5.11)

We can now write the contact integral (7.5.8) in its final form,

Wt =
nel∑
e=1

N
(e)
int∑

i=1

wij (ξi) (N (ξi)T (ξi)) · δΦ , (7.5.12)

where
δΦT (ξi) =

[
c
(1)
i c

(2)
1 c

(2)
2 · · · c

(2)
n

]
, (7.5.13)

N (ξi) =
[
I −N1 · · · −Nn

]
, (7.5.14)

and

Ni =

 Ni 0 0
0 Ni 0
0 0 Ni

 . (7.5.15)

For the linearized tied contact integral (7.5.5), a similar discretization procedure leads to,

∆Wt =
nel∑
e=1

N
(e)
int∑

i=1

wij (ξi)∆Φ ·KcδΦ , (7.5.16)

where
Kc = εNTN . (7.5.17)

7.6 Tied Biphasic Contact

7.6.1 Contact Integral

See Section 2.7 for a review of biphasic materials, and [12] for additional details on biphasic
contact. The contact interface is defined between surfaces γ(1) and γ(2). Due to continuity require-
ments on the traction and fluxes, the external virtual work resulting from contact tractions t(i) and
solvent fluxes w(i)

n (i = 1, 2) may be combined into the contact integral

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· t(1)da(1)

+

ˆ
γ(1)

(
δp(1) − δp(2)

)
w(1)
n da(1) .

(7.6.1)

To evaluate and linearize δGc, define the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.6.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g
(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.6.3)
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Now the contact integral may be rewritten as

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· t
∣∣∣g(1)

1 × g
(1)
2

∣∣∣ dη1(1)dη2(1)
+

ˆ
γ(1)

(
δp(1) − δp(2)

)
wn

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1) , (7.6.4)

where t ≡ t(1) and wn ≡ w(1)
n . The linearization DδGc of δGc has the form

DδGc =

2∑
i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p(i)

]
. (7.6.5)

7.6.2 Gap Function

The vector gap function g, representing the distance between the contact surfaces, is defined by

g = x(2) − x(1) . (7.6.6)

The premise of a tied interface is that the parametric coordinates of x(1) and x(2) are both invariants
(i.e., they are determined in the reference configuration and remain unchanged over time). The
parametric coordinates of x(1) correspond to the integration points on γ(1), and those of x(2) are
evaluated once, in the reference configuration, by shooting a ray from the integration point on γ(1)

to intersect γ(2). It follows from this premise that

Dx(1) = ∆u(1) Dx(2) = ∆u(2)

Dp(1) = ∆p(1) Dp(2) = ∆p(2)

Dδv(1) = 0 Dδv(2) = 0

Dδp(1) = 0 Dδp(2) = 0

. (7.6.7)

If γ(1) and γ(2) are not initially conforming, continuity of fluid pressure and normal flux will only
be enforced within the contact interface; unlike the sliding biphasic contact interface (Section 7.2),
free-draining conditions are not set automatically on regions of γ(1) and γ(2) where a solution for g
was not found. Therefore, these regions naturally enforce zero fluid flux (impermeable boundary),
unless an explicit boundary condition on the pressure p is prescribed over those regions.

7.6.3 Penalty Method

Let the tied contact traction be described by the penalty function,

t = εng , (7.6.8)

where εn is a penalty factor associated with t. Similarly, let

wn = εpπ = εp

(
p(1) − p(2)

)
, (7.6.9)

where εp is a penalty factor associated with wn. It follows that

Dt = εn

(
∆u(2) −∆u(1)

)
,

Dwn = εp

(
∆p(1) −∆p(2)

)
.

(7.6.10)
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Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
J (1)
η

(
δv(1) − δv(2)

)
· t
)
=(

δv(1) − δv(2)
)
· εnJ (1)

η I ·
(
∆u(1) −∆u(2)

)
+
(
δv(1) − δv(2)

)
· t⊗

[(
g
(1)
1 × n(1)

)
· ∂∆u(1)

∂η2(1)
−
(
g
(1)
2 × n(1)

)
· ∂∆u(1)

∂η1(1)

] , (7.6.11)

−D
(
wn

(
δp(1) − δp(2)

)
J (1)
η

)
=

− J (1)
η εp

(
δp(1) − δp(2)

)(
∆p(1) −∆p(2)

)
+ wn

(
δp(1) − δp(2)

)
n(1) ·

(
g
(1)
2 ×

∂∆u(1)

∂η1(1)
− g

(1)
1 ×

∂∆u(1)

∂η2(1)

) , (7.6.12)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
7.6.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[(
δv(1) − δv(2)

)
· t+ wn

(
δp(1) − δp(2)

)]
. (7.6.13)

The variables may be interpolated over each element face according to

δv(1) =

m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =

m(2)∑
b=1

N
(2)
b δv

(2)
b

∆u(1) =

m(1)∑
c=1

N (1)
c ∆u(1)

c ∆u(2) =

m(2)∑
d=1

N
(2)
d ∆u

(2)
d

δp(1) =
m(1)∑
a=1

N (1)
a δp(1)a δp(2) =

m(2)∑
b=1

N
(2)
b δp

(2)
b

∆p(1) =
m(1)∑
c=1

N (1)
c ∆p(1)c ∆p(2) =

m(2)∑
d=1

N
(2)
d ∆p

(2)
d

. (7.6.14)

Then,

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

m(1)∑
a=1

[
δv

(1)
a δp

(1)
a

]
·

[
f
(1)
a

w
(1)
a

]

+

m
(2)
k∑

b=1

[
δv

(1)
b,k δp

(1)
b,k

]
·

[
f
(1)
b,k

w
(1)
b,k

]
, (7.6.15)
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where
f (1)a = N (1)

a t f
(2)
b,k = −N (2)

b t

w(1)
a = N (1)

a wn w
(2)
b,k = −N (2)

b wn

. (7.6.16)

Similarly,

−DδGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

×

m(1)∑
a=1

[
δv

(1)
a δp

(1)
a

]
·

m(1)∑
c=1

[
K

(1,1)
ac 0

k
(1,1)
ac k

(1,1)
ac

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(1,2)
ad,k 0

0 k
(1,2)
ad,k

]
·

[
∆u

(2)
d

∆p
(2)
d

]
+

m
(2)
k∑

b=1

[
δv

(2)
b,k δp

(2)
b,k

]
·

m(1)∑
c=1

[
K

(2,1)
bc,k 0

k
(2,1)
bc,k k

(2,1)
bc,k

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(2,2)
bd,k 0

0 k
(2,2)
bd,k

]
·

[
∆u

(2)
d

∆p
(2)
d

]
 ,

(7.6.17)

where
K(1,1)

ac = N (1)
a

(
εnN

(1)
c I+ t⊗ a(1)c

)
K

(1,2)
ad,k = −εnN (1)

a N
(2)
d I

K
(2,1)
bc,k = −N (2)

b

(
εnN

(1)
c I+ t⊗ a(1)c

)
K

(2,2)
bd,k = εnN

(2)
b N

(2)
d I

, (7.6.18)

k(1,1)
ac = N (1)

a wna
(1)
c

k
(2,1)
bc,k = −N (2)

b wna
(1)
c

, (7.6.19)

k(1,1)ac = −εpN (1)
a N (1)

c

k
(1,2)
ad,k = εpN

(1)
a N

(2)
d

k
(2,1)
bc,k = εpN

(2)
b N (1)

c

k
(2,2)
bd,k = −εpN (2)

b N
(2)
d

, (7.6.20)

and

a(1)c =
1

J
(1)
η

n(1) ×

(
g
(1)
2

∂N
(1)
c

∂η1(1)
− g

(1)
1

∂N
(1)
c

∂η2(1)

)
. (7.6.21)

7.7 Tied Multiphasic Contact

See Section 2.9 for a review of multiphasic materials, and [18] for additional details on contact
interfaces involving solutes. The contact interface is defined between surfaces γ(1) and γ(2). Due to
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continuity requirements on the traction and fluxes, the external virtual work resulting from contact
tractions t(i), solvent fluxes w(i)

n and solute fluxes jα(i)n (i = 1, 2) may be combined into the contact
integral

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1)

+

ˆ
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n da(1)

+
∑
α

ˆ
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jα(1)n da(1) .

(7.7.1)

Note that the summation in (7.7.1) is performed only over solutes that are present on both sides
of the contact interface. No special treatment is needed for solutes that only belong to one side,
since the natural boundary condition for these solutes enforces zero normal flux across the contact
interface.

To evaluate and linearize δGc, define the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.7.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g
(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.7.3)

Now the contact integral may be rewritten as

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· t
∣∣∣g(1)

1 × g
(1)
2

∣∣∣ dη1(1)dη2(1)
+

ˆ
γ(1)

(
δp̃(1) − δp̃(2)

)
wn

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1)
+
∑
α

ˆ
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jαn

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1)
, (7.7.4)

where t ≡ t(1), wn ≡ w(1)
n and jαn ≡ j

α(1)
n . The linearization DδGc of δGc has the form

DδGc =
2∑

i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p̃(i)

]
+
∑
α

DδGc

[
∆c̃α(i)

]
. (7.7.5)

7.7.1 Gap Function

The vector gap function g, representing the distance between the contact surfaces, is defined by

g = x(2) − x(1) . (7.7.6)

The premise of a tied interface is that the parametric coordinates of x(1) and x(2) are both invariants
(i.e., they are determined in the reference configuration and remain unchanged over time). The
parametric coordinates of x(1) correspond to the integration points on γ(1), and those of x(2) are
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evaluated once, in the reference configuration, by shooting a ray from the integration point on γ(1)

to intersect γ(2). It follows from this premise that

Dx(i) = ∆u(i) Dδv(i) = 0

Dp̃(i) = ∆p̃(i) Dδp̃(i) = 0

Dc̃α(i) = ∆c̃α(i) Dδc̃α(i) = 0

i = 1, 2 . (7.7.7)

If γ(1) and γ(2) are not initially conforming, continuity of effective fluid pressure and solute concen-
tration, as well as normal fluid and solute fluxes, will only be enforced within the contact interface;
unlike the sliding multiphasic contact interface (Section 7.4), ambient conditions are not set auto-
matically on regions of γ(1) and γ(2) where a solution for g was not found. Therefore, these regions
naturally enforce zero fluid and solute flux (impermeable boundary), unless an explicit boundary
condition on the effective pressure p̃ or solute concentrations c̃α are prescribed over those regions.

7.7.2 Penalty Method

Let the tied contact traction be described by the penalty function,

t = εng , (7.7.8)

where εn is a penalty factor associated with t. Similarly, let

wn = εpπ = εp

(
p̃(1) − p̃(2)

)
, (7.7.9)

where εp is a penalty factor associated with wn, and

jαn = εcχ
α = εαc

(
c̃α(1) − c̃α(2)

)
, (7.7.10)

where εαc is a penalty factor associated with jαn . It follows that

Dt = εn

(
∆u(2) −∆u(1)

)
,

Dwn = εp

(
∆p̃(1) −∆p̃(2)

)
,

Djαn = εαc

(
∆c̃α(1) −∆c̃α(2)

)
.

(7.7.11)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
J (1)
η

(
δv(1) − δv(2)

)
· t
)
=(

δv(1) − δv(2)
)
· εnJ (1)

η I ·
(
∆u(1) −∆u(2)

)
+
(
δv(1) − δv(2)

)
· t⊗

[(
g
(1)
1 × n(1)

)
· ∂∆u(1)

∂η2(1)
−
(
g
(1)
2 × n(1)

)
· ∂∆u(1)

∂η1(1)

] , (7.7.12)

−D
(
wn

(
δp(1) − δp(2)

)
J (1)
η

)
=

− J (1)
η εp

(
δp(1) − δp(2)

)(
∆p̃(1) −∆p̃(2)

)
+ wn

(
δp(1) − δp(2)

)
n(1) ·

(
g
(1)
2 ×

∂∆u(1)

∂η1(1)
− g

(1)
1 ×

∂∆u(1)

∂η2(1)

) , (7.7.13)
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−D
(
jαn

(
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)
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η

)
=
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δc̃α(1) − δc̃α(2)

)
εαc

(
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2 ×
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∂η2(1)

) , (7.7.14)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
7.7.3 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[(
δv(1) − δv(2)
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(
δp(1) − δp(2)

)
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α
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)]
.

(7.7.15)
The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
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N (1)
a δv(1)

a δv(2) =
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. (7.7.16)

Then,

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
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, (7.7.17)
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where

f (1)a = N (1)
a t f
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. (7.7.18)

Similarly,

−DδGc =
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(7.7.19)
where
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, (7.7.20)
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c

k
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bc,k = −N (2)
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(1)
c

, (7.7.21)
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k(1,1)ac = −εpN (1)
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(7.7.23)

and

a(1)c =
1

J
(1)
η

n(1) ×

(
g
(1)
2

∂N
(1)
c

∂η1(1)
− g

(1)
1

∂N
(1)
c

∂η2(1)

)
. (7.7.24)

7.8 Tied Fluid Interface

Under isothermal conditions which preclude any heat flux and for which the entropy is zero, the
interface jump conditions derived from mass, linear momentum and energy balance across an
interface Γ which is permeable to the fluid are[[

ρuΓ
]]
· nΓ = 0 , (7.8.1)[[

σ − ρuΓ ⊗ uΓ
]]
· nΓ = 0 , (7.8.2)

and [[
ρ

(
ψ +

1

2
uΓ · uΓ

)
uΓ − σT · uΓ

]]
· nΓ = 0 (7.8.3)

where
uΓ ≡ v − vΓ (7.8.4)

ρ, v, σ and ψ are the mass density, velocity, stress tensor and specific free energy of the fluid,
respectively, and vΓ and nΓ are the velocity of, and outward unit normal to Γ, respectively. A tied
fluid interface Γ, which allows fluid to cross Γ, must enforce these continuity requirements. For
fluid analyses, we let

σ = −pI+ τ

where p is the fluid pressure and τ is the viscous shear stress. Susbtituting this relation into the
energy jump of eq.(7.8.3), neglecting the contribution of τ relative to that of p, and making use of
the jump condition from mass balance in eq.(7.8.1), we find that[[

ψ +
p

ρ
+

1

2
uΓ · uΓ

]]
= 0 . (7.8.5)

Since ψ and p are functions of state that only depend on the fluid volume ratio J (in an isothermal
analysis, see eq.(2.13.9)), letting J be continuous across Γ implies from eq.(2.13.7) that ρ is
continuous across Γ; thus, from eq.(2.13.7) we conclude that uΓ ·n is continuous, hence eq.(7.8.5)
is satisfied. In other words, letting [[J ]] = 0 is a sufficient (but not necessary) condition to satisfy
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the jump conditions from mass and energy balance, as long as we also enforce
[[
uΓ
]]
· n =

0. For a viscous fluid, we also assume that the no-slip condition holds, implying that our jump
requirement for the fluid velocity is even more stringent, namely

[[
uΓ
]]

= 0 (or equivalently, [[v]] =
0). According to the above relations between the stress and pressure, and recognizing that [[J ]] =
0 implies [[p]] = 0, we may also simplify the linear momentum jump condition of eq.(7.8.2) to
[[τ ]] ·nΓ = 0. Therefore, the jump conditions that we need to enforce for a tied fluid interface Γ are

[[J ]] = 0

[[v]] = 0

[[τ ]] · nΓ = 0

. (7.8.6)

These jump conditions are consistent with the choice of nodal degrees of freedom for fluid analy-
ses (namely, v and J). On a tied (or sliding) fluid interface, we don’t have continuity of the mesh,
therefore we can only enforce continuity of J and v by enforcing continuity of the fluid pressure p
and viscous traction tτ ≡ τ · nΓ. However, in our fluid finite element formulation, p is not a natural
boundary condition since it is calculated directly from J . Instead, as explained in Section 3.5, the
natural boundary condition for the fluid dilatation governing equation is continuity of vn across Γ,
thus [[v]] · nΓ = 0.

7.8.1 Contact Integral

See Section 2.13 for a review of fluid materials, and [22] for additional details on the FEBio fluid
solver. The tied fluid interface is defined between surfaces γ(1) and γ(2). Due to continuity require-
ments on the viscous traction and normal fluid velocity, the external virtual work resulting from
tractions tτ(i) and normal velocities v(i)n (i = 1, 2) may be combined into the tied interface integral

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· tτ(1)da(1)

−
ˆ
γ(1)

(
δJ (1) − δJ (2)

)
v(1)n da(1) .

(7.8.7)

To evaluate and linearize δGc, define the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.8.8)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g
(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.8.9)

Now the contact integral may be rewritten as

δGc =

ˆ
γ(1)

(
δv(1) − δv(2)

)
· tτ

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1)
+

ˆ
γ(1)

(
δJ (1) − δJ (2)

)
vn

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1(1)dη2(1) , (7.8.10)
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where tτ ≡ tτ(1) and vn ≡ v(1)n . The linearization DδGc of δGc has the form

DδGc =
2∑

i=1

DδGc

[
∆v(i)

]
+DδGc

[
∆J (i)

]
. (7.8.11)

7.8.2 Gap Functions

The premise of a tied interface is that the parametric coordinates of coincident points x(1) and x(2)

on γ(1) and γ(2) are both invariants (i.e., they are determined in the reference configuration and
remain unchanged over time). The parametric coordinates of x(1) correspond to the integration
points on γ(1), and those of x(2) are evaluated once by shooting a ray from the integration point on
γ(1) to intersect γ(2).

The vector gap function g, representing the difference between velocities across the interface,
is defined by

g = v(2) − v(1) , (7.8.12)

We may similarly define the scalar gap function π, representing the difference between fluid dilata-
tions (or volume ratios) across the interface,

π = J (2) − J (1) . (7.8.13)

7.8.3 Penalty Method

Let the tied interface viscous traction be described by the penalty function,

tτ = εtg , (7.8.14)

where εt is a penalty factor associated with tτ . The penalty factor εt is expressed in units of
viscosity per length. Therefore, in an auto-penalty scheme, it may be scaled to the ratio of fluid
viscosity to element thickness. Similarly, let

vn = εnπ = εn

(
J (2) − J (1)

)
, (7.8.15)

where εn is a penalty factor associated with vn. Note that εn has units of velocity. It follows that

Dtτ = εt

(
∆v(2) −∆v(1)

)
,

Dvn = εn

(
∆J (2) −∆J (1)

)
.

(7.8.16)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
J (1)
η

(
δv(1) − δv(2)

)
· tτ
)
=

εtJ
(1)
η

(
δv(1) − δv(2)

)
·
(
∆v(1) −∆v(2)

) , (7.8.17)

D
(
vn

(
δJ (1) − δJ (2)

)
J (1)
η

)
= −εnJ (1)

η

(
δJ (1) − δJ (2)

)(
∆J (1) −∆J (2)

)
, (7.8.18)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
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7.8.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[(
δv(1) − δv(2)

)
· tτ −

(
δJ (1) − δJ (2)

)
vn

]
. (7.8.19)

The variables may be interpolated over each element face according to

δv(1) =

m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =
m(2)∑
b=1

N
(2)
b δv

(2)
b

∆v(1) =
m(1)∑
c=1

N (1)
c ∆v(1)

c ∆v(2) =
m(2)∑
d=1

N
(2)
d ∆v

(2)
d

δJ (1) =

m(1)∑
a=1

N (1)
a δJ (1)

a δJ (2) =

m(2)∑
b=1

N
(2)
b δJ

(2)
b

∆J (1) =

m(1)∑
c=1

N (1)
c ∆J (1)

c ∆J (2) =

m(2)∑
d=1

N
(2)
d ∆J

(2)
d

. (7.8.20)

Then,

δGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

m(1)∑
a=1

[
δv

(1)
a δJ

(1)
a

]
·

[
f
(1)
a

v
(1)
a

]

+

m
(2)
k∑

b=1

[
δv

(1)
b,k δJ

(1)
b,k

]
·

[
f
(1)
b,k

v
(1)
b,k

]
, (7.8.21)

where

f (1)a = N (1)
a tτ f

(2)
b,k = −N (2)

b tτ

w(1)
a = −N (1)

a vn w
(2)
b,k = N

(2)
b vn

. (7.8.22)
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Similarly,

−DδGc =

n
(1)
e∑

e=1

n
(e)

int∑
k=1

WkJ
(1)
η

×

m(1)∑
a=1

[
δv

(1)
a δJ

(1)
a

]
·

m(1)∑
c=1

[
K

(1,1)
ac 0

0 k
(1,1)
ac

]
·

[
∆v

(1)
c

∆J
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(1,2)
ad,k 0

0 k
(1,2)
ad,k

]
·

[
∆v

(2)
d

∆J
(2)
d

]
+

m
(2)
k∑

b=1

[
δv

(2)
b,k δJ

(2)
b,k

]
·

m(1)∑
c=1

[
K

(2,1)
bc,k 0

0 k
(2,1)
bc,k

]
·

[
∆v

(1)
c

∆J
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(2,2)
bd,k 0

0 k
(2,2)
bd,k

]
·

[
∆v

(2)
d

∆J
(2)
d

]
 ,

(7.8.23)

where
K(1,1)

ac = εtN
(1)
a N (1)

c

(
I− n(1) ⊗ n(1)

)
K

(1,2)
ad,k = −εtN (1)

a N
(2)
d

(
I− n(2) ⊗ n(2)

)
K

(2,1)
bc,k = −εtN (2)

b N (1)
c

(
I− n(1) ⊗ n(1)

)
K

(2,2)
bd,k = εtN

(2)
b N

(2)
d

(
I− n(2) ⊗ n(2)

)
, (7.8.24)

k(1,1)ac = −KεnN (1)
a N (1)

c

k
(1,2)
ad,k = KεnN

(1)
a N

(2)
d

k
(2,1)
bc,k = KεnN

(2)
b N (1)

c

k
(2,2)
bd,k = −KεnN (2)

b N
(2)
d

. (7.8.25)

7.9 Rigid Connectors

A rigid connector connects two rigid bodies denoted by (1) and (2). The connector origin (e.g., its
insertion point) on rigid body (i) is located at

x(i) = r(i) +Λ(i) · Z(i) = r(i) + z(i) , (7.9.1)

where z(i) is the connector origin position relative to the center of mass at the current time, whereas
Z(i) is its relative position in the reference configuration, when the rotation tensor Λ(i) is equal to
the identity tensor. The connector is exerting a reaction force f (i) at x(i) and a reaction moment
m(i) on rigid body (i), such that f (1) + f (2) = 0 and m(1) +m(2) = 0.

Rigid body joints, such as spherical, revolute, prismatic, cylindrical and planar joints, are a
special category of rigid connectors that have a large stiffness spring connecting the joint origins on
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each rigid body, in a manner that only allows relative motion along the joint translational degree(s)
of freedom. Similarly, a large stiffness torsional spring connects the rigid bodies in a manner that
only allows relative rotation along the joint rotational degree(s) of freedom.

Other connectors include springs, dampers, and contractile forces that may connect rigid bod-
ies. Optionally, a joint may include a linear damper connecting its origins, and an angular damper
restricting its relative rotation.

7.9.1 Virtual Work

The virtual work of a connector represents the work of external forces on the rigid body; it is given
by

δG =

2∑
i=1

δv(i) · f (i) + δθ(i) ·m(i) , (7.9.2)

where δv(i) is the virtual velocity of the joint origin and δθ(i) is the virtual angular velocity of rigid
body (i). Using the above relations for f (i) and m(i), it reduces to

δG =
(
δv(1) − δv(2)

)
· f (1) +

(
δθ(1) − δθ(2)

)
·m(1) . (7.9.3)

The analysis thus returns the values of the reaction force and moment acting on rigid body (1).
The virtual velocities at the joint may be evaluated from (7.9.1) as

δv(i) = δr(i) − ẑ(i) · δθ(i) , (7.9.4)

where ẑ is the skew-symmetric tensor whose dual vector is z, such that ẑ ·v = z×v for any vector
v. Substituting this expression into (7.9.3) allows us to express the virtual work in terms of the
virtual velocities of the centers of mass and the virtual angular velocities of the rigid bodies,

δG =
[
δr(1) δθ(1) δr(2) δθ(2)

] 
f (1)

ẑ(1) · f (1) +m(1)

−f (1)
−ẑ(2) · f (1) −m(1)

 . (7.9.5)

When using time discretization in the interval [tn, tn+1], the external forces and moments may
be evaluated at the intermediate time point tn+α using

f
(1)
n+α = αf

(1)
n+1 + (1− α) f (1)n(

ẑ(1) · f (1)
)
n+α

= αẑ
(1)
n+1 · f

(1)
n+1 + (1− α) ẑ(1)n · f (1)n

m
(1)
n+α = αm

(1)
n+1 + (1− α)m(1)

n

We solve for δG = 0 using Newton’s method in the usual manner, by evaluating the linearization
of δG along increments in the rigid body degrees of freedom at tn+1,

δG+
2∑

i=1

DδG
[
∆r(i)

]
+DδG

[
∆θ(i)

]
≈ 0 . (7.9.6)

Assuming that

Df
(1)
n+1 =

[
K

(1)
fr K

(1)
fθ K

(2)
fr K

(2)
fθ

]
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.7)
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and

Dm
(1)
n+1 =

[
K

(1)
mr K

(1)
mθ K

(2)
mr K

(2)
mθ

]
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.8)

it follows that

DδG =
[
δr(1) δθ(1) δr(2) δθ(2)

]
×

α


K

(1)
fr K

(1)
fθ K

(2)
fr K

(2)
fθ

ẑ
(1)
n+1 ·K

(1)
fr +K

(1)
mr f̂

(1)
n+αẑ

(1)
n+1 + ẑ

(1)
n+1 ·K

(1)
fθ +K

(1)
mθ ẑ

(1)
n+1 ·K

(2)
fr +K

(2)
mr ẑ

(1)
n+1 ·K

(2)
fθ +K

(2)
mθ

−K(1)
fr −K(1)

fθ −K(2)
fr −K(2)

fθ

−ẑ(2)n+1 ·K
(1)
fr −K

(1)
mr −ẑ(2)n+1 ·K

(1)
fθ −K

(1)
mθ −ẑ(2)n+1 ·K

(2)
fr −K

(2)
mr −̂f

(1)

n+αẑ
(2)
n+1 − ẑ

(2)
n+1 ·K

(2)
fθ −K

(2)
mθ



×


∆r(1)

∆θ(1)

∆r(2)

∆θ(2)


(7.9.9)

It becomes immediately apparent that the stiffness matrix for a rigid connector is not symmetric.
Therefore, rigid body dynamics should be analyzed using non-symmetric solvers.

7.9.2 Joint Axes

Joint axes are used to define the directions of degrees of freedom in rigid joints, which represent
one of the major categories of rigid connectors. The axes are defined with respect to a body-based
coordinate system centered at the origin of a joint, given by the orthonormal triad

{
e
(i)
1 , e

(i)
2 , e

(i)
3

}
for rigid body i (i = 1, 2). In the reference configuration, the bases coincide on both rigid bodies,
e
(1)
j = e

(2)
j ≡ Ej (j = 1, 2, 3), where Ej is the j−th basis vector in the reference configuration.

Thus, at any time t, we may evaluate the basis vectors as

e
(i)
j = Λ(i) ·Ej (7.9.10)

Using this relation, the linearization of a basis vector along increments in the rigid body motion is
given by

De
(i)
j = −ê(i)j ·∆θ(i) , (7.9.11)

which shows a dependence only on ∆θ(i).

7.9.3 Relative Joint Motion

The position of a joint in each rigid body i is given in (7.9.1). The relative motion across a joint is
given by the relative translation

x = x(2) − x(1) , (7.9.12)

and the relative rotation

Q = Λ(2) ·
(
Λ(1)

)T
≡ exp

[
θ̂
]
, (7.9.13)
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where θ̂ = −E · θ is the skew-symmetric tensor with dual vector θ. As usual, θ is a vector whose
direction represents the axis of rotation and whose magnitude is the angle of (counter-clockwise)
rotation about that axis. To report the relative motion of a joint, we may project x and θ along the
basis vectors e

(1)
j = Λ(1) ·Ej of the first rigid body. Thus,

xj = x · e(1)j

θj = θ · e(1)j

. (7.9.14)

7.9.4 Joint Reaction Forces and Moments

Reaction forces are used to constrain the degrees of freedom of a joint that connects two rigid
bodies. Typically, these forces are generated by very stiff springs and dampers that only allow
unrestricted motion along the joint degrees of freedom.

7.9.4.1 Reaction Forces from Springs

The reaction force f (1) generated by a spring acting on rigid body (1) is given by

f (1) = λ+ εcP · g , (7.9.15)

where
g = x(2) − x(1) (7.9.16)

is a gap function that represents the vector distance between the joint origins, λ is the (optional)
Lagrange multiplier used when invoking the augmented Lagrangian method, and εc is a penalty
parameter that represents the spring stiffness. The tensor P is a projection that limits the reaction
force to the directions that are not free to move. In general, there are three possible options for P:

P =


P1 = I constrain relative translation along all directions
P2 = I− n(1) ⊗ n(1) constrain relative translation within plane normal to n(1)

P3 = n(1) ⊗ n(1) constrain relative translation along n(1)

. (7.9.17)

For example, P1 = I in a spherical or revolute joint, whereas P2 = I − n(1) ⊗ n(1) in an un-
constrained prismatic joint, with n(1) representing the axis of motion; and P3 = n(1) ⊗ n(1) in an
unconstrained planar joint, with n(1) representing the normal to the plane. Note that in all cases
we choose to define the axis in the basis of rigid body (1). If the constraint is enforced properly,
then n(1) should be the same as n(2), within a user-defined numerical tolerance. In practice, we
let n(1) ≡ e

(1)
1 .

The linearization of f (1) in (7.9.15) is given by

Df (1) = εc (P ·Dg +DP · g) . (7.9.18)

The linearization of the gap function produces

P ·Dg =
[
−P P · ẑ(1) P −P · ẑ(2)

] 
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.19)
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whereas the linearization of the three possible projections yields

DP · g = Q ·∆θ(1) , (7.9.20)

where

Q =


Q1 = 0

Q2 =
[(
n(1) · g

)
I+ n(1) ⊗ g

]
· n̂(1)

Q3 = −
[(
n(1) · g

)
I+ n(1) ⊗ g

]
· n̂(1)

. (7.9.21)

Therefore, in the expression for Df (1) in (7.9.7), we have

K
(1)
fr = −εcP

K
(1)
fθ = εc

(
P · ẑ(1) +Q

)
K

(2)
fr = εcP

K
(2)
fθ = −εcP · ẑ(2)

. (7.9.22)

7.9.4.2 Reaction Moments from Torsional Springs

The reaction moment m(1) generated by a torsional spring acting on rigid body (1) is given by

m(1) = µ+ εrγ (7.9.23)

where

γ =
1

2

k∑
j=1

e
(1)
j × e

(2)
j (7.9.24)

is the angular gap function between the bases of rigid bodies (1) and (2), µ is the (optional)
Lagrange multiplier used when invoking the augmented Lagrangian method, and εr is a penalty
parameter representing the torsional spring stiffness. We consider three cases for the choice of γ:

γ =


k = 3 constrain relative rotation along all directions
k = 1 maintain free relative rotation along e

(i)
1

k = 0 maintain free relative rotation along all directions

(7.9.25)

For example, k = 3 is used to model the reaction moment in a prismatic joint, whereas k = 1 is
used with revolute, cylindrical and planar joints.

Now, the linearization produces
Dm(1) = εrDγ ,

where
Dγ = W ·∆θ(1) −WT ·∆θ(2)

and

W =
1

2

k∑
j=1

ê
(2)
j · ê

(1)
j .
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Therefore, in the expression for Dm(1) in (7.9.8), we have

K(1)
mr = 0

K
(1)
mθ = εrW

K(2)
mr = 0

K
(2)
mθ = −εrW

T

. (7.9.26)

7.9.4.3 Reaction Forces from Dampers

The reaction force f (1) on a damper is

f (1) = χcP · ġ , (7.9.27)

where ġ is the time rate of change of the gap function,

ġ = v(2) − v(1) , (7.9.28)

and P represents a projection as described in Section 7.9.4.1. In particular, P1 is used with
spherical and revolute joints; P2 is used with prismatic and cylindrical joints; and P3 is used with
planar joints. The parameter χc represents the damping coefficient.

The velocities of the insertion points are given by v(i) = ṙ(i) +ω(i)× z(i), where ω(i) is the rigid
body angular velocity. The linearization of f (1) is

Df (1) = εc (P ·Dġ +DP · ġ) , (7.9.29)

where

P ·Dġ =
[
−A B(1) A −B(2)

] 
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.30)

with
A =

γ

β∆t
P

B(i) = P ·
(

γ

β∆t
ẑ(i) ·TT

(
θ(i)
)
+ ω̂ · ẑ(i)

) . (7.9.31)

Recall that β and γ are the Newmark parameters, and T (θ) is given in (6.3.35). Similarly,

DP · ġ = V ·∆θ(1) , (7.9.32)

where

V =


V1 = 0

V2 =
[(
n(1) · ġ

)
I+ n(1) ⊗ ġ

]
· n̂(1)

V3 = −
[(
n(1) · ġ

)
I+ n(1) ⊗ ġ

]
· n̂(1)

. (7.9.33)

Combining these results produces

K
(1)
fr = −χcA

K
(1)
fθ = χc

(
B(1) +V

)
K

(2)
fr = χcA

K
(2)
fθ = −χcB

(2)

(7.9.34)
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7.9.4.4 Reaction Moments from Torsional Dampers

The reaction moment m(1) arising from a torsional damper is

m(1) = χrP · ω , (7.9.35)

where

ω = ω(2) − ω(1) (7.9.36)

is the angular velocity of body (2) relative to body (1), and P is the projection used in Sec-
tion 7.9.4.1. In particular, P1 is used for joints that cannot undergo relative rotations along any
direction, such as prismatic joints; P2 is used for joints that can rotate freely along a single axis,
such as revolute, cylindrical and planar joints; in addition, P = 0 for spherical joints. The lineariza-
tion of m(1) is

Dm(1) = χr (P ·Dω +DP · ω) , (7.9.37)

where

P ·Dω = C(2) ·∆θ(2) −C(1) ·∆θ(1) (7.9.38)

with

C(i) =
γ

β∆t
P ·TT

(
θ(i)
)
, (7.9.39)

and

DP · ω = W ·∆θ(1) , (7.9.40)

where

W =


W1 = 0

W2 =
[(
n(1) · ω

)
I+ n(1) ⊗ ω

]
· n̂(1)

W3 = −
[(
n(1) · ω

)
I+ n(1) ⊗ ω

]
· n̂(1)

. (7.9.41)

Combining these results now produces

K(1)
mr = 0

K
(1)
mθ = χr

(
−C(1) +W

)
K(2)

mr = 0

K
(2)
mθ = χrC

(2)

. (7.9.42)

7.9.4.5 Summary of Reaction Forces and Moment in Joints

Joint Spherical Revolute Prismatic Cylindrical Planar Lock
linear spring P1,Q1 P1,Q1 P2,Q2 P2,Q2 P3,Q3 P1,Q1

torsional spring k = 0 k = 1 k = 3 k = 1 k = 1 k = 3

linear damper P1,V1 P1,V1 P2,V2 P2,V2 P3,V3 P1,V1

torsional damper 0,0 P2,W2 P1,W1 P2,W2 P2,W2 P1,W1
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7.9.5 Prescribed Joint Forces and Moments

7.9.5.1 Prescribed Force at Joint

When a joint has a translational degree of freedom along n(1), there may be a need to prescribe
the force f along that direction. This means that the reaction force f (1) may be supplemented with
the force f n(1),

f (1) = fn(1) , (7.9.43)

and the linearization produces
Df (1) = −f n̂(1) ·∆θ(1) . (7.9.44)

Thus,

K
(1)
fθ = −f n̂(1) , (7.9.45)

and

K
(1)
fr = K

(2)
fr = K

(2)
fθ = 0 . (7.9.46)

7.9.5.2 Prescribed Moment at Joint

When a joint has a rotational degree of freedom along n(1), there may be a need to prescribe the
moment m along that direction. This means that the reaction moment m(1) may be supplemented
with the moment mn(1),

m(1) = mn(1) , (7.9.47)

and the linearization produces
Dm(1) = −m n̂(1) ·∆θ(1) . (7.9.48)

Thus,

K
(1)
mθ = −m n̂(1) , (7.9.49)

and

K(1)
mr = K(2)

mr = K
(2)
mθ = 0 . (7.9.50)

7.9.6 Prescribed Joint Motion

7.9.6.1 Prescribed Displacement at Joint

When a joint has a translational degree of freedom along n(1), there may be a need to prescribe
the relative displacement d along that direction. This can be achieved by supplementing the joint
reaction force with a force that closes the gap between the current and desired translation,

f (1) = εc

[(
n(1) ⊗ n(1)

)
· g − dn(1)

]
= εc

(
P3 · g − dn(1)

)
, (7.9.51)

where P3 is given in (7.9.17). Then,

Df (1) = DP3 · g +P3 ·Dg + d n̂(1) ·∆θ(1) (7.9.52)
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Using the results of Section 7.9.4.1, the stiffnesses are supplemented with

K
(1)
fr = −εcP3

K
(1)
fθ = εc

(
P3 · ẑ(1) +Q+ d n̂(1)

)
K

(2)
fr = εcP3

K
(2)
fθ = −εcP3 · ẑ(2)

. (7.9.53)

7.9.6.2 Prescribed Rotation at Joint

The relative rotation between the rigid bodies is

Q = Λ(2) ·Λ(1)T =
∑
j

e
(2)
j ⊗ e

(1)
j . (7.9.54)

We want it to be equal to a rotation by χ as expressed in the basis e
(1)
j ,

A = exp [χ] . (7.9.55)

We enforce this constraint by requiring that

A ·QT = I . (7.9.56)

We may thus evaluate
R = A ·QT , (7.9.57)

and expect that R = I when the constraint is enforced. Note that RT · R = I because of the
orthogonality of Q and A, i.e., R is always orthogonal, even when the constraint is not enforced.
The axial vector of R may be denoted by ξ, i.e., R = exp [ξ], and the constraint is enforced when
ξ = 0. Therefore, a moment εrξ needs to be prescribed,

m(1) = εrξ . (7.9.58)

Since R is orthogonal, we can linearize it along an increment ∆ξ, DR [∆ξ] = ∆ξ̂ · R, from
which it follows that ∆ξ̂ = DR ·RT with

DR = A ·DQT = A ·
(
∆θ̂

(1) ·QT −QT ·∆θ̂
(2)
)
, (7.9.59)

so that
∆ξ̂ = A ·∆θ̂

(1) ·AT −R ·∆θ̂
(2) ·RT . (7.9.60)

From this expression we get
∆ξ = A ·∆θ(1) −R ·∆θ(2) . (7.9.61)

Thus,
Dm(1) = εr

(
A ·∆θ(1) −R ·∆θ(2)

)
. (7.9.62)

It follows that
K(1)

mr = K(2)
mr = 0 , (7.9.63)

and
K

(1)
mθ = εrA

K
(2)
mθ = −εrR

. (7.9.64)
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7.9.7 Other Rigid Connectors

7.9.7.1 Spring Between Rigid Bodies

Consider a spring between points x(i) on rigid bodies (1) and (2). The spring force is oriented
along n, where

n =
x(2) − x(1)∣∣x(2) − x(1)

∣∣ . (7.9.65)

We may write
L =

∣∣∣x(2) − x(1)
∣∣∣ , L0 =

∣∣∣X(2) −X(2)
∣∣∣ . (7.9.66)

Then, the spring force acting on body (1) is

f (1) = k (L− L0)n = k
(
x(2) − x(1) − L0n

)
, (7.9.67)

where k is the spring constant. It is understood that the special case L0 = 0 produces f (1) =
k
(
x(2) − x(1)

)
. We do not need to use the augmented Lagrangian method here, therefore f (1) =

kc, where

c = x
(2)
n+α − x

(1)
n+α − L0

x
(2)
n+α − x

(1)
n+α∣∣∣x(2)

n+α − x
(1)
n+α

∣∣∣ . (7.9.68)

Since the spring may freely pivot about its insertion point, we let m(1) = 0. Thus,

f (1) = k

x
(2)
n+α − x

(1)
n+α − L0

x
(2)
n+α − x

(1)
n+α∣∣∣x(2)

n+α − x
(1)
n+α

∣∣∣


m(1) = 0

(7.9.69)

and the virtual work associated with this spring is

δG =
[
δr(1) δω(1) δr(2) δω(2)

]


f (1)

ẑ
(1)
n+α · f (1)
−f (1)

−ẑ(2)n+α · f (1)

 . (7.9.70)

The linearization of δG may be expressed as

−DδG =
[
δr(1) δω(1) δr(2) δω(2)

]
[K]


∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.71)

where the stiffness matrix is

[K] = kα


P −P · ẑ(1)n+1 −P P · ẑ(2)n+1

ẑ
(1)
n+α ·P −ẑ(1)n+α ·P · ẑ

(1)
n+1 −ẑ(1)n+α ·P ẑ

(1)
n+α ·P · ẑ

(2)
n+1

−P P · ẑ(1)n+1 P −P · ẑ(2)n+1

−ẑ(2)n+α ·P ẑ
(2)
n+α ·P · ẑ

(1)
n+1 ẑ

(2)
n+α ·P −ẑ(2)n+α ·P · ẑ

(2)
n+1

 , (7.9.72)

with

P =

(
1− L0

Ln+α

)
I+

L0

Ln+α
nn+α ⊗ nn+α . (7.9.73)
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7.9.7.2 Damper Between Rigid Bodies

Consider a damper (e.g., a dashpot) inserted between points on two rigid bodies. The force
generated by this dashpot is

f (1) = εcċ . (7.9.74)

where ċ is the relative velocity between insertion points,

ċ = v
(2)
n+α − v

(1)
n+α . (7.9.75)

This relative velocity is related to the rigid body degrees of freedom by

x
(i)
n+α = r

(i)
n+α + z

(i)
n+α

v(i)
n = ṙ(i)n + ωn × z(i)n

v
(i)
n+1 = ṙ

(i)
n+1 + ωn+1 × z

(i)
n+1

v
(i)
n+α = αv

(i)
n+1 + (1− α)v(i)

n

. (7.9.76)

Since the dashpot may freely rotate about its insertion points, we set m(1) = 0. It follows that

f (1) = εc

(
v
(2)
n+α − v

(1)
n+α

)
m(1) = 0

, (7.9.77)

and the virtual work resulting from the dashpot is

δG =
[
δr(1) δω(1) δr(2) δω(2)

]


f (1)

ẑ
(1)
n+α · f (1)
−f (1)

−ẑ(2)n+α · f (1)

 . (7.9.78)

The linearization of δG may be written as

−DδG =
[
δr(1) δω(1) δr(2) δω(2)

]
εcα


A −B(1) −A B(2)

ẑ
(1)
n+α ·A −ẑ(1)n+α ·B(1) −ẑ(1)n+α ·A ẑ

(1)
n+α ·B(2)

−A B(1) A −B(2)

−ẑ(2)n+α ·A ẑ
(2)
n+α ·B(1) ẑ

(2)
n+α ·A −ẑ(2)n+α ·B(2)




∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 ,

(7.9.79)
where

[K] = εcα


A −B(1) −A B(2)

ẑ
(1)
n+α ·A −ẑ(1)n+α ·B(1) −ẑ(1)n+α ·A ẑ

(1)
n+α ·B(2)

−A B(1) A −B(2)

−ẑ(2)n+α ·A ẑ
(2)
n+α ·B(1) ẑ

(2)
n+α ·A −ẑ(2)n+α ·B(2)

 , (7.9.80)

and
A =

γ

β∆t
I

B(i) =
γ

β∆t
ẑ
(i)
n+1 ·T

T
(
θ(i)
)
+ ω̂n+1 · ẑ(i)n+1

. (7.9.81)
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7.9.7.3 Contractile Force Between Rigid Bodies

Consider a contractile force between points x(i) on rigid bodies (1) and (2). The force is oriented
along n, where

n =
x(2) − x(1)∣∣x(2) − x(1)

∣∣ . (7.9.82)

Let L =
∣∣x(2) − x(1)

∣∣ and L0 =
∣∣X(2) −X(2)

∣∣, so that the contractile force acting on body (1) is
given by

f (1) = f0n =
f0
L

(
x(2) − x(1)

)
. (7.9.83)

We do not need to use the augmented Lagrangian method here, thus

f (1) = f0
x
(2)
n+α − x

(1)
n+α∣∣∣x(2)

n+α − x
(1)
n+α

∣∣∣
m(1) = 0

(7.9.84)

where we assume that the contractile force pivots freely at the rigid body insertiones. The virtual
work resulting from this contractile force is thus

δG =
[
δr(1) δω(1) δr(2) δω(2)

]


f (1)

ẑ
(1)
n+α · f (1)
−f (1)

−ẑ(2)n+α · f (1)

 , (7.9.85)

and its linearization is

−DδG =
[
δr(1) δω(1) δr(2) δω(2)

]
[K]


∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 . (7.9.86)

Here, the stiffness matrix is given by

[K] = α
f0

Ln+α


P −P · ẑ(1)n+1 −P P · ẑ(2)n+1

ẑ
(1)
n+α ·P −ẑ(1)n+α ·P · ẑ

(1)
n+1 −ẑ(1)n+α ·P ẑ

(1)
n+α ·P · ẑ

(2)
n+1

−P P · ẑ(1)n+1 P −P · ẑ(2)n+1

−ẑ(2)n+α ·P ẑ
(2)
n+α ·P · ẑ

(1)
n+1 ẑ

(2)
n+α ·P −ẑ(2)n+α ·P · ẑ

(2)
n+1

 , (7.9.87)

where
P = I− nn+α ⊗ nn+α . (7.9.88)

7.10 Rigid-Deformable Coupling

In FEBio deformable bodies can be coupled with rigid bodies [88]. At these rigid-deformable
interfaces, the coupling of nodal degrees of freedom of deformable elements that attach to rigid
bodies requires a modification of the global stiffness matrix and residual vector. This section
describes the coupling between rigid and deformable bodies.
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The position of a node shared by any number of deformable finite elements is denoted by x
in the current configuration. If the node belongs to one or more deformable elements but is not
connected to a rigid body, then x is given in terms of the nodal displacement u by x = X +
u; the corresponding nodal virtual velocity is δv and the linearization of x along an incremental
displacement is denoted by ∆u.

The contribution to the virtual work of the nodal force fa at node a is given by

δG = δva · fan+α , (7.10.1)

whera δva is the virtual velocity of node a and fan+α is the global nodal force, evaluated at the
intermediate time tn+α as fan+α = αfan+1 + (1− α) fan . The linearization of this virtual work along
the incremental displacement ∆ub of node b is

DδG = −αδva ·Kab ·∆ub, (7.10.2)

where Kab =
(
∂fa/∂xb

)
n+1

is the contribution to the global stiffness matrix from the interactions
of the degrees of freedom of nodes a and b.

Now we consider the cases when either node a, or node b, or both, are attached to a rigid
body. Our objective is to determine how to modify the global residual vector and stiffness matrix
to account for the coupling of deformable and rigid body degrees of freedom.

When node a is attached to rigid body a, its position is given in terms of that rigid body’s
degrees of freedom by the general relation (6.3.18). The corresponding virtual velocity is given in
(7.9.4), reproduced here as

δva = δra − ẑan+α · δθa , (7.10.3)

where zan+α = Λa
n+α · Za is the position of node a relative to the center of mass of rigid body a,

at the intermediate time tn+α. Now, the contribution of the global nodal force fan+α to δG must be
modified from (7.10.1) according to

δG = δva · fan+α =
[
δra δθa

] [ fan+α

ẑan+α · fan+α

]
. (7.10.4)

In other words, the displacement degrees of freedom of node a should be eliminated from the
global system of equations and replaced with the translation and rotation degrees of freedom of
rigid body a. The force vector fan+α should be made to contribute to the translation degrees of
freedom of the center of mass of rigid body a, whereas the moment zan+α× fan+α should contribute
to the rotation degrees of freedom of the rigid body.

When node b is connected to rigid body b, the incremental displacement ∆ub should be re-
placed with the rigid body incremental motions,

∆ub = ∆rb − ẑbn+1 ·∆θb . (7.10.5)

Now, the contribution Kab to the global stiffness matrix needs to be modified from (7.10.2) accord-
ing to the three possible cases:

• Node a belongs to rigid body a, node b belongs to flexible elements only,

DδG = −α
[
δra δθa

] [ Kab

ẑan+α ·Kab

] [
∆ub

]
. (7.10.6)

• Node b belongs to rigid body b, node a belongs to flexible elements only,

DδG = −α [δva]
[
Kab −Kab · ẑbn+1

] [ ∆rb

∆θb

]
. (7.10.7)
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• Node a belongs to rigid body a, node b belongs to rigid body b,

DδG = −α
[
δra δθa

] [ Kab −Kab · ẑbn+1

ẑan+α ·Kab −ẑan+α ·Kab · ẑbn+1

] [
∆rb

∆θb

]
. (7.10.8)

7.11 Nonlinear Constraints

Nonlinear constraints are equations of the form f (xi) = 0, where xi represent nodal degrees of
freedom. These constraints may be enforced using the penalty method, with or without augmented
Lagrangian, or the method of Lagrange multipliers. Each method has its own advantages and
disadvantages.

7.11.1 Penalty Method with Augmented Lagrangian

The penalty method employs the penalty parameter ε to add Wp = 1
2εf

2 to the total work, where
ε serves as the ’stiffness’ or spring constant in the ’spring’ whose ’elongation’ is f , such that Wp

represents the stored energy in the spring. The contribution to the virtual work for this type of
analysis is δWp = εf δf , where

δf =
∑
i

∂f

∂xi
δxi (7.11.1)

If we are concerned that the value of ε may become too large to produce good numerical conver-
gence, we may augment this expression by using δWp = (λ+ εf) δf , where λ is the Lagrangian
augmentation parameter, which gets updated at each iteration to help us avoid using a value of
ε that’s too large. We may let c = λ + εf represent the constraint that needs to be satisfied.
Substituing eq.(7.11.1) into this relation allows us to express δWp in matrix form,

δWp =
[
δx1 · · · δxn

] 
c ∂f
∂x1

...

c ∂f
∂xn

 = δr · fp . (7.11.2)

The linearization of δWp along increments ∆xi of the degrees of freedom employs

Df =
∑
j

∂f

∂xj
∆xj (7.11.3)

and takes the form

DδWp =
[
δx1 · · · δxn

]


ε
(

∂f
∂x1

)2
+ c∂

2f
∂x2

1
· · · ε ∂f

∂x1

∂f
∂xn

+ c ∂2f
∂x1∂xn

...
. . .

...

ε ∂f
∂xn

∂f
∂x1

+ c ∂2f
∂x1∂xn

· · · ε
(

∂f
∂xn

)2
+ c ∂

2f
∂x2

n


 ∆x1

...
∆xn

 = δr·Kp∆r ,

(7.11.4)
The stiffness matrix for the penalty constraint is symmetric.

Lagrangian augmentation is performed after the (quasi-)Newton method has converged. At
that time, the augmented Lagrangians are updated as follows

λ(k+1) ← λ(k) + εf (7.11.5)
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The penalty method with augmented Lagrangian does not increase the number of equations that
need to be solved globally. However, it does require users to specify the parameter ε, and to
provide a convergence tolerance for Lagrange augmentation.

Example 1. For linear constraints of the form

f = a0 +
∑
j

ajxj = 0 (7.11.6)

we find that ∂f
∂xi

= ai and the second derivatives are all zero, so that the constributions to the global
system of equations take the form

fp =

 ca1
...
can

 , Kp =

 εa21 · · · εa1an
...

. . .
...

εana1 · · · εa2n

 . (7.11.7)

7.11.2 Method of Lagrange Multipliers

When using the method of Lagrange multipliers we have to include equations that solve for the
multipliers. We let the work done by the constraint be represented by Wc = λf , where λ is the
multiplier (if f is a vector equation, we can use Wc = λ · f ). The total work is then W̃ = W +Wc

where W is the work of the unconstrained problem (i.e. the contributions from the internal and
external forces.) Then, we evaulate the first varition of δW̃ = δW+δWc = 0, where δWc = δf+δλ f .
Since δf is given as per eq.(7.11.1), δWc may be written in matrix form as

δWc =
[
δx1 · · · δxn δλ

]

λ ∂f
∂x1

...

λ ∂f
∂xn

f

 = δ r· fc . (7.11.8)

The linearization of δWc along increments ∆xj and ∆λ takes the form

DδWc =
∑
i

δxi
∂f

∂xi
∆λ+

∑
i

δxi
∑
j

λ
∂2f

∂xi∂xj
∆xj + δλ

∑
j

∂f

∂xj
∆xj . (7.11.9)

The corresponding stiffness matrix is

DδWc =
[
δx1 · · · δxn δλ

]


λ∂2f
∂x2

1
· · · λ ∂2f

∂x1∂xn

∂f
∂x1

...
. . .

...
...

λ ∂2f
∂xn∂x1

· · · λ ∂2f
∂x2

n

∂f
∂xn

∂f
∂x1

· · · ∂f
∂xn

0




∆x1
...

∆xn
∆λ

 = δ r·Kc∆r ,

(7.11.10)
This resulting system of equations requires λ to part of the solution, and to be updated at each
iteration k according to λ(k+1) ← λ(k) +∆λ. The stiffness matrix is symmetric for this analysis.

The method of Lagrange multipliers increases the number of equations that need to be solved
globally. However, it does not require users to specify additional parameters. Note that the contri-
bution to the stiffness matrix introduces a zero coefficient on the diagonal of the stiffness matrix for
the equation corresponding to ∆λ. This means that these equations can only be solved with linear
solvers that support pivoting. (Most linear solvers in FEBio, including the default pardiso solver,
can handle zero-diagonal elements.)
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Example 2. For linear constraints of the form

f = a0 +
∑
j

ajxj = 0

we find that ∂f
∂xi

= ai and second derivatives are all zero, so that the contributions to the global
residual and stiffness matrix take the form

fc =


λa1
...

λan
f

 , Kc =


0 · · · 0 a1
...

. . .
...

...
0 · · · 0 an
a1 · · · an 0

 (7.11.11)



Chapter 8

Optimization

This chapter describes the theoretical framework of FEBio’s optimization module. This module
can be used to optimize model parameters (like material parameters, or load values) in order to
achieve an objective. The objective is generally the minimization of the objective function, to be
introduced below.

8.1 The Objective Function

The objective function, which is to be minimized, can be defined as follows,

φ (a) =

n∑
i=1

[yi − f (xi;a)]2 .

Here, the (xi, yi) are user-defined data pairs and f (x;a) is the function that extracts the corre-
sponding data from the model. The optimization module tries to find the model parameters a that
minimize the function φ. It does this by repeatedly evaluating the function y, which will usually call
FEBio to solve a forward FE problem.

8.2 The Levenberg-Marquardt Method

One of the methods that is currently implemented in FEBio’s optimization method is the con-
strained Levenberg-Marquardt method via the levmar library. (see http://users.ics.forth.gr/
~lourakis/levmar/ for more information on this library.)

The Levenberg-Marquardt method is a numerical algorithm that minimizes a function that is
defined as a sum of squares of nonlinear functions, i.e. the objective function as defined above. It
combines the steepest-descent method with a Gauss-Newton method to find the parameters that
minimize the objective function.

The LM method requires a set of measured values (xi, yi) and an initial guess for the a vector.
It then tries to find a better estimate for a by replacing it with a + δ. The function f(xi;a + δ) is
linearly approximated.

f (xi;a+ δ) ≈ f (xi;a) + Jiδ

where Jiis the Jacobian of f with respect to δ. Substituting this in the objective function and
minimizing with respect to δ leads to,
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(JTJ)δ =JT(y − f(a))

where y is the vector of yi,and f is the vector of f(xi;a).
The main idea of the LM method is to replace this linear equation with the following.

(JTJ+µ(JTJ)ii)δ =JT(y − f(a))

Here, µis a damping parameter that is controlled by the algorithm. When µis small, the method
approximates Gauss-Newton, when µis large it is closer to a steepdest-descent method. The
algorithm will modify try to modify µsuch that an improvement to the parameter vector a can be
found in each iteration. The method will terminate when the value of the objective function falls
below a user-specified tolerance (the obj_tol parameter in FEBio).

The evaluation of the Jacobian requires evaluating the derivatives of f with respect to a. These
derivatives are approximated via forward difference formulas. For example, the k-th component of
the gradient is approximated as follows.

∂f

∂ak
≈ 1

δak
[f (a1, · · · , ak + δak, · · · , am)− f (a1, · · · , ak, · · · , am)]

The value for δakis determined from the following formula.

δak = ε (1 + ak)

where, ε is the forward difference scale factor (the fdiff_scale option in FEBio). In FEBio, the
initial value for the damping parameter µcan be set with the tau parameter.



Appendix A

Tensor Calculus

A.1 Second-Order Tensors

A.1.1 Definition

Let T be a transformation, which transforms any vector into another vector, e.g.,

T · a = b T · c = d

If T has the following properties,

T · (a+ c) = T · a+T · c (A.1.1)

T · (αa) = αT · a (A.1.2)

where a and c are arbitrary vectors, and α is an arbitrary scalar, then T is called a linear transfor-
mation, a second-order tensor, or simply a tensor. Vectors are first-order tensors and scalars are
zeroth-order tensors.

A.1.2 Cartesian Components of a Tensor

Let {e1, e2, e3} form an orthonormal basis in a Cartesian coordinate system x1, x2, x3. Then the
Cartesian components of a are

a1 = e1 · a, a2 = e2 · a, a3 = e3 · a

or equivalently,
aj = ej · a (A.1.3)

(Recall that a = aiei, thus a · ej = aiei · ej = aiδij = aj .)
The Cartesian components of a tensor T are obtained as follows. Let T · a = b. The compo-

nents of b are given by bi = ei ·b = ei ·T · a. But a = ajej , so bi = ajei ·T · ej . Note that ei ·T · ej
is the component along ei of the vector T · ej . By convention, we denote this component as

Tij = ei ·T · ej components of tensor T (A.1.4)

components of tensor T.
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Thus, b = T · a = ajT · ej = bkek. Taking the dot product on both sides with ei yields
ajei ·T · ej = ajTij = bkei · ek = bkδik = bi, or

bi = Tijaj

in indicial form. In matrix form, b1
b2
b3

 =

 T11 T12 T13
T21 T22 T23
T31 T32 T33

 a1
a2
a3


The matrix of tensor T with respect to {e1, e2, e3} can also be denoted by [T] or [Tij ]. The columns
of [T] are given by T · ei, e.g.,

[T · e2] = [Tj2e2] =

 T11 T12 T13
T21 T22 T23
T31 T32 T33

 0
1
0

 =

 T12
T22
T32


This result, when generalized, leads to the useful identity

T · ei = Tjiej = T1ie1 + T2ie2 + T3ie3 (A.1.5)

Example 3. Scaling transformation
A scaling transformation T with different scale factors along x1, x2, x3 should satisfy the follow-

ing relations by definition:

T · a = s1 (a · e1) e1 + s2 (a · e2) e2 + s3 (a · e3) e3

Verify that T is a tensor. Also find the matrix of T in {e1, e2, e3}.
Solution. Is T a tensor? Let any a = aiei and b = biei, then

T · (αa) = s1 (αa · e1) e1 + s2 (αa · e2) e2 + s3 (αa · e3) e3
= α (s1 (a · e1) e1 + s2 (a · e2) e2 + s3 (a · e3) e3)
= αT · a

and
T · (a+ b) = s1 ((a+ b) · e1) e1 + s2 ((a+ b) · e2) e2 + s3 ((a+ b) · e3) e3

= s1 (a · e1) e1 + s2 (a · e2) e2 + s3 (a · e3) e3
+ s1 (b · e1) e1 + s2 (b · e2) e2 + s3 (b · e3) e3
= T · a+T · b

Now that we have demonstrated that T is a tensor, its components are given by Tij = ei ·T ·ej ,
thus

[Ti1] = [ei ·T · e1] = [ei · s1e1] = [s1δi1] =

 s1
0
0


[Ti2] = [ei ·T · e2] = [ei · s2e2] = [s2δi2] =

 0
s2
0


[Ti3] = [ei ·T · e3] = [ei · s3e3] = [s3δi3] =

 0
0
s3


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Then, the matrix of T is given by

[T] =

 s1 0 0
0 s2 0
0 0 s3


A.1.3 Sum of Tensors

The sum of two tensors T and S is denoted by T+ S and defined by

(T+ S) · a = T · a+ S · a (A.1.6)

for any vector a. Thus T+ S is also a tensor, whose components are

(T+ S)ij = ei · (T+ S) · ej = ei ·T · ej + ei · S · ej = Tij + Sij

In matrix notation, [T+ S] = [T] + [S].

A.1.4 Dyadic Product of Vectors

The dyadic product of two vectors a and b is denoted by a⊗b (or ab) and defined as the transfor-
mation which satisfies

(a⊗ b) · c = (b · c)a (A.1.7)

For any c, d, α and β, we have

(a⊗ b) · (αc+ βd) = (b · (αc+ βd))a = (b · αc)a+ (b · βd)a
= α (b · c)a+ β (b · d)a = α (a⊗ b) · c+ β (a⊗ b) · d

thus a⊗ b is a tensor. Its Cartesian components with respect to {e1, e2, e3} are

(a⊗ b)ij = ei · (a⊗ b) · ej = ei · (b · ej)a = bjei · a = aibj

In matrix form,

[a⊗ b] =

 a1b1 a1b2 a1b3
a2b1 a2b2 a2b3
a3b1 a3b2 a3b3

 =

 a1
a2
a3

 [ b1 b2 b3
]
= [a] [b]T

Note that in general, a⊗ b ̸= b⊗ a, i.e., the dyadic product is not commutative. Also note that

[e1 ⊗ e1] =

 1 0 0
0 0 0
0 0 0

 , [e1 ⊗ e2] =

 0 1 0
0 0 0
0 0 0

 , [e1 ⊗ e3] =

 0 0 1
0 0 0
0 0 0

 etc.

thus it is possible to represent a second-order tensor in terms of its Cartesian components in
{e1, e2, e3} as T = T11e1 ⊗ e1 + T12e1 ⊗ e2 + T13e1 ⊗ e3 + . . .+ T33e3 ⊗ e3, or

T = Tijei ⊗ ej (A.1.8)

This turns out to be an important result that can be generalized to higher order tensors, e.g., third-
order tensors can be represented in terms of their Cartesian components as T = Tijkei ⊗ ej ⊗ ek,
and similarly for higher orders.

Example 4. The scaling transformation derived in a previous example can be represented as

T = s1e1 ⊗ e1 + s2e2 ⊗ e2 + s3e3 ⊗ e3
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A.1.5 Trace of a Second-Order Tensor

The trace of any dyad a⊗ b is defined by

tr (a⊗ b) = a · b

and
tr (αa⊗ b+ βc⊗ d) = α tr (a⊗ b) + β tr (c⊗ d)

The trace operator yields a scalar function. In component form,

tr (aibj) = aibi

For any tensor T, we can write T = Tijei ⊗ ej , thus

trT = Tij tr (ei ⊗ ej) = Tijei · ej = Tijδij = Tii = T11 + T22 + T33

The trace of a tensor is the sum of its diagonal components.

A.1.6 Product of Two Tensors

The products of two tensors T and S are denoted by T · S and S ·T and defined respectively by

(T · S) · a = T · (S · a) (A.1.9)

and
(S ·T) · a = S · (T · a) (A.1.10)

Clearly, T · S and S ·T are tensors as well. Their components in {e1, e2, e3} are given by

(T · S)ij = ei · (T · S) · ej = ei ·T · (S · ej) = ei ·T · (Skjek) = Skjei ·T · ek = TikSkj

In matrix form, [T · S] = [T] [S]. Similarly,

(S ·T)ij = SikTkj and [S ·T] = [S] [T]

In general, T · S ̸= S ·T, however (T · S) ·V = T · (S ·V), i.e., the tensor product is associative
but not commutative.

A.1.7 Identity Tensor and Tensor Inverse

The identity tensor, denoted by I, is defined by

I · a = a (A.1.11)

for any vector a. The Cartesian components o f I in {e1, e2, e3} are given by

Iij = ei · I · ej = ei · ej = δij

or

[I] =

 1 0 0
0 1 0
0 0 1


Given T, if S exists such that S · T = I, we call S the inverse of T, and S = T−1. The inverse
exists as long as detT ̸= 0. Also note that

(
T−1

)−1
= T and T−1 · T = T · T−1 = I. Also note

that
(U ·V)−1 = V−1 ·U−1 .
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A.1.8 Transpose of a Tensor

Given a tensor T, its transpose is denoted by TT which is defined by

a · (T · b) = b ·
(
TT · a

)
(A.1.12)

In component form,
T T
ij = ei ·TT · ej = ej ·T · ei = Tji

Also note that
(S ·T)T = TT · ST (A.1.13)

and
(
ST
)T

= S and(S+T)T = ST +TT .

A.1.9 Double Product of Tensors

The double product of tensors is analogous to the dot product of vectors. Given two tensors S and
T, the double product (or double contraction) is defined as

S : T = tr
(
ST ·T

)
(A.1.14)

Thus, for any tensor T, trT = I : T. In component form,

S : T = SijTij

The double product of second order tensors is commutative.

Example 5. Show that a ·T · b = T : (a⊗ b) and (a⊗ b) : (c⊗ d) = (a · c) (b · d).
Using indicial notation,

a ·T · b = aiTijbj = Tijaibj = T : (a⊗ b) ,

and
(a⊗ b) : (c⊗ d) = aibjcidj = (aici) (bjdj) = (a · c) (b · d) .

A.1.10 Determinant of a Tensor

The determinant of a tensor is equal to the determinant of its components in {e1, e2, e3},

detT = det [T]ei =

∣∣∣∣∣∣
T11 T12 T13
T21 T22 T23
T31 T32 T33

∣∣∣∣∣∣ = (T · e1 ×T · e2) ·T · e3 = εijkTi1Tj2Tk3 (A.1.15)

In particular, the determinant of a diagonal matrix is the product of the diagonal components,

det [T]ei =

∣∣∣∣∣∣
T11 0 0
0 T22 0
0 0 T33

∣∣∣∣∣∣ = ε123T11T22T33 = T11T22T33 (A.1.16)

The determinant satisfies the following relations,

detT−1 =
1

detT
(A.1.17)

det (S ·T) = (detS) (detT) (A.1.18)
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Figure A.1.1: Orthonormal bases {e1, e2, e3} and {e′1, e′2, e′3}.

A.1.11 Orthogonal Tensor

An orthogonal tensor Q is a linear transformation which preserves the length of a vector and the
angle between vectors. Thus, by definition,

|Q · a| = |a| and cos (Q · a,Q · b) = cos (a,b)

for any vectors a and b. It follows from this definition and the definition of the dot product of vectors
(a · b = |a| |b| cos (a,b)), that

(Q · a) · (Q · b) = a · b

But (Q · a) · (Q · b) = b ·
(
QT ·Q

)
a = a · b = b · I · a, which implies that b ·

(
QT ·Q− I

)
· a = 0.

Since a and b are arbitrary, an orthogonal tensor must satisfy QT · Q = I. In indicial form,
QT

imQmj = QmiQmj = δij , and in matrix form, [Q]T [Q] = [I].
Note that QT · Q = I implies that QT = Q−1, i.e., the transpose of an orthogonal tensor is

equal to its inverse, since Q−1 ·Q = Q ·Q−1 = I. It follows that

QT ·Q = Q ·QT = I (A.1.19)

The determinant of an orthogonal tensor is given by

detQ = (Q · e1 ×Q · e2) ·Q · e3 =
(
e′1 × e′2

)
· e′3 = ±e′3 · e′3 = ±1

Here, {e′1, e′2, e′3} is the orthonormal basis resulting from the transformation of {e1, e2, e3} by Q. If
Q maintains the handedness of {e1, e2, e3} (e.g., if both {e1, e2, e3} and {e′1, e′2, e′3} form a right-
handed basis), then detQ = +1 and Q is called a proper orthogonal transformation (also equiva-
lent to a rigid body rotation). Otherwise, in the case of a reflection which reverses the handedness
of the basis vectors, detQ = −1 and Q is called improper (e.g., e′1 = e1, e

′
2 = −e2, e′3 = e3).

A.1.12 Transformation Laws for Cartesian Components of Vectors and Tensors

Let {e1, e2, e3} and {e′1, e′2, e′3} be two orthogonal bases in a Cartesian coordinate system. {e1, e2, e3}
could be made to coincide with {e′1, e′2, e′3} through a rigid body rotation (i.e., a transformation that
preserves vector length and angles),

e′i = Q · ei = Qmiem

where QmiQmj = QimQjm = δij . Since Qmi = em ·Q · ei = em · e′i = cos (em, e
′
i), the components

of Q are direction cosines between em and e′i.
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Figure A.1.2: Rotation about x3.

Example 6. Rotation about x3

[Q] =

 cos θ − sin θ 0
sin θ cos θ 0
0 0 1


Reflection about x2 − x3 plane, e′1 = Q · e1 = −e1, e′2 = Q · e2 = e2, e

′
3 = Q · e3 = e3.

[Q] =

 −1 0 0
0 1 0
0 0 1


For any vector a, its components with respect to {e1, e2, e3} and {e′1, e′2, e′3} are ai = ei · a and

a′i = e′i · a, respectively. Using the above relation,

a′i = e′i · a = a ·Q · ei = Qmia · em = Qmiam,

or
a′i = Qmiam (A.1.20)

In matrix form,  a′1
a′2
a′3


e′i

=

 Q11 Q21 Q31

Q12 Q22 Q32

Q13 Q23 Q33

 a1
a2
a3


ei

or
[a]′ = [Q]T [a] or [a]e′i = [Q]T [a]ei

Here [a]′ and [a] are matrices of the same vector, expressed in two different coordinate systems.
This is not the same as a′ = QT · a, where a′ is the linear transformation of a by QT .

Now consider a tensors T. Its components with respect to {e1, e2, e3} and {e′1, e′2, e′3} are
given by Tij = ei · T · ej and T ′

ij = e′i · T · e′j , respectively. Thus, T ′
ij = (Q · ei) · T · (Q · ej) =

Qmiem ·T ·Qnjen = QmiQnjem ·T · en = QmiQnjTmn, or

T ′
ij = QmiQnjTmn (A.1.21)
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In matrix form, [T]′ = [Q]T [T] [Q], or T ′
11 T ′

12 T ′
13

T ′
21 T ′

22 T ′
23

T ′
31 T ′

32 T ′
33

 =

 Q11 Q21 Q31

Q12 Q22 Q32

Q13 Q23 Q33

 T11 T12 T13
T21 T22 T23
T31 T32 T33

 Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33


Equivalently, we can show that

Tij = QimQjnT
′
mn (A.1.22)

or [T] = [Q] [T]′ [Q]T . As for vectors, we note that [T] and [T]′ are the matrices of the same tensor
T, with respect to two different coordinate systems. This is not the same as T′ = QT ·T ·Q.

A.1.13 Symmetric and Antisymmetric Tensors

A symmetric tensor T satisfies TT = T, i.e., Tji = Tij , or in matrix form,

[T] =

 T11 T12 T13
T12 T22 T23
T13 T23 T33


An antisymmetric (or skew-symmetric) tensor Ω satisfies ΩT = −Ω, i.e., Ωji = −Ωij and thus
Ω11 = Ω22 = Ω33 = 0,

[Ω] =

 0 Ω12 −Ω31

−Ω12 0 Ω23

Ω31 −Ω23 0


Any tensor can be written as the sum of a symmetric and antisymmetric tensor,

T = TS +TA where TS =
1

2

(
T+TT

)
and TA =

1

2

(
T−TT

)
This is a unique decomposition. It can be checked that TS is symmetric and TA is antisymmetric.

The dual vector ω of an antisymmetric tensor Ω satisfies

Ω · a = ω × a (A.1.23)

for any vector a. Thus Ωij = ei ·Ω ·ej = ei · (ω × ej) = ωkei · (ek × ej) = ωkei · εkjlel = ωkεkjlδil or

Ωij = −εijkωk (A.1.24)

In matrix form,

[Ω] =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0


Conversely, it can also be shown that

ωi = −
1

2
εijkΩjk (A.1.25)

As a homework problem, it may be shown that εijkTjk = εijkT
A
jk, since εijkT

S
jk = 0 for any sym-

metric tensor TS .
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A.1.14 Eigenvalues and Eigenvectors of Real Symmetric Tensors

A second-order tensor T has three pairs of eigenvalues λ and eigenvectors v that each satisfy

T · v = λv (A.1.26)

The eigenvalues λ are the roots of the characteristic equation of T, which is the cubic polynomial
produced by setting det (T− λI) = 0,

− λ3 + I1λ
2 − I2λ+ I3 = 0 (A.1.27)

where
I1 = trT

I2 =
1

2

(
I21 − trT2

)
I3 = detT

(A.1.28)

are called invariants of T.
According to the Cayley-Hamilton theorem, a tensor T satisfies its own characteristic equation,

−T3 + I1T
2 − I2T+ I3I = 0 (A.1.29)

Therefore, the cubic power of T can be expressed in terms of its lower powers according to
T3 = I1T

2 − I2T+ I3I. Taking the trace of this equation allows us to solve for I3 as

I3 =
1

3

(
trT3 − I1 trT2 + I2 trT

)
=

1

3

(
trT3 − I31 + 3I1I2

) (A.1.30)

Multiplying eq.(A.1.29) by T−1 also produces

I3T
−1 = T2 − I1T+ I2I

Using all these relations, we may differentiate the three invariants of T with respect to T to get

∂I1
∂T

= I

∂I2
∂T

= I1I−TT

∂I3
∂T

= I3T
−T

(A.1.31)

Theorem. The eigenvalues of real symmetric tensors are real (proof not provided here).

Theorem. If the eigenvalues of a real symmetric tensor are all distinct, the eigenvectors are or-
thogonal to each other.

Proof: Given T · v1 = λ1v1, T · v2 = λ2v2, λ1 ̸= λ2 , then v2 · T · v1 = λ1v1 · v2 and
v1 ·T · v2 = λ2v1 · v2 = v2 ·TT · v1 = v2 ·T · v1 ,

⇒ λ1v1 · v2 = λ2v1 · v2 or (λ1 − λ2)v1 · v2 = 0 ⇒ v1 · v2 = 0

When two of the eigenvalues are repeated (a double root of the characteristic equation), the
resulting eigenvectors are not necessarily orthogonal to each other; however, they remain orthog-
onal to the third eigenvector. This means that any vector lying in the plane normal to the third
eigenvector is an eigenvector corresponding to the double root. Similarly, when all three eigenval-
ues are repeated (a triple root), any vector becomes an eigenvector of T.
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Example 7. In hydrostatics the stress tensor is T = −pI, where p is the hydrostatic pressure. In
this case, −p is a triple root of the characteristic equation of T. Any vector v satisfies T ·v = −pv,
and is thus an eigenvector of T.

In continuum mechanics the eigenvectors v of a tensor are generally normalized,

n ≡ v

|v|

Thus, we can always find a set of three orthonormal eigenvectors {n1,n2,n3} for any real sym-
metric tensor T, even when the eigenvalues are repeated. Given a tensor T with eigenvalues
λ1, λ2, λ3 and eigenvectors n1,n2,n3, the components of T in the orthonormal basis {n1,n2,n3}
can be obtained from

Ti1 = vi ·T · n1 = λ1ni · n1 = λ1δi1 Ti2 = λ2δi2Ti3 = λ3δi3

Thus,

[T]ni
=

 λ1 0 0
0 λ2 0
0 0 λ3

 =

 T1 0 0
0 T2 0
0 0 T3


Since T = Tijni ⊗ nj = Ti1ni ⊗ n1 + Ti2ni ⊗ n2 + Ti3ni ⊗ n3, we find that

T = λ1n1 ⊗ n1 + λ2n2 ⊗ n2 + λ3n3 ⊗ n3 (A.1.32)

This is known as the spectral representation of the tensor T. In particular, since the eigenvalues
of the identity tensor are λ1 = λ2 = λ3 = 1, and since any vector is an eigenvector of I, we can
select the basis vectors e1, e2, e3 so that the spectral representation of I may be given by

I = ei ⊗ ei = e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 (A.1.33)

A.1.15 Orthogonal Transformation of Tensors

An orthogonal transformation Q transforms any vector a into the vector Q·a, which we may denote
as

a∗ = Q · a (A.1.34)

Recall that a tensor T may be expressed in its spectral representation as per eq.(A.1.32). Each
of its eigenvectors n is transformed by Q into n∗ = Q · n. Since eigenvalues of T are invariant to
orthogonal transformations, it follows that

T∗ = λ1n
∗
1 ⊗ n∗

1 + λ2n
∗
2 ⊗ n∗

2 + λ3n
∗
3 ⊗ n∗

3

= λ1 (Q · n1)⊗ (Q · n1) + λ2 (Q · n2)⊗ (Q · n2) + λ3 (Q · n3)⊗ (Q · n3)

= Q · (λ1n1 ⊗ n1 + λ2n2 ⊗ n2 + λ3n3 ⊗ n3) ·QT

= Q ·T ·QT

Thus, the transformation of the second-order tensor T by Q is T∗ = Q ·T ·QT .

A.2 Higher Order Tensors

Note that a · T · b = a ⊗ b : T = T : a ⊗ b, and a ⊗ b : c ⊗ d = (a · c) (b · d). Similarly,
(a⊗ b) ·(c⊗ d) = (b · c)a⊗d. We will be using generalizations of these relations when examining
higher order tensors.
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A.2.1 Third-Order Tensors

A third-order tensor T is a linear transformation that transforms any vector a into a second-order
tensor S,

T · a = S (A.2.1)

In general, the dyadic product of three vectors is a third-order tensor which satisfies

(a⊗ b⊗ c) · (αu+ βv) = (αc · u+ βc · v) (a⊗ b) ∀u,v . (A.2.2)

Any third-order tensor T can be expressed in terms of its Cartesian components Tijk as

T = Tijkei ⊗ ej ⊗ ek (A.2.3)

and the Cartesian components of a third-order tensor may be evaluated from

Tijk = ei · (T · ek) · ej (A.2.4)

It follows from Eqs.(A.2.2) and (A.2.3) that

T · a = Tijk (ei ⊗ ej ⊗ ek) · a = Tijk (ek · a) (ei ⊗ ej) = Tijkak (ei ⊗ ej) = S = Sij (ei ⊗ ej)

so that the indicial form of eq.(A.2.1) is

Tijkak = Sij (A.2.5)

In particular,
T · ek = Tijkei ⊗ ej (A.2.6)

The double dot product of a third-order tensor with a second-order tensor is defined by

(a⊗ b⊗ c) : (d⊗ e) = (b · d) (c · e)a ,

and
(a⊗ b) : (c⊗ d⊗ e) = (a · c) (b · d) e .

Therefore, the double dot product of a third-order tensor with a second-order tensor is a vector
given by

T : (a⊗ b) = (T · b) · a . (A.2.7)

Proof: Using T·b = Tijkbk (ei ⊗ ej), we find that (T · b)·a = Tijkbk (ei ⊗ ej)·a = Tijkbk (a · ej) ei =
Tijkajbkei. Similarly, T : (a⊗ b) = Tijk (ei ⊗ ej ⊗ ek) : (a⊗ b) = Tijk (ej · a) (ek · b) ei = Tijkajbkei,
thus completing the proof.

For any second-order tensor S, it also follows that

T : S = TijkSjkei .

Example 8. If we introduce the notation E as the third-order (pseudo-)tensor of Cartesian com-
ponents εijk, the relation between an antisymmetric tensor and its dual vector can also be written
as

Ω = −E · ω (A.2.8)

Similarly,

ω = −1

2
E : Ω (A.2.9)
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A.2.2 Fourth-Order Tensors

The dyadic product of four vectors is a fourth-order tensor a⊗ b⊗ c⊗ d, defined as

(a⊗ b⊗ c⊗ d) · v = (d · v) (a⊗ b⊗ c) (A.2.10)

The Cartesian components of a fourth-order tensor T are given by

Tijkl = (ei ⊗ ej) : T : (ek ⊗ el) (A.2.11)

such that
T = Tijklei ⊗ ej ⊗ ek ⊗ el (A.2.12)

Therefore, a fourth-order tensor transforms a vector into a third-order tensor,

T · a = (Tijklei ⊗ ej ⊗ ek ⊗ el) · a = Tijklalei ⊗ ej ⊗ ek ≡ Sijkei ⊗ ej ⊗ ek = S (A.2.13)

The double dot product of a fourth-order tensor with a second-order tensor is a second-order
tensor defined as

T : (a⊗ b) = (T · b) · a (A.2.14)

from which it can be shown that
T : S = TijmnSmnei ⊗ ej (A.2.15)

or equivalently, (T : S)ij = TijklSkl.
A fourth-order tensor can exhibit three levels of symmetry, which can be represented using

Cartesian components as
Tijkl = Tjikl left minor symmetry
Tijkl = Tijlk right minor symmetry
Tijkl = Tklij major symmetry

(A.2.16)

Whereas a general fourth-order tensor may have 81 distinct components, a tensor with one mi-
nor symmetry has 54 distinct components; a tensor with both minor symmetries has 36 distinct
components; and a tensor with minor and major symmetries has 21distinct components. We
may represent the major symmetry of T as T = T T , whose Cartesian representation is provided
above. It follows from this definition that

S : T = T T : S

(S : T )ij = SklTklij = T T
ijklSkl

A.2.3 Additional Tensor Products

Earlier we saw that the dyadic product of vectors can produce tensors. Similarly, we can define
dyadic products of tensors which produce higher-order tensors. In particular, the following prod-
ucts of second-order tensors A and B produce fouth-order tensors, satisfying

(A⊗B) : S = (B : S)A

(A⊘B) : S = A · S ·BT

(A ; B) : S = A · ST ·BT

(A⊙B) : S =
1

2
(A⊘B+A ; B) : S =

1

2

(
A · S ·BT +A · ST ·BT

) (A.2.17)
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where S is any second-order tensor. Using Cartesian components of tensors, the indicial form of
these tensor products are

(A⊗B)ijkl = AijBkl

(A⊘B)ijkl = AikBjl

(A ; B)ijkl = AilBjk

(A⊙B)ijkl =
1

2
(AikBjl +AilBjk)

(A.2.18)
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