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Chapter 1

Introduction

1.1 Overview of FEBio

FEBio is an implicit, nonlinear finite element solver that is specifically designed for applications in
biomechanics. It offers analyses, constitutive models and boundary conditions that are relevant for
this particular field. This section describes briefly the available features of FEBio. A more detailed
overview of features can be found in the |FEBio User’s Manual.

FEBio supports two analysis types, namely quasi-static and quasi-static poroelastic. In a
quasi-static analysis the (quasi-) static response of the system is sought; inertial terms are ig-
nored. In a quasi-static poroelastic analysis a coupled solid-fluid problem is solved. The latter
analysis type is useful for modeling tissues that have high water content and the explicit modeling
of fluid movement relative to the solid phase is important.

Several nonlinear constitutive models are available to allow the user to model the often compli-
cated biological tissue behavior. Several isotropic constitutive models are supported such as Neo-
Hookean, Mooney-Rivlin, Veronda-Westmann, Arruda-Boyce and Ogden. These models have a
nonlinear stress-strain response. In addition to the isotropic models, there are several anisotropic
models available. These materials show anisotropic behavior in at least one preferred direction
and are useful for modeling biological tissues such as tendons, muscles and other tissues that
contain fibers. FEBIio also contains a rigid body material model, which can be used to model rigid
structures whose deformation is negligible compared to the deformable geometry.

Biological tissues can interact in very complicated ways. Therefore FEBio supports a wide
range of boundary conditions to model these interactions. These include prescribed displace-
ments, nodal forces, and pressure forces. Deformable models can also be connected to rigid
bodies so that the user can model prescribed rotations and torques. Rigid bodies can be con-
nected with rigid joints. Even more complicated interactions can be modeled using FEBio’s con-
tact interfaces. The user can choose between different types of contact interfaces, such as sliding
interfaces, tied interfaces and rigid wall interfaces. A sliding interface is defined between two sur-
faces that are allowed to separate and slide across each other but are not allowed to penetrate.
The rigid wall interface is also similar to the sliding interface, except that one of the contacting
surfaces is a movable rigid wall. As of version 1.2, there is an implementation of a sliding interface
that allows for fluid flow crossing the contact interface. The tied interface is similar to the sliding
interface, but in this case, the surfaces are not allowed to slide or separate. In addition, the user
may specify a body force which can be used to model the effects of gravity or base acceleration.

13
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1.2 About this document

This document is a part of a set of three manuals that accompany FEBio: the FEBio User’s
Manual, describing how to use FEBio, the FEBio Developer's Manual for users who wish to modify
or add features to the code, and this manual, which describes the theory behind most of the FEBio
algorithms.

The purpose of this manual is to provide theoretical background on many of the algorithms
that are implemented in FEBio. In this way the user can develop a better understanding of how
the program works and how it can be used to create well defined biomechanical simulations. The
authors have tried to be as detailed as possible to make the text coherent and comprehensible,
but due to the complexity of some of the topics, some descriptions only skim the surface. Many
of the theoretical ideas discussed in this manual can and have filled entire bookshelves. The
explanations contained herein should be sufficient to give the reader a basic understanding of
the theoretical developments. References to textbooks and the primary literature are provided for
further reading.

Chapter[2]starts with a brief overview of some of the important concepts in continuum mechan-
ics. Readers who are already familiar with this field can skip this chapter, although the material
may be useful to get familiar with the notation and terminology used in this manual.

Chapter[3|describes the nonlinear finite element method. It also explains the Newton-Raphson
method, which is the basis for most implementations of the nonlinear finite element method. A
more specialized version of this algorithm, the BFGS method, is described as well since it is used
in FEBio.

In Chapter (4] the different element types that are available in FEBio are described in detail.
FEBio currently supports 3D solid elements, such as the linear hexahedral, pentahedral and tetra-
hedral elements, as well as quadrilateral and triangular shell elements.

Chapter 5 contains a detailed description of the material models in FEBio. Most of these mod-
els are based on hyperelasticity, which is introduced in chapter 2. Several transversely isotropic
materials are described as well. This also discusses the biphasic material and its implementation
in FEBio.

Chapter [7] describes the basics of the theory of contact and coupling. In FEBio the user can
connect the different parts of the geometry in a variety of ways. There are rigid interfaces where a
deformable model is attached to a rigid model, rigid joints where two or more rigid bodies connect,
and sliding interfaces where two surfaces are allowed to separate and slide across each other but
are not allowed to penetrate. The various contact and coupling algorithms are discussed as well
together with their implementation in FEBio.
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Chapter 2

Continuum Mechanics

This chapter contains an overview of some of the important concepts from continuum mechanics
and establishes some of the notation and terminology that will be used in the rest of this document.
The section begins by introducing the important concepts of deformation, stress and strain. Next
the concept of hyperelasticity is discussed. Finally the concept of virtual work is discussed. This
concept will be used later to derive the nonlinear finite element equations. For a more thorough
introduction to the mathematics needed for continuum mechanics, the user can consult [35].

2.1 Vectors and Tensors

It is assumed that the reader is familiar with the concepts of vectors and tensors. This section
summarizes the notation and some useful relations that will be used throughout the manual.

Vectors are denoted by small, bold letters, e.g. v. Their components will be denoted by  v;,
where, unless otherwise stated, Latin under scripts such as ior Iwill range from 1 to 3. In matrix
form a vector will be represented as a column vector and its transpose as a row vector:

v=1| v |, vl = ( v1, U2, U3 ) i (2.1.1)

The following products are defined between vectors. Assume u, v are vectors. Also note that the
Einstein summation convention is used throughout this manual [78].
The dot or scalar product:
u-v =uv;. (2.1.2)

The cross product:
U2V3 — U3V9
uxv=| usvy —uvsy | . (2.1.3)
U1V — UV1

The vector outer product:
(U®v),; = uv;. (2.1.4)

Note that vectors are also known as first order tensors. Scalars are known as zero order tensors.
The outer product, defined by equation (2.1.4), is a second order tensor.

Second order tensors are denoted by bold, capital letters, e.g. A. Some exceptions will be
made to remain consistent with the literature. For instance, the Cauchy stress tensor is denoted
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by o. However, the nature of the objects will always be clear from the context. The following
operations on tensors are defined. Assume A and B are second-order tensors.
The double contraction or tensor inner product is defined as:

A:B=A;B;. (2.1.5)

The trace is defined as:
trA=1:A=A4;. (2.1.6)

Here I is the second order identity tensor with components 6;;.

In general the components of tensors will change under a change of coordinate system. Nev-
ertheless, certain intrinsic quantities associated with them will remain invariant under such a trans-
formation. The scalar product between two vectors is such an example. The double contraction
between two second-order tensors is another example. The following set of invariants for second-
order tensors is commonly used:

I, =trA,
1 2 2
== — ) 2.1.7
I 5 ((trA) trA ) ( )
I3 = det A.

A tensor S is called symmetric if it is equal to its transpose:
s=sT. (2.1.8)
A tensor W is called anti-symmetric if it is equal to the negative of its transpose:
W=-wWT, (2.1.9)

Any second order tensor A can be written as the sum of a symmetric tensor S and an anti-
symmetric tensor W:

A=S+W, (2.1.10)
where ) )
S=5(A+A"), andW =_ (A—AT). (2.1.11)
Also note that for any tensor B the following holds:
B:A=B:S, B:W=0. (2.1.12)

With any anti-symmetric tensor a dual vector w can be associated such that,
wW-u=wXxu, (2.1.13)

where the second order tensor w is defined as,

0 —ws3 w2
W= ws 0 —uy |. (2.1.14)
—w9 w1 0

A second order Q tensor is called orthogonal if Q! = Q7.
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In the implementation of the FE method it is often convenient to write symmetric second-order
tensors using Voigt notation. In this notation the components of a 2" order symmetric tensor A
are arranged as a column vector:

AT
A22
Ass
[A] = A | (2.1.15)
Az

Ass

Higher order tensors will be denoted by bold, capital, script symbols, e.g. .A. An example of a third-
order tensor is the permutation tensor &;j,,, whose components are 1 for an even permutation of
(1,2,3), -1 for an odd permutation of (1, 2, 3) and zero otherwise. The permutation symbol is useful
for expressing the cross-product of two vectors in index notation:

(u x v), = &jru;vg . (2.1.16)

An example of a fourth-order tensor is the elasticity tensor C which, in linear elasticity theory,
relates the small strain tensor € and the Cauchy stress tensoro = C : €.

Higher order tensors can be constructed from second order tensors in a similar way as second
order tensors can be constructed from vectors. If A and B are second order tensors, then the
following fourth order tensors can be defind by requiring that the following must hold for any second
order tensor X:

(AB): X=(B:X)A, (2.1.17)
(AB): X=A-X-BT, (2.1.18)
(AOB): X =A -XT.BT, (2.1.19)
(A@B):X:%(A~X-BT+A~XT-BT). (2.1.20)
The Cartesian component forms of the operators ®, @, © and © are defined as follows:
(A®B),ji = AijBr, (2.1.21)
(A2B) = AuBj, (2.1.22)
(A© B)ijkl = AyBj (2.1.23)
1
(A ©B)y = 5 (AuwBji + AaBjk) - (2.1.24)
The fourth order identity tensors are defined as:
A=I:A, (2.1.25)
AT =T7:A, o
where Z=1v1Iand Z = I1© 1. The components are given by:
Ly = Oir0il
=gkt = ikl (2.1.26)
Lijki = 0k -

We may also define T = § (Z+Z), suchthat Z : A = § (A + AT) returns the symmetric part of
A. In the special case when A is symmetric it followsthatZ: A =7 : A = A.
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2.2 The Directional Derivative

In later sections the nonlinear finite element method will be formulated. Anticipating an iterative

solution method to solve the nonlinear equations, it will be necessary to linearize the quantities

involved. This linearization process will utilize a construction called the directional derivative [35].
The directional derivative of a function f (x) is defined as follows:

Df(x)[u] = % 70f(x—|—6u) . (2.2.1)

The quantity x may be a scalar, a vector or even a vector of unknown functions. For instance,
consider a scalar function f (x), where x is the position vector in R3. In this case the directional
derivative is given by:

d
= Ezof(x+su)

_9f (2.2.2)
— %uz
=Vf-u.
Here, the symbol V(“nabla”) depicts the gradient operator.
The linearization of a function implies that it is approximated by a linear function. Using the
directional derivative, a function f can be linearized as follows:

fx+u)= f(x)+Df (x)[u]. (2.2.3)
The directional derivative obeys the usual properties for derivatives.

Df (x) [u]

1. sumrule: If f = f1 + fs, then
Df (x)[u] = Df1 (x)[u] + Dfa (x) [u] . (2.2.4)

2. product rule: If f = f1 - fo, then

Df(x)[u] = f1(x) - Df2(x) [u] + f2- Dfy (x)[u] . (2.2.5)
3. chainrule: If f = g (h(x)), then
Df (x) [u] = Dg (h (x)) [Dh (x) [u] . (2.2.6)

2.3 Cauchy Stress

Let the plane with unit normal n bisect a loaded material body, such that n represents the outward
normal (pointing away from the material) to one of the two halves. The traction vector t at any point
P on this cross-section represents the limit of the reaction force Af,, acting over an elemental area
AA, in the neighborhood of P, as AA,, — 0. For a non-polar medium, it is assumed that the
reaction moment Am,, acting over AA,, at P vanishes as AA,, — 0. Since there can be an infinite
number of planes passing through the point P, it follows that t may assume an infinity of values
for each different n. Therefore, we define a unique tensorial measure o at P, which returns the
traction t for any unit normal n,

t=o0- n. (2.3.1)

Here, o is the Cauchy stress tensor at any point P inside the material body. The Cauchy stress
tensor, a spatial tensor, is the actual physical stress, since the corresponding traction vector is the
force in the deformed configuration, per unit deformed area.
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2.4 Axioms of Conservation

The governing equations of continuum mechanics are given by the axioms of conservation of
mass, linear and angular momentum, and energy. These axioms produce differential equations
that need to be solved for the material response. However, on their own, these equations are
insufficient to solve for all the unknowns in an analysis, therefore we must also provide equations of
state that describe the behavior of specific classes of materials, such as elastic solids, viscoelastic
solids, viscous fluids, etc. These equations of state are formulated as constitutive models, which
may not be chosen arbitrarily: they must be constrained by the axiom of entropy inequality. In this
section, we summarize all the axioms of conservation for a pure substance, as well as the axiom
of entropy inequality.

2.4.1 Axiom of Mass Balance

The axiom of mass balance simply states that mass is conserved, or equivalently, its time rate of
change is zero. Normally, we formulate this axiom in a volumetric domain (such as a fixed control
volume with permeable boundary, a material region with impermeable boundary, or a material
region with permeable boundary), then convert it to its differential form. In a spatial (Eulerian)
frame, the differential statement of the axiom of mass balance takes the form

% +div (pv) =0, (2.4.1)

where p is the mass density of the matter and v is its velocity vector. Since div (pv) = gradp - v +
pdivv, we may also write this relation in the form

Dp

— 1 -4-
i + pdivv =0, (2.4.2)
where
2P _ ;‘ . 4
Dy " +gradp-v (2.4.3)

is the material time derivative of the mass density in the spatial frame.

2.4.2 Axioms of Momentum Balance

The axioms of linear and angular momentum balance are also known as Newton’s second law
of motion. The axiom of linear momentum balance states that the time rate of change of linear
momentum is equal to the sum of all surface and body forces. The differential statement of the
axiom of mass balance in a spatial frame is given by

Dv

D = dive + pb, (2.4.4)

P
where o is the Cauchy stress tensor in the material, and b is the specific body force vector (body
force per mass), which is typically prescribed. Note that Dv/Dt is the acceleration of the matter
at every point in the continuum, as evaluated in the spatial frame.

The axiom of angular momentum balance states that the time rate of change of angular mo-
mentum is equal to the sum of all surface and body moments. The angular momentum represents
the moment of the linear momentum about a fixed point (such as the origin) in an inertial frame. In
a non-polar medium, we assume that moments are only produces by surface and body forces. In
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that case, the axiom of angular momentum balance is satisfied by the linear momentum balance
and by letting the Cauchy stress be symmetric,

ol =¢. (2.4.5)

2.4.3 Axiom of Energy Balance

The axiom of energy balance is also known as the first law of thermodynamics. The time rate of
change of internal and kinetic energy is balanced by the rate of work done by body and surface
forces, the rate of heat flow into the medium, and rate of heat supply from external sources. lts
differential statement takes the form
p% =o:L—divq+ pr, (2.4.6)

where ¢ is the specific internal energy (internal energy per mass), L = grad v is the velocity gra-
dient, q is the heat flux in the medium (units of power per area), and r is the heat supply per unit
mass from external sources that are not modeled explicitly (such as microwave heating in a frame-
work that does not model microwave radiation explicitly, or Joule heating in electrical conductors,
in a framework that does not model frictional interactions between electrons and atomic nuclei
explicitly).

For non-polar media, since the Cauchy stress is symmetric according to eq.(2.4.5), it follows
thato : L = o : D, where D = % (L + LT) is the symmetric part of the velocity gradient, also
known as the rate of deformation tensor.

2.4.4 Axiom of Entropy Inequality

The axioms of conservation presented above have introduced several functions of state that de-
scribe the behavior of specific materials, such as the Cauchy stress o, the specific internal energy
¢, and the heat flux q. These axioms of conservation have a total of ten scalar unknowns (six com-
poments of o, three components of q, and ¢), whereas the equations have five scalar components
(three components of the vectorial linear momentum balance, and one component for each of the
scalar mass and energy balance equations). Therefore, there are too few equations to solve for all
the unknowns. Consequently, constitutive models must be provided for these functions of state,
which depend on a user-specified set of state variables (such as strain for elastic solids, rate of
deformation for viscous fluids, temperature for heat transfer, etc.).

Constitutive relations must be formulated in a manner that does not violate the axiom of entropy
inequality, also known as the second law of thermodynamics. The second law of thermodynamics
stipulates that the time rate of change of entropy in a medium is greater than the rate of entropy
supply into the medium by various sources of heat. In a spatial frame, the differential statement of
the axiom of entropy inequality is given by

Dn . q r

_— = —p-> 4.

th+dIV9 pe/O, (2.4.7)

where n is the specific entropy (entropy per unit mass) of the matter. Entropy is a measure of
disorder in a medium. It represents another function of state.

Since Eq.(2.4.7) does not include all of the functions of state, we may combine it with the

energy balance to recover o and ¢ in the entropy inequality. This may be achived by multiplying
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the entropy inequality in (2.4.7) by the absolute temperature 6 (recalling that ¢ is always positive)
and adding it to the energy balance in (2.4.6) to produce

D 1
—p<€—9”> +0:D~2q-gradf > 0.

The term in parentheses may be rearranged as

De Dn D Do
Dt Dt D E T
We now introduce the specific Helmholtz free energy, ¢, which relates the specific internal energy
and entropy according to
=¢e—0n. (2.4.8)

We may say that the free energy is the part of the internal energy which is available to produce
useful work. Substituting this expression above produces the form of the Clausius-Duhem in-
equality that involves all the independent functions of state appearing in these axioms, (¢, n, o
and q),

—P<1/1+779)+U:D—§q-grad9>0, (2.4.9)

where we have substituted D (-) /Dt with the () operator, for notational simplicity.

It is important to understant that all functions of state are non-observable properties of matter:
No instruments exist to measure the complete state of stress inside a material, nor the heat flux,
the internal energy, or the entropy. However, we can formulate constitutive models that relate
these functions of state to observable state variables, then calculate their value for a specific state.
Observable state variables are all based on measurements of space (length, area and volume) and
time. For example, we can measure (observe) displacement, velocity and acceleration of matter
at various spatial locations, from which we can calculate their spatial gradients and treat these as
observable state variables. From measurements of length in calibrated materials, we can derive
measurements of force (using a load cell) and temperature (using a thermometer).

To better understand the choice of state variables relevant to mechanics, we proceed to de-
scribe the kinematics of a continuum in the next section.

2.5 Kinematics of the Continuum

2.5.1 Motion and Path Lines

At any instant of time ¢, the motion of a material particle P in the continuum is given by the function

x = x (X, 1) (2.5.1)

where X is the reference position, at some reference time ¢y, of the material particle P currently
located at the spatial location x. This motion describes the path line of the particle that starts at
X at t = tp and passes through x at time ¢. At a subsequent time ¢, the material particle passing
through x would have originated at a different location X’ at ¢y, so that x = x (X', ¢') = x (X, ).
The material particle P is uniquely identified by its position X in the reference configuration. There-
fore, any function f associated with each material point X, such as density, temperature, velocity,
etc., may be expressed as f = f (X, t) in the material (or Lagrangian) frame. Alternatively, the
same function may be expressed in terms of the spatial position x through which the material
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body at current
body at reference configuration
configuration
w(x+ax) /20
o(x,)

X dx

Figure 2.5.1: Kinematics of the continuum.

particle originating at X passes at time ¢. In that case, f = f (x,t) expresses this function in the
spatial (or Eulerian) frame. Importantly, since the function f is associated with the material, its
time rate of change as the material moves is called the material time derivative of f. The material
time derivative of f in the material frame is given by
= =1, 252
f== (25.2)
Therefore, the velocity v (X, ¢) of the particle P is defined in the material frame as the material
time derivative x (X, ¢) of the motion,

ox (X,t)

v(X,t) = T

. (2.5.3)

The material time derivative of f in the spatial frame may be evaluated by using the chain rule on
f=r&x1)=f(x(X1),t), thus

:_0f b)) | Of (x.t) Ox
=0 TTox o

Using Eq.(2.5.3) and recognizing that 8f /dx = 8f/dx = grad f, this expression may be rewritten
as
of

B Df (x,t)
=5 it S

df-v=
+grad f-v D

f (2.5.4)
We used the operator D (-) /Dt to emphasize that this expression represents the material time
derivative of f in the spatial frame.

For a given particle P, the actual value of the function f must be the same in the material and

spatial frames, thus f = f (X,¢) = f(>§,t). Similarly, its material time derivative must have the
same value in either frame, f = % = %{. For notational convenience, we drop the caret and tilde

symbols and assume from the context that f (X,¢) = f (X, ¢) and f (x,t) = f (x,t).
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2.5.2 Deformation Gradient

For a continuum, the increment in motion between the neigboring points X and X + dX at a given
time t is given by
dx = x (X +dX,t) — x(X,t) = (Grad x) - dX. (2.5.5)

Since the differentiation of x (X, ) is performed with respect to X, we denote this gradient as
Grad = 90 () /0X. In particular,

_ox _

is known as the deformation gradient. It follows from this relationship that a material element dX of
solid constituent deforms into the material element dx at the current time ¢ such that dx = F - dX.
The length of the element, ds, is given by

ds* =dx-dx = (F-dX) - (F-dX)=dX- (F"-F)-dX=dX -C-dX (2.5.7)

where
C=F".F (2.5.8)

is the right Cauchy-Green deformation tensor. Note that C* = (F' - F)T =F" .F=C,thusCis
symmetric.

Let the material element dX be of length dS and directed along the unit normal n,., dX = dSn,.
Upon deformation, we have dx = F - dX = dSF - n, and the length of the element in this deformed
configuration is given by ds where

ds* = dx - dx = (dSF -n,) - (dSF -n,) = dS’n, - (F" - F) -n, =dS’n, - C - n, (2.5.9)

The length of the element in the current configuration relative to its length in the reference config-

uration is given by
& = Vn Com= (2.5.10)

where A, is the relative change in length of the material element dX which is oriented along n. A,
is known as the stretch ratio along n. Note that A2 = n, - C - n, is the normal component of C
along n,. If we let dx = dsn, it follows from dx = F - dX that

Apn=F - n, (2.5.11)

Now consider two material elements dX,,, = dS,,m, and dX,, = dS,n,. They each transform
according to dx,, = F - dX,,, and dx,, = F - dX,, and their dot product produces

dXpy - d%p = (F - dX,,) - (F - dX,) = dX,, - C - dX,, (2.5.12)

or equivalently,

dsm ds,
ApAdom-n=n,-C -m,, )\m—dsm,)\n—dsn

where dx,, = ds,,m and dx,, = ds,n. Note that we may write m - n = cos § = sin -y, where 4 is the
angle between dx,, and dx, and v = § — 0 is its complementary angle (Figure [2.5.2), so that

(2.5.13)

n, - C-m, = A\, \,siny. (2.5.14)

Now consider the case where m,.-n,. = 0, i.e., the material elements dX,, and dX,, are orthogonal,
so that n, - C - m,, = C},, where C,,,, is a shear component of C. It follows from this result that
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Figure 2.5.2: Change of angle between filaments.

Cmn represents a combined measure of the change in angle between m, and n,, as well as
the stretching of elements dX,, and dX,,. The angle ~, which represents the change in angle
between initially orthogonal line elements along m, and n,, is called the engineering shear strain.
In particular, in the range of small strains and rotations, A\, ~ 1, A\, & 1 and sinvy = ~, so that
Conn = 7.
According to the polar decomposition theorem, the deformation gradient may be decomposed
uniquely into
F=R-U=V: R (2.5.15)

where R is a proper orthogonal transformation (a rotation, with det R = +1), U is a symmetric
tensor called the right (or material) stretch tensor, and V is a symmetric tensor called the left
stretch tensor. It follows from this decomposition that dx = F - dX = R - (U - dX) may be viewed
as a stretching of dX by U followed by a rotation by R, whereas dx = V - (R - dX) is the rotation
of dX, followed by stretching by V. Since C = F” . F = U?, it follows that the eigenvalues of C
are the square of the eigenvalues of U. Thus, these eigenvalues provide a measure of the stretch,
not a measure of the rotation. C and U also share the same eigenvectors. Thus, if C is given by
its spectral representation,

C=Xu ®u + AMu ®uy + Muz ® ug (2.5.16)
where u;’s are its eigenvectors, then U may be evaluated from
U =MNu ®u; + Aus ® us + A3uz ® ug (2.5.1 7)

and R=F- Uil, where U1 = )\1_1111 ®uy + )\2_1112 ® ug + )\3_1113 ® us.
The motion can also be conveniently represented in terms of a displacement function u in a
material frame of reference such that

x=X+u(X,t) (2.5.18)
Then the deformation gradient for this motion is given by

0x
F—a—X—GradX—IqLGradu (2.5.19)

and
C =FT.F=(I+Gradu)” - (I+Gradu)

=1+ Gradu + Grad? u + (GradT u) - (Grad u)

Finally, we can also define the Lagrangian strain tensor E (also known as the Green-Lagrange
strain) from the above relation such that C =1 + 2E, or
1

B=_(C-T)= % [Gradu + Grad” u + (Grad” u) - (Grad )] (2.5.21)

(2.5.20)
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In the case of rigid body motion (translation and/or rotation, C = I), the Lagrangian strain tensor
is equal to the null tensor. Just as in the case of the stress tensor, the strain tensors C and E also
have strain invariants, principal normal strains and principal directions of normal strain, maximum
shear strains and directions of maximum shear strain. If \? is an eigenvalue of C, and v is its
associated eigenvector, then v is also an eigenvector of E since

1

1 (Cv-v)=5 (¥ -1)v (2.5.22)

E-Vzi(C—I)~v:

N

Therefore the corresponding eigenvalue of E is (A* — 1) /2, which also established the relation
between the normal components of E and C. The shear components of E may be related to those
of C according to

1 1
Emn:m~E-n:§m-C‘n:§Cmn

where m and n are orthogonal unit vectors. Therefore, the interpretation of E,,,, is similar to that
of Cpp, With a factor of 1/2.

In the limit of small displacement gradients (small strains and rotations, ||Grad u|| < 1), the
expression for the Lagrangian strain tensor in eq.(2.5.21) reduces to the infinitesimal strain tensor,

1
€= (grad u + grad? u) . (2.5.23)
Note that this strain tensor is also the linearization of the Lagrangian strain tensor,

DE[u]=FT.¢.F. (2.5.24)

2.5.3 Rate of Deformation

The material time derivative of the deformation gradient may be denoted by F. Since F = Grad x,
it follows that F = Grad x = Grad v. Using the chain rule,

. ov  o0v 0x
or simply '
F=L-F (2.5.26)
Differentiating C = F” - F with respect to time, and making use of eq.(2.5.25) produces
C=F' F+F . F=F" (L"+L)-F (2.5.27)
or equivalently, ‘
C=2F".D.F (2.5.28)

where D is the rate of deformation tensor. This result may now be used in the time differentiation

of eq.(2.5.14),
n,-C -m, = (kan + )\m)\n> siny 4+ Ay Ap7y cosy (2.5.29)

where the left-hand-side reduces ton, - C-m, = 2(F-m,) -D - (F-n,) = 2\, \,m - D - n.
Substituting this result above produces

L A A . o
D-n=-(2m4 L 2.5.
m-D-n 5 (}\m+)\n> s1n7—|—2(3057 (2.5.30)
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Figure 2.5.3: Elemental volume.

We now consider two cases: When m = n, it follows that v = 7/2, so that (2.5.30) reduces to
An
Dnnzn-D-n:)\—. (2.5.31)
In other words, the normal component of the rate of deformation tensor along n is the rate of
stretch per stretch of a differential line element along n.
When m - n = 0, it follows that v = 0, so that (2.5.30) reduces to
Dmnzm.D.n:%. (2.5.32)
Thus, the shear component of D in the plane containing m and n is equal to half the rate at which
the angle between those line elements changes with the deformation. The quantity 4 is called the
engineering shear rate, or simply the shear rate.
Finally, we note from eqgs.(2.5.21) and (2.5.28) that the material time derivative of the La-
grangian strain is related to the rate of deformation via

E=F'.D.F. (2.5.33)

2.5.4 \Volume Deformation

Let us show that the deformation of a volume of material dV. is given by

dV = JdV,, J=detF = (detC)"/? (2.5.34)

Note that det C = det (F7 -F) = detF”detF = (detF)?, thus detF = (det C)"/2, which
proves the second equation above. To prove the first equation, let us define three non-collinear
material elements in the undeformed reference state, dX, dX5, and dX3. The elemental volume
defined by these three elements has the magnitude

dV, = (Xm X dXQ) - dX3 (a)

in the reference state, and the magnitude

dV = (Xm X dXQ) . ng = (F . dX1 xF - dXQ) -F- ng (b)

in the deformed state. Let the elements dX;, dX5, and dX3 be aligned with the orthogonal coor-
dinate axes such that

dX; =dSie; dXs =dSses dX3 = dSses (C)
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where e; - e; = §;;, then we find from (a) that dV,. = dS1dS»dSs. From (b) we get that

dV = (F -e; x F- 62) -F - e3dS1dS2dSs = det F dV, (d)

according to the definition of the determinant given in Section|A.1.10

In a compressible material, the density will change with changes in volume. If an elemental
volume of mass dm occupies a volume dV,. in some reference configuration, then the density in
the current configuration is given by

_dm _ dmdV, pr
AV av,dv o J (2.5.35)

p

Here, p, represents the density of the material in the reference configuration, which is a constant.
The result of eq.(2.5.35) is the solution to the axiom of mass balance. To prove that point, we use
the kinematic identity

oJ

= =JrF T 2.5.
o5 =F (2.5.36)
to express the material time derivative of J as
. 0J .
=—_:F 2.5.37
J 5F (2.5.37)
Recalling that F = L - F, it follows that
J=JFT.L.F=JI:L=JtrL=Jdivv (2.5.38)
or
divv = § (2.5.39)

Now, the axiom of mass balance in eq.(2.4.2) may be rewritten as

Dp S
Sy todivy=p+ 27 =0 (2.5.40)

Multiplying this equation across by J, we find that the resulting expression is equivalent to

D (pJ)
Dt

=0 (2.5.41)

Integrating this expression produces pJ = p,, where p, is the value of p when J = 1. This result
reproduces (2.5.35).
Finally, since we know that F = R.- U according to (2.5.15), it follows that
J =detF = (detR) (det U) = det U = A\ A3,

where )\; are the principal stretches of U.
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2.5.5 Area Deformation

In general, we can express the position of a material point X as a function of parametric coordi-
nates n' (i=1,2,3), thus X = X (). Then, a line element in the reference configuration is given
by

0X
ont
where we use the implicit (Einstein) summation convention of indicial notation. Here, the vectors
G; are called the covariant basis vectors of X (n’) in the material frame. We may also express the
motion in eq.(2.5.1) as a function of the same parametric coordinates, such that the corresponding
line element in the spatial frame is

dX = ——dn' = Gdn', (2.5.42)

9 . 4
— Xy =g (2.5.43)
ont
where g;’s represent the covariant basis vector at x = x (X, t) in the spatial frame. Since dx is
related to dX by the deformation gradient as per eq.(2.5.5), or dx = F - dX, it can be shown that

the deformation gradient is given by

dx

F=g oG, (2.5.44)

where G*’s represent the contravariant basis vector of X (r’), in the material frame. Covariant
and contravariant basis vectors satisfy G; - G = G' - G; = 6;-, where % is the Kronecker delta.
The same is true in the spatial frame. The expression for F in eq. emphasizes that F is a
two-point tensor: It has one leg in the material frame (G?) and the other in the spatial frame (g;). It
follows from eq.(2.5.44) that covariant basis vectors in the material and spatial frames are related
by

Now consider that an elemental volume dV,. in the reference configuration can be evaluated
from
AV, = (Gidn' x Gadn?) - Gsdn® = dA - Gadn®

where dA is the vectorial representation of the elemental directed area Gdn' x Gadn?. Similarly,
the elemental volume dV' in the current configuration is given by

dV = (gidn' x gadn?) - gadn® = da - gzdn’ .
Using egs.(2.5.34) and (2.5.45), we may rewrite this expression as

dV =da-F - Gsdnp® = JdV, = JdA - Gzdn®.
From this general expression, we can find the relation between da and dA,
da=JFT.dA, (2.5.46)

which is known as Nanson’s formula [35]. It relates the change in surface area, and the reorien-
tation of the surface normal, between the referential area dA and its corresponding area da in the
current configuration.

Using the general expression for the deformation gradient in eq.(2.5.44), it follows that the right
Cauchy-Green tensor is given by

C=F' . F=g,G'®G’

where g;; = g; - g; is called the covariant metric tensor in the spatial frame.
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2.6 Hyperelasticity

2.6.1 Constitutive Restrictions

Now, we need to make constitutive assumptions on the dependent variables which appears in
Clausius-Duhem inequality, eq.(2.4.9), namely, v, n, o and q. These functions could depend on a
number of state variables, such as strain, rate of deformation, temperature, temperature gradient,
etc. For example, the pressure in a gas is generally assumed to depend on temperature and
density, so it would follow that o for a gas should exhibit the same dependencies.

For _solid materials we have found that that the mass density is dependent on the strain
(eq., p = pr(det C)_l/2 = p/J, where p, is a constant); so long as a dependence on
the strain is provided, an explicit dependency on mass density is not required.

For the purpose of modeling elastic solids under isothermal conditions, we would like to restrict
our constitutive models to be independent of the temperature or its gradient. For an elastic solid,
the rate of load application does not have an effect; therefore, there should be no dependency
on the rate of deformation D. Furthermore, for an elastic solid, upon removal of the loading,
deformations should disappear completely. This implies that there should be no dependence on
the history (or path) of loading, only on the current state of loading.

Given these restrictions, we assume that the non-observable functions of state ), n, o and q
depend only on the observable solid matrix strain, such as E. Based on the principle of equipres-
ence, all functions of state depend only on E. In particular, since ¢ is the only function of state
which is differentiated with respect to time in the Clausius-Duhem inequality, eq.(2.4.9), we ex-
press it explicitly as

=1 (E). (2.6.1)
Given this dependence, we can use the chain rule of differentiation to get
LAy Ay g
w_dE.E_dE.F D-F (2.6.2)
where we have made use of eq.(2.5.33). Making use of the identity
dy e W
5 FD-F=F._-.F':D (2.6.3)

we find that the entropy inequality reduces to

-1
—pn@—eq-gradQ—i-(U—pF-;Z;é-FT>:D}O (2.6.4)

This inequality must hold for arbitrary processes, i.e., for arbitrary changes in D, § and grad 6 (all
of which are independent, observable variables of state), under our self-imposed constraint that
¥, n, o and q only depend on the state variable E. For example, since the temperature 6 in the
leftmost term of eq.(2.6.4) may either increase or decrease at various times in any process, the
sign of # may be variably positive or negative. However, the sign of the product —pnf may not be
set strictly positive since pr does not depend on 4. The same argument applies to the remaining
terms in the entropy inequality, each of which may vary independently of other terms. Therefore,
the only way that the entropy inequality may be satisfied for arbitrary processes, given our choice of
state variables, is to have each term be independently equal to zero. Thus, the entropy inequality
requires that

n=0 (2.6.5)
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o = pF- % FT (2.6.6)
q=20 (2.6.7)

Equation shows that the entropy must be zero for our choice of state variable, whereas
Eq.(2.6.6) is the fundamental constraint we seek for formulating constitutive relations in elasticity
problems. The constraint of eq.(2.6.7) implies that isothermal processes must be adiabatic, as
there cannot be heat flow in such problems.

Let the Helmholtz free energy per unit reference volume (energy density) be denoted by

v, (E) = p,¢ (E) (2.6.8)
Then, using eq.(2.5.35) and recalling that p, is constant, eq.(2.6.6) reduces to
dv
_ -l ¥ o7
o=J'F = F'. (2.6.9)

This formula represents the constraint imposed by the second law of thermodynamics on the
formulation of a constitutive relation for an elastic solid. For historical reasons, this formula is
described as the hyperelasticity constraint. The method described for obtaining this formula was
first proposed by Coleman and Noll in 1963 [45]. Prior to that formulation, other constitutive
relations had been proposed for elastic solids (such as hypoelasticity), though it is now believed
that the only thermodynamically valid formulation is the one given here.

In hyperelasticity theory, since the free energy density ¥,. only depends on the strain, we may
also call it the strain energy density. A common alternative symbol for the strain energy density
is W (E). Since it is common to include multiple state variables in a general formulation of ¥, for
a material, the derivative d¥, /dE appearing in eq.(2.6.6) is often written as a partial derivative,
0V, /OE. ltis also common to use C instead of E as a suitable alternative measure of strain under
finite deformation and rotation. In that case, based on eq.(2.5.21), the expression of eq.(2.6.6)
takes the form -

=2J7'F.
o J 3C

FT. (2.6.10)

2.6.2 Other Stress Tensors

The reaction force f exerted on a surface S whose outward normal is n is given by

f:/tda:/a-nda
S S

where da is an elemental area of S in the current configuration. Here, we used the relation between
the traction vector t and the Cauchy stress o, given in eq.(2.3.1). Note that the directed area
da = nda in this integral may be related to dA in the reference configuration, using Nanson’s

formula in eq.(2.5.46) to produce

f:/ a~JF_T-dA:/ Jo-F T .n,.dA.
Sr S

Here, n, is the unit outward normal on S, in the reference configuration. Equating these two forms
of f and using the divergence theorem produces

f—/divadV—/ Div (Jo - F~T)av;,
\% ™
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where the divergence operator in the material frame is denoted by Div (). The expression in the
argument of this divergence operator is known as the first Piola-Kirchhoff stress tensor,

P=Jo -F 1. (2.6.11)

Note that P, like F, is not symmetric. Also, like F, P is known as a two-point tensor, meaning it is
neither a material nor a spatial tensor. This is demonstrated more easily by expressing o in terms
of its contravariant components ¢/,

o=0'g;®g; (2.6.12)

and noting that '
Fl=G®g (2.6.13)

so that the component form of P in eq.(2.6.11) reduces to
P=Jo"(gi®g)- (gk ® Gk) = Jo'g; ® Gj,

confirming that it is a two-point tensor.
Two other stress measures are often used in continuum mechanics. Examining eq.(2.6.9) or
eq.(2.6.10), we may define the second Piola-Kirchhoff (PK2) stress tensor as

S=JF'!.0.F7T, (2.6.14)
where, for a hyperelastic material,
ov, ov,
S = 5E 7280 ) (2.6.15)

Substituting the component form of o in eq.(2.6.12) into eq.(2.6.14), and using (2.6.13), we find
that

S=Jo"G;®G;, (2.6.16)
showing that S is a material tensor. This component form suggests that may also define the
Kirchhoff stress tensor as the spatial version of S,

r=Jo=Jog ®g;. (2.6.17)

Since o is symmetric, it follows that 7 is symmetric.

The inverse relations for these various stresses are are
1 1

o=, a:%P-FT, a:jF-S-FT. (2.6.18)

2.6.3 Directional Derivative of the Stress

The directional derivative of the 2" PK stress tensor needs to be calculated for the linearization
of the finite element equations. For a hyperelastic material, as expressed in (2.6.15), a linear rela-
tionship between the directional derivative of S and the linearized strain DE [u] can be obtained:

DS[u]=C: DE[u] . (2.6.19)

Here, C is a fourth-order tensor known as the material elasticity tensor. lts Cartesian components
and tensorial definition are given by

o _0Siy  40%Y,
MY 9Bk, 9C10CKL (2.6.20)
08 49%Y,

T OE  9CoC
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The spatial equivalent — the spatial elasticity tensor C — can be obtained from

1
Cijki = jFquJFkKﬂL(CIJKL

. (2.6.21)

C:%(FQF):C:(FTQFT)

2.6.4 Isotropic Hyperelasticity

The hyperelastic constitutive equations discussed so far are unrestricted in their application. Isotropic
material symmetry is defined by requiring the constitutive behavior to be independent of any ma-
terial axes. Consequently, ¥,. must only be a function of the invariants of C (or E),

v, =V, (-[17 I, 13) ) (2622)

where the invariants of C are defined here as,
1
L=tC=1:C L=y [(acﬁ - trcﬂ I3 =detC = J2. (2.6.23)

As a result of the isotropic restriction, the second Piola-Kirchhoff stress tensor can be written as,

g _ 0¥ _,0VOL 0Vl 0u O,

— . 2.6.24
0C 01, 0C 01, 0C 013 0C (26.24)

The second order tensors formed by the derivatives of the invariants with respect to C can be

evaluated as or oI o1

Ly 22 _11_ vi3

ac L ac=1-C 5¢

Introducing expressions (2.6.25) into equation (2.6.24) enables the second Piola-Kirchhoff stress
to be evaluated as,

=C L. (2.6.25)

S=2(U; + LUy + LU3)) I —2(¥y + [, T3) C + ¥3C2, (2.6.26)

where ¥, = 0V /01, Uy = 0V /0I,, and VU3 = 9V /0Is.
The Cauchy stresses can now be obtained from the second Piola-Kirchhoff stresses by using

(2.6.18):
o=J""1(2(V + LUy + LUs))b—2(Uy + 1 ¥3) b + U3b%) | (2.6.27)

where
b=F.F". (2.6.28)

is the left Cauchy-Green tensor. Note that in this equation ¥, U5, and U3 still involve derivatives
with respect to the invariants of C. However, since the invariants of b are identical to those of
C, the quantities¥,, ¥4, and U3 may also be considered to be the derivatives with respect to the
invariants of b.

2.6.5 Isotropic Elasticity in Principal Directions

For isotropic materials, the principal directions of the strain and stress tensors are the same. Let
the eigenvalues of C be denoted by \? (i = 1,2, 3), then the strain energy density may be given as
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a function of these eigenvalues, ¥ (A%, A3, \3). To derive the expression for the stress, recognize
that
ON?
oC

where the N; are the eigenvectors of C. It follows that the second Piola-Kirchhoff stress may be
represented as

S=> SiA;, (2.6.30)
=1
where
ov
=2 2.6.31

1
+ N2 (AiOA+ALOA)), (2.6.32)

where i, j, k form a permutation over 1, 2, 3. Then it can be shown that the material elasticity tensor
is given by

4————A; ® A,
€= Z 6)\26>\2

O*v
+ZZ48A28)\2(A QA +A;RA)). (2.6.33)
i=1 j=i+1

+Z‘Z 25' “; (AiOA;+A;0A)

When eigenvalues coincide, LHospital’s rule may be used to evaluate the coefficient in the last

term,
Si— S, U 9
lim 2= =4 - : 2.6.34

A2 “AZ = A2 <8A§0A§ aAgaAg.) (2.6:34)

The double summations in eq.(2.6.33) are arranged such that the summands represent fourth-
order tensors with major and minor symmetries.
In the spatial frame, the Cauchy stress is given by

3
o=> oai, (2.6.35)

where
a; =n; ¥n;, (2636)

and n; = (F - N;) /\; are the eigenvectors of b. The principal normal stresses are

A 00
ToN

(2.6.37)

0; =
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The spatial elasticity tensor is given by

-1 27_ ) ) .

C= Z( Aj 8)\2 0Z> a; ® a;
3
0?v

+) Z TN AJaA 2y (a;®a;+a;®a;). (2.6.38)
1= l] i+1
3 )\201—)\ cr]
(a; ®aj+a; ®a;)

2.6.6 Transversely Isotropic Hyperelasticity

Transverse isotropy can be introduced by adding a vector field representing the material preferred
direction explicitly into the strain energy [132]. We require that the strain energy depends on
a unit vector field A, which describes the local fiber direction in the undeformed configuration.
When the material undergoes deformation, the vector A (X) may be described by a unit vector
field a (¢ (X)). In general, the fibers will also undergo length change. The fiber stretch, A, can
be determined in terms of the deformation gradient and the fiber direction in the undeformed
configuration,
da=F- A. (2.6.39)
Also, since a is a unit vector,
M=A.C-A. (2.6.40)

The strain energy function for a transversely isotropic material, ¥ (C, A, X) is an isotropic function
of Cand A ® A. It can be shown [121] that the following set of invariants are sufficient to describe
the material fully:

1
L=tC, L=; [(ncf - trcﬂ . Iz=detC = J?, (2.6.41)
Ib=A-C-A, Iy;=A-C?.A. (2.6.42)
The strain energy function can be written in terms of these invariants such that
¥ (C,A,X) =¥ (I, (C),(C),I5(C), L (C,A),I; (C,A)) . (2.6.43)

The second Piola-Kirchhoff can now be obtained in the standard manner:

o 5. OV I,
S=2-5= 21,:1872-80'

(2.6.44)

In the transversely isotropic constitutive models described in Chapter [fit is further assumed that
the strain energy function can be split into the following terms:

) (C, A) =", (11,12,13) + Wy (14) + U4 (Il, I, 1314) . (2645)

The strain energy function ¥, represents the material response of the isotropic ground substance
matrix, ¥y represents the contribution from the fiber family (e.g. collagen), and ¥3 is the con-
tribution from interactions between the fibers and matrix. The form generalizes many
constitutive equations that have been successfully used in the past to describe biological soft tis-
sues e.g. [68, 72, [73]. While this relation represents a large simplification when compared to
the general case, it also embodies almost all of the material behavior that one would expect from
transversely isotropic, large deformation matrix-fiber composites.
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2.6.7 Incompressibility

A material is incompressible when its mass density remains constant, p = p,, or equivalently
according to eq/2.5.34], its relative volume satisfies

J=1 (2.6.46)

everywhere throughout the material. No real material is truly incompressible, since true incom-
pressibility implies that the speed of sound in that medium is infinite, which is not physically pos-
sible. Thus, one should view this assumption as an idealization of the behavior of real materials.
We may replace eq.(2.6.46) with the equivalent form J = 0, and make use of eq.(2.5.38) in the
form

divv=1I:D=0, (2.6.47)

where we recognized that the divergence of the velocity is equal to the trace of the velocity gradient
L, hence, the trace of its symmetric part D.

Since .J = (det C)"/2, the incompressibility constraint of eq.(2.6.46) implies that the symmetric
strain tensor E = % (C —1) used as a state variable in the derivation of the hyperelasticity rela-
tion (see Section does not truly have six independent components. Therefore, we cannot
claim that E can vary arbitrarily when enforcing the entropy inequality. Instead, we introduce the
incompressibility constraint of eq.(2.6.47) into the Clausius-Duhem inequality, eq.(2.4.9), using the
method of Lagrange multipliers,

—P<¢+779>+(U+)\I):D—§q-grad920,

where ) is the Lagrange multiplier. Now, we may proceed with the constitutive assumption that
¥ =1 (E), as done in Section 2.6.1], until we conclude that the stress o is constrained to have the

form
a:pI+2J_1F-% FT, p=-). (2.6.48)
oC
This expression shows that the incompressibility constraint requires us to have a parameter p (a
pressure) that accounts for that part of the strain energy density that would normally be stored in
the material as a result of volumetric strain. Analytically, we would solve for this additional scalar

parameter p using the constraint of eq.(2.6.46). Finally, substituting eq.(2.6.48) into eq.(2.6.14),

the PK2 stress in an incompressible material takes the form

ov,

S=JpC ' +2 .
Jp + ile

(2.6.49)

2.6.8 Nearly-Incompressible Hyperelasticity

When dealing with incompressible and nearly incompressible materials, it proves useful to sep-
arate the volumetric and the deviatoric (distortional) components of the deformation gradient F.
Such a separation must ensure that the deviatoric part of the deformation gradient, namely F,
does not produce any change in volume. Noting that the determinant of the deformation gradient
gives the volume ratio, the determinant of F must therefore satisfy,

detF =1. (2.6.50)
This condition can be achieved by choosing F as,

F=J"'7F. (2.6.51)
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The right Cauchy-Green tensor can also be split into volumetric and deviatoric components. With
the use of,(2.6.51) the deviatoric right Cauchy-Green tensor is given by

C=FT.F=J725C. (2.6.52)

The process of defining constitutive equations in the case of nearly incompressible hyper-
elasticity is simplified by uncoupling the strain energy density ¥, (C) into a volumetric energy
component U (J) and a distortional component ¥ (C):

U (C)=T(C)+U(J). (2.6.53)

The second Piola-Kirchhoff tensor for a material defined by (2.6.53) is obtained in the standard
manner with the help of equation (2.6.24).
ov
= 27
S oC
oV _dU dJ
ov

=92 -1
3C +pJC

(2.6.54)

where the pressure p is defined as

au
=—. 2.6.
p="7 (2.6.55)

An example for U that will be used later in the definition of the constitutive models is
1
U (J) = 5 (In J)?. (2.6.56)

The parameter « will be used later as a penalty factor that will enforce the (nearly-) incompressible
constraint. However, k can represent a true material coefficient, namely the bulk modulus, for a
compressible material that happens to have a hyperelastic strain energy function in the form of

(2.6.53). In the case where the dilatational energy is given by (2.6.56)), the pressure is

p= Iig . (2.6.57)

Equation (2.6.54) can be further developed by applying the chain rule to the first term:
S=pJC '+ 23 devS, (2.6.58)

where the fictitious second Piola-Kirchoff tensor [66] is defined by,

§=227 (2.6.59)
oC
and Dev is the deviator operator in the reference frame:
1 _
Dev()=()=3(():C)C. (2.6.60)

The Cauchy stress can then be obtained from eq.(2.6.18)3:

o=pl+deveo, (2.6.61)
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where -
s 25 OV ar
o= T | (2.6.62)
and .
dev ()= () — 3 ((): DI (2.6.63)

is the deviator operator in the spatial frame.
The following expression will be useful in the following development.

o J 5 (01051 + 01007 K) 3CIJCKL

oC
oC

) (2.6.64)
=J3 <I ©I- gé ® é—1>
Notice that the contraction with a symmetric tensor A results in,
dCry
dCkr,
oC

A= =23
50 J Dev A

The elasticity tensor, defined in (2.6.20), takes on the following form.

Arj = J_2/3D6VAKL

(2.6.65)

d o
CrikL = <J2d§ + Jp> Cr1Ct —2pJT1kL
2

— §J_2/3 (Dev S]‘]C;{i + C;Jl Dev SKL)

2~ = 1 A
+ gSRSCRS <IIJKL - 3CK1LCIf> + J3Cr kL
, (2.6.66)

C= (JQZZJ? + Jp> Cloct—2pJT

2 _ 5
_ §J_2/3 (Dev S®C '+ C ! @Dev s)

g~,~ _1 —1 —1 —4/3A
+3(s.c)<z ;C e C >+J ¢

where

. iy 1/~ o~ o~ - N D -

Crixkr = Crykr — 3 (CIJRSCRSCKlL + Crsk1Crs 1}) + 9 77 CrsCrsmnCrunCrey,
o 1/~ - ~ _ _
CZC—g(C:C®C*1+C*1®C:C)+ ¢

% :C:CeC™!
(2.6.67)
The spatial elasticity tensor follows from

dp
C=|(J— IQI—2pIO1
(dJ+p> & pl ©

2
——(deve @ I+I®deva) , (2.6.68)

Wl N W

1 ~
+2(6:T) (I@I—3I®I> +C
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where )
Cijil = jﬁ 1Fj e FiCrokr
¢=- (FoF):C: (F o) . (2.6.69)
—C- %(I@I ¢+C: I®I) é(I:é:I)I@I

2.6.9 Tension-Bearing Fiber Materials

In biomechanics we often find it convenient to model fibrous or fibrillar materials using one-
dimensional fibers that can only sustain tension. Typically, such fibers are represented with a
strain energy density function

U, (C)=H (I, - 1)V, (), I,=n,-C-n, (2.6.70)

where n, is the unit vector along the fiber in its reference configuration, and I,, is the square of
the stretch ratio along the fiber. The Heaviside unit step function H (I,, — 1) in eq.(2.6.70) ensures
that the fiber contributes strain energy only when it is under tension (I,, > 1); thus, the constitutive
model ¥, (I,,) for the tensile response of the fiber must reduce to zero when I,, = 1.

Using the hyperelasticity relations presented above, the Cauchy stress in this fiber material
can be evaluated as

oc=H(I,—-1) 2J‘1CE” (F-n)®((F-n,), (2.6.71)
and the spatial elasticity tensor is
—1 dZ\Ijn
C=4J (F-n)®F n)®(F -n)®F n). (2.6.72)

dr?
If we denote the unit vector along the fiber in the current configurationas n = I, 12g. n,, the above
expressions may be rewritten as o = H (I, — 1) 2J ', ¥/ (I,)n®nand C = 4J 129" (I,)n ®
n®n®n. As explained in [9], these fiber models must be combined with a ground matrix in order
to produce a stable material response. In FEBio this can be done by using a constrained mixture
of solid constituents (for example, see Section|2.10.5).
In the classical fiber mechanics literature it was suggested that uncoupled fiber formulations
could also be implemented, whereby

U, (C)=H (in . 1) 0, (in) +U(J), I,=n,-C-n,, (2.6.73)

and the Cauchy stress o is given by eq.(2.6.61) where

& :H(I . 1) 2]~ 16:11” (F nr> ® (F-nr) : (2.6.74)

Uncoupled fiber formulations of this kind are available in FEBio. More recently however, several
studies have demonstrated that using H (fn — 1) to detect whether a fiber is in tension or com-

pression is non-physical, since I,, # I,, and I,, is the sole true measure of the tensile stretch in the
fiber [63] 164, [108]. Therefore, uncoupled fiber formulations have fallen out of favor, even though
FEBio still allows users to employ these for historical reasons. It is now recommended to use
the standard (unconstrained) fiber models, also available in FEBio, with the formulation given in
Egs.(2.6.70)-(2.6.72), even when the ground matrix uses an uncoupled formulation.
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2.7 Biphasic Material

Biphasic materials may be used to model deformable porous media. A biphasic material repre-
sents a mixture of a porous permeable solid and an interstitial fluid. Each constituent is intrinsically
incompressible, but the mixture may change volume as interstitial fluid is exchanged with the pore
space of the solid. Biphasic materials require the explicit modeling of fluid that permeates the
solid. The biphasic material model is useful to simulate materials that show flow-dependent vis-
coelastic behavior resulting from the frictional interactions of the fluid and solid. Several biological
materials such as cartilage can be described more accurately this way.

2.7.1 Governing Equations

Consider a mixture consisting of a solid constituent and a fluid constituent. Both constituents
are considered to be intrinsically incompressible, but the mixture can change volume when fluid
enters or leaves the porous solid matrix [38, (94]. According to the kinematics of the continuum
[125], each constituent « of a mixture (a = s for the solid and « = w for the fluid) has a separate
motion x® (X, ¢) which places particles of each mixture constituent, originally located at X?, in
the current configuration x according to

x = x° (X, 1) . (2.7.1)

For the purpose of finite element analyses, the motion of the solid matrix, o = s, is of particular
interest.

The governing equations that enter into the statement of virtual work are the conservation of
linear momentum and the conservation of mass, for the mixture as a whole. Under quasi-static
conditions, the conservation of momentum reduces to

dive + pb =0, (2.7.2)

where o is the Cauchy stress for the mixture, p is the mixture density and b is the external mixture
body force per mass. Since the mixture is porous, this stress may also be written as

o=-pl+o°, (2.7.3)

where p is the fluid pressure and o€ is the effective or extra stress, resulting from the deformation
of the solid matrix. Conservation of mass for the mixture requires that

div(v?+w) =0, (2.7.4)

where v® = 0x?®/0t is the solid matrix velocity and w is the flux of the fluid relative to the solid
matrix. Let the solid matrix displacement be denoted by u, then v* = 1.

To relate the relative fluid flux w to the fluid pressure and solid deformation, it is necessary to
employ the equation of conservation of linear momentum for the fluid,

— @Y gradp+ p“bY +pg =0, (2.7.5)

where ¢" is the solid matrix porosity, p* = ¢ p¥ is the apparent fluid density and p4 is the true
fluid density, b" is the external body force per mass acting on the fluid, and 3 is the momentum
exchange between the solid and fluid constituents, typically representing the frictional interaction
between these constituents. This equation neglects the viscous stress of the fluid in comparison
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to p¥. The most common constitutive relation is p¥ = —p“k~! - w, where the second order,
symmetric tensor k is the hydraulic permeability of the mixture. When combined with eq.(2.7.5), it
produces

w = —k - (gradp — p7b") , (2.7.6)

which is equivalent to Darcy’s law. In general, k may be a function of the deformation.
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2.8 Biphasic-Solute Material

A biphasic-solute material is an extension of the biphasic material model that also includes trans-
port and mechano-chemical effects of a neutral solute. Transport of a solute in a porous medium
includes diffusion, resulting from gradients in the solute concentration, and convection of the so-
lute by the solvent, as a result of fluid pressure gradients. Mechano-chemical effects describe
phenomena such as osmotic pressurization and swelling.

2.8.1 Governing Equations

The governing equations adopted in this finite element implementation of neutral solute transport in
deformable porous media are based on the framework of mixture theory [39][125]. A single solute
is considered in this presentation for notational simplicity, though the extension of equations to
multiple solutes is straightforward. Various forms of the governing equations have been presented
in the prior literature [7,,192], though a presentation that incorporates all the desired features of this
implementation has not been reported previously and is thus detailed here.

The fundamental modeling assumptions adopted in this treatment are quasi-static conditions
for momentum balance (negligible effects of inertia), intrinsic incompressibility of all constituents
(invariant true densities), isothermal conditions, negligible volume fraction of solute relative to
the solid and solvent, and negligible effects of solute and solvent viscosities (friction within con-
stituents) relative to frictional interactions between constituents. These assumptions are often
made in studies of biological tissues and cells. External body forces and chemical reactions are
not considered.

The three constituents of the mixture are the porous-permeable solid matrix (o« = s), the solvent
(v = w), and the solute (o« = u). The motion of the solid matrix is described by the displacement
vector u, the pressure of the interstitial fluid (solvent+solute) is p, and the solute concentration (on
a solution-volume basis) is ¢. The total (or mixture) stress may be described by the Cauchy stress
tensor o = —pl + o€, where 1 is the identity tensor and o° is the stress arising from the strain in
the porous solid matrix. Because it is porous, the solid matrix is compressible since the volume of
pores changes as interstitial fluid enters or leaves the matrix. Under the conditions outlined above,
the balance of linear momentum for the mixture reduces to

dive = —gradp+dive®=0. (2.8.1)
Similarly, the equations of balance of linear momentum for the solvent and solute are given by

N (2.8.2)

where p® is the apparent density (mass of « per volume of the mixture), i“ is the mechano-
chemical potential and v is the velocity of constituent «.. f*7 is the diffusive drag tensor between
constituents o and S representing momentum exchange via frictional interactions, which satisfies
ffe — o8 An important feature of these relations is the incorporation of momentum exchange
term between the solute and solid matrix, f“* - (v® — v*), which is often neglected in other treat-
ments but plays an important role for describing solid-solute interactions [2, 3, 192]]. These momen-
tum equations show that the driving force for the transport of solvent or solute is the gradient in its
mechano-chemical potential, which is resisted by frictional interactions with other constituents.
The mechano-chemical potential is the sum of the mechanical and chemical potentials. The
chemical potential u* of « represents the rate at which the mixture free energy changes with
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increasing mass of . The mechanical potential represents the rate at which the mixture free
energy density changes with increasing volumetric strain of «. In a mixture of intrinsically incom-
pressible constituents, where the volumetric strain is idealized to be zero, this potential is given
by (p — po) /7, where p$ is the true density of o (mass of o per volume of «), which is invariant
for incompressible constituents, and py is some arbitrarily set reference pressure (e.g., ambient
pressure).

From classical physical chemistry, the general form of a constitutive relation for the chemical
potential is u® = pf (6) + (RO/M*)Ina® [123], where R is the universal gas constant, 6 is the
absolute temperature, M is the molecular weight (invariant) and a“ is the activity of constituent
a (a non-dimensional quantity); g (6) is the chemical potential at some arbitrary reference state,
at a given temperature. For solutes, physical chemistry treatments let a* = ~y¢/cy, where ¢y is
the solute concentration in some standard reference state (an invariant, typically ¢ = 1 M), and
~ is the non-dimensional activity coefficient, which generally depends on the current state (e.g.,
concentration) but reduces to unity under the assumption of ideal physico-chemical behavior [123].
Since this representation is strictly valid for free solutions only, whereas solutes may be partially
excluded from some of the interstitial space of a porous solid matrix, Mauck et al. [92] extended
this representation of the solute activity to let a* = ~e¢/kcy, where the solubility x represents the
fraction of the pore space which is accessible to the solute (0 < x < 1). In this extended form, it
becomes clear that even under ideal behavior (v = 1), the solute activity may be affected by the
solubility. Indeed, for neutral solutes, the solubility also represents the partition coefficient of the
solute between the tissue and external bath [80, 198].

When accounting for the fact that the solute volume fraction is negligible compared to the
solvent volume fraction [6, (123], the general expressions for " and i* take the form

p

Rg e (2.8.3)
i = i (0) + o n LS

M ke

where ® is the osmotic coefficient (a non-dimensional function of the state), which deviates from
unity under non-ideal physico-chemical behavior. Therefore, a complete description of the physico-
chemical state of solvent and solute requires constitutive relations for ® and the effective solubility
k = k/~, which should generally depend on the solid matrix strain and the solute concentration.
It is also necessary to satisfy the balance of mass for each of the constituents. In the absence
of chemical reactions, the statement of balance of mass for constituent a reduces to
(0%
90" +div (p*v*) = 0. (2.8.4)
ot
The apparent density may be related to the true density via p® = ¢*p%, where ¢ is the volume
fraction of « in the mixture. Due to mixture saturation (no voids), the volume fractions add up to
unity. Since the volume fraction of solute is considered negligible (o < ¢*, "), it follows that
Yoo 9™ =@+ " = 1. Since pg of an incompressible constituent is invariant in space and time,
these relations may be combined to produce the mixture balance of mass relation,

div (v? +w) =0, (2.8.5)

where w = ¥ (v — v*) is the volumetric flux of solvent relative to the solid. The balance of mass
for the solute may also be written as

0 (p™c)
ot

+div(j+ ¢Ycv®) =0, (2.8.6)
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where j = ¢"c(v* — v®) is the molar flux of solute relative to the solid. This mass balance relation
is obtained by recognizing that the solute apparent density (mass per mixture volume) is related
to its concentration (moles per solution volume) via p* = (1 — ¢®) Mc ~ " Mec. Finally, it can be
shown via standard arguments that the mass balance for the solid matrix reduces to

gps
S =1r 2.8.7
= (2.8.7)
where ¢? is the solid volume fraction in the reference state, J = det F and F = I + gradu is the
deformation gradient of the solid matrix.
Inverting the momentum balance equations in (2.8.2), it is now possible to relate the solvent
and solute fluxes to the driving forces according to

~ d
w=—-k- (,0% grad 1" + Mcd— grad ﬂ“) ,
0 (2.8.8)

. M w ~u C
j=d- (_Recp cgrad fi +dow> ,

where d is the solute diffusivity tensor in the mixture (solid+solution), d is its (isotropic) diffusivity
in free solution; k is the hydraulic permeability tensor of the solution (solvent+solute) through the
porous solid matrix, which depends explicitly on concentration according to

- d\17!
k= [k‘l + ;950 (1— doﬂ : (2.8.9)

where k represents the hydraulic permeability tensor of the solvent through the solid matrix. The
permeability and diffusivity tensors are related to the diffusive drag tensors appearing in
according to
k= (p")* (£ 7",
dy = ROpVc (f) ! = dol, (2.8.10)
d = ROp¥c (£ 4 fu0) 1

though these explicit relationships are not needed here since k, d and dy may be directly specified
in a particular analysis. Since the axiom of entropy inequality requires that the tensors £ be
positive semi-definite (see appendix of [10]), it follows that dy must be greater than or equal to the
largest eigenvalue of d. Constitutive relations are needed for these transport properties, which
relate them to the solid matrix strain and solute concentration. Note that the relations in
represent generalizations of Darcy’s law for fluid permeation through porous media, and Fick’s law
for solute diffusion in porous media or free solution.

2.8.2 Continuous Variables

In principle, the objective of the finite element analysis is to solve for the three unknowns, u, p
and ¢, using the partial differential equations that enforce mixture momentum balance in (2.8.1),
mixture mass balance in (2.8.5), and solute mass balance in (2.8.6). The remaining solvent and
solute momentum balances in (2.8.8), and solid mass balance in (2.8.7), have been reduced to
relations that may be substituted into the three partial differential equations as needed. Solving
these equations requires the application of suitable boundary conditions that are consistent with
mass, momentum and energy balances across boundary surfaces or interfaces. When defining
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boundaries or interfaces on the solid matrix (the conventional approach in solid mechanics), whose
outward unit normal is n, mass and momentum balance relations demonstrate that the mixture
traction t = o - n and normal flux components w,, = w-n and j,, = j-n must be continuous across
the interface [6l 52]. Therefore, t, w,, and j, may be prescribed as boundary conditions.
Combining momentum and energy balances across an interface also demonstrates that ;%
and " must be continuous [6, [76], implying that these mechano-chemical potentials may be pre-
scribed as boundary conditions. However, because of the arbitrariness of the reference states 1,
1g, po and cp, and the ill-conditioning of the logarithm function in the limit of small solute concentra-
tion, the mechano-chemical potentials do not represent practical choices for primary variables in
a finite element implementation. An examination of also shows that continuity of these po-
tentials across an interface does not imply continuity of the fluid pressure p or solute concentration
c. Therefore, pressure and concentration are also unsuitable as nodal variables in a finite element
analysis and they must be replaced by alternative choices. Based on the similar reasoning pre-
sented by Sun et al. [122], an examination of the expressions in shows that continuity may
be enforced by using
— RODc,

o T

p
(2.8.11)

(o}
I

Y

where p is the effective fluid pressure and ¢ is the effective solute concentration in the mixture. Note
that p represents that part of the fluid pressure which does not result from osmotic effects (since
the term RO ® ¢ may be viewed as the osmotic pressure contribution to p), and ¢ is a straightforward
measure of the solute activity, since a* = ¢/cy. Therefore these alternative variables have clear
physical meanings.

Since the unknowns are now given by u, p and ¢, the governing partial differential equations
may be rewritten in the form

grad (p + RO ® k¢) +dive® =0,
9(e"5e) («pat%c) +div (j + pURE V") =0,

where .
w=—k- (gradﬁ + Rﬁdid : gradé) ,
0

j=#d- <¢w grad & 4+ dcw> , (2.8.13)
0

_ RO &é d\1!
k = k_1+<1—)] .
[ ©¥ dy do

Constitutive equations are needed to relate o€, k, d, dy, & and & to the solid matrix strain and
effective solute concentration.

2.9 Triphasic and Multiphasic Materials

Multiphasic materials represent an extension of the biphasic-solute material, where the mixture
may contain a multitude of solutes. These solutes may be either electrically charged (ionized) or
neutral. Similarly, the solid matrix may either carry electrical charge (a fixed charge density) or
be neutral. A triphasic material is a special case of a multiphasic material, having two solutes
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that carry opposite charges. Triphasic and multiphasic materials may be used to model porous
deformable biological tissues whose solid matrix may be charged and whose interstitial fluid may
contain any number of charged or neutral solutes. When mixture constituents are electrically
charged, the response of the tissue to various loading conditions may encompass a range of
mechano-electrochemical phenomena, including permeation, diffusion, osmosis, streaming poten-
tials and streaming currents. To better understand multiphasic materials, the reader is encouraged
to review the descriptions of biphasic (Section and biphasic-solute materials (Section [2.8).

2.9.1 Governing Equations

In multiphasic materials the solvent is assumed to be neutral, whereas the solid and solutes may
carry charge. The mixture is isothermal and all constituents are considered to be intrinsically
incompressible. Since the viscosity of the fluid constituents (solvent and solutes) is considered
negligible relative to the frictional interactions among constituents, the stress tensor o for the
mixture includes only a contribution from the fluid pressure p and the stress o° in the solid,

o=-pl+o°. (2.9.1)

The mechano-chemical potential of the solvent is given by

av = pg (0) + iw (p —po — ROD Z ca> , (2.9.2)

Pr =
where p (0) is the solvent chemical potential in the solvent standard state, 6 is the absolute tem-
perature, pY is the true density of the solvent (which is invariant since the solvent is assumed
intrinsically incompressible), p is the fluid pressure, py is the corresponding pressure in the stan-
dard state, R is the universal gas constant, ® is the non-dimensional osmotic coefficient, and ¢*
is the solution volume-based concentration of solute a. The summation is taken over all solutes in
the mixture. The mechano-electrochemical potential of each solute is similarly given by

so RO (2F Y
2= pg (0) + e ( 70 (Y — o) +1n ﬂ%g), (2.9.3)

where M“ is the molar mass of the solute, v is its activity coefficient, x¢ is its solubility, z* is its
charge number, and cf is its concentration in the solute standard state; F. is Faraday’s constant,
1 is the electrical potential of the mixture, and v is the corresponding potential in the standard
state.

In these relations, ® and +“ are functions of state that describe the deviation of the mixture
from ideal physico-chemical behavior; k* represents the fraction of the pore volume which may be
occupied by solute . The standard state represents an arbitrary set of reference conditions for
the physico-chemical state of each constituent. Therefore, the values of g (6), po, 1o, p§ (#), and
c¢§, remain invariant over the entire domain of definition of an analysis. Since x* and v appear
together as a ratio, they may be combined into a single material function, 2% = x* /4%, called the
effective solubility.

In multiphasic mixtures, it is also assumed that electroneutrality is satisfied at every point in
the continuum. Therefore, the net electrical charge summed over all constituents must reduce to
zero, and no net charge accumulation may occur at any time. Denoting the fixed charge density of
the solid by ¢ (moles of equivalent charge per solution volume), and recognizing that the solvent
is always considered neutral, the electroneutrality condition may be written as

I + Z 2% =0. (2.9.4)
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This condition represents a constraint on a mixture of charged constituents. If none of the con-
stituents are charged (¢ = 0 and z* = 0 for all «), the constraint disappears.

Each constituent of the mixture must satisfy the axiom of mass balance. In the absence of
chemical reactions involving constituent «, its mass balance equation is

op™ | aa
B +div (p*v*) =0, (2.9.5)
where p? is the apparent density and v is the velocity of that constituent. For solutes, the apparent
density is related to the concentration according to p® = (1 — ¢*) M“c®, where ¢* is the volume
fraction of the solid. When the solute volume fractions are negligible, it follows that 1 — ¢® ~ ¢,
where ¢" is the solvent volume fraction. The molar flux of the solute relative to the solid is given
by j* = e (v — v®), where v is the solute velocity. Using these relations, the mass balance
relation for the solute may be rewritten as
S
%% (Je¥c™) +divj* =0, (2.9.6)
where D (-) /Dt represents the material time derivative in the spatial frame, following the solid;
J = det F, where F is the deformation gradient of the solid. This form of the mass balance for the
solute is convenient for a finite element formulation where the mesh is defined on the solid matrix.
The volume flux of solvent relative to the solid is given by w = ¢ (v — v*), where v* is the
solvent velocity. When solute volume fractions are negligible, the mass balance equation for the
mixture reduces to
div (vi +w) =0. (2.9.7)

Finally, the mass balance for the solid may be reduced to the form D* (J¢®) /Dt = 0, which
may be integrated to produce the algebraic relation ¢* = ¢?/J, where ¢; is the solid volume
fraction in the stress-free reference state of the solid.

Differentiating the electroneutrality condition in (2.9.4) using the material time derivative follow-
ing the solid, and substituting the mass balance relations into the resulting expressions, produces
a constraint on the solute fluxes:

div > 2% =0. (2.9.8)
aFs,w
Recognizing that I. = F.3_, ., 2°j" is the current density in the mixture, with £ representing
Faraday’s constant, the relation of reduces to one of the Maxwell’s equation, divI. = 0, in
the special case when there can be no charge accumulation (electroneutrality).

As described in Section the fluid pressure p and solute concentrations ¢ are not con-
tinuous across boundaries of a mixture, whereas " and ®’s for the solutes do satisfy continuity.
Therefore, in a finite element implementation, the following continuous variables are used as nodal
degrees of freedom:

p=p—ROD > (2.9.9)
a#s,w

which represents the effective fluid pressure, and
& =" /R, (2.9.10)

which represents the effective solute concentration. In the last expression, ¢ is the partition
coefficient of the solute, which is related to the effective solubility and electric potential according

to N
R = A% exp <—Z “”) . (2.9.11)

RO
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Physically, since RO® >_ ., ¢ is the osmotic (chemical) contribution to the fluid pressure, p may
be interpreted as that part of the total (mechano-chemical) fluid pressure which does not result
from osmotic effects; thus, it is the mechanical contribution to p. Similarly, the effective solute
concentration ¢* represents the true contribution of the molar solute content to its electrochemical
potential.

When using these variables instead of mechano-electrochemical potentials, the momentum
equations for the solvent and solutes may be inverted to produce the following flux relations:

~ pae]
w=-k-[gradi+Ro Y ;—Bdﬂ-gradéf’ : (2.9.12)
B#s,w 0
and -
j¢ = r%d*- (—gpwgradéo‘ + cclaw> , (2.9.13)
0
where _1
P L S (2.9.14)
Spw aFs,w dg d8

is the effective hydraulic permeability of the solution (solvent+solutes) in the mixture. The momen-
tum equation for the mixture is
dive =0. (2.9.15)

2.10 Constrained Reactive Mixture of Solids

A solid material may consist of a heterogeneous mixture of various solid constituents that are
constrained to move together. In this section we describe fundamental considerations for such
constrained mixtures.

2.10.1 Mixture Kinematics

Consider a constrained mixture of multiple solid constituents o. The motion of each constituent
is given by x? (X?,t), where X denotes a material point in the reference configuration of that
constituent. At the current time ¢, various constituents o which occupy an elemental region with a
spatial position x may have originated from distinct referential positions X?. We often label a con-
venient constituent as the master constituent s (e.g., the oldest constituent in a reactive mixture
with evolving composition) and call the reference configuration X* the master reference config-
uration. All the referential mass densities and mass density supplies (see below) are evaluated
relative to the master reference configuration X*. The kinematics of each constituent o may be
related to the kinematics of the master constituent s through

x = x* (X*,1) = x° (X7, 1) . (2.10.1)

Taking the material time derivative of this relation in the material frame and recognizing that this
relation must hold for all ¢ in the case of a constrained mixture establishes that all constituents
share the same velocity v? = v*. However, as detailed previously [10, [96], constituents may have
distinct deformation gradients F7 = 0x?/0X?. When a reaction converts a reactant ¢ = a into
a product ¢ = b, these constituents may have distinct reference configurations. The deformation
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gradient of the master constituent F*, which also serves as the total deformation gradient, may
be related to the relative deformation gradient ¥° of constituent o by applying the chain rule to

eq.(2.10.1), producing
_oxT(X5t) 09X (X¥)
- 9Xe 0Xs

In this expression, F7* (X?) is the deformation gradient of o relative to s, which must be postulated
by constitutive assumption. The relationship between X7 and X*¢ is time-invariant; consequently,
F7¢ is a time-invariant spatial mapping. It follows that only one deformation gradient represents an
independent state variable in a constrained mixture framework, whereas all others are related to it
via eq.(2.10.2); any of the F?’s may be selected, based on convenience. In eq.(2.10.2) the spatio-
temporal arguments have been written explicitly for clarity. These dependencies are implied in
the forthcoming sections and henceforth those arguments may be selectively suppressed. Taking
the determinant of eq.(2.10.2) produces a relation between the volume ratios J° = det F° and
JS =detF?

F* (X°, 1) = F7 (X*,t) - F°* (X?) . (2.10.2)

J$ = JOJos (2.10.3)

where J%% = det F75.

2.10.2 Mixture Composition

Each constituent ¢ has an apparent mass density p° which may evolve due to deformation, or
due to reactive processes which alter the mixture composition. Following [6, 37], we define the
referential apparent mass density p¢ of each constituent as

pY = J%p7 . (2.10.4)

Equation expresses the mass of constituent o per referential volume of the master con-
stituent s; thus p? may only evolve if the mass content changes via reactions, making it a suitable
state variable for tracking composition in a reactive framework. The axiom of mass balance for
each constituent o may be written as

Py =7, (2.10.5)

where the dot operator represents the material time derivative and 5? is the referential mass supply
density for constituent o, representing the rate at which mass (per referential volume) is added to
o due to reactions with all other mixture constituents [10, [96]. A constitutive relation must be
provided for p¢ for various types of reactions. The mixture referential mass density p, is given by

pr=>_ 0. (2.10.6)

This summation is carried out over all constituents. When a constrained mixture of solid con-
stituents represents a closed system, p, remains constant over time. Taking the material time
derivative of eq.(2.10.6) and using eq.(2.10.5) shows that the referential mass density supplies
must satisfy

> g =o0. (2.10.7)

However, if a constrained mixture of solid constituents represents an open system (i.e., if fluid con-
stituents are present in the mixture, either explicitly or implicitly), then p, is no longer necessarily
constant, since there may be mass exchange between fluid and solid constituents.
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2.10.3 Mixture Free Energy and Stress

The referential free energy density of the mixture is obtained as

U= pp = o707, (2.10.8)

where 7 is the specific free energy of constituent o and ¢ is the specific free energy of the
mixture. An important function of state which arises later in our treatment is the chemical potential
of constituent o, given by

o = (2.10.9)
op7
The mixture Cauchy stress is given by
. 1 a‘l’r s\T __ 3 s a\IlT s\T
a_ﬁan-( ) _JSF 505 (F*)" (2.10.10)

where C* = Fs . (F*)” is the right Cauchy-Green tensor. The spatial elasticity tensor may be
evaluated from

4 2,

— : SEe - ((FS)T@ (FS)T) . (2.10.11)

2.10.3.1 Closed System of Solid Constituents

In reactive frameworks where p? evolves according to eq.(2.10.5), and where p, remains constant
due to the fact that the solid mixture represents a closed system, it may be convenient to define
the mass fraction

w’ =P (2.10.12)

in which case we may rewrite q.(2.10.8) as ¥, = Y~ w” U7 where U7 = p,¢” is the referen-
tial strain energy density of solid o under the assumption that it is the sole mixture constituent,
normalized by the referential volume of the master constituent s. Based on eq.(2.10.6) the mass
fractions satisfy > w? = 1. In this case, when X7 # X* and v? is most conveniently expressed
as a function of F?, we may use eq. to evaluate OF* /0F° =1 (F°%)~ T and calculate the
mixture stress using the alternative form

1 , OPg T
o= za:w e (F) (2.10.13)
This expression shows that the mixture stress may evolve not only due to temporal changes in the
state of strain but also due to reactive changes in the mass fractions w?.

In FEBio the referential strain energy density for any solid mixture constituent o is evaluated
from the same library of constitutive models used in single-constituent solids. In this library the
calculation of the referential strain energy density is based on the assumption that the reference
configuration corresponds to the configuration when the deformation gradient passed to those
functions is equal to the identity tensor. Thus, passing F* to those functions returns the correct
v?. However, when passing F? as an argument to those functions, the referential volume is based
on the configuration X7. Let the referential free energy density returned by FEBio for an argument
F? be denoted by ¥3. We may similarly denote the corresponding Cauchy stress and spatial
elasticity tensors by o and CJ. Here, the subscript 0 has two meanings: First it emphasizes
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that the corresponding function is evaluated using F“ for the mixture constituent o; second it
emphasizes that the calculation returns the corresponding measure under the assumption that
the mixture consists entirely of that constituent, so that its multiplication by the scale factor w?
returns the actual contribution of that measure to the entire mixture. Based on eq.(2.10.3) we find
that 7 = J?°U7 so that the mixture free energy density may be evaluated from

U, =Y w’ I (F7), (2.10.14)

whereas the mixture Cauchy stress and spatial elasticity are given by

o=>Y uwof, C=> wiC§, (2.10.15)
where 1 0vg 1 0w9
o _ = U_FO’T:7 r_Fo-T 210.1
oy Jo 8F0— ( ) Js 8F0— ( ) ( 0 6)
and A 24
o o o 0 o\T o\T
= — P ——2 . . 2.10.17
€= o5 (B0 F7): oo (8) 0 (F7)T) (2.10.17)

These relations show that the Cauchy stress and spatial elasticity tensor of constituent o in
eq.(2.10.15) may be evaluated using existing FEBio functions without needing to adjust for the
choice of reference configuration X* or X7, as evidenced by eq.(2.10.76) in the case of the stress.
However the referential strain energy density needs to be properly scaled by J?% as shown in
eq.(2.10.14).

The calculation of the 2nd Piola-Kirchhoff stress S for each generation o is more elaborate.
When using the master reference configuration X?, this stress is given by

ove (F*)
ST (F¥)=2———~.
(F°) 90+
When using the reference configuration X7, the stress is evaluated from a similar relation
WG (F7)
S (F°) = 2 0
5 (B7) =270

It can be shown that these stresses are related according to
So (FS) — Jos (FO’S)*I . Sg (Fa) . (FG’S)*T )

FEBio does not use this calculation for solid mixtures, as all internal calculations employ the
Cauchy stress.

2.10.3.2 Open System of Solid Constituents

When p, as defined in eq.(2.10.6) does not remain constant due to the implicit or explicit presence
of fluid constituents, we may choose to define the mass fraction w’ of constituent ¢ based on the
true density pg of the solid constituent,
W =L (2.10.18)
Po
In this case, w” = 1 when the solid mixture consists entirely of constituent o. Unlike w? in
eq.(2.10.6), the summation of w” over all o is meaningless here, since the denominator in eq.(2.10.18)
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is not common to all o. Nevertheless, the mixture free energy density in eq.(2.10.8) may be rewrit-
ten conveniently as ¥, = Y _w?¥g where ¥§ = pf1” represents the free energy density of pure
solid o. Here again, ¢” is most conveniently expressed as a function of F7, so that eq.(2.10.2) may
be use to evaluate OF¢/0F° = I » (F?%)~ " and calculate the mixture stress using the alternative
form ) -
o 0 o\T
UfﬁZw e B (2.10.19)

(e

This expression shows that the mixture stress may evolve not only due to temporal changes in
the state of strain but also due to reactive changes in the mass fractions w?. In this type of open-
system formulation it becomes the user’s responsibility to ensure that all other w? values reduce
to zero when one of the w” reaches unity.

2.10.4 Frame Indifference

To maintain frame indifference for constrained mixtures we must satisfy o (Q - F*) = Q-0 (F*)-Q7,
where Q is an orthogonal transformation that maintains the symmetry group of o [23]. Here,
we abbreviated the list of state variables for o to just F#, for notational simplicity. This frame
indifference is automatically satisfied for o based on the hyperelasticity relation of and
the invariance of + to Q. By the same argument, o as given in satisfies 0§ (Q - F7) =
Q- o§ (F?) - QT for transformations that maintain the symmetry group of ¢/°. Since the symmetry
transformations Q of ¥ must also belong to the symmetry groups of all ), we need to ensure
that F** = Q - F* and F°* = Q - F° also satisfy the kinematic constraint of for those
transformations Q, namely F** = F7* . F?%. This can be achieved if and only if F7* is invariant
under a change of frame. It follows from this argument that the right Cauchy-Green tensors are
invariant, C** = (Fs*)T . Fs* = (F5)7 . F* = C* and similarly C”* = C7, while also satisfying
Cs* = C* = (Fo%)T . C” . F75. Right stretch tensors U* and U? are also invariant.

2.10.5 Simple Solid Mixtures

In the simplest type of non-reactive constrained mixtures of solids all constituents o share the
same reference configuration X? = X¢, in which case F° = F* and J?° = 1. For this type of
mixture where p? does not evolve, it is convenient to set w” = 1 for all & and scale the material
properties of U7 to properly reflect the contribution of each constituent o to the mixture. Thus, the

relation of eq.(2.10.15) reduces to
oc=> of. (2.10.20)

This type of non-reactive mixture of solids is represented in FEBio using the material “solid mix-
ture’”.

When each constituent of a solid mixture is modeled using an uncoupled formulation to enforce
nearly isochoric responses, the strain energy density of this type of mixture is given by

U, =U )+ > ¥ (FS,p;f) , (2.10.21)

nent, and F* is the distortional part of the deformation gradient, as described in Section
This type of non-reactive mixture of uncoupled solids is represented in FEBio using the material
“uncoupled solid mixture”.

where U (J) is the volumetric energy component, ¥, = 3" _ U7 is the distortional energy compo-
i
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2.10.6 Multigenerational Interstitial Growth

Multigenerational interstitial growth mechanics may be modeled using a reactive mixture of con-
strained solids as described in [9]. In this framework it is assumed that a porous solid matrix
may gain mass via interstitial growth, such that the porosity of the solid decreases with increasing
solid mass content. The history of growth is discretized temporally into generations o such that
the mass added in the time interval t° < t < t°*! has a reference configuration X°. This model
assumes that each generation o gets deposited into the existing mixture in a stress-free state.
This can be achieved by adopting the constitutive assumption that X7 = x* (X*,t?). In other
words, the reference configuration of generation o is the current configuration of the solid mixture
at time t?. An alternative form of this constitutive model, which satisfies frame-indifference, is that
F7 (X*,t7) = R* (X*,t7) at the time the new generation o is being deposited, where R is the
rotation tensor in the polar decomposition of F* = R® - U®. Equivalently, F* (X?®) = U*® (X*,¢7)
according to eq.(2.10.2). Since F7¢ is a right-stretch tensor, it satisfies frame indifference.

The underlying assumption of multigenerational growth is that U?® (X*,¢7) evolves for each
generation o either due to load-induced deformations or deformations produced by swelling pro-
cesses, such as cell growth or Donnan swelling.

This type of multigenerational growth material is implemented in FEBio as “multigeneration” for
mixtures of elastic solids, and as “multiphasic-multigeneration” for reactive multiphasic mixtures
whose solid constituent is a multigenerational growth material. In this type of material the user
needs to prescribe the generation birth times ¢t and the properties of the material of each gener-
ation 0. The code automatically prescribes F?¢ based on the constitutive model given above, for
each generation o. For example, one may use a material model whose response depends on the
evolving composition pZ of that generation. The composition p? may evolve either due to chemical
reactions modeled in a multiphasic framework, or by associating a user-defined load curve with p?.
Thus, the material properties (and the stress response) of generation o need not remain constant
over the generation time interval t° < t < t°*1, even though F?* remains constant during that
generation.

When the growth process is negative (o7 < 0), it implies that the solid constituent o is losing
mass (solid resorption); this loss of mass terminates when pZ = 0. A material model that depends
on pZ may exhibit evolving material properties during this resorption process until that generation
produces zero stress when p7 = 0.

As a result of these evolving growth processes, this multigeneration mixture may exhibit resid-
ual stresses.

2.10.7 Prescribed Pre-Stretch

An alternative approach to multigenerational growth is to prescribe F?* as a user-defined function.
For isotropic stretching we may define

Fo% = \°°1, (2.10.22)

where \?¢ > 0 is the stretch ratio. A value greater than unity causes swelling whereas a value less
than unity causes contraction; A\?* = 1 produces F?° = I, which recovers the simple solid mixture
described in Section In FEBio a load curve may be associated with \?* to ramp up the
prescribed deposition stretch.

For orthotropic stretching we define mutually orthogonal symmetry planes with unit normals a;
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(i=1,2,3and a; - a; = d;;). Then,
3
Fos — Z \a; @ a;, (2.10.23)
=1

where \7° is the stretch ratio for the prescribed stretch along a;; in general, \J° # A3° # A3%,
though this model can be specialized to transversely isotropic stretch by setting two of these
stretch ratios equal to each other.

At lower symmetries the constitutive model for F7° must necessarily combine stretch and ro-
tation. For monoclinic materials, deformations may be prescribed along three unit vectors a; that
satisfy a; - a3 = 0, a; - az = 0, and as - ag # 0, such that a; defines the single plane of symmetry.
In this case,

Fos = )\‘l’sal ®ai + ﬁaQ ® (32 - 052333)
23 (2.10.24)

ags ?

+ 3 a3 ® (ag — azsas)
1—aj,

where \7¢ is the stretch along a; and a3 = as - a3. Under general conditions (i.e., when \{® #
A% # A§° and aas # 0), the polar decomposition theorem shows that this deformation gradient is
not a pure stretch, as it also involves a rotation.

The deformation gradient for expansion of a triclinic material may be similarly constructed by
finding F?° such that F?° - a; = A\7%a; (no sum) for non-orthogonal and non-collinear unit vectors

aj,
s

F7% = cli a1 ® ((1— a33) a1 — (a12 — aq3093) a2 — (13 — a1203) a3)
+ ; ar ® (— (a12 — arzans) a1 + (1 — afs) a2 — (a3 — aroai3) a3) (2.10.25)

(o]

+ ; az ® (— (13 — ajo093) a1 — (@23 — 20113) Az + (1 - 04%2) a3)

where
d=1-— 04%2 — 04%3 — Oé%g + 2ar030130019 (21026)

and «;; = a; - a; is the cosine of the angle between a; and a;. All of these constitutive models for
F¢ satisy frame indifference since they depend on material vectors a;.

This type of elastic solid with prescribed pre-stretch is modeled in FEBio using the materials
“prestretch elastic” and “prestretch uncoupled elastic”. In the uncoupled version each solid con-
stituent in the mixture has a deformation gradient F“ which produces nearly isochoric responses
(J° = 1), whereas no constraint is placed on the volumetric strain of the pre-stretch F7s.
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2.11 Equilibrium Swelling

When the interstitial fluid of a porous medium contains one or more solutes, an osmotic pres-
sure may be produced in the fluid if the osmolarity of the interstitial fluid is non-uniform, or if it is
different from that of the external bathing solution surrounding the porous medium. In general,
since the osmolarity of the interstitial fluid may vary over time in transient problems, the analysis
of such swelling effects may be addressed using, for example, the biphasic-solute material model
described in Section However, if we are only interested in the steady-state response for such
types of materials, when solvent and solute fluxes have subsided, the analysis may be simplified
considerably.
The Cauchy stress tensor for a mixture of a porous solid and interstitial fluid is given by

o=-pl+o°, (2.11.1)

where p is he fluid pressure and o° is the stress in the solid matrix resulting from solid strain.
When steady-state conditions are achieved, the fluid pressure p results exclusively from osmotic
effects and ambient conditions (i.e., it does not depend on the loading history). Thus, in analogy
to eq.(2.8.11), p = p+ RI®c where p is the mechanical pressure resulting from ambient conditions
and RA®c is the osmotic pressure resulting from the osmolarity ¢ of the solution.

The osmotic pressure p may produce swelling of the solid matrix, which is opposed by the
solid matrix stress. This becomes more apparent when considering, for example, the case of a
traction-free body. The traction is given by t = o - n, where n is the unit outward normal to the
boundary. When t = 0, the relation of eq.(2.11.1) produces p = n- o - n, clearly showing that the
osmotic pressure p is balanced by the swelling solid matrix.

The interstitial osmolarity (number of moles of solute per volume of interstitial fluid) may be
related to the solute and solid content according to

Cr

= — 211.2
oo @.112)

Cc

where ¢, is the number of moles of solute per volume of the mixture in the reference configuration,
vy is the volume fraction of the solid in the reference configuration, and J = det F is the volume
ratio of the porous solid matrix. Neither ¢, nor ¢F depend on the solid matrix deformation, thus
eq.(2.11.2) provides the explicit dependence of ¢ on J. This relation shows that the osmolarity of
the interstitial fluid is dependent on the relative change in volume of the solid matrix with deforma-
tion. Effectively, under equilibrium swelling conditions, the term —pI in eq.(2.71.1) represents an
elastic stress and may be treated in this manner when analyzing equilibrium swelling conditions.

Since p also depends on the osmotic coefficient, if we assume that ® depends on the solid
strain at most via a dependence on J, we may thus state generically that p = p (J) under equilib-
rium swelling. It follows that the elasticity tensor for o is

d _
C——<p—|—Jd§)I®I+2pI®I+Ce, (2.11.3)

where C¢ is the elasticity tensor of o°.

2.11.1 Perfect Osmometer

Consider a porous medium with an interstitial fluid that consists of a solvent and one or more
solutes, whose boundary is permeable to the solvent but not to the solutes (e.g., a biological cell).
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Since solutes are trapped within such a medium, ¢, is a constant in this type of problem. Since the
boundary is permeable to the solvent, p must be continuous across the boundary. Assuming ideal
physicochemical conditions, ® = 1, and zero ambient pressure, this continuity requirement implies
that p = R (c — ¢*), where c*is the osmolarity of the external environment. Using eq.(2.11.2), it
follows that

p—R0< o —c*> : (2.11.4)
J— ¢}

The reference configuration (the stress-free configuration of the solid) is achieved when J = 1 and
p = 0, from which it follows that ¢, = (1 — ¢}) ¢, where ¢ is the value of ¢* in the reference state.
Therefore eq.(2.11.4) may also be written as

1 — 5 c*
p = Roc* (‘”%—1) , (2.11.5)
J — s c*

and this expression may be substituted into eq.(2.11.3) to evaluate the corresponding elasticity
tensor.

A perfect osmometer is a porous material whose interstitial fluid behaves ideally and whose
solid matrix exhibits negligible resistance to swelling (¢ ~ 0). In that case p = 0 and eq.(2.11.5)
may be rearranged to yield

*

J:(1—¢§)Z—§3+¢i. (2.11.6)

This equation is known as the Boyle-van’t Hoff relation for a perfect osmometer. It predicts that
variations in the relative volume of such as medium with changes in external osmolarity ¢* is an
affine function of ¢jj/c*, with the intercept at the origin representing the solid volume fraction and
the slope representing the fluid volume fraction, in the reference configuration.

FEBio implements the relation of eq.(2.11.5) for the purpose of modeling equilibrium swelling
even when solid matrix stresses are not negligible. The name “perfect osmometer” is adopted for
this model because it reproduces the Boyle-van’t Hoff response in the special case when ¢ = 0.

2.11.2 Cell Growth

The growth of cells requires the active uptake of soluble mass to provide the building blocks for var-
ious intracellular structures, such as the cytoskeleton or chromosomes, and growth contributes to
the osmolarity of the intracellular space. The resulting mechano-chemical gradient drives solvent
into the cell as well, contributing to its volumetric growth.

Cell growth may be modeled using the “perfect osmometer” framework by simply increasing
the mass of the intracellular solid matrix and membrane-impermeant solute. This is achieved by
using eq.(2.11.4) to model the osmotic pressure and allowing the parameters ¢? and ¢, (normally
constant) to increase over time as a result of growth. Since cell growth is often accompanied
by cell division, and since daughter cells typically achieve the same solid and solute content as
their parent, it may be convenient to assume that ¢ and ¢, increase proportionally, though this
is not an obligatory relationship. To ensure that the initial configuration is a stress-free reference
configuration, let ¢, = (1 — ¢f) ¢* in the initial state prior to growth.

2.11.3 Donnan Equilibrium Swelling

Consider a porous medium whose solid matrix holds a fixed electrical charge and whose inter-
stitial fluid consists of a solvent and two monovalent counter-ions (such as Na* and Cl~). The
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boundaries of the medium are permeable to the solvent and ions. The fixed charge density is de-
noted by ¢f'; it is a measure of the number of fixed charges per volume of the interstitial fluid in the
current configuration. This charge density may be either negative or positive, thereby producing
an imbalance in the concentration of anions and cations in the interstitial fluid. To determine the
osmolarity of the interstitial fluid, it is necessary to equate the mechano-chemical potential of the
solvent and the mechano-electrochemical potential of the ions between the porous medium and
its surrounding bath. When assuming ideal physicochemical behavior, the interstitial osmolarity
(resulting from the interstitial ions) is given by

c=1/(cF) + (2¢%)2, (2.11.7)

where c¢* is the salt concentration in the bath. Alternatively, we note that the osmolarity of the bath
is ¢* = 2¢*. Though this expression may be equated with eq.(2.71.2), the resulting value of ¢, is
not constant in this case, since ions may transport into or out of the pore space; therefore that
relation is not useful here.

However, since the number of charges fixed to the solid matrix is invariant, we may manipulate
eq.(2.11.2) to produce a relation between the fixed charge density in the current configuration, ¢,
and the corresponding value in the reference configuration,c’,

1— 8
F =" Pr .k (2.11.8)
J =7
Now the osmotic pressure resulting from the difference in osmolarity between the porous medium
and its surrounding bath is given by

s 2
p= RO (\/(;:’;CF) +(c*>2c*) . (2.11.9)

This expression may be substituted into eq.(2.11.3) to evaluate the corresponding elasticity tensor.

When the osmotic pressure results from an imbalance in osmolarity produced by a fixed charge
density, it is called a Donnan osmotic pressure. The analysis associated with this relation is called
Donnan equilibrium.
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2.12 Chemical Reactions

Chemical reactions may be incorportated into a multiphasic mixture by adding a mass supply term
to the equation of mass balance,

(e

% + div (p°ve) = §*, (2.12.1)

Where ;¢ is the volume density of mass supply to « resulting from chemical reactions with all other
mixture constitutents. Since mass must be conserved over all constituents, mass supply terms are
constrained by

> =0 (2.12.2)

In a mixture containing a solid constituent (denoted by o = s), it is conveniemt to define the mixture
domain (and thus the finite element mesh) on the solid and evaluate mass fluxes of constituents
relative to the solid,

m® = p® (v¥ —v?) . (2.12.3)

Substituting eq.(2.12.3) into eq.(2.12.1), the differential form of the mass balance may be rewritten
as

°pr : R
* = p 2.12.4
Di + Jdivm oy, ( )

Where D* (-) /Dt represents the material time derivative in the spatial frame, following the solid,
J = det F, where F is the deformation gradient of the solid matrix; p¢& is the apparent density and
p% is the volume density of mass supply to « normalized to the mixture volume in the reference
configuration,

o= Jp%,  pr=Jp~. (2.12.5)
Since p% is the mass of « in the current configuration per volume of the mixture in the reference
configuration (an invariant quantity), this parameter represents a direct measure of the mass con-
tent of « in the mixture, which may thus be used as a state variable in a framework that accounts
for chemical reactions. A distinction is now made between solid and solute species in the mixture,
since they are often treated differential in an analysis.

2.12.1 Solid Matrix and Solid-Bound Molecular Constituents

For constituents constrained to move with the solid (denoted generically by o = o and satisfying
v® = v? , Vo), the statement of mass balance in eq.(2.12.4) reduces to the special form
D?p? /Dt = p? . (2.12.6)

This representation makes it easy to see that alterations in p¢ can occur only as a result of chem-
ical reactions (such as synthesis, degradation, or binding). In contrast, as seen in eq.(2.12.4),
alterations in p for solutes or solvent (« # o) may also occur as a result of mass transport into or
out of the pore space of the solid matrix. Therefore, p? is the natural choice of state variable for
describing the content of solid constituents in a reactive mixture.

When multiple solid species are present, the net solid mass content may be given by p? = > p7

g
whereas the net mass supply of solid is p5 = > p2 such that D®p? /Dt = p?. The referential solid
lea

volume fraction, 7, may be evaluated from

vr =+ Y00 /07, (2.12.7)
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where p7. is the true density of solid constituent o (mass of o per volume of o) and ¢§ is the ref-
erential solid volume fraction of solid constituents not explicitly modeled by solid-bound molecules
(a user-defined parameter). According to eq.(2.12.5), it follows that the solid volume fraction in
the current configuration is given by ¢* = ¢7/J. Note that 0 < ¢® < 1 under all circumstances,
while 0 < ¢f < J, implying that ¢? may exceed unity when solid growth occurs. In this study,
it is assumed that all mixture constituents are intrinsically incompressible, implying that their true
density is invariant.
At the start of an analysis, the formula of eq.(2.12.7) takes the form

05 (0) =5+ > o7 (0) /% (2.12.8)

where p? (0) represents the initial apparent mass densities of solid constituents. This initial value
of ¢? must satisfy 0 < 2 (0) < 1, since J = 1 at the start of an analysis.

The various constituents of the porous solid matrix of a multiphasic mixture may be electrically
charged. The charge density in the current configuration, normalized by the mixture volume in the
current configuration, is given by

F _ Zdnt + 3 27dn°

= 2.12.

where 2% is the charge number (equivalent charge per mole) and dn’ is the elemental number
of moles associated with fixed charges present in the initial volume fraction ¢ of the solid matrix.
Similarly, z is the charge number of evolving solid constituent . By convention however, the fixed
charge density ¢! of a multiphasic material is normalized by the fluid volume of the mixture, thus
it can be shown that

~F F F oo

o ¢ 1 z"dn 27 pg
= = ) 2.12.10
¢ Tioy J—@f( v, +;MU> ( )

In particular, in the reference configuration this formula produces
1 ZFant (0) 27p7 (0)

"(0) = — - 2.12.11
<O =120 ( av, T — M ( )

We define the first term on the right-hand-side of this equation as the initial value of the user-
specified fixed charge density ¢} (which is not associated with solid species o),

1 Fdnt (0)
1—pp(0) dVr

el (2.12.12)

Therefore, in the current configuration, we may rewrite

1—¢; (0 1 27 p7

i 907"( ) F Pr

= — . 2.12.1
¢ J— s CO+J—gpizU: M@ ( 3)

where the user-specified ¢J” may optionally be associated with a load curve representing the scale
factor dn®' /dnt" (0), in case the user would like to allow ¢}’ to evolve. By analogy, we may now
define the referential fixed-charge density ¢! of the mixture as

r_ JZer p_ ! Z Pr (2.12.14)

=——Cc =¢ +
1— ;5 (0) O 1—gr(0) &~ M7

C
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Here, ¢ may evolve with time, but it represents the number of fixed equivalent charges in the
current configuration, per fluid volume in the reference configuration. Hence we may also write

1_ S
CF: 901”(0)07}"7
J —p

The molar concentration of a solid-bound molecular constituent, which may be needed in a
reactive process involving solutes, is given by

1

- oy
&7 = T (2.12.15)

An alternative to using solid-bound molecules is to define solutes o whose diffusivity d” in the
mixture is set to 0 (however, the free diffusivity df should not be set to zero, to prevent a division
by zero; its exact value is not important, thus let df = 1). Then, FEBio treats these solutes as
equivalent to solid-bound molecules: (1) Their concentration does not contribute to the osmolarity
of the interstitial fluid; (2) their concentration contributes to the fixed charge density ¢/ in the
current configuration; (3) these solutes do not contribute to the effective hydraulic permeability k
of the porous multiphasic mixture; (4) these solutes can be involved in chemical reactions; (5)
while their initial effective concentration may be prescribed, it must not contribute to the prescribed
initial effective fluid pressure, and the user should not prescribe any boundary conditions on the
effective concentration of these solutes. Using these ’solid-bound’ solutes increases the number of
degrees of freedom in an FEBio analysis; however, unlike solid-bound molecules, the solution for
the effective concentration of these solutes remains as accurate as all other degrees of freedom
in an analysis.

To evaluate the contribution of these solutes to the referential solid volume fraction ¢; and to
chemical reactions, we use eq.(2.12.15) above and substitute it into eq.(2.12.7) to produce

M c°

PT

o =05+ (J -

g

which can be solved for ¢; using the concentrations ¢?,

s M c®
g + J; A

1+ 345
o

or = (2.12.16)

2.12.2 Solutes

Solutes are denoted generically by o = «. In chemistry solute content is often represented in units
of molar concentration (moles per fluid volume). It follows that solute molar concentration ¢* and
molar supply ¢ are related to p* and p* via

. P o P

S . — (2.12.17)
(1 — %) M* (1 —¢%) M

The molar flux of constituent . relative to the solid is given by

I=0=¢%)c (vt =v%), (2.12.18)
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where it may be noted that m* = M*'j*. Combining these relations with Eqgs.(2.12.4)-(2.12.5)
produces the desired form of the mass balance for the solutes,

LD [J(1=¢%)e]
J Dt

+divit = (1 — %) & . (2.12.19)

This form is suitable for implementation in a finite element analysis where the mesh is defined on
the solid matrix.
2.12.3 Mixture with Negligible Solute Volume Fraction

The volume fraction of each constituent is given by ¢* = p®/p%. In a saturated mixture these
volume fractions satisfy > © ¢ = 1. Substituting p® = ¢“p7. into eq.(2.12.1)), dividing across by p¢.

(07
(invariant for intrinsically incompressible constituents), and taking the sum of the resulting expres-
sion over all constituents produces

div (Z wva> => Z’z . (2.12.20)
(0% (0% T

This mass balance relation for the mixture expresses the fact that the mixture volume will change
as a result of chemical reactions where the true density of products is different from that of re-
actants. Indeed, assuming that p%. is the same for all o would nullify the right-hand-side of
eq.(2.12.20) based on eq.(2.12.2). We now adopt the assumption that solutes occupy a neg-
ligible volume fraction of the mixture (¢* < 1), from which it follows that ¢* + ¢* ~ 1 and
Y pv® = v® + w, where w = % (v — v*) is the volumetrix flux of solvent relative to the solid.

Thus, the mixture mass balance may be reduced to

div (v + w) Zp . (2.12.21)

In the special case of the solvent (a = w), FEBio uses a solvent supply, ¢ = " /p%, which may
be incorporated in eq.(2.12.21) as

div (v¥ +w) = ¢¥ + Z ~ (2.12.22)
oz;éw
From the mass balance equation for the solvent we have

@w = Dgét) + grad (pw . (Vw — VS) -+ ng le Vw

so that the mixture mass balance takes the form

S, W

div (v¥ 4+ w) = D

+ grad ¢ - (V¥ = v®) + ¥ divv? +Z'0
a;épr

Using ¢ + ¢° = 1 this relation further simplifies to

D
p*divv® + = —.
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Now we use the kinematic relation divv* = £ to reduce this equation further to

But recall that

thus the mixture mass balance now simplifies to

1 D%}
J Dt > P
aFw T

Since
= (1 -t Mo

it follows that

D3y Wers
Dtr:J(l_L‘OS)Z o
aFw Pr

Another way of presenting these results is to restate the mixture mass balance as

1 DS S
div(vi+w) = ¢f + 7 DfT

(2.12.23)

where ¢y is the solvent supply from user-specified sources (not from the chemical reactions).

2.12.4 Chemical Kinetics

Productions rates are described by constitutive relations which are functions of the state variables.
In a biological mixture under isothermal conditions, the minimum set of state variables needed to
describe reactive mixtures that include a solid matrix are: the (uniform) temperature 6, the solid
matrix deformation gradient F (or related strain measures), and the molar content ¢* of the various
constituents. This set differs from the classical treatment of chemical kinetics in fluid mixtures by
the inclusion of F and the subset of constituents bound to the solid matrix. To maintain a consistent
notation in this section, solid-bound molecular species are described by their molar concentrations
and molar supplies which may be related to their referential mass density and referential mass
supply according to

24 . o7
= = (2.12.24)
(J —p) M (J — ) M
Consider a general chemical reaction,
D URET = Y upE”, (2.12.25)

where £% is the chemical species representing constituent «; v% and v$ represent stoichiometric
coefficients of the reactants and products, respectively. Since the molar supply of reactants and
products is constrained by stoichiometry, it follows that all molar supplies ¢* in a specific chemical
reaction may be related to a production rate ¢ according to

& = 1°¢, (2.12.26)
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where v represents the net stoichiometric coefficient for £,
v =vp — R, (2.12.27)

Thus, formulating constitutive relations for & is equivalent to providing a single relation for ¢ (6, F, ¢®).
When the chemical reaction is reversible,

D URET =) upE”, (2.12.28)

the relations of Eqs.(]2.12.26|)—(|2.12.27[) still apply but the form of ¢ would be different.

Using the relations of Egs.(2.12.17), (2.12.24) and (2.12.26), it follows in general that )% =
(1 —¢®) M*v*(, so that the constraint of eq.(2.12.2) is equivalent to enforcing stoichiometry,
namely,

> VM =0. (2.12.29)

Thus, properly balancing a chemical reaction satisfies this constraint.
The mixture mass balance in eq.(2.12.22) may now be rewritten as

div (v¢ +w?) = ¢V + (1 — ¢*) (V, (2.12.30)

where V = Y v*V® and V* = M%/p% is the molar volume of a. (Currently in FEBio, @Y is
aFw

specified independently of ¢, because users may choose to neglect the contribution from V in
eq.(2.12.30); therefore, if one desires to model chemical reactions, eq.(2.12.25) or eq.(2.12.28),
that involve the solvent, it is necessary to explicitly provide a solvent supply function compatible
with the above relations, namely ¢f = (1 — ¢*) (v*V".) Similarly, the solute mass balance in
eq.(2.12.19) becomes

IDS[J(l_QOS)CL] sl S\ L,

7 Di +divj = (1 — %) v'(¢. (2.12.31)

These mass balance equations reduce to those of non-reactive mixtures when ¢ = 0.

2.13 Fluid Mechanics

2.13.1 Mass and Momentum Balance

In a spatial (Eulerian) frame, the momentum balance equation for a continuum is
pa=dive + pb, (2.13.1)

where p is the density, o is the Cauchy stress, b is the body force per mass, and a is the acceler-
ation, given by the material time derivative of the velocity v in the spatial frame,

a:V:g‘tf—kL'V, (2.13.2)

where L = grad v is the spatial velocity gradient. The mass balance equation is

p+pdivv=0, (2.13.3)
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where the material time derivative of the density in the spatial frame is

dp

pza—kgradp-v. (2.13.4)

Let F denote the deformation gradient (the gradient of the motion with respect to the material
coordinate). The material time derivative of F is related to L via

F=L.F. (2.13.5)

Let J = det F denote the Jacobian of the motion (the volume ratio, or ratio of current to referential
volume, J > 0); then, the dilatation (relative change in volume between current and reference
configurations) is given by e = J — 1. Using the chain rule, .J’'s material time derivative is J =
JE-T . F which, when combined with eq., produces a kinematic constraint between .J and
div v,

J=Jdivv. (2.13.6)

Substituting this relation into the mass balance, eq.(2.13.3), produces p7 = 0, which may be
integrated directly to yield
p=pe/d. (2.13.7)

where p, is the density in the reference configuration (when J = 1). Since p, is obtained by
integrating the above material time derivative of pJ, it is an intrinsic material property that must be
invariant in time and space.
The Cauchy stress is given by
o=—-pl+T1, (2.13.8)

where I is the identity tensor, = is the viscous stress, p is the pressure arising from the elastic
response,
d¥, (J)
daJj
and U, is the free energy density of the fluid (free energy per volume of the continuum in the
reference configuration). The axiom of entropy inequality dictates that ¥,. cannot be a function of
the rate of deformation D = (L + L) /2. In contrast, the viscous stress  is generally a function
of J and D.

Boundary conditions may be derived by satisfying mass and momentum balance across a
moving interface I'. Let I' divide the material domain V' into subdomains V. and V_ and let the
outward normal to V. on T" be denoted by n. The jump condition across I" derived from the axiom
of mass balance requires that

p=— (2.13.9)

[[pur]] -m =0, (2.13.10)

where ur = v — vp on T" and vr is the velocity of the interface I". Thus, ur represents the velocity
of the fluid relative to I". The double bracket notation denotes [[f]] = f+ — f—, where f and f_
represent the value of f onT"in V. and V_, respectively. This jump condition implies that the mass
flux normal to T" must be continuous. In particular, if V, is a fluid domain and V_ is a solid domain,
and I" denotes the solid boundary (e.g., a wall), we use p = p, v = v for the fluid, and v_ = vp
for the solid, such that eq.(2.13.10) reduces to p (v — vr) -n = 0. The jump condition derived from
the axiom of linear momentum balance similarly requires that

lo —pur ®ur]] n=0. (2.13.11)



64 CHAPTER 2. CONTINUUM MECHANICS

This condition implies that the jump in the traction o - n across I' must be balanced by the jump
in momentum flux normal to T". In addition to jump conditions dictated by axioms of conservation,
viscous fluids require the satisfaction of the no-slip condition,

(I-n®n)-[[ur]] =0, (2.13.12)

which implies that the velocity component tangential to I' is continuous across that interface.

In our finite element treatment we use v and J as nodal variables, implying that our for-
mulation automatically enforces continuity of these variables across element boundaries, thus
[[v]] = [[ur]] = 0 and [[J]] = 0. Based on Egs.(2.13.7) and (2.13.9), it follows that the density
and elastic pressure are continuous across element boundaries in this formulation, [[p]] = 0 and
[[p]] = 0. Thus, the mass jump in eq.(2.13.10) is automatically satisfied, and the momentum jump
in eq.(2.13.11) reduces to [[o]] - n = 0, requiring continuity of the traction, or more specifically ac-
cording to (2.13.8), the continuity of the viscous traction = - n, since p is automatically continuous.

2.13.2 Wall Shear Stress

Consider a no-slip impermeable wall (a wall on which the fluid velocity is equal to the wall velocity,
v = vr). Let {n,s,t} be an orthonormal basis where n is the outward normal to the fluid on
the wall, s is a unit tangent to the wall along the local direction of the flow (in the immediate wall
vicinity), and t is a unit tangent to the wall in the direction orthogonal to n and s. The components of
the velocity gradient L = grad v on the wall, when expressed in matrix form in the basis {n,s,t},
are zero in the directions of the wall tangent (since there is no variation in any of the velocity
components along those directions). Moreover, by construction, the tangential velocity component
v along t is zero, not only on the wall but also in its vicinity (thus, dv;/0x,, = 0). Combining these
factors produces

Qv Qv Oun Ovp 0 0
Ozxn, gxs gxt %xn
— Ovs  OUs Vs _ Vs
L] = o an 90 0 (2.13.13)
Ovt Ut Ovt.
Oxrn  Oxs Oxt 0 00

where dz,, dxs and dx; represent line elements along each of the coordinate directions. The
resulting rate of deformation tensor is

Be 0
1 T Tn
D] =5 (L] + L") = { 10 9 0 ] (2.13.14)
00 0 0

Therefore the fluid stress evaluated from Eq.(2.13.8) will typically have the form

) o (5 gn) i ugE 0
o] = —p[I] + (/@ - 3,u> (trD) [I] +2p [D] = ugﬁ -p 0 (2.13.15)
0 0 -—p

where « is the bulk viscosity and u is the shear viscosity (which may be a function of the rate of
deformation in the case of a non-Newtonian fluid), see Eq.(5.16.1) in Section From this result
we conclude that the wall shear stress is

0vg
H Oxy,

(2.13.16)

Ons = Osn =
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In practice it is inconvenient to evaluate this wall shear stress in a local coordinate system attached
to the wall and directed along the flow in the wall vicinity. As it turns out, the principal normal

stresses evaluated from [o] in Eq. (2.13.15) are

1 1
o1=-p O3=-p+ = (ann — /o2, + 4U§n) o3 =—-p+ = (O’nn ++/o2, + 4a§n) (2.13.17)

2 2
where
4 ov ov
nn — T a — sn = — 2.13.1
o p+<ﬁ+3u> oz, o M@xn (2.13.18)
Thus, the maximum shear stress is
_ (101—02\ log — o3| \03—01!>
Os,max — Mmax B > 9 ) 9
(2.13.19)

Onn — V O-T2m + 4U§n

1 Onn + V02, + 402,

1
5 ‘ V 0-72m + 40-§n

"2

1
= max | —
4
When the flow is incompressible it follows that tr D = 37“:1 = 0, in which case o,,,, = —p according

to Eq.(2.13.18). Thus,

’UHS‘

2

lons! ’%U = |osnl (2.13.20)

Os,max — Inax < 9

Therefore, when the flow is incompressible the wall shear stress is equal to the maximum fluid
shear stress. This result makes it convenient to use the maximum fluid shear stress on the wall as
the value of the wall shear stress. Conversely, if the flow is compressible (which is generally the
case in FEBIo) but as long as

o] < 2|05l (2.13.21)

the conclusion remains the same. Therefore, in most applications one can use the maximum
fluid shear stress as a method for estimating the wall shear stress. This result remains valid for
problems where the wall is not stationary, such as fluid-structure interaction problems. In practice
one can always examine the principal normal stresses in the fluid, along the wall, from which one
can deduce if Eq.(2.13.217) is satisfied satisfactorily.

However, if the wall is porous or if slippage is allowed, then the wall velocity components are
not necessarily zero or negligible. Thus, the maximum shear stress is not always equal to the wall
shear stress.

2.13.3 Energy Balance

The energy balance for a continuum may be written in integral form over a control volume V' as

d 1 1
— [ ple+=v-v dV:—/p e+ =v-v (V-n)dS—l—/t-vdS—l-/pb'vdV
dt Jy 2 s 2 s v

—/q-ndS—i—/p?‘dV
S \%4

(2.13.22)
where S is the control surface bounding V/, ¢ is the specific internal energy, q is the heat flux across
S, and r is the heat supply per mass to the material in V' resulting from other sources. Bringing
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the time derivative inside the integral on the left-hand-side, and using the divergence theorem, this
integral statement of the energy balance may be written as

/V p(é+v-a)+p<e+;v-v) (divv_§>

—/ [c:D —divg+ pr+ v (dive + pb)] dV
1%

dav

(2.13.23)

This statement must be valid for arbitrary control volumes and arbitrary processes, from which we
conventionally derive the differential form of the axioms of mass, momentum and energy balance.

For the specialized conditions of a viscous fluid at constant temperature assumed in our treat-
ment, the only state variables for the functions of state ¢, o and q are J and D (i.e., the temperature
is not a state variable since it is assumed constant). Under these conditions the entropy inequality
shows that the specific entropy n and the heat flux q must be zero, and the Cauchy stress o must
have the form of eq.(2.13.8) where p is given by eq.(2.13.9) as a function of .J only, leaving the
residual dissipation statement 7 : D > 0 as a constraint that must be satisfied by constitutive
relations for . (For a Newtonian fluid, this constraint is satisfied when the viscosities ¢ and « are
positive.) From these thermodynamic restrictions we conclude that ¢ = ¢, where ) is the specific
(Helmholtz) free energy, with ¥,. = p,.1.

For the conditions adopted here (isothermal viscous fluid), the axiom of energy balance re-
duces to pi) = o : D + pr; since 1 is only a function of J, this expression may be further simplified
using Egs.(2.13.6)-(2.13.9) to produce 7 : D + pr = 0. In other words, isothermal conditions may
be maintained only if heat dissipated by the viscous stress is emitted in the form of a heat supply
density pr = —7 : D (heat leaving the system). Now, the integral form of the energy balance in

eq.(2.13.23) simplifies to

/V [V-(diva+p(b—a))+p<¢+;V-V> (i—divv)

A comparison of this statement with the statement of virtual work, presented below in eq.(3.5.7),
establishes a clear correspondence between the virtual velocity v and v, and between the virtual
energy density §.J and p (¢ + %v - v), with the latter representing the sum of the internal (free) and
kinetic energy densities.

dv =0. (2.13.24)

2.14 Fluid-Structure Interactions

We model the fluid domain in an FSI analysis as a mixture of an isothermal compressible viscous
fluid and a hyperelastic compressible solid, where the solid has zero apparent density, and neg-
ligible (but non-zero) elasticity [112]. In a mixture framework, all mixture constituents coexist at
every point in the continuum. For our FSI implementation, the finite element mesh is defined on
the solid material, and the negligible (but non-zero) elasticity of the solid is intended to regularize
the mesh deformation. The fluid flows through this mesh, unimpeded by the solid. In particular,
in this FSI model there is no frictional interaction between the fluid and solid materials inside the
mixture domain (i.e., no Darcy-Brinkman type of friction), but the no-slip boundary condition may
be prescribed on boundaries of the mixture domain, where applicable.
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2.14.1 FSI Governing Equations

The momentum balance for the fluid is
plal =dive’ + p'b, (2.14.1)
where b is the external body force acting on the FSI domain, a/ is the fluid acceleration,

ovf
af:—V

o+ LS v/, (2.14.2)

and L7 = grad v/ is the fluid velocity gradient. In principle, the same momentum equation may be
used for the solid (substituting f with s); however, since we opted to let p* = 0 (no solid mass), the
momentum balance for the solid simply reduces to

dive®=0. (2.14.3)

We model the fluid as isothermal and compressible, consistent with our CFD implementation.
Thus, the fluid stress may be separated into the elastic pressure p (Jf), which only depends on
the fluid volume ratio J/, and the viscous stress = (J/,L/), as

of = —pl+ 7. (2.14.4)

Recall that there is no dependence on temperature in an isothermal formulation. As done in our
previous study, we integrate the mass balance for the fluid to produce

f
of =P (2.14.5)

=57
where p{ is the fluid density in the reference state (e.g., under ambient pressure) and J/ = det F/,
where F/ is the fluid deformation gradient. We also use the kinematic constraint

f
% +grad J/ - v/ = J/ divv/ (2.14.6)
to relate the fluid volume ratio J/ to its velocity v/, in the spatial frame.

The mesh through which the fluid flows is defined on the solid component of the mixture.
Therefore, we define the relative velocity between the fluid and solid as

w=vl—v°. (2.14.7)

Since the solid has zero volume fraction, this expression is the same as the flux of fluid relative
to the solid. We choose to define the nodal degrees of freedom in the mixture domain to be the
relative fluid velocity w, the fluid dilatation e/ = J/ — 1, and the solid displacement u®, which is
related to the solid velocity via v* = u?, with the dot operator denoting the material time derivative
following the solid. (For notational convenience, we will continue using .J/ in the equations below,
instead of ef). Now,

vl = w4+ v, (2.14.8)

from which it follows that the fluid velocity gradient is

L/ =LY+ L*, (2.14.9)
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where L* = grad w and L* = grad v*. The fluid acceleration may now be rewritten in terms of the
FEA degrees of freedom as

al =w+v + (LY +L°%) -w, (2.14.10)
where P
vo= sy
ot (2.14.11)
w= Y ey
bt

are the material time derivatives of the solid and relative fluid velocities, in the frame following the
solid. We conveniently use this material time derivative (instead of the material time derivative
following the fluid) since we define the mixture domain mesh on the solid.

Similarly, the kinematic constraint relating J/ and v/ may be rewritten as

J +grad J5 - w = Jf div (w + v*) | (2.14.12)
where s
jfzaé]t—l—grade~vs. (2.14.13)

Finally, as done routinely in our studies of biphasic and multiphasic materials, we find it convenient
to substitute the kinematic identity

divvszﬁ, (2.14.14)
where J° = det F* and F* = I + Grad u® is the solid deformation gradient.
In summary, the governing equations for the FSI mixture domain are

dive®* =0

Fof — diverd o of

pral =dive’ +p'b . (2.14.15)
1 S

(jf+grade~w) :divw+i

Jf Js

where a/ is given in eq.(2.14.10) above.

2.15 Hybrid Biphasic Material

In FEBio, the standard biphasic material consists of a mixture of intrinsically incompressible solid
and fluid constituents, as described in Section In this standard material, the solid and fluid
dynamics are neglected, as well as the fluid viscosity. When a user wishes to consider these
dynamics effects, as well as fluid viscosity, they may use a hybrid biphasic material, as described
in this section. The complete theoretical framework for such materials can be found in [110]. A
hybrid biphasic domain is a mixture of an isothermal compressible viscous fluid and a hyperelastic
compressible porous solid whose solid skeleton is intrinsically incompressible. Unlike the fluid-FSI
material, here the solid has non-negligible mass density and elasticity, and frictional interactions
may occur between the fluid and solid constituents, modeled using a hydraulic permeability (Sec-
tion[5.8). In FEBio, the hybrid biphasic material is called “biphasic-FSI”, since it allows dynamic
fluid-structure interactions between this material and a fluid-FSI material, or a solid material. Here,
we may abbreviate “biphasic-FSI” as BFSI. For BFSI domains, as with standard biphasic domains,
the finite element mesh is defined on the porous solid material. The viscous fluid flows through
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this mesh, experiencing frictional drag caused by the porous solid. When two BFSI domains are
interfaced, or when a BFSI domain is interfaced with a fluid-FSI domain, the pseudo-no slip con-
dition [70Q] is enforced automatically on those interfaces. When a BFSI domain interfaces with a
solid domain, the no-slip boundary condition has to be prescribed explicitly on those interfaces,
where applicable.

2.15.1 BFSI Governing Equations

We model the BFSI domain as an unconstrained mixture of an isothermal, compressible, and
viscous fluid and an isothermal, deformable porous solid whose skeleton material is intrinsically
incompressible. As usual in mixture theory, each constituent a (o« = s, f for solid and fluid, respec-
tively) has its own apparent density p® = dm®/dV, which represents the ratio of the elemental
mass dm® of constituent « in the elemental mixture volume dV'. This apparent density is related to
the true density p$ = dm®/dV* (mass of « per volume of a) via p* = ¢*p%, where p* = dV*/dV
is the volume fraction of a in the mixture, satisfying »* 4+ ¢/ = 1. Since the solid skeleton is in-
trinsically incompressible, p7. is constant. The boundaries of a biphasic domain are defined on the
porous solid matrix. The deformation gradient of the solid is denoted by F* and its determinant,
J* = det F* = dV/dV,, represents the ratio of the mixture elemental volumes in the current (dV')
and reference (dV;.) configurations. Thus, since the solid skeleton is intrinsically incompressible, J*
purely represents the compressibility of the pore volume as fluid enters or leaves the pore space,
or as the compressible fluid within the pores changes in volume. The axiom of mass balance for
the solid may be integrated in closed form to produce p* = p?/J*, where pi = dm?®/dV, is the solid
apparent density in the mixture reference configuration. Therefore, we may define the referential
solid volume fraction as ¢; = p;/p5. In the finite element analysis, ¢; = dV*/dV, and pj. are
both specified by the user, then pg, p°, ¢* and ¢/ are evaluated from the above relations, given a
solution for F¥ (and thus, J%). The solution for F* = I 4+ Grad u is obtained by solving for the nodal
solid displacement vector u, where Grad (-) represents the gradient operator in the material frame.
For the compressible fluid phase of a hybrid biphasic material, the true density p!} varies with
the intrinsic fluid volumetric strain, or dilatation, e/ = Jf — 1, where J7 is the volume ratio of the
fluid in its current and reference configurations, dm/ is the element mass of fluid and dV7 is the
elemental volume of that fluid in the pores of the mixture, in the current configuration. It follows
from this definition that
avi  avidm! ol

JI = = =Ir
vl dmlav! ol

(2.15.1)

where dV;/ is the elemental volume of this same fluid (having the same elemental mass dm/) in
the fluid’s reference configuration. Thus, pJ}r = dmf/dwf is a constant representing the true fluid
density in its reference configuration, which is specified by the user. Accordingly, J/ = 1 in the
limit when the fluid is idealized to be intrinsically incompressible. This definition of .J/ is consistent
with that for a pure fluid, as shown in our earlier formulation of computational fluid dynamics [22].
As shown above, p/ may be evaluated as ' p;, which now expands into an expression involving
solid and fluid volume ratios,

s f
F_(q1_%)\Prr 2.15.2
o= (1-5) @.15.2)
The limiting case when the fluid within the solid matrix pores has been completely squeezed
out corresponds to p/ = 0 (or dm/ = 0). Based on the above relation, this is equivalent to
having the entire mixture volume dV reduce to the solid volume dV* in the current configuration, or
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equivalently J* = £ [10]. In this limiting case, the mixture becomes an intrinsically incompressible
solid and the finite element formulation presented in this study no longer applies.

We assume that F* = I (or equivalently, u = 0) and e/ = 0 at the start of a finite element
analysis. The fluid dilatation e/ is included as a nodal degree of freedom, implying that it is con-
tinuous across finite element boundaries. This assumption is verified below, when we review the
jump conditions on axioms of mass, momentum and energy balance across interfaces.

Since the axiom of mass balance for the solid has already been solved in closed form, we only
need to be concerned with the axiom of mass balance for the fluid, or alternatively, that of the

mixture, which takes the form

oyt g

where v* is the solid velocity (the material time derivative of the solid displacement u), and
w =l <vf - VS) (2.15.4)

is the volumetric flux of the fluid relative to the solid , with v/ representing the fluid velocity. Here,
D7 (-) /Dt is the material time derivative operator in the spatial frame, following the fluid motion.
Since the finite element mesh is defined on the porous solid matrix of a biphasic mixture, and
since the fluid flows relative to the solid, material time derivatives need to follow the solid motion
in the finite element implementation. A similar scheme was used in our implementations of solute
transport within deformable porous domains (Sections [2.9), to account for the motion of solutes
relative to the porous solid matrix, as well as in our FSI formulation (Section (18,19, 112].
Thus, we substitute the following identity,

fyf !
DI _0d) g
Dt gfj ; : (2.15.5)
— f. f_ s
D1 + grad J (v v )
into the axiom of mixture mass balance in (2.15.3) to produce the final form
. 1 f
J+ —fgradjf-w = J—fdiv (v +w) . (2.15.6)
12 P

In this expression, the dot operator in J/ represents the material time derivative following the
solid motion. In the solid material frame, this material time derivative reduces to the partial time
derivative. Accordingly, we may now write v¥ = u. In the BFSI implementation, the fluid volumetric
flux w relative to the solid is added to the list of nodal DOFs, giving us the complete set (u, w,e/).
This choice implies that w is continuous across finite element boundaries, as justified further below
when we review jump conditions across interfaces.

Based on the constitutive assumptions of our hybrid biphasic formulation [110], the momentum
balance equations for the fluid and solid constituents reduce to

plal = —pf gradp+ divr! + p/b/ — k1w, (2.15.7)

and
p’a’® = —p’gradp + dive® + p°b® + sOfkil "W, (2.15.8)

where a® = D*v®/Dt is the acceleration, b® is the body force per mass acting on constituent
a, p is the fluid pressure, 7/ is the apparent fluid viscous stress, and o€ is the apparent solid
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elastic stress. These stress tensors are called apparent because their associated traction vectors
represent a force acting on constituent . per elemental mixture area. Here, k is the hydraulic
permeability tensor which regulates frictional drag between the fluid and solid constituents; setting
k! to 0 implies that this frictional drag is non-existent. Since the fluid is compressible, its pressure
must be given by a function of state. In the isothermal framework used here, this function only
depends on ef, and the form adopted in FEBio is

e (2.15.9)

where K is the fluid bulk modulus (a user-specified material property). In the limit when inertia
and body forces are neglected (a/ = b/ = 0), the fluid momentum balance produces the
classical Darcy-Brinkman relation [40]. If the fluid viscous stress is also neglected (/ = 0), we
recover Darcy’s law, w = —k - grad p.

Since the finite element implementation requires all material time derivatives to follow the
motion of the solid, we recognize that a® = i1 and we evaluate the fluid acceleration as a/ =
v/ + grad v/ - (v/ —v*). However, since v/ is not a nodal degree of freedom, we use eq.(2.15.4)
to substitute

vf:ifw+vs (2.15.10)
®

into this expression. It follows that the fluid velocity gradient L/ = grad v/ may be evaluated as

Lf_LS+1f<Lw—1fw®gradgof> , (2.15.11)
@ @

where LY = grad w and L*® = grad v®. Now, the fluid acceleration takes the form

af:i w+¢fﬁ—£J—w—|—Lf-w _ (2.15.12)
! pl

2.15.2 BFSI Continuous Variables

Jump conditions on the axioms of mass, momentum and energy balance are needed to determine
which variables may be selected as nodal DOFs in the finite element implementation, and which
tractions are naturally continuous across an interface. The full set of jump conditions for a hybrid
biphasic material were derived in our recent study for the constitutive assumptions adopted in this
formulation [110]. Here, we summarize the salient results, which apply to an interface defined
on the porous solid matrix of the hybrid biphasic domain, which includes the shared faces of
adjoining biphasic elements. Thus, the velocity of the interface is given by the velocity v* of the
solid constituent of the hybrid biphasic material. We employ the notation [[f]] = f+ — f- to denote
the jump in the function f across the interface T, with f, and f_ denoting the values of f on either
side of I". The unit normal on T" is n, which points away from the + side. A variable f which is
continuous across I satisfies [[f]] = 0.

Based on the jump condition on the axiom of mass balance, the normal component of the

mass flux of the fluid relative to the solid is continuous across T', Hp%w” -n = 0. Furthermore,
a sufficient condition to satisfy the jump on the axiom of energy balance is to enforce continuity
of the fluid specific free enthalpy (also known as the Gibbs function), HW +p/p2}” = 0, where

o7 is the fluid specific free energy. This jump condition applies only when there is fluid on both
sides of the interface T". In an isothermal framework the specific free enthalpy is a function of state
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that only depends on .J/, therefore this energy jump condition implies that J/ must be continuous
across I', thus

HJfH —0, (2.15.13)

also implying that [[p]] = 0. Given eq.(2.15.1), it follows that Hpﬂ} = 0 and the mass balance

jump condition reduces to [[w]] - n = 0, implying that the relative fluid flux component normal to T’
must be continuous. For the tangential component of w on I" we appeal to the analysis of Hou et
al. [70], who showed that a valid pseudo-noslip condition requires this tangential component to be
continuous. Combining these two jump conditions produces

[w]]=0. (2.15.14)

The momentum jump condition requires that the mixture traction be continuous across I', thus
[[=pI + o° + 7/]] -n = 0. Since [[p]] = 0 based on the energy jump, this mixture momentum jump
condition reduces to

o+ /]| n=0. (2.15.15)

Finally, another relation which is sufficient to satisfy the jump condition on the energy balance is
the continuity of the true fluid traction (force acting on fluid per fluid area),

]

This jump condition eq.(2.15.16), which also applies only if fluid is present on both sides of T,
is interesting because it implies that the viscous stress (and thus, the viscosity) of a fluid flowing
in a porous solid matrix scales with the porosity of that medium, such that v/ = ¢/+ where 7
would be the true fluid viscous stress. Thus, we can use FEBIio’s various constitutive relations for
the viscous stress T of Newtonian or non-Newtonian fluids and adapt those models to a biphasic
mixture where 7/ is evaluated as »/+. Accordingly, the contribution of =/ would properly reduce
to zero in the limit as fluid content reduces to zero (¢f — 0), in which case the mixture momentum
jump in eq.(2.15.15) would reduce to [[—pI + ¢]] - n = [[¢°]] - n = 0, since [[p]] = 0.

Letting w and J/ be nodal DOFs automatically enforces the jump conditions eq.(2.15.13) and
eq.(2.15.14), acting as essential boundary conditions, along with the solid displacement u. Finally,

subtracting eq.(2.15.16)) from eq.(2.15.15), we obtain the momentum jump condition for the solid
constituent,

H_ZTMUSH'HZO‘ (2.15.17)

A BFSI domain may be reduced to a FSI domain by letting »¢ — 0 and k= — 0; the solid
matrix would still be ascribed a material response but its stiffness would need to be negligible.
The number of nodal DOFs would remain the same. The CFD domain is a special case of the FSI
domain where the mesh displacement is uniformly u = 0.

However, when the biphasic domain interfaces with a non-porous solid domain across I'**, the
jump conditions eq.(2.15.13) on J/ and eq.(2.15.17) on =/ don’t apply. In that case, the jump con-
dition eq.(2.15.14) on the relative fluid volumetric flux should reduce to w = 0 for the BFSI domain
on I'’s, although the user would have to enforce this no-slip condition explicitly by prescribing it as
an essential boundary condition. The mixture momentum jump [[—pI + o€ + 7/]] - n = 0 implies
that the mixture traction on the BFSI side of an interface with a solid is equal to the solid traction
on the solid side. This jump condition would also need to be enforced explicitly.
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2.16 Fluid-Solutes Analyses

Fluid-solutes analyses combine solute transport with fluid mechanics. The fluid-solutes domain,
denoted by Q/, is a hybrid multiphasic domain without a deformable porous solid matrix [111]. Like
the CFD domain, the CFD-solutes domain is fixed in space, and the fluid flows within it and possibly
across its boundaries. The boundaries 99/ of Qf, and interfaces within this domain (such as faces
of adjoining finite elements), are denoted generically by T'/. In the current implementation, finite
element domains that meet at these interfaces share common nodes and element faces, though
it is possible to consider future extensions where tied interfaces are used to connect dissimilar
meshes. The formulation and finite element implementation of this type of domain are presented
below, using only salient governing equations simplified from the more general hybrid multiphasic
theory presented in our recent study [111].

2.16.1 Governing Equations

We model the domain 2/ as a mixture of an isothermal, compressible, and viscous solvent which
is electrically neutral, and isothermal, intrinsically incompressible, and dilute solute constituents
which may be electrically charged. All solute accelerations are neglected, since they contribute
insignificantly in comparison with diffusive forces, except in problems such as centrifugation, where
they can be represented by an external inertial body force. Unlike the standard (Darcy flow through
a porous-deformable) multiphasic domain [6],[19,[20], the fluid-solutes domain is fixed in space. We
denote the mixture constituents using a superscripted o, where o = f, . for solvent and solutes,
respectively. The volume fraction * of each solute species ¢ is assumed to be negligible (¢* «
1), therefore the volume fraction of the solvent is ¢/ = dVf/dV ~ 1. The apparent density of
each constituent « is p* = dm®/dV, which represents the ratio of the elemental mass dm® of
constituent « in the elemental fluid mixture volume. Under these assumptions, the true density of
the solvent simplifies to p§ = p/ while the true density p of each solute ¢ is constant due to its
intrinsic incompressibility. Since the solvent is compressible, as was done in the fluid mechanics
formulation [22] (Section , the solvent volume ratio .J/ was employed as a kinematic state
variable to represent the fluid volumetric strain,

f

gf = (2.16.1)
of

where p{ is the referential solvent density (o’ in the reference configuration), which is a user-
specified material constant. An alternative representation of fluid volumetric strain is the fluid
dilatation, e/ = J/ — 1, which is used in the actual finite element code.

The axiom of mass balance for the mixture takes the form

DI gt P
— g divvl = L 2.16.2
Dt ( ivv ZP%) , ( )

where v/ is the velocity of the fluid constituent and /* is the mass density supply to « due to re-
actions with all other solutes. It is assumed that reactions do not add or remove solvent mass
(p/ = 0). Here, D/ (-)/Dt = 0(-) /0t + grad (-) - v/ is the material time derivative operator in
the spatial frame, following the fluid motion. The mixture mass balance reproduces the kinematic
constraint between the fluid velocity and dilatation for the fluid mechanics formulation [22] (Sec-
tion [2.13), with the addition of reactive mass supply terms. The axiom of mass balance for each
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solute takes the form fo
oct 1 D7 (J'¢
& = ait +div (¢'v') = Jf(DtC) +divj, (2.16.3)
where ¢ = p*/M* is the molar concentration supply and ¢t = p*/M" is the molar concentration
of solute :, and j* = ¢* (v* — v/) is the molar flux of solute . relative to the solvent. As shown
previously [111], the molar solute flux may be evaluated from the solute momentum balance when

inertia terms have been neglected,

M*
so oo g [ ot ‘b 2.16.4
J—Hd0< grad ¢ + 7 ¢ ), (2.16.4)
where &* is the partition coefficient of solute ¢ relative to an ideal solution [80, 98]. It is given by

= %exp <—ZR;w) , (2.16.5)

where «* is the solubility of solute ¢ in the mixture, or the fraction of fluid volume accessible to
the solute [92] (x* = 1 in a fluid mixture), and ~* is the activity coefficient of solute . The ratio
k*/~* is a non-dimensional property that describes the deviation of the solute chemical potential
from that of an ideal, dilute solution [123]. We can represent this ratio as i* = x*/~*, and call it
the effective solubility of . in the solution [11]. In (2.16.5), 2* is the charge number of solute ¢, F.
is Faraday’s constant, v is the electrical potential, R is the universal gas constant, and 6 is the
absolute temperature. In (2.16.4), dj is the diffusivity of solute . in the fluid, b* is the body force
per mass acting on solute ¢, and & is the effective concentration of solute ¢, such that

& =Rt (2.16.6)

The effective solute concentration represents an alternative form of the solute electrochemical
potential, expressed in units of molar concentration [6, [19]. The solute flux in has contri-
butions from diffusion (as represented by the term containing grad ¢*), sedimentation (é‘b* when
b* is proportional to an inertial force), electrophoresis (¢‘b* when b* is proportional to the Lorentz
force acting on charged solute :), and convection (é‘v7).

The solute flux in eq.(2.16.4) may also be expressed in terms of its components,

jt = —FR'dygradé + s'c'b’ (2.16.7)
S— .
3 Iy
where .
b =d} 2.16.
S 0 RO ( 6 8)

is the sedimentation coefficient. In the expression of eq.(2.16.7) j., represents the diffusive flux,
and j; is the sedimentation flux. Now the mass balance expression in eq.(2.16.3) may be combined

with eq.(2.16.2) to produce

v ) 1 D (J/e L
¢ —c ZV"’C"Y: ﬁ(D1£)+dlv(Jd +p) (2.16.9)
v

where V' = M*/p. is the molar volume of solute «. Since we have neglected the volume fraction
of solutes in the current mixture formulation, it follows that ¢*V* <« 1. Thus, we may neglect the
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second term on the left-hand side of the above equation, as well as the related term on the right-

hand side of eq.(2.16.2).

The fluid momentum balance is given by

plal = —gradp + divr + p'b/ + > (~RO&" grad & + M'c'b') (2.16.10)

L

where a/ = Dfv/ /Dt is the fluid acceleration, = is the fluid viscous stress, b is the body force
per mass acting on the fluid f, and p is the effective fluid pressure, related to the fluid pressure p
via

p=p+RODY . (2.16.11)

Here, ® is the osmotic coefficient, a non-dimensional property that describes the deviation of the
osmotic pressure from the ideal behavior known as van’t Hoff’s law [93], and RO® ), ¢ is the
osmotic or chemical contribution to the fluid pressure. Therefore, p, which is an alternative form
of the solvent mechano-chemical potential, may be interpreted as the mechanical or hydraulic
contribution to p.

Previously, we showed that the effective pressure must only depend on the fluid volume ratio,
such that p = p (J7) [111]. Based on mass, momentum and energy jump conditions for this type
of mixture, it can also be shown that J/ (or alternatively ef) is continuous across interfaces I'/,
and thus may be used as a nodal degree of freedom (DOF). We may choose a constitutive relation
valid for arbitrary (but strictly positive) values of J/

;5:}((})_1) , (2.16.12)
where K is the solvent’s bulk modulus (a user-specified material property).

The solute-dependent terms appearing on the right side of the solvent momentum balance
(2.16.10) are typically neglected in classical CFD-solutes formulations, but we included them here
since they emerged naturally to describe the phenomena of osmosis (solvent flow due to solute
diffusion or sedimentation), and electro-osmosis (solvent flow due to solute electrophoresis). To
reproduce classical formulations, by default we turned off these terms (within the summation on
the right-hand side of eq.(2.16.10)), and we added a user-defined flag (“include osmosis”) to op-
tionally turn them back on. In addition, users can turn off osmotic pressure by setting the osmotic
coefficient @ to zero, in which case p = p according to eq.(2.16.11). Both of these approaches
were investigated in the test problems described below.

As done in the standard multiphasic formulation (Section [2.9), we assumed there can be no
electric charge accumulation in the mixture, so we enforce the electroneutrality condition

D atet=0. (2.16.13)

Multiplying the mass balances from (2.16.3) by z* and taking the sum over all the constituents,
making use of (2.16.13) and adopting the assumption that reactive processes maintain electroneu-
trality (>, z*v* = 0 where v is the net stoichiometric coefficient of a [20]) produces the constraint

0=divy 2§, (2.16.14)

or equivalently divI, = 0, where I, = F.>_ z'j* is the electric current density.
L
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In the CFD-solutes implementation the fluid velocity v/, fluid dilatation e/, and effective so-
lute concentrations ¢ are the nodal degrees of freedom (vf,ef,EL), as further addressed in
Section These choices imply that v/, e/, and & are continuous across finite element
boundaries, as justified below when we review jump conditions across interfaces. Note that in the
absence of solutes, the governing equations and simplify to the original CFD
equations, with p = p. More information on calculating the supply terms ¢* and 5* can be found in
Section The electric potential 1y can be determined as described in the previous standard
multiphasic solver [19, 20].

2.16.2 Jump Conditions

Jump conditions on the axioms of mass, momentum and energy balance are needed to determine
which variables may be selected as nodal degrees of freedom in the finite element implementation,
and which tractions are naturally continuous across an interface. The jump conditions for the
CFD-solutes material were determined from the jump conditions of the general hybrid multiphasic
material [111]. Here, we summarize the relevant results, which apply to any interface I'/. Here,
since the domain is fixed in space, the interface T/ is stationary. We employ the notation [[f]] =
f+ — f_ to denote the jump in an arbitrary function f across the interface I'/, with f, and f_
denoting the values of f on either side of I'f. The unit normal on I'/ is n, which points away from
the + side. A variable f which is continuous across I'/ satisfies [[f]] = 0.

Based on the jump condition on the axiom of mass balance for the fluid, the normal component
of the mass flux of the fluid is continuous across I'/, [[p/v/]] - n = 0. Furthermore, a sufficient
condition to satisfy the jump on the axiom of energy balance is to enforce continuity of the solvent

specific free enthalpy (or Gibbs function), such that H@bf +p/p§” = [[p']] = 0, where ¥/ is the

fluid specific free energy. In the multiphasic mixture literature, the solvent specific free enthalpy ./
is also called the mechano-chemical potential [15]. This jump condition applies only when there is
solvent on both sides of the interface, such as across I'/. In an isothermal framework, the solvent
mechano-chemical potential is a function of state that only depends on J7 such that p/ = pf (J)
[111]. Therefore this energy jump condition implies that J/ must be continuous across I'/, thus

HJfH —0, (2.16.15)

also implying that [[p]] = 0. Given (2.16.1), it follows that [[p/]] = 0 and the fluid mass balance
jump condition reduces to [[v/]] - n = 0, implying that the fluid velocity component normal to I'/
must be continuous. For the tangential component of v/ on I'f we use the no-slip condition for
viscous fluids, which states that the velocity component tangential to '/ must be continuous across
that interface, as is standard in CFD solvers. Combining these two jump conditions produces

vaH —0. (2.16.16)

From the solute mass jump condition, we can show that the normal component of the molar
solute flux is continuous across I'/,
[i]-n=0. (2.16.17)

The momentum jump condition requires that the mixture traction be continuous across I'/, thus
[[-pI+ 7]] - n = 0. Another relation which is thermodynamically sufficient to satisfy the jump
condition on the energy balance is the continuity of the viscous fluid traction,

[r]] 'n=0. (2.16.18)
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This jump condition (2.16.18)), which also applies only if fluid is present on both sides of I', implies
that [[p]] = 0.

Finally, the last relation that is thermodynamically sufficient to satisfy the energy balance jump
condition applies to the electrochemical potential for the solutes, where [[i‘]] = 0. For a solute, the
general constitutive relation for the electrochemical potential is i* = ]\]}—QL In gfc;)! and the jump can
be simplified to

[&]] = 0. (2.16.19)

Thus, letting v/, ef, and & be nodal degrees of freedom automatically enforces the jump
conditions (2.16.75), (2.76.76), and (2.16.19), acting as essential boundary conditions. As stated
earlier, the jump conditions are the same as the previous CFD formulation in the case of zero
solute concentration (all & = 0) [22].
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Chapter 3
The Nonlinear FE Method

This chapter discusses the basic principles of the nonlinear finite element method. The chapter
begins with a short introduction to the weak formulation and the principle of virtual work. Next,
the important concept of linearization is discussed and applied to the principle of virtual work.
Finally the Newton-Raphson procedure and its application to the nonlinear finite element method
are described.

3.1 Weak formulation for Solid Materials

Generally, the finite element formulation is established in terms of a weak form of the differential
equations under consideration. In the context of solid mechanics this implies the use of the virtual
work equation:

(5W:/0':5ddv—/f-5vdv—/t'5vda:0. (3.1.1)
v v ov

Here, dv is a virtual velocity and éd is the virtual rate of deformation tensor. This equation is

known as the spatial virtual work equation since it is formulated using spatial quantities only. We

can also define the material virtual work equation by expressing the principle of virtual work using

only material quantities.

5W:/s:5EdV—/fO-5vdV—/t0-5vdA:0. (3.1.2)
14 1% oV

Here, fy = Jf is the body force per unit undeformed volume and ty = t (da/dA) is the traction
vector per unit initial area.

3.1.1 Linearization

Equation (3.1.1) is the starting point for the nonlinear finite element method. It is highly nonlinear
and any method attempting to solve this equation, such as the Newton-Raphson method, neces-
sarily has to be iterative.

To linearize the finite element equations, the directional derivative of the virtual work in eq.(3.1.1)
must be calculated. In an iterative procedure, the quantity ¢ will be approximated by a trial solution
¢, Linearization of the virtual work equation around this trial solution gives

SW (¢by,, V) + DSW (g, 6v) [u] = 0. (3.1.3)

79
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The directional derivative of the virtual work will eventually lead to the definition of the stiffness
matrix. In order to proceed, it is convenient to split the virtual work into an internal and external
virtual work component:

Déw (¢7 6V) [u] = D(stnt (d)v 5V) [u] - D(SWeaxt (d)v 5V) [u} ’ (31 4)
where
OWint (¢, 0v) = /0' :oddv, (3.1.5)
and / /
West (¢p,0v) = [ £-0vdv+ [ t-dvda. (3.1.6)
v ov

The result is listed here without details of the derivation — see [35] for details. The linearization of
the internal virtual work is given by

DéWipi (¢, 0v) [u] = /5d :Credv+ /0' : [(Vu)T -Vov| dv. (8.1.7)

v

Notice that this equation is symmetric in v and u. This symmetry will, upon discretization, yield a
symmetric tangent matrix.

The external virtual work has contributions from both body forces and surface tractions. The
precise form of the linearized external virtual work depends on the form of these forces. For
surface tractions, normal pressure forces may be represented in FEBio. The linearized external
work for this type of traction is given by

1 0 0 00
Doz (@ ol = 3 [ o5 | (G2 xov) + (5¥ xu) | acan

Ag

a5
_% pg:;. [(g‘g X5V> n (ag xu)] de dn.

Ag

(3.1.8)

Discretization of this equation will also lead to a symmetric component of the tangent matrix.

FEBio currently supports gravity as a body force, f = pg. Since this force is independent of
the geometry, the contribution to the linearized external work is zero. Another type of body force
implemented in FEBIo is the centrifugal force. For a body rotating with a constant angular speed
w, about an axis passing through the point ¢ and directed along the unit vector n, the body force
is given by f = pw?r, where r is the vector distance from a point x to the axis of rotation,

r=(I-n®n)-(x—c). (3.1.9)
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The resulting linearized external work is given by

DWW, (¢, 6v) [u] = /pw25v I-n®n)-udv, (8.1.10)

v

which produces a symmetric expression that will yield a symmetric matrix.

3.1.2 Discretization

The basis of the finite element method is that the domain of the problem (that is, the volume of
the object under consideration) is divided into smaller subunits, called finite elements. In the case
of isoparametric elements it is further assumed that each element has a local coordinate system,
named the natural coordinates, and the coordinates and shape of the element are discretized
using the same functions. The discretization process is established by interpolating the geometry
in terms of the coordinates X, of the nodes that define the geometry of a finite element, and the
shape functions:

X:ZNa(§17€27§3)Xa7 (3111)
a=1

where n is the number of nodes and &; are the natural coordinates. Similarly, the motion is de-
scribed in terms of the current position x, (¢) of the same particles:

x () = Zn:Naxa (1) . (3.1.12)
a=1

Quantities such as displacement, velocity and virtual velocity can be discretized in a similar way.

In deriving the discretized equilibrium equations, the integrations performed over the entire
volume can be written as a sum of integrations constrained to the volume of an element. For this
reason, the discretized equations are defined in terms of integrations over a particular element e.
The discretized equilibrium equations for this particular element per node is given by

SWE (¢, Nydv) = v, - (T@ . F<e>) , (3.1.13)

a a

where
T56>:/U-VNadv,

© (3.1.14)
Fe) = / N,f dv + / Nytda.
v(e) dv(e)
The linearization of the internal virtual work can be split into a material and an initial stress com-
ponent [35]:

int

DWW (¢, 5v) [u] = / 5d:C:edv+ / o [(vu)T-v(sv dv
(3.1.15)

U(e) ,U(e)

= DSW) (¢, 6v) [u] + DSWS) (¢, 6v) [u] .
The constitutive component can be discretized as follows:

DSWLE) (¢, 6v) [u] = 6v, - / B'DB,dv | u;. (3.1.16)

'U(E)
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The term in parentheses defines the constitutive component of the tangent matrix relating node
ato node bin element e:

K — /BaTDBbdv. (3.1.17)

c,ab T
,U(e)

Here, the linear strain-displacement matrix B relates the displacements to the small-strain tensor
in Voigt Notation:

e=>» Buu,. (3.1.18)
a=1
Or, written out completely,
[ ON,/0x 0 0
0 ON, /0y 0
B,—| ,.° 0 ONeJOz | (3.1.19)

ON, /0y ON,/0z 0
0 ON,/0z ON,/0y
| ON,/0z 0 ON,/0z |

The spatial constitutive matrix D is constructed from the components of the fourth-order tensor C
using the following table; Dy = C;j,iwhere

I Tk ]
1 1 1
2 2 2
3 3 3
4 1 2
5 2 3
6 1 3

The initial stress component can be written as follows:

DEWL) (¢, Nuov) [Nyuy) = / (VN, -0 - VN,)Ldv. (3.1.20)

v(€)

For the pressure component of the external virtual work, we find

D(SWZSE) (q’)7 Na5va) [Nbub] = 5Va . ng()zb Sy, (31 21)
where,
K;(fib = gk;gfz)zb’
1 ox [ ON, 0N
k(e):/ ox an, — N ) ged
rab =3 [, Voc < a T oy ) & dn (3.1.22)

1 ox (ON, 0N,
I N, — 22, .
y 2/,4f’an ( T )d":d”
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3.2 Weak formulation for biphasic materials

A weak form of the statement conservation of linear momemtum for the quasi-static case is ob-
tained by using Egs.(2.7.2) and (2.7.4):

oW = /[5v5 - (dive + pb) + dp div (v + w)]dv =0, (3.2.1)
b

where b is the domain of interest defined on the solid matrix, §v* is a virtual velocity of the solid
and dp is a virtual pressure of the fluid [127]. dv is an elemental volume of b. Using the divergence
theorem, this expression may be rearranged as

oW = ov® - tda+ 5pwnda+/5vs~,obdv
ob ab b (322)

—/0' : gradévsdv—/(w-gradép—dp divv?®) dv
b b

where §d* = (grad 6v* + grad” év*) /2 is the virtual rate of deformation tensor, t = o - n is the
total traction on the surface 0b, and w,, = w - n is the component of the fluid flux normal to
0b, with n representing the unit outward normal to 9b. da represents an elemental area of 0b.
In this type of problem, essential boundary conditions are prescribed for u and p, and natural
boundary conditions are prescribed for t and w,,. In the expression of €q.(3.2.2), sW (x*, p, 6v*, ép)
represents the virtual work.

3.2.1 Linearization

Since the system of equations in eq.(3.2.2) is highly nonlinear, its solution requires an iterative
scheme such as Newton’s method. This requires the linearization of §\WW at some trial solution
(X%, pr), along an increment Au in x* and an increment Ap in p,

SW + DSW [Au] + DSW [Ap] =0, (3.2.3)

where D f[Aq] represents the directional derivative of f along Aq. For convenience, the virtual
work may be separated into its internal and external parts,

SW = 6Wext — 6Win, (3.2.4)

where

Wint = /0' :0d® dv + / (W -grad dp — op j) dv, (3.2.5)
b b
where we have substituted div v* = .J/.J, and

OWext = ov®-tda+ opwy, da + /6vs -pbdv. (3.2.6)
ob ob b

The evaluation of the directional derivatives can be performed following a standard approach [33].
In particular, a backward difference scheme is used to evaluate J ~ (J — J=2%) /At, where J 4!
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is the value of J at the previous time step. For the internal part of the virtual work, the directional
derivative along Au yields

DéWint [Au] = /6ds :C: Aedv + /a’ : (gradT Au - grad 5vs) dv
b b

—/ZptdivAudv
b (3.2.7)

— /grad op- (IC: Ag) - (grad p — p7b") dv
b

+ /grad op-k-pp (gradT Au-b" + gradb" - Au) dv,
b

where C is the fourth-order spatial elasticity tensor for the mixture and Ae = (grad Au + grad” Au) /2.
Based on the relation of eq.(2.7.3), the spatial elasticity tensor may also be expanded as

C=C+p(-10I+23I), (3.2.8)

where C¢ is the spatial elasticity tensor for the solid matrix [48]. It is related to the material elasticity
tensor C¢ via

ct=J ' (FgF):C: (FTgF"), (3.2.9)

where F is the deformation gradient of the solid matrix, C* = 9S¢/0E where E is the Lagrangian
strain tensor and S¢ is the second Piola-Kirchhoff stress tensor, related to the Cauchy stress tensor
viao¢ = J'F.S¢. FT,

Similarly, KC is a fourth-order tensor that represents the spatial measure of the rate of change
of permeability with strain. It is related to its material frame equivalent K via

K=J'F@®F):K: (F'gF"), (3.2.10)

where K = 0K /OE and K is the permeability tensor in the material frame, such thatk = J~'F- K-
FT. Since K and E are symmetric tensors, it follows that /C and K exhibit two minor symmetries
(e.9., Kjim = Kijiy and Kyji, = Kijx1). However, unlike the elasticity tensor, it is not necessary that
these tensors exhibit major symmetry (e.g., Kiii; # Kijr in general).

The directional derivative of 6Wjnt along Ap is given by

DéWint [Ap] = — /bgrad op-k-grad Apdv — /bAp divévidy. (3.2.11)

Note that letting p = 0 and dp = 0 in the above equations recovers the virtual work relations
for nonlinear elasticity of compressible solids. The resulting simplified equation emerging from
eq.(3.2.7) is symmetric to interchanges of Au and év*, producing a symmetric stiffness matrix in
the finite element formulation [35]. However, the general relations of Egs.(3.2.7) and do
not exhibit symmetry to interchanges of (Au, Ap) and (6v®, dp), implying that the finite element
stiffness matrix for a solid-fluid mixture is not symmetric under general conditions.

The directional derivatives of the external virtual work §Wey depend on the type of boundary
conditions being considered. For a prescribed total normal traction ¢,,, where t = ¢, n,

SWiy = | oV tunda, (3.2.12)
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and
O0Au 0Au da
DSWE, [Au] = (5v5-tn< X —5 — g9 X ) ,
el = B BT gt ) Jgi x gl (3.2.13)
DdWéXt [Ap] =0,
where 5
go= 22X a=1,2 (3.2.14)
on“
are covariant basis (tangent) vectors on 9b, such that
n= 8178 (3.2.15)

g1 x gl

For a prescribed normal effective traction ¢, where t = (—p + t£) n and p is not prescribed, then

Wext =/ ov® - (—p+ty)nda, (3.2.16)
db
and 0A 0A d
u u a
piwgatan = 6w o) (s ' G ) S
ab n n g1 X 82 (3.2.17)
DéWe [Apl =— | dv®-Apnda.
b
For a prescribed normal fluid flux w,, = w - n,
5Wé§’(t:/ dpwy, da, (3.2.18)
ab
and 0A 0A d
u u a
DOWE, [Au] = Opw, M - X —— — 8o X ,
ext [Au] /8b P Wp N (gl a2 82 ol > g1 X )| (3.2.19)

DSWE, [Ap] = 0.

Finally, for a prescribed external body force, recognizing that pb = p*b® + p“'b* and assuming that
the body forces b* and b" do not depend on p,

D (5Wé’xt) [Au] = /c?vS -[(p°gradb® + p*gradb?) - Au+ (div Au) p7b*] dv,
b (8.2.20)
D (6We) [Ap] = 0.

3.2.2 Stabilization

Finite element models of deformable porous media are known to exhibit oscillations in fluid pres-
sure caused by relatively coarse meshes near free-draining boundaries, where a boundary layer
in fluid pressure normally forms during the early time response to loading. These spurious os-
cillations typically occur when the mesh is not able to resolve this boundary layer. Stabilization
methods serve as an alternative to mesh refinement, when the latter is not feasible or practical.
In FEBio we have implemented a stabilization method based on the work of Aguilar et al. [1].
Basically, this method proposes that the fluid flux w be evaluated from

w = —k - grad (p + 7p) (8.2.21)
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instead of eq.(2.7.6), where 7 represents the stabilization parameter. A representative value for 7
may be evaluated from

h2
T E-k’
where h is the element thickness on the free-draining boundary, E is a representative measure of
the solid matrix elastic modulus and % is a representative measure of the hydraulic permeability
tensor k. The contribution of this form of w to the virtual work expression in eq.(3.2.2) is

(3.2.22)

T

0G = /W'gradépdv
b

. (3.2.23)
= —/gradép-k -grad (p + 7p) dv
b
The linearizations of 4G are then given by
D6G [Au] = — /grad dp- (K : Ag) - grad (p + 7p) dv
b . (3.2.24)
DG [Ap] = — /b (1 n E) grad op - k - grad Ap dv
3.2.3 Discretization
Let . .
0v* = Nodvy, 0p=Y_ Nabpa,
=1 o=l (3.2.25)

Au = ZNbAub, Ap = ZNbApby
b=1 b=1

where N, represents the interpolation functions over an element, dv,, dp,, Au, and Ap, respec-
tively represent nodal values of v*, ip, Au and Ap, and m is the number of nodes in an element.
Then the discretized form of §W;,,; in eq.(3.2.5) may be written as

()

ne int m ”
Wint=>_ Y Widy > [ 0va dpa - [ ;Zv ] : (3.2.26)
e=1 k=1 a=1

where n, is the number of elements in b, nl(rem)t is the number of integration points in the e—th
element, W, is the quadrature weight associated with the k—th integration point, and J,, is the
Jacobian of the transformation from the spatial frame to the parametric space of the element. In
the above expression,

r,=0-VN,, r?2=w-VN,— N,divv?®, (3.2.27)

and it is understood that .J,, r% and 7, are evaluated at the parametric coordinates of the k—th
integration point.
Similarly, the discretized form of DéWj,; in Egs.(3.2.7) and (3.2.11) may be written as

()

Ne Mint m Kuu kup A
~ DW= > Wiy Y [ 0Va Opa | -Z[ 52 } : [ . ] : (3.2.28)
e=1 k=1 a=1 bh—1 ab ab Db
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where
U =VN, C-VNy+ (VN, -0 VNI
— No [Ny (p°VDb* + p“Vb™) + pb® @ VN, ,
kP = —N,VN,,
by SR | (3.2.29)
kiy = = (VNa- K- VN,) - (Vp = pipb") = = No - VN,
+ 9% (bY ® VN, + NyV'b") -k - VN,,
kP = —VN, -k - VN,

and At is a discrete increment in time. In a numerical implementation, it has been found that
evaluating div v* from J/J, where J = det F, yields more accurate solutions than evaluating it from
the trace of grad v® [16]. Contributions from the stabilization method presented in Section
may be similarly evaluated.

For the various types of contributions to the external virtual work, a similar discretization pro-

duces
(@)

ne Mint u
ra
Wext = Z;;ij Z [ 6va 6pa |- { 5 ] , (3.2.30)
and
(et)
Ne |n m K'“u kuP Aub
— DWeyt = Wi Jy, 8Va Opa |- [ ab  “ab ] : [ ] , (3.2.31)
HIED o ]|
where
Jy = |g1 x gl . (3.2.32)

In this case, m represents the number of nodes on an element face. For a prescribed normal

traction ¢,, as given in (3.2.12)-(3.2.13),

ry, =t,Nogn, rg =0,
ON, ON, y
A A{a gy — an;’gl} , k' =0, (3.2.33)
kZZ=0 kgp =0,

where A{v} = —& v is the skew-symmetric tensor whose dual vector is v and £ is the third-order
permutation pseudo-tensor. For a prescribed traction ¢ as given in (3.2.16)-(3.2.17),

ry = (—p+t;) Ngn, ry =0,

uu e aNb 8Nb u

ab = (—p+1,) Na A{a 18 8772&}, k? =0, (8.2.34)
ko =0, KPP =0.

For a prescribed normal fluid flux w,, as given in (3.2.18)-(3.2.19),

U u __
r,=0, rg = wplNg,

uw __ up __
=0, kg =0, (3.2.35)
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3.3 Weak Formulation for Biphasic-Solute Materials

The virtual work integral for this problem is given by

W = /5v d1vadv+/5p div (v® +w) dv
(8.3.1)
/(50 [ +d1v( + ¢wf?cévs)] dv,

where Jv is the virtual velocity of the solid, dp is the virtual effective fluid pressure, and é¢ is the
virtual molar energy of the solute. b represents the mixture domain in the spatial frame and dv is
an elemental mixture volume in b. In the last integral of 61, note that

QR 4 div (pvrev®) = 22 (JgvRe) (3.3.2)

where D*f/Dt = 0f/0t + v® - grad f is the material time derivative of a scalar function f in the
spatial frame, following the solid. Similarly, note that div v® = J~! (D*®J/Dt). Using the divergence
theorem, the virtual work integral may be separated into internal and external contributions, 6W =
OWext — OWint, Where

DS
5I/Vim:/bo-:5dsdv—{—/b<w gradép—éjp D12]> dv

oc D*
3.3.3
+ /b [ grad 6¢ r (Jp¥ ﬁc)] dv, ( )

5Wext = / ((5V t+ 5]5 Wy, + (Séjn) da7
ob

with §Wext being evaluated on the domain’s boundary surface 0b. In the first expression dd°* =
(grad v + grad” év) /2 represents the virtual solid rate of deformation.

To solve this nonlinear system using an iterative Newton scheme, the virtual work must be
linearized at trial solutions, along increments in u, p and ¢,

SW + DSW [Au] + DSW [Af] + DSW [Aé] ~ 0, (3.3.4)

where, for any function f (q), Df [Aq] represents the directional derivative of f along Agq [35].
To operate the directional derivative on the integrand of Wy, it is first necessary to convert the
integrals from the spatial to the material domain [35]:

5I/Vim:/S:(5EdV—i—/ <W grad p — (5ng) dV+/ [J grad&c—écg(ﬁpww) av,
B B B

ot
(3.3.5)
where B represents the mixture domain in the material frame, dV' is an elemental mixture volume
in B, and
S=JF ' .¢.F 7T,
SE =FT.5d° F
W=JF'! w
J=JF1'.j.

(3.3.6)
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The second Piola-Kirchhoff stress tensor S, and material flux vectors W and J, are respectively
related to o, w and j by the Piola transformations for tensors and vectors [35, [90]. Substituting

(3.3.6) into (2.8.13) produces

W=_-K- (gradﬁ + Redﬁrlc D gradé) ,
0. (3.3.7)

J=#iD- <—<pw grad é + diJ—lc : W) ,
0

where K and D are the material representations of the permeability and diffusivity tensors, related
to k and d via the Piola transformation,

K=JF'!.k-FT, 3.38)
D=JF'.d.-FT. o
The linearization of Wy is rather involved and a summary of the resulting lengthy expressions is
provided below. In consideration of the dearth of experimental data relating < and ® to the com-
plete state of solid matrix strain (such as C), this implementation assumes that the dependence
of these functions on the strain is restricted to a dependence on the volume ratio J = (det C)*/2,
Furthermore, it is assumed that the free solution diffusivity dy is independent of the strain.

The linearization of §Wey: is described in Section Following the linearization procedure,
the resulting expressions may be discretized by nodally interpolating u, p and ¢ over finite ele-
ments, producing a set of equations in matrix form, as described in Section[3.3.2]

The formulation presented in this study is implemented in FEBio by introducing an additional
module dedicated to solute transport in deformable porous media. Classes are implemented to
describe material functions for o€, k, d (and dy), £ and ®, which allow the formulation of any de-
sired constitutive relation for these functions of C and ¢, along with corresponding derivatives of
these functions with respect to C and ¢. The implementation accepts essential boundary condi-
tions on u, p and ¢, or natural boundary conditions on t, w,, and j,; initial conditions may also be
specified for p and ¢. Analysis results for pressure and concentration may be displayed either as p
and ¢, or as p and c by inverting the relations of (2.8.71).

3.3.1 Linearization of Internal Virtual Work

The virtual work integral 6Wjp; in (3.3.5) may be linearized term by term along increments in Au,
Ap and Ac¢ using the general form

D< /B de) [Ag] = /B DF [Aq] dV = /b fdv. (3.3.9)

For notational simplicity, the integral sign is omitted and the linearization of each term is presented
in the form DF [Aq] dV = f dv.

3.3.1.1 Linearization along Au

The linearization of the first term in §Wj; along Au yields

S:0E)[Au] dV = [6d° : C: Ae + o : (grad” Au-gradov)] dv, (3.3.10)
(S:0E) [Au] av = [ (
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where C is the spatial elasticity tensor of the mixture,

9 (D)

C=C°—(p+RODPrc)(I®I—-2IRI)— RbcJ I®I, (8.3.11)
and C¢ is the spatial elasticity tensor of the solid matrix,
e -1 os® T T
cc=J (F@F):Qac (FToF") . (3.3.12)
The linearization of the second term is
D (W - Grad 6p) [Au] dV = grad 6p - w), dv, (3.3.13)
where
w,=J 'F.-DW[Au] = — (KZ : AE) . <gradﬁ+ Rﬁdid - grad 6)
0
§ 3.3.14)
5 o Jfl B (
- R—ek- JZM (divAu)I+2kAe | -d-gradé — F@@k- (D: Ae)-gradé,
do aJ do
with .
K=J1FoF): 2K (FT o FT),
gg (3.3.15)
D=J'(FoF): 255 (FToF") ,

representing the spatial tangents, with respect to the strain, of the effective permeability and so-
lute diffusivity, respectively. These fourth-order tensors exhibit minor symmetries but not major
symmetry, as described recently [10]. Since K is given by substituting 3 into (3.3.8)4, the
evaluation of K is rather involved and it can be shown that

1%:2(12@1-212@1)-(1@12)@, (3.3.16)
where
g=2(k'®I-2k'RI) - (k'gk ") : K
ROG 0 [k d
—J == ] (I-=—|®I
a0 o <¢w) ( d0> @ (3.3.17)
e & <I®I_21®I— 11))
do v - do
and
-1 0K T T
K=J (F@F):Q%:(F QRF") . (3.3.18)
The next term in 6 Wiy linearizes to
_0J 1
- D <5pat> [Au] dV = _6pKt div Audv, (8.3.19)

where we used a backward difference scheme to approximate the time derivative,

0J 1

S (=) (3.3.20)
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and At represents the time increment relative to the previous time point. The next term is given by
D (J - Grad §¢) [Au] dV = grad éé - j,, dv, (8.3.21)

where

8~ ~
_]; =JF.DJ [Au] = (Ja; (divAu)d + #D : AE) . (—gowgradé—l— dcw>
0

N N (3.3.22)
+ Rd - <—cps (div Au) grad é + di (2Ae — (divAu)I) - W) + /%did W,
0 0
Using a backward difference scheme for the time derivative, the last term is
_0 (Jp¥Vke) _0¢ O (JpVR) . ..
3.3.1.2 Linearization along Ap
The linearization of the various terms in 6W,; along Ap yields
D (s : 5E) [AF] dV = —Ap div v dv, (3.3.24)
. .0J - S .
D (W . Gradop — 5p§ [Ap] dV = —grad op - k - grad Apdv, (3.3.25)
_ O (JpYRe) ~ ke 3 . }
D (J-Graddc— (SCT [Ap] dV = A graddc-d -k -grad Apdv. (3.3.26)
0
3.3.1.3 Linearization along A¢
The linearization of the first term in Wi, along Ac¢ yields
. die
D (s : 5E) [Ad dV = Aé <ag .5d — ro a§0) div 5v> dv, (3.3.27)
where age
o =J'F. — . FT (3.3.28)
oc

represents the spatial tangent of the stress with respect to the effective concentration. The next
term is

D (W - Grad §p) [A¢] dV = grad 6p - wl. dv, (3.3.29)

where -

w!. = J'F. DW [Ad = —A¢K. - <grad]5 + Redid - grad 5)
) ) 0 (3.3.30)
— ROk - |AC 2 i d—i—id' -gradé—i—id-gradAé
9 \ do dy ° do ’
and -

K =J'F. oK. (3.3.31)

¢ oc
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is the spatial tangent of the effective hydraulic permeability with respect to the effective concentra-
tion.
The next term reduces to

-D ((515%;]) [Ac] dV =0. (3.3.32)
The following term is
D (J - Grad §¢) [A¢] dV = grad é¢ - j.. dv, (8.3.33)
where
j.=J'F.-DJ[A¢
_(OR . w Y
— Vkd - grad A¢ + Fld. W,
do
and oD
d,=J'F.— . FT (3.3.35)
oc
is the spatial tangent of the diffusivity with respect to the effective concentration.
The last term is ( ) -
0 (JpVRe) . - o pPO(RE) .
D <atéc> [Ac] dV = 5CE 9% Aédv, (3.3.36)

where we similarly used a backward difference scheme to discretize the time derivative.

3.3.2 Linearization of External Virtual Work

The linearization of §Wegy; in depends on whether natural boundary conditions are pre-
scribed as area densities or total net values over an area. Thus, in the case when t da (net force),
wyda (net volumetric flow rate), or j,da (net molar flow rate) are prescribed over the elemental area
da, there is no variation in 6Wey and it follows that DiWey = 0. Alternatively, in the case when
t, wy, or j, are prescribed, the linearization may be performed by evaluating the integral in the
parametric space of the boundary surface 9b, with parametric coordinates (n',n*). Accordingly,
for a point x (n', n?) on db, surface tangents (covariant basis vectors) are given by

ox
«==—, =1,2 3.3.37
8= 5 (v ) ( )
and the outward unit normal is
n— 8LX8 (3.3.38)
|g1 X g2|

The elemental area on dbis da = |g1 x g2| dn'dn?. Consequently, the external virtual work integral
may be rewritten as

W — / (6V - b+ 6pwp + 62n) &1 X gl didn® . (3.3.39)
ob

The directional derivative of §Wex may then be applied directly to its integrand, since the paramet-
ric space is invariant [35].



3.3. WEAK FORMULATION FOR BIPHASIC-SOLUTE MATERIALS 93

If we restrict traction boundary conditions to the special case of normal tractions, then t = ¢,,n
where t,, is the prescribed normal traction component. Then it can be shown that the linearization
of §Wext along Au produces
0Au
ont
The linearizations along Ap and Aé reduce to zero, D (6Wext) [Ap] = 0 and D (6Wext) [Aé] = 0.

D (0Wext) [Au] = / (tn0v + wpdpn + j,0¢n) - < X g2 + g1 X %A2 ) dn*dn®.  (3.3.40)
ob

3.3.3 Discretization

To discretize the virtual work relations, let

5V—ZN Oy, Au—ZNbAub,

b=1
p = Z Na6pa, Af= Z NoApy, (3.3.41)
a=1 b=1

oc = i Nobéq, AC= Em: NoAcy
a=1 b=1

where N, represents the interpolation functions over an element, dv,, dp4, 6¢q, Au,, Ap, and Aé,
respectively represent the nodal values of dv, 6p, d¢, Au, Ap and Aé; m is the number of nodes in
an element.

The discretized form of 6Wjy in (3.3.3) may be written as

nle) u
ne Mint I‘a

Wit =D > Wi, Z | 6vVa 0pa 0Cq |- { vk ] , (3.3.42)
e=1 k=1 re

where n. is the number of elements in b, nl(m) is the number of integration points in the e—th
element, W, is the quadrature weight associated with the k—th integration point, and J, is the
Jacobian of the transformation from the current spatial configuration to the parametric space of

the element. In the above expression,

ry = o -grad N,
10J

p_

rh =w-grad N, — N, TR (3.3.43)
10 W~

re =j-grad N, — N, a7 (JpYRe) ,

and it is understood that J,, ry;, rh and r¢ are evaluated at the parametric coordinates of the
k—th integration point. Since the parametric space is invariant, time derivatives are evaluated
in a material frame. For example, the time derivative D*.J (x,t) /Dt appearing in (3.3.3) becomes
dJ (ni, t) /0t when evaluated at the parametric coordinates n;, = (1}, 13, ;) of the k—th integration
point.

Similarly, the discretized form of DéWint = DIWint [Au] + DSWin [Ap] + DéWint [Aé] may be

written as

ne M m m K4 k' ki Auy,
DéWing =YY Wiy > > [ 0va 6pa 00 |- | Kby KD KPS Apy |, (3.3.44)
e=1 k=1 a=1b=1 ke ko kSS Ady,
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where the terms in the first column are the discretized form of the linearization along Au:

w =grad N, - C - grad Ny, + (grad N, - o - grad N) I, (3.3.45)
KDy = (wi)" - grad N, + Nagj*, (3.3.46)
= (G)7" - grad Ny + Nagf*, (3.3.47)
where
. Ok w . C . w . ¢
Wh=J—=|d- | —pYgradc+ —w || ®grad N, + &k | —p“ gradc+ —w | -d - grad N}
6J do dO
+ K < *(d - grad ¢) ® grad Ny, + d— [2(grad Ny -w)d — (d-w) ® gradNb}) + ﬁd—d wy
0 0
(3.3.48)
1
qfu = A grad Ny, (3.3.49)
cu "a (J¢wi%) u

The terms in the second column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along Ap:

k¥ = —Nj grad N, (3.3.51)
kPP = —grad N, - k - grad N, (3.3.52)
kb = —d—o grad N, -d-k-grad N,. (3.3.53)

The terms in the third column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along Ac:

ue — N, (de -erad N, — RO (g)f“) grad Na> : (3.3.54)
¢
kP, = grad N, - wj , (3.3.55)
ab - grad Na Jb + NaQb ) (3356)
where _
w§ = — Nk, - <gradﬁ - Rﬁdid - grad E)
5 . (3.3.57)
— Rok - d+ —d, ) -gradé+ —d - grad N
R [ <80<d0> +d ) gra c+d0 gra b],
°C alz” ~ 1/ w ~ C ~, w 6 C
Jb=Ny| szd+Rkd, ) - | —p“gradc + —w | +kd - | —p" grad N, + —wy, | , (3.3.58)
¢ do do
e 9" O(RE)
@ = —Np—— bAL O (3.3.59)

The discretization of 6Wey in (3.3.3) has the form

nl®

ne int Nyton
Wea =D Y Wi, Z [ 0Va 0Pa 00 ]| Naws |, (3.3.60)
e=1 k=1 Najn
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where J,, = |g1 x go|. The summation is performed over all surface elements on which these

boundary conditions are prescribed. The discretization of — D§Wey has the form
Aub

(e) uu
DW= iiwﬂnii [ 0Va 0fa 024 |- [Ilfpf 8 8 A ap |, (3361
e=1 k=1 a=1 b=1 kéy 0 0 Ag,
where
w tnNaA{(;]Vfgz - f;j;gl} ,
(3.3.62)

ONy Ny )
8771 g2 87’]2 g1 y

oNy 0Ny

R—— (

kglf = —JnNa (
In this expression, A {v} is the antisymmetric tensor whose dual vector is v (such that A{v} -q =

v x q for any vector q).
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3.4 Weak Formulation for Multiphasic Materials

The virtual work integral for a mixture of intrinsically incompressible constituents combines the
balance of momentum for the mixture, the balance of mass for the mixture, and the balance of
mass for each of the solutes. In addition, for charged mixtures, the condition of may be
enforced as a penalty constraint on each solute mass balance equation:

oW = /5V -divo dv
b

+/6p‘div (v +w) dv
b

+Z/baéa

a#s,w

(3.4.1)

1 D? . .
75y (TIPURAE) + divj® + > zﬂdlvjﬁl dv,
B#sw

where ov is the virtual velocity of the solid, ip is the virtual effective fluid pressure, and §¢* is the
virtual molar energy of solute o. Here, b represents the mixture domain in the spatial frame and dv
is an elemental volume in b. Applying the divergence theorem, §1W may be split into internal and
external contributions to the virtual work, dW = §Wey — 6 Wint, Where
op D*J*

pDJ ) dv

(5V[/im:/ba:5de+/b<w-grad5ﬁ—JS Dr

+ ) / o radééa—ééaE(Js YEAE) | do
9 75 Dt ¥ (3.4.2)

a#£s,w

+ ) /bgradééa- > P v,

a#s,w B#s,w

and

5Wext=/ [5v-t+5;5wn+ > s (jg+ > zﬂjﬁ)] da. (3.4.3)
ob

a#s,w B#s,w

In these expressions, 6D = (gradév + gradT5v> /2, 0b is the boundary of b, and da is an ele-

mental area on 9b. In this finite element formulation, u, p and ¢* are used as nodal variables, and
essential boundary conditions may be prescribed on these variables. Natural boundary conditions
are prescribed to the mixture traction, t = o - n, normal fluid flux, w, = w - n, and normal solute
flux, j& = j* - n, where n is the outward unit normal to 0b. To solve the system §WW = 0 for
nodal values of u, p and ¢, it is necessary to linearize these equations, as shown for example in
Sections [3.3.1}{3.3.2] for biphasic-solute materials. If the mixture is charged, it is also necessary to
solve for the electric potential ¢ by solving the algebraic relation of the electroneutrality condition
in (2.9.4), which may be rewritten as

'+ Y PR =o0. (3.4.4)
Bitsw

In the special case of a triphasic mixture, where solutes consist of two counter-ions (a« = +, —),
this equation may be solved in closed form to produce

w = ia%@ In 227RC , = T,—, (345)
e\ oF e\ J(F)? 4 () (Rre) (e
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Only the positive root is valid in the argument of the logarithm function.

3.4.1 Linearization along Au

The linearization of the first term in §Wj; along Au yields

(S : 5E) [Au] dV = [6d°: C: Ae + o : (gradT Au-gradév)] dv, (3.4.6)
where C is the spatial elasticity tensor of the mixture,
c=c°— (;5+R9<I>Z/%ﬂéﬂ) II-216T) —R9265JMI®I (3.4.7)
57 , 4.
B B
and C¢ is the spatial elasticity tensor of the solid matrix,
cc=J"'(FoF): 2(280 : (FT o FT) . (3.4.8)

The linearization of the second term is

D (W - Grad §p) [Au] dV = grad 6p - w), dv, (3.4.9)
where
_ 7B
W, = — (IC : As) . gradﬁ+RGZ d—ﬁdﬁ - grad &
B 0
- o [ RP 7B . iB ~
~k-ROY ([Jaj <d5> - dﬁ] (div Au) d” + 7 <2As .d? + D" As>> - grad &
B 0 0 0
(3.4.10)
with -
K=J1'FoF) 9K (FT o FT) ,
gga (3.4.11)
D =J Y (FOF) 2 (FT o FT) ,

representing the spatial tangents, with respect to the strain, of the effective permeability and so-
lute diffusivity, respectively. These fourth-order tensors exhibit minor symmetries but not major
symmetry, as described recently [10]. Since K is given by substituting 3 into (3.3.8)4, the
evaluation of K is rather involved and it can be shown that

K=(kok): [(k'ok):K+g], (3.4.12)
where oK
K=J"'FoF): 256 (F" o FT), (3.4.13)
and 1 J 9Re a-
K
— =) (1-2 ) @1
(7 -3ar) (1-5)
RO — RO o  d°
g—ﬁza: p +2<I@dg+d8®1—1@1> . (3.4.14)
a- D°
—— eI+ —

dg dg
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The next term in 6Wiy linearizes to

L

iv A 4.1
Atdw udv, (3.4.15)

-D (@%t]) [Au] dV = —5p

where we used a backward difference scheme to approximate the time derivative,

07 1

N (J - J*At) 7 (3.4.16)

and At represents the time increment relative to the previous time point. The next term is given by

D (J* - Grad 6¢%) [Au] dV = grad 6¢* - j&' dv, (3.4.17)
where
st/ __ —1 aRa . (e ~Q « (6
i'=JF-DJ[Au] = JW(dlvAu)d +RDY: Ae | - g
o . . (3.4.18)
+ R4d” - (—(ps (div Au) grad ¢* + (2Ae — (divAu)I) - i + fpw&)
0 0
where .
g% = ¥ grad & + Z—aw. (3.4.19)
0
Using a backward difference scheme for the time derivative, the last term is
O (JpWR> ™) 0¥ O (JPURY) 4 ..
D <5c pr ) [Au] dV = A a7 ¢ divAudv. (3.4.20)
3.4.2 Linearization along Ap
The linearization of the various terms in 6W,; along Ap yields
D (S : 5E) [AF] dV = —Ap divévdo, (3.4.21)
.0 _ - N
D (W . Graddop — 5pa [Ap] dV = —grad ép - k - grad Apdv, (3.4.22)
D <Ja . Grad §&* — 55QW) [Ap] dV = — = ——grad e - d* k- grad Apdv. (3.4.23)
0

3.4.3 Linearization along A¢”

The linearization of the first term in §Wj,, along A¢é” yields

. _ 0 (PrYcY) .
. & A (o - 6d -
D (S : (5E) [ACT]dV = Aé <a’7 :0d — RO 5% div 5v> dv, (3.4.24)
where 55°
r_ -l Y wT
o,=J F 9% F (3.4.25)
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represents the spatial tangent of the stress with respect to the effective concentration. The next
term is

D (W - Grad 6p) [A&"] dV = grad 6p - w’, dv, (3.4.26)
where
~ w8
wl = J'F .- DW [A&] = —k’ - (gradﬁ—i— RHZ Z—Bdﬁ : gradéﬁ) AT
poo (3.4.27)
ROk -~ d7 . grad AZY — AZYROK > 0 (& d’ + i d? | - grad&®
—_ - —_—— . I‘a C —_— C . — —_— —_— .
@t 7\ 07 \dy di
and B 5
~ 0K od
-1 9B o7 Br _ 1-1g . T
K,=JF o2 F, d)=J'F. oo F (3.4.28)

are the spatial tangents of the effective hydraulic permeability and solute diffusivity with respect to
the effective concentration.
The next term reduces to

-D <5ﬁ%i) [Ac7] dV =0. (3.4.29)
The following term is
D (J% - Grad 6¢¥) [Ac"] dV = grad 6¢* - 5" dv, (3.4.30)
where
saf — 7—1 a ~y ~y R o ~a yo! a
i =J7F - DJ*[AC] = Aé %d +&°d ) - g
~ - - (3.4.31)
+ r4d” Yq~ grad AT + Ac ) ¢ 0dg W+ & W/
R | =9 a — | day — == == — .
# 08 s \" " g o s
The last term is
O (JpWRYeY) oW O (R¥eY) |, .
258 ) TAEY =5 A 4.32
D( 5 50)[ ¢ dV = é¢ N ¢ dv, (3.4.32)

where we similarly used a backward difference scheme to discretize the time derivative.

3.4.4 Linearization of External Virtual Work

The linearization of §Wey; in depends on whether natural boundary conditions are pre-
scribed as area densities or total net values over an area. Thus, in the case when t da (net force),
wyda (net volumetric flow rate), or j%da (net effective molar flow rate) are prescribed over the el-
emental area da, there is no variation in 6Wex and it follows that DdWeyx = 0. Alternatively, in
the case when t, w, or ;¢ are prescribed, the linearization may be performed by evaluating the
integral in the parametric space of the boundary surface db, with parametric coordinates (n',7?).
Accordingly, for a point x (n',7?) on b, surface tangents (covariant basis vectors) are given by

ga=p o (@=12) (3.4.33)

ne’
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and the outward unit normal is "
— 81 x8 (3.4.34)
g1 X g2
The elemental area on dbis da = |g1 x g2| dn'dn?. Consequently, the external virtual work integral
may be rewritten as

5Wext=/ <5v t+ opw, + Z dcj ) g1 X go| dntdn?, (3.4.35)
ob
a#s,w
where
a=je+ Y Pl (3.4.36)
B#s,w

The directional derivative of §WWey may then be applied directly to its integrand, since the paramet-
ric space is invariant [35].

If we restrict traction boundary conditions to the special case of normal tractions, then t = t,,n
where t,, is the prescribed normal traction component. Then it can be shown that the linearization
of 0Wex along Au produces

~ O0A O0A
D (6Wext) [An] :/ (tnév + wpdpn + Z 0c* gy n) . (57711 X 8o + g1 X 877;1> dntdn?.
b

aF£s,w
(3.4.37)
The linearizations along Ap and A¢” reduce to zero, D (6Wext) [Ap] = 0 and D (6Wext) [A¢Y] = 0.

3.4.5 Discretization
To discretize the virtual work relations, let

ov = Zm:lNa(Sva , Au= me:NbAub,
a= =1

p=> Nabpa, Ap= Z Ny Apy (3.4.38)

& = Zm:Naéég“, A = ZNbAcb ,
a=1

b=1

where N, represents the interpolation functions over an element, §v,, §p4, 6¢%, Au,, Ap, and Ac,
respectively represent the nodal values of §v, ép, 6¢%, Au, Ap and Aé&Y; m is the number of nodes
in an element.

The discretized form of 6Wy in (3.3.3) may be written as

=

nle

Ne |nt

Wi =35 WiJ, Z[ava Spa e 0¢

e=1 k=1

<

(3.4.39)

<
QHeD age s

<

where n. is the number of elements in b, nl(m) is the number of integration points in the e—th

element, W, is the quadrature weight associated with the k—th integration point, and J,, is the
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Jacobian of the transformation from the current spatial configuration to the parametric space of
the element. In the above expression,

r, = o -grad N, ,

10J

P = . d a Va3 77

r? =w-.grad N, — N 7ot (3.4.40)
10

& 3% grad N, — Ny—— (JQURYE) |

re =j% - gra Jat(Jgorbc)

and it is understood that J,, r%, i and r¢ are evaluated at the parametric coordinates of the
k—th integration point. Since the parametric space is invariant, time derivatives are evaluated
in a material frame. For example, the time derivative D*.J (x,t) /Dt appearing in becomes
dJ (ni, t) /0t when evaluated at the parametric coordinates n;, = (1}, 17, ;) of the k—th integration
point. All time derivatives are discretized using a backward difference scheme.

Similarly, the discretized form of DéWiny = DdWint [Au] + DIWin [Ap] + Ev DéWint [A&Y] may

be written as

e Ky ko ki ke | Au
S e SO O T L Apy,
DWWy = We.J [ “ ~a ~Q ~g . ab ab ab ab . o ,
2 2 e 2 v a0 0S| | ag
B = [N a .08 ;
kgb kaf kfb kfb AG,
(3.4.41)
where the terms in the first column are the discretized form of the linearization along Au:
w =grad N, - C - grad Np, + (grad N, - o - grad Ny) I, (3.4.42)
Ky = (wi)" - grad N, + Naq)", (3.4.43)
T
o= (34 D0, 2%00") - erad Nu+ Nug™ (3.4.44)
where
wy =gl K - grad N,
L (9% 8) k. af 5
~ROY 5 (IG5~ ) k-d- (gradc ®gradNb>
5 do
=8 -
— RO Z ;73 [k . (grad Np ® grad 5/3) -d? + (grad Ny, -d? - grad EB) k] (3.4.45)
5 o
7B
~ROY "k (grad &# . D8 . grad Nb> :
5 o
7B
g’ = —gradp— RO > —5d” - grad @ (3.4.46)
5 do
au ag‘/a (e (0 ~o (0%
= Jﬁd - (g” @ grad Ny) 4+ g™ - D - grad Ny,
+ R4d” - (grad Ny, ® w — w ® grad N, + (grad N, - w) I+ wy) S—a (3.4.47)
0

— p*rR*d” - grad ¢® ® grad Ny,
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‘*O[

g% = —p%gradc* + d—aw (3.4.48)
q" = A grad Ny, (3.4.49)

The terms in the second column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along Ap:
kZ{j = —Npgrad N, (3.4.51)

kP = — grad N, - k - grad Ny, (3.4.52)

kY = grad N, - (ap—i—Zz’B ’Bp> , (3.4.53)

where e
K/a (%

i = i d® k- grad Ny . (3.4.54)

The terms in the third column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along A¢”:

u 0P 8/@ _
u =N, (0' — RO | PR~ + Z (aca o aca> cﬁ] I) - grad N, , (3.4.55)
kP = grad N, - wi) , (3.4.56)
k2 = grad N, - ( R ﬁV) + Nog?, (3.4.57)
B
where
- - pae] =B
w) = N, (k; .gP — ROk - ( ‘? (%) d’ + %df”) . grad 55)
9¢7 \ d d
B 0 0 (3.4.58)
~ R
— ROk - —d" - grad Ny,
dO
and oo
a’)’ _ Nb (({;j doz + %adg"/> .ga
N 542 (3.4.59)
« w o ~a b
d—ad [5,}7 (Npyw — pdg grad Np) + € (Wg — % (953 W>:| ,
Qv v OR” ~Q ~o
L (a 8 G ) . (3.4.60)
The discretization of 6Wey in (3.4.35) has the form
nl® Nyt,n
ne Mint Nawn
SWext = z;;WkJ Z [ Ve 6pa 602 5 ] N | (3.4.61)
¢ =P

Nojn
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where J,, = |g1 x go|. The summation is performed over all surface elements on which these
boundary conditions are prescribed. The discretization of — D§Wey has the form

el K% 0 0 0 Au,
- - K% 0 0 0 Ap
— — ~ ~a ~B . ab . b
DdWeXt_ZZW’“‘]"ZZ[‘SV“ 0Pa 0 50“] kK% 0 0 0 Acy |
e=1 k=1 a=1 b=1 kﬁg 00 0 Aébﬁ
(3.4.62)

where

ug:tNA{aN,, N, }

3777132 - 87172&
kP = —wp, N, ((ij;ilbgg — ({;]7:];&) X n, (3.4.63)
ou e~ (ONy  ON
ab = —InNa <anlg2 - W&) X .
In this expression, A {v} is the antisymmetric tensor whose dual vector is v (such that A{v} -q =
v x q for any vector q).

3.4.6 Electric Potential and Partition Coefficient Derivatives

When the mixture is charged it is necessary to solve for the electric potential ¢) using the elec-
troneutrality condition in (2.9.4). This equation may be rewritted as a polynomial in ¢,

> ail, (3.4.64)
=0
where
¢ =exp (—I;ZJ) : (3.4.65)
and

(3.4.66)

Pre e o B Ve Zmin
ai = {CF : min
Here, z™" = min, z* and the polynomial degress is n = z™a% — ;M where 2™ = max, 2°.
Since more than one solute may carry the same charge 2%, the coefficients a; should be evalu-
ated from the summation of z*£“¢ over all such solutes. Only real positive roots are valid, since
¢ = —RO(In() /F, according to (3.4.65). Using Descartes’ rule of signs, an inspection of the
coefficients a; shows tht there is only one sign change in the polynomial, regardless of the sign
of ¢, implying that there will always be only one positive root ¢, which must thus be real. There-
fore, there cannot be any ambiguity in the calculation of v, irrespective of the polynomial degree.
Newton’s method is used to solve for the positive real root when n > 2.
Using the above relations, it follows that & = 2*¢*". An examination of the equations resulting
from the linearization of the internal virtual work shows that it is necessary to evaluate derivatives
of £ with respect to J and ¢”, which are given by

O O o ool 0
oJ — 9J ¢caJ
o B 8%a<za N a~a1 aC (3467)
o o TN Cow
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In these expressions, the derivatives of #* are obtained from the user-defined constitutive relations
for the solubility. Derivatives of ( may be evaluated by differentiating the electroneutrality condition
to produce

F 8 -3 948
10¢ B+ Y¢Sy

caJ 28)2 BB
2.5 (%) s (3.4.68)
Lo R R, g
¢ o S (2F)? kBB
The derivative dcf'/0.J may be evaluated from
F_l—vl p
¢’ = c (3.4.69)

-

where ¢? is the referential solid volume fraction (volume of solid in current configuration per vol-
ume of the mixture in the reference configuration) and ¢’ is the referential fixed charge density
(equivalent charge in current configuration per volume of the mixture in the reference configura-
tion).

3.4.7 Chemical Reactions

3.4.7.1 Virtual Work and Linearization

The contribution to 1 due to chemical reactions is given by dG, where

div(vi4+w) =Y+ (1 — wS)EZVO‘V“

5G = /5;5 [@w F(1— %) éﬂ do+ Y vt /68 (1—¢%) Edv. (3.4.70)
b . b
The linearization of 4G along a solid displacement increment Au is

DéG [Au] = /(5ﬁ (P¥ divAu+ @ : Ae) dv
b

~

+V/b6ﬁ {( divAu+ (J —¢)) ¢, : As} dv , (3.4.71)

S

+Zu‘/bééb [5 <1—%93”> divAu+(J—soi)€s:A€} dv

where R
~ a(ﬁw T g -1 8< T
Y—_F.I—.F = F-—=>.F 3.4.72
€ 6E b CE J 8E ) ( )
and
gt Lo M (145, )+ (J— o) 2, A 9T
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for solutes-as-SBMs, and
- s 7 1 OrR%
Dot -5 <J<,0 +>, 2 )+J90 (J = 8) X G577 o1
- 2
oJ <J(pw s pg>
- T

105

for SBMs, as obtained from eq.(2.12.16). Currently, ¢ is assumed to be independent of 5 in FEBio;

it follows that the linearization along the effective fluid pressure increment Ap is

dpv
Apdv .
ap P

DG [Af] = /b 5

Finally, the linearization along a concentration increment Aé* is

DG [Ac
_ o¢
1-— —A
+V/5p )(%L dv
8( Jp -
Y Y _ > - T L
+ZV /5c <1 8cL J86LC>A dv
where ,
J T A ~0 OK i
ey, (Jfoo) Za]foT (“ +c gao) =0
cl (J—o5 < & OR°
gc *fOO) Za ],\jT oct L ?é g

for solutes-as-SBMs, as obtained from eq.(2.12.16).
The discretized form of these expressions is given by

0G =" 6parl + 3> s,
a v ooa

where
- /Na [@w . wéﬂ dv
b
=7 [ No= ) o
b
Similarly,
D6G [Au] = Zépa Zk -Auy,
+§:szkv A,
where

kzg—/N YT+ @) - grad Ny dv

+V / Na (I+J<,ow<j4 . grad Ny dv

ngZVW/Na [(1— a;;) Q:I—i-Jngé'E} - grad Ny, dv

(3.4.73)

(3.4.74)

(3.4.75)

(3.4.76)

(3.4.77)

(3.4.78)
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Then,
DG [Ap] = ZépakapApb, (3.4.79)
where
kPP = / N, 27 o Vo (3.4.80)
Finally,
DéG [AE ZapaZkggAag
, (3.4.81)
+ Z > 5cg > kLAG
vy a b
where .
DL 8C
kL, = NNb dv—i—V NNb (1—¢ )(%Ldv
(3.4.82)

8C 1 0¢S -
"oy _ o5 109
K= /b NN, ((1 ") 52— S5 g) dv

3.4.7.2 Updating Solid-Bound Molecule Concentrations

The solid-bound molecule concentrations p¢ are evaluated at integration points of each element;
they do not represent nodal degrees of freedom. The values of p? are updated at the end of
each iteration in the solution of the nonlinear equations for the nodal degrees of freedom, using

trapezoidal integration on 47 in (2.12.6). According to (2.12.24) and (2.12.26), we have /7

(J — %) M?v°¢, which is evaluated as the average of values at t,, and t,,,1, then
(07 )1 = (07)y + (B7) 1 AL (3.4.83)

where At = t, 11 — t,.

3.5 Computational Fluid Dynamics

A more detailed description of the FEBio fluid solver can be found in [22].

3.5.1 Weak Formulation

The nodal unknowns in this formulation are v and J (or €), which may be solved using the mo-
mentum balance in eq.(2.13.1) and the kinematic constraint between .J and v given in eq.(2.13.6).
The virtual work integral for a Galerkin finite element formulation [35] is given by

5W:/5v-(div0+p(b—a))dv
Q

—I—/ oJ (J—divv> dv,
Q J

where dv is a virtual velocity and ¢/ is a virtual energy density; Q is the fluid finite element domain
and dv is a differential volume in Q. This virtual work statement may be directly related to the axiom

(3.5.1)
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of energy balance, specialized to conditions of isothermal flow of viscous compressible fluids (see
Section [2.13.3). Using the divergence theorem, we may rewrite the weak form of this integral as
the difference between external and internal virtual work, 6W = W,y — 6Wine, Where

Wit = / 7 : grad ov dv —i—/ ov - (gradp + pa) dv
0 0

—/ <6Jj+gradf5j-v> dv,
Q J

OWeat = / ov-t7 da —i—/ ov - pbdv — / 0J vy da . (3.5.3)
o0 Q [2/9)

(3.5.2)

and

Here, 09 is the boundary of Q and da is a differential area on 99, t™ = 7 - n is the viscous
component of the traction t, and v,, = v - n is the velocity normal to the boundary 052, with n
representing the outward normal on 02. From these expressions, it becomes evident that essential
(Dirichlet) boundary conditions may be prescribed on v and J, while natural (Neumann) boundary
conditions may be prescribed on t” and v,. The appearance of velocity in both essential and
natural boundary conditions may seem surprising at first. To better understand the nature of
these boundary conditions, it is convenient to separate the velocity into its normal and tangential
components, v = v,n + v4, Where v, = (I —n®n) - v. In particular, for inviscid flow, the viscous
stress 7 and its corresponding traction t™ are both zero, leaving v,, as the sole natural boundary
condition; similarly, J becomes the only essential boundary condition in such flows, since v; is
unknown a priori on a frictionless boundary and must be obtained from the solution of the analysis.
In general, prescribing J is equivalent to prescribing the elastic fluid pressure, since p is only
a function of J. On a boundary where no conditions are prescribed explicitly, we conclude that
v, = 0 and t™ = 0, which represents a frictionless wall. Conversely, it is possible to prescribe
v, and t” on a boundary to produce a desired inflow or outflow while simultaneously stabilizing
the flow conditions by prescribing a suitable viscous traction. Prescribing essential boundary
conditions v; and J determines the tangential velocity on a boundary as well as the elastic fluid
pressure p, leaving the option to also prescribe the normal component of the viscous traction,
t7 =t" - n, to completely determine the normal traction ¢,, = t - n (or else t], naturally equals zero).
Mixed boundary conditions represent common physical features: Prescribing v,, and v; completely
determines the velocity v on a boundary; prescribing t™ and J completely determines the traction
t = o - n on a boundary. Note that v,, and J are mutually exclusive boundary conditions, and the
same holds for v, and the tangential component of the viscous traction, t; = (I—-n®n) - t".

3.5.2 Temporal Discretization and Linearization

The time derivatives, dv/dt which appears in the expression for a in eq.(2.13.2), and 9.7/t which
similarly appears in .J, may be discretized upon the choice of a time integration scheme, such as
the generalized-a method [74] (Section[3.10). In this scheme, §W is evaluated at an intermediate
time step t+oa = at,y1 + (1 — a)t, between the current time step ¢,+1 and previous time step
tn, though different values of o« are used for the primary variables and their time derivatives. The
velocity and volume ratio are evaluated as v, 1, and J,, at the intermediate time step #,,1q,,
whereas their time derivatives are evaluated as (dv/dt),, ., and (0J/dt),, ., —atthe intermediate
time step t,,+q,,. The parameters oy and «,, are evaluated from the spectral radius for an infinite
time step, po, as described in Section The solution of the nonlinear equation 6W = 0 is
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obtained by linearizing this relation as
W + DSW [Av] + DWW [AJ] =~ 0, (3.5.4)

where the operator DSW [-] represents the directional derivative of 61/ at (v, J) along an increment
Av of v, or AJ of J [35]. The aim of this analysis is to solve for the velocity v,,; and volume ratio
Jne1 at the current time step ¢,.1. Using the split form of 61 between external and internal work
contributions, this relation may be expanded as

DOWipi [AV] + DOWipns [AJ] — DOW oyt [AV]

— D(SWext [AJ] ~ 5W6xt — 5W2nt .
In this framework the finite element mesh is defined on the spatial domain 2, which is fixed
(time-invariant) in conventional CFD treatments. Thus, we can linearize §W;,,; along increments

Av in the velocity v,,.1 and AJ in the volume ratio J,, 11, by simply bringing the directional deriva-

tive operator into the integrals of egs.(3.5.2)-(3.5.3). The linearization of v, , and J,,1, is given
by

(3.5.5)

Dvyia, [AV] = apAv
DJn+af [AJ] = OéfAJ

whereas that of (v /0t), , and (0J/0t),  is given by
ov Oy AV
oJ am AJ

Here, At is the current time increment and  is the Newmark integration parameter [74].
The linearization of §W;,; along an increment Av is then

D (6Wint) [Av] = af/ grad év : C7 : grad Av dv
Q
o |
+af/5v~p<<+L> -Av—l—gradAv-v) dv (3.5.8)

af/g ((St}]gradJJrgradéJ) - Av dv

where we have introduced the fourth-order tensor C™ representing the tangent of the viscous stress

with respect to the rate of deformation,

, OT
C = 3D - (3.5.9)

Note that C™ exhibits minor symmetries because of the symmetries of = and D; in Cartesian
components, we have C/,,, = CJ,,, and CJ,, = C[,.. Ingeneral, C™ does not exhibit major symmetry
(Ci;ri # Chyy;), though the common constitutive relations adopted in fluid mechanics produce such
symmetry as shown below.

The linearization of 6W;,,; along an increment AJ is

D (6Wint) [AJ] = af/AJTf] s grad v dv — af/ ov - AJ%adv
b Q

+ ozf/Qév- (p’ grad AJ + AJ p” grad J) dv (3.5.10)

oJ oy 1 J
_ O om LA AT
af/Q 7 <<0¢f7 ; J) J + grad AJ v) dv
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where we have used DJ [AJ] = AJ; p’ and p” respectively represent the first and second deriva-
tives of p(J). We have also defined 7/, as the tangent of the viscous stress 7 with respect to
J,

or
7{,:5. (3.5.11)
For the external work, when t7, b and v,, are prescribed, these linearizations simplify to
D (0Wezt) [AV] =0, (3.5.12)
and
D (0Wegt) [AJ] = —af/év -AJ %b dv . (3.5.13)
b

We may define the fluid dilatation e = J — 1 as an alternative essential variable, since initial
and boundary conditions e = 0 are more convenient to handle in a numerical scheme than J = 1.
It follows that grad J = grad e and 0.J/0t = de/0t. Therefore the changes to the above equations
are minimal, simply requiring the substitution J = 1+ e and AJ = Ae. Steady-state analyses may
be obtained by setting the terms involving At~ to zero in egs.(3.5.6)-(3.5.7), (3.5.8) and (3.5.10).

3.5.3 Spatial Discretization
The velocity v (x,t) and Jacobian J (x,t) are spatially interpolated over the domain 2 using the
same interpolation functions N, (x), with a = 1 to n where n is the number of nodes in an element),

v (x,t) = zn:Na (X)ve, J(x,t)= z": N (x) Jg . (8.5.14)
a=1 a=1

Here, v, and J, are nodal values of v and J that evolve with time. In contrast to classical mixed
formulations for incompressible flow [106], which solve for the pressure p using div v = 0 instead
of eq.(2.13.6), equal order interpolation is acceptable in this formulation since the governing equa-
tions for v and J involve spatial derivatives of both variables (grad v and grad J). The expressions
of eq. may be used to evaluate L, divv, a, grad J, J, etc. Similar interpolations are used
for virtual increments év and 6J, as well as real increments Av and AJ.

When substituted into eq.(4.2.32), we find that the discretized form of §W;,,; may be written as

Wint = Y _0va- (£ +£0) + £ 6.a (3.5.15)

where
£7 = / (1 - grad N, + N, grad p) dv,
Q

f(fz/QNapadv, (8.5.16)

f({:/ - <Naj+gradNa-v) dv.
Q

Similarly, the discretized form of DéW,,,; [Av] in eq.(3.5.8) becomes

D (5W’mt) [AV] = Z 6Va : Z ( Z}j + MZ;))) . AVb

b
+Y 6J0 > Kkl Avy,
a b

(3.5.17)
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where
KY = af/ grad N, - CY - grad N dv,

1
ob = Nop | Np | ——— d dNy-v)I) d
o af/Q ( b( N + gra v) (grad N - v) ) v,

N,
kgfj = —af/Q (J grad J + gradNa> Nydv,

whereas that of DéW;,,, [AJ] in eq.(3.5.10) becomes

D (0Win) (A Z&va : Z o/ +mY) AJ,

+Z<§J Zk AJy

where

kY = af/g [Ny7's - grad Ny + Ny (p' grad Ny, + Nyp” grad J)| dv,

22)7 = af/ NaNbgad’U,

JJ a m
= — — - T — N N . M .
kit af/g J ((af’YAt J) pemd >dv

For the external work in eq.(4.2.34), its discretized form is

Wewr =3 0 (£ +12) + 0 f2

where

a

f = | Nyt da,
oN

fS:/Napbdv,
Q

—/ Nyv, da .
Q

The discretized form of D (6We,) [AJ] in eq.(3.5.13) is

D (0Weat) [AT] =D 0va- > Ko Ay,
a b

where
Kb, = —af/ NaNbgbdv.

3.5.4 Special Boundary Conditions
3.5.4.1 Backflow Stabilization

(3.5.18)

(8.5.19)

(8.5.20)

(3.5.21)

(3.5.22)

(3.5.23)

(3.5.24)

For arterial blood flow, backflow stabilization has been proposed previously to deal with truncated
domains where the entire artery is not modeled explicitly [27, 53]; for these types of problems,
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letting t = 0 or prescribing a constant pressure at the outflow boundary may not prevent flow re-
versals that compromise convergence of an analysis. Instead, these authors proposed a velocity-
dependent traction boundary condition, t = Sp (v ® v) - n with a tensile normal component, that
counters the backflow (only when v,, < 0). Here, 3 is a non-dimensional user-defined parameter;
a value of g = 0 turns off this feature, while a value of 5 = 1 generally shows good numerical
performance. We adapt this previously proposed formulation by letting the normal component of
the viscous traction be given by

tr =

n

2
{ﬁp”’" vn <0 (3.5.25)

0 vy >0

The choice of p, in lieu of p is for convenience, to avoid the dependence of p on J (which is
negligible for nearly incompressible flow). Then, the contribution of this traction to the virtual
external work W, is
G = v -tinda. (3.5.26)
o0
The linearization of §G along an increment Av in the velocity is given by

DéG [Av] = ov-K, - Avda, (8.5.27)
[2/9)
where
2 rv¥n n
Kn:{ Bpron(n@n) va <0 (3.5.28)
vy >0
The discretized form of 6G is
0G=> ova- £}, f2 = Natynda, (3.5.29)
. o9
whereas the discretized form of DJG [Av] is
DSG[AV] =) dva- > K- Avy, Kpy= / N.N,K,, da . (3.5.30)
. 5 o9

A (viscous) tangential traction is implemented as a separate flow stabilization method in the
next section, applicable to inlet or outlet surfaces, without a conditional requirement based on the
sign of v,,.

3.5.4.2 Tangential Flow Stabilization

For certain outlet conditions, using the natural boundary condition t] = 0 may lead to flow insta-
bilities. It is possible to minimize these effects by prescribing a tangential viscous traction onto the
boundary surface, which opposes this tangential flow. Optionally, this condition may be combined
with the backflow stabilization described above.
Similar to the previous section, we introduce a non-dimensional parameter 3, with the tangen-
tial traction given by
t{ = —Bpr [ve| ve. (3.5.31)

This form shows that t] opposes tangential flow. The external virtual work for this traction is

5G= [ ov-tida. (3.5.32)
oN
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Its linearization along an increment Av is

DoG [Av] = v -Ki-Avda, (8.5.33)
a0
where it can be shown that
K; = —Bp, |vi] < —-nen+ —® Vt) . (3.5.34)
|Vt| [Vl

The discretized form of 6G is

§G=> ove-f], £7=[ Nitjda. (3.5.35)
o a0

The discretized form of DOG [Av] is

D6G[AV] = dve- > Khy-Avy, Kby= /a . N,NyK; da . (3.5.36)
b

3.5.4.3 Flow Resistance

Flow resistance is typically implemented when modeling arterial flow, where the finite element
domain only describes a portion of an arterial network [129]. A flow resistance may be imposed
on downstream boundaries to simulate the resistance produced by the vascular network with its
branches and bifurcations. The resistance is equivalent to a mean pressure which is proportional
to the volumetric flow rate Q,

p=RQ, Q= [ wvpda,
29

where R is the resistance. Using the pressure-dilatation relation (5.16.5), equivalentto p = — K -e,
this pressure may be prescribed as an essential boundary condition on the dilatation e.

3.6 Weak Formulation for FSI

3.6.1 General Formulation

The strong form of the virtual work statement is §W = 0 where
oW = /(5v3 ~dive® dv
/5w dlvaf—i—pf (b—a )} dv ‘ (3.6.1)

/5Jf[ Jf+grade ) dww—ﬂ v

Here, b is the mixture domain (whose boundaries are defined on the solid), §v* is the virtual solid
velocity, 6w is the virtual relative fluid velocity, and 677 is the virtual energy density. The weak form
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of this statement may be written as the difference dW = 6W,,; — 6W;,¢ between external virtual
work §W.,; and internal virtual work 6W;,,;, where

Wint = /as : grad 6v® dv
b

+/T gradéwdv+/5w~ (gradp+pfaf) dv
b

s , (3.6.2)
/5Jf [ Jf—i-grade ) — ] dv
Js
+/W-grad5Jf dv
b
and
Went = ov® -t da
ob
0w - tTda+/5w p’bdv. (3.6.3)
ab
§J w,, da

b
Here, t* = o - n is the solid traction, t™ = 7 - n is the fluid viscous traction, and w,, = w,, - n is the
normal component of the relative fluid velocity on the boundary 0b, whose outward unit normal is
n. In practice, both ¢ and t* should contribute negligibly to 61/, but they cannot be set exactly to
zero since we need some small elasticity to regularize the deforming mixture mesh.

3.6.2 Time Integration

In the generalized a—method we evaluate displacements and velocities at the intermediate time
tn+o¢f =1, + Qg (tn+l — tn), such that

Xrta; = (1= o) Xp + X
Wyo, =1 —ap)u, +asup
Vita; = (L—ap) vy +ayvy
Wita, = (1 —ap) Wy + apwpig
Tl e, =0 —ap) J] +apJl,,
In particular, it follows that
s
Flia, = Xan;af =1 —ayp)F; +asF;
Tnta; = detFZ+af
JfLJraf = Jpia,;F n+af : Grad vy 4,
Lo, = Gradvy - F;Jraf
In practice however, we get better numerical results when using
Js. = o1 = In

ntay At
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s o Fn“"l - Fn F*l
ntayp — T " ntoay

Similarly, we evaluate velocity derivatives at the intermediate time t,,+q,, = tn + am (th+1 — tn),
such that

Vitam = (L= am) Vi + oV

Whtan, = (1 — m) Wi + @ Wyt

I o == am) Jf +amd!,,

n+am

The parameters o and «,, are evaluated from a single parameter p., using

1 13— pso
af = ,  Qup = = , 3.6.4
P T e’ ™ T 21 poo (3.6.4)
for first-order systems, or
1 2- Poo
e pu— .6-5
af 1+poo7 Qm 1+Pc>07 (3 )

for second-order systems, where 0 < p., < 1. This parameter is the spectral radius for an infinite
time step, which controls the amount of damping of high frequencies; a value of zero produces the
greatest amount of damping, anihilating the highest frequency in one step, whereas a value of one
preserves the highest frequency. Since the solid motion is governed by a second-order differential
equation in time, we adopt the formulas for second-order systems.

To complete the integration scheme, we evaluate

1
521(1+O‘m_af)2
1
v = B + am —ay
then
At? . .
Wy = )+ AtV + S (1= 28) ¥+ 26V5]
Wptl = Wy + At [(1 — ) Wi, + 'YV.VnJrl}
T = I+ A1 =) J] + 71,
Thus,

1 uw_ ,—u’ 1
-S _ n+1 no_ .S I
Vntl = BAY ( At V”) " (1 26) n

_ 1 W - W 1
Wn+1zm+<1_>wn:n+afn_<_1>wn

YAt ~ apyAt ~
. Jgf gt N .. JL —Jl .
Jr]:—i-l:L—i_ <1_>Jq{:+f_ <_1>J7J:
~At ~ apyAt ~

According to this method [74], the virtual work is evaluated using intermediate time step values, at
tn+a, for all parameters except v¥, w, and J7, which are evaluated at t,, ,, -
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3.6.3 Discretization

The discretization of the internal work produces
OWint = Z(Svg : /fgjdv—i—dwa-/f;“dv—i—ng/fgdv
- b b b
OWint = Z&Vi . /o’S - grad N, dv
a b
+ Zéwa . /7‘ -grad N, dv + Zéwa . /Na <gradp+pfaf> dv
a b a b
+25Jf/Na 1 (jf—i-grade-W) — J—s dv
- “Jy Jf Js
+ Z(NC{C/W - grad N, dv
- b

where
f! =0 - grad N,

£’ =7-grad N, + N, (gradp—i—pfaf)

1 /. J*
J _ = (jf I. _Z .
fo = Ng [Jf (J + grad J w) 75 + w - grad N,
We used the following interpolations:
ov* = Naovj Au =) NAu,
a b

grad v’ = Z ove @ grad N,  grad Au = Z Auy ® grad Ny
a b
divov® = Z ov, - grad N, divAu = Z Auy - grad Ny
a b
ow = Z Nyowy Aw = Z NyAwy,
a b

grad 0w = Z ow, @ grad N, grad Aw = Z Awy, @ grad Ny
a b
00" =3 " NaoJf ATF =" NAd]
a b
grad 6J7 = ZM‘{ grad N, grad AJS = Z AJJ grad Ny
a b

Note that the grad = a% operator should be evaluated using x;,q-

The solution of the nonlinear equation §W = 0 is obtained by linearizing this relation as

SW + DSW [Au] + DSW [Aw] + DSW [Ajf} ~0,

115

(3.6.6)

(3.6.7)

(3.6.8)

(3.6.9)

where the operator DSW || represents the directional derivative of W at (u®,w, J/) along an

increment Au of u®, Aw of w, or AJ/ of J/.



116 CHAPTER 3. THE NONLINEAR FE METHOD

To linearize the virtual work, we need to express the integrals appearing in 6W;,,; and 6W,,,
over the material frame of the finite element solid domain. For notational convenience, we let
J=J%and F = Fs. Thus,

/a’S sgrad ovidv = / F.S°:Gradov®dV (3.6.10)
b B
where S* = J - F~!.o° . F~T is the second Piola-Kirchhoff stress for the solid material. Similarly,
/T:gradéwdv:/ 7 - JF T GraddwdV . (3.6.11)
b B

Next,
/5W‘ (gradp+pfaf> dv
b

(8.6.12)
= / ow - (JF_T -Gradp + Jp/ (W +v*) + p/ (Gradw + Grad v*) W) av
B

I J . :
f f f. _Z — ! f f. _
/béJ [Jf (J + grad J w) J] dv / 0J [Jf (JJ + Grad J W) J] dv (3.6.13)

/ w - grad 6.J/ dv = / GraddJ/ - Wdv (3.6.14)
b B

where W = JF~! . w
Keep in mind that we are solving for the motions x;, ; at ¢,,1. Therefore,

Du® [Au] = ayAu

DF [Au] = ay Grad Au
DJ[Au] = ayJ (div Au)
D.J [Au]

D (JF~T: Grad v®) [Au]
=ayJ dev + M) (div Au) — (grad Au)” : L*

Dv* [Au] = T Au
v’ [Au] = BAL
w[Aw] = ayAw

DIt [agf] = afAJf

f fl = _ f
p {AJ ] af 77 AJ
In general, o° (and thus, S*) is only a function of the solid strain, such as the right Cauchy-Green
tensor C = FT . F or the Green-Lagrange strain E = (C — 1) /2.
DE [Au] = % (GradT Au-F +FT . Grad Au)

Therefore, following the standard approach in solid mechanics, the linearization of S* is
0S*®
OE
= a,C*: % (Grad” Au-F + F" . Grad Au)

DS® = DS*[Au] = 2> : DE[Au]

(3.6.15)

=ayC*: (FT@FT) : Ae
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In general, T is a function of the fluid volume ratio .J/ and the rate of deformation of the
fluid, D/ = %(Lf + (Lf)T>. However, since v/ is not a degree of freedom, we need to let

D/ = D" + D*, where D* = 1 (Lw + (L“’)T> and D* = 1 (LS + (LS)T). Thus,
Dr=C": (DDf [Aw] + DD/ [Au]) + aa;fDJf [AJf }

where
orT

¢ =ps
3.6.4 Linearization of [, F - S*: Grad dv* dV
D </ F -S%: Grad jv® dV) [Au]
B

= /af (O'S : grad? Au - grad 6v® + grad 6v® : C* : Ae) dv
b

where
c’=J ' (FRF):C°: (F' gF")
Similarly,
D </ F.-S%: Gradév‘%lV) [Aw] =0
B
and

D (/ F.S°: Gradavsclv> [asf] =0
B
The discretized version produces
/af (o°: grad? Au - grad 6v® + grad ov® : C° : Ag) dv
b

:Zavg.Z/Kg;;dv.Aub
a b b

where
K, = ay((grad N, - 0® - grad Ny) I + (grad N, - C* - grad Ny))
Ky =0
=0

3.6.5 Linearizationof [, 7 JF 7 : GradowdV
D </ - JF T Graddw dV> [Au]
B
= /af (1 :grad dw - AG + grad dw : C7 : M - grad Au) dv
b

D </ 7 JFT . Grad dw dV> [Au] = / D(r- JF_T) [Au] : Grad ow dV
B B

(3.6.16)

(3.6.17)

(3.6.18)

(3.6.19)

(8.6.20)

(3.6.21)
(3.6.22)
(3.6.23)

(3.6.24)

/ (Dt [Au]- JF T + 7D (JF 1) [Au)) : Grad dwdV
B
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where we used

- or
C" = D7
Similarly,
D (/ - JFT . Grad ow dV) [Aw] = /af grad dw : C7 : grad Aw dv (3.6.25)
B b
D ( / T JF T Gradawdv) [AJf] = / ayAJI T grad dw dv (3.6.26)
B b
where
A
T agt

The discretized version produces
/af (1 :graddw - AG + grad éw : C” : M - grad Au) dv
b
=> owa- Z/K};;du-mb
a b b

where

K, = ay7 - (grad N, ® grad N, — grad N, ® grad N,) + (grad N, - C™ - grad Np) - M (3.6.27)

/afgrad5W (o gradAwdv—Zéwa- /K dv - Awy,

where
o’ =aygrad N, - C” - grad N, (3.6.28)
/afAJfTJ gradéwdv—Z(Swa Z/k d’uAJf
where
k% = a;Nyt'; - grad N, (3.6.29)

3.6.6 Linearization of [, ow - JF~" . GradpdV

D ( / ow - JFT . Gradp dv> [Au]
B

(3.6.30)
= /af5w -AGT . gradpdv
b
D </ ow - JF T . Gradp dV) [Aw] =0 (3.6.31)
B
D ( / 5W-JF_T-GradpdV> [Ajf}
B (3.6.32)

- /b apow - (Apr” (Jf) grad J/ + pf (Jf) grad AJf) dv
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The discretization of these terms produces

/af(sw-AGTogradpdv:ZéwaoZ/Kfﬁdv-Aub
b p Vb

a

where

o' = apN, (grad p ® grad Ny, — grad N}, ® grad p) (3.6.33)

(3.6.34)
/ apow - (Apr” (Jf) grad Jf +p' (J ) grad AJf) dv = Zéwa Z / k% doAJ}
b

Kty = ayNo (Nop () grad J7 + 5/ (J7) grad N, ) (3.6.35)

3.6.7 Linearization of [, dw - p/ [J (W + v*) + (Grad w 4 Grad v*) - W] dV/

/ ow - p! [J (W 4 v*) + (Grad w + Grad v®) - W] dV/
B

D (/B ow - p! [J (W 4 v*) + (Grad w + Grad v®) - W] dV) [Au]

= /5W app! [(div Au) (W +v*) + 5At grad Au-w + Au] dv (3.6.36)
b

OzfﬂAt2

+/(5W-afprf-AG~de
b

D </ ow - p! [J (W + ¥v*) + (Grad w 4 Grad v¥) - W] dV> [Aw]
B (3.6.37)

—/5w~afpf{< I+Lf>-Aw+gradAw~w] dv
b oAt

D </ sw - pl [J (W +¥*) + (Grad w + Grad v*) - W] dV) [Ajf}
(3.6.38)

/5w af AJfal dv

The discretized version is given by

oo |(ai v a4 L
/béw agp [(leAu)(W-i-V)-l—ﬁA grad Au - w+oszAt2

Au] dv
+/6w-afprf-AG-wdv
b

= Zéwa- /K dv - Auy
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where

ut — afNapf [af ® grad N; — (grad N, - w) L/ + <BA (grad Ny, - w) + a;gzﬁl\fb) I]

(3.6.39)
/5w afp [( AI—i—Lf)-Aw—i—gradAw-w] dv
—Zéwa Z/K dv - Awy,
where
ww _ f Qm f .
Kab Oszap [Nb (Oéf’}/AtI +L > + (grad Ny W) I:| (3640)
/6w af—AJf fdv—Zéwa Z/k dvAJf
where
wJ _ f f
k%) = —asN, NbJ (3.6.41)
3.6.8 Linearization of [, 5.J/ [% (ij + Grad J/ - W) — j] dv
f i/ I _J
/B(SJ [Jf (747 + Grad J7 - W) J} v
D / st |+ (ij + Grad J7 .W) — J| av) [Au]
B JI
/ 5J! { 7 (DJ[Au] J! + GradJ/ - DW [Au]) - DJ [Au]} dv
B
JI grad Jf
_ f s o . . : _ T Lo T 15
_/béJ ay [(Jf divv?® BN ) (div Au) + w - [(div Au) I — grad” Aul] 77 + (grad Au) .L] dv
L (g1 7 '
Y e - (JJ + Grad J -W) —J| dv)[Auy]
B J!
if !
= /béJfaf [(jf —divv® — BA) (div Au) + w - AGT . grzﬁcJ + (grad Au)” : Ls] dv
(3.6.42)
< / 5.f [ — (JJf + Grad Jf - W ) - j] dV) [Aw]
B | (3.6.43)
= /béJfafJfAW'grade dv
1 . .
D < / 50! [Jf (747 + Grad J7 - W) — J] dV) a7
| (3.6.44)

B
:/5Jfaf _om 1 (Jf—i-w grade> AJ +w-grad AJT ) dv
b JI\ LapyAt Jf
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The discretization of these terms produces

(5Jfa — —divv® div Au) + w - AGT . grad J/ + (grad Au)” : L*
! m Jf

—ZéJfZ/k dv - Auy,

dv

where
u J! grad J/  grad J/ s
kgb =ayN, [(]f divv?® _BAt> gradNb+<gradNb® T g7 ®gradNb> -w + (L )T,gradNb
(3.6.45)
1
/b5JfafJwa -grad J' dv =) 6.7/ Eb:/bkg;” dv - Awy,
where
NN,
K/ = a7 b grad J/ (3.6.46)
1 « 1
Foyr ™ m f ! f . f
/(U afjf ([aJwAt 77 <J + w - grad J )} AJ) +w-grad AJ > dv
= ZéJfZ/k dvAJ]
where
1 « 1
_ m f f .
ka = ayN, aJF (N [affyAt 77 (J + w-grad J )] +w gradNb> (3.6.47)
3.6.9 Linearization of — [, Grad¢J/ - W dV
—/ GraddJ! - W dV
B
D( / Grad6.J/ -de> [Au] = / arw - AGT . grad 6.7/ dv (3.6.48)
B b
D < / Crad 5Jf-WdV) [Au]
B
= / Grad6J/ - DW [Aw] dV
B
:/ apAw - grad 677 dv
B
D </ Grad6J/ - WdV) [Aw] —/ apAw - grad 6.7 dv (3.6.49)
B B

D (/B GradéJf-WdV> [Ajf} —0 (3.6.50)
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The discretization of these terms produces

/afw -AGT . grad6J/ dv = ZdJJZ/ng,‘ dv - Auy,
b a p Jv

where
k)% = ay (grad N ® grad N, — grad N, ® grad N;) - w
/ afAw - grad 677 dv = Z&J(f Z/kgé” dv - Awy,
B - 7
where

k) = oy Ny grad N,

kay =0

3.6.10 Body force term [, ow - p/bdv

The body force term may be discretized as

/(5W-pfbdv:Z(5wa~/Napfbdv
b - b

To linearizes this expression, we first evaluate it in the material domain,

/5w-,0fbdv:/ ow - pf JbdV
b B

Now,

D (/ 5W',0fdeV> [Au] = /afpf (div Au) éw - bdv
B b

D</B<5w-prde) [Aw]:/b5w~prb[Aw] dv

7
D</ 6w-prde> [Ajf} :—/Ajfafp sw - bdv
B b JI

The discrete forms of these expressions are given by

/bafpf (div Au) ow - bdv :Z(Swa-Z/bKZ’b“dv-Aub
a b

where
K% = ayp! N,b @ grad N,
o= afPfNaNbngz
_/bAJfaﬁfffaw bdv = dw, - Z/bk;”b"dvﬂf
where a b

/
wJ P
kab = —afNaNbﬁb

(3.6.51)

(8.6.52)

(3.6.53)

(3.6.54)

(3.6.55)

(3.6.56)

(3.6.57)

(3.6.58)

(3.6.59)
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3.6.11 Fluid traction acting on solid interface

At a fluid-solid interface T, the fluid traction t/ = o/ - n acts on the solid surface, t* = —t/, where
n is the outward normal to the fluid surface. The resulting virtual work on the solid domain is

6G:/5vs-tfb+afda:/—(5vs-crf'nda:/ —ov® ol - (g1 x g2) dntdn?
T r T

n

The linearization of this work is given by

A A
D6G [Au] :/ —oviay [(C” :M - grad Au) - (g1 x g2) + o7 - (%n? X g2+ g1 X 887:)} dntdn?
FW
where
_ ox
Ba= g

are covariant basis vectors on I". Similarly,

DG [Aw] = / —0v* - ap[(CY: grad Aw) - (g1 x g2)] dn'dn?
Iy
and

DsG [AJf} N T [(—p’ (Jf) +T’J) (g1 X gz)} dn*dn?

Iy

The discretized form of these equations is

0G = Zévg . / £, dn'dn?
- r

where
fa — *Naﬂf . (gl X g2) (3660)
DsG [Au] = ovi -y / Ky dn'dn? - Au,
a b Ty
where
ON, ON,
w— _ N, ([(g1 X g2) - C”-grad Ny - M + o/ - A{anfgl - ngz}) (3.6.61)
and
DG [Aw] = ovs -y / Koy dn'dip” - Aw,
a b /I
where
uy = —0afNg (g1 x g2) - CY - grad Ny, (3.6.62)
DéG [Ajf} =Sy Y / k% dn'dn® AJ]
a b “Tn
where

ki = —apNay (= (97) +7) - (&1 x 2) (3.6.63)
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3.6.12 Special Boundary Conditions
3.6.12.1 Backflow Stabilization

Let the normal component of the viscous traction be given by

tr =

n

{Bprw% wy, < 0

0 wy >0

Then, the contribution of this traction to the virtual external work §W,,; is

0G = dw -t;nda.
o0

The linearization of 4G along an increment Aw in the relative velocity is given by

DéG [Aw] = ow - oK, - Awda,
o0
where
K. — 2Bpywp, (m@n) v, <0
"o vy >0
Similarly,

O0Au 0Au
D(SGAu:/ 5w-at;<g X ——— — @y X >dn1dn2
[Aul] 50, f 1 on? 2 ont

The discretized form of 6G is

5G:Z§wa'/m £ dntdn?,
a n

fe = Nat;, (81 X g2)

)

whereas the discretized form of DJG [Av] is

DéG[AV]:Zazéwa~zb:</a

with

KY* dntdn? - Au + / KYY dn'dn® - Awy,

n 9y,

ab = ayNoNp|g1 X g2 Ky,

and

N, N,
K;Ug_afNat;A{a by, — O }

ng - 87771%2

3.6.12.2 Tangential Stabilization

The tangential traction given by
t{ = —Bpr [wi| we.

(3.6.64)

(3.6.65)

(3.6.66)

(8.6.67)

(3.6.68)

(3.6.69)

(8.6.70)

(3.6.71)

(3.6.72)

This form shows that t] opposes tangential flow. The external virtual work for this traction is

0G = ow - t] da.
o0N

(8.6.73)
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Its linearization along an increment Aw is

DéG [Aw] = ow - oK - Awda,

oN

where it can be shown that

Similarly,
DoG [Au] = ow - ay (t; @n) - <8A:1
o0, on

The discretized form of 6G is

ol X 0Au
g2 T g1 o2

f;— = Natz— |g1 X gg’ ‘

5G = v, /m £7 dn'dn?

The discretized form of DOG [Av] is

DOG AV = S ow, -3 /6 (K Auy+ K Awy) dld?
a b n

where
ab. = ayNoNp|g1 X ga| Ky |,
and
ONy ON,
= a7 om) - A{ e - O,

b

3.7 Weak Formulation for BFSI

3.7.1 Virtual Work and Weak Form

125

(3.6.74)

(3.6.75)

(3.6.76)

(3.6.77)

(8.6.78)

(8.6.79)

The virtual work statement is used to enforce the three governing equations needed to solve for
the nodal DOFs u, w and ¢/, namely the mixture mass balance (2.15.6), the fluid momentum
balance (2.15.7), and the solid momentum balance (2.15.8). We may rewrite the momentum
balance equations to facilitate the enforcement of natural traction boundary conditions given in

(2.15.16) and (2.15.17). Using 7/ = /1, these become

52 f
©° (—péaf + pSTaS> =— <pf T - grad ('D—s + div (—¢°1T + 0°)
¥ ¥
+¢" (=il 4 pib?) + k7w,
1
pi}af = —gradp+ W’T - grad gof +div T

+p§1bf—k_low.

(3.7.1)
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The virtual work statement for a Galerkin finite element formulation [35] is 6W = 0, where

2

¥
of

f
oW = v [div (=T +0°) — T - grad (p—s +k L. w] dv
Qb ¥

+ o owve - p® (—pé <bf - af> + p7 (b® — as)) dv

+ / ow - |divT — gradp + i7' cgrad¢/ — k™' w| dv (3.7.2)
Qb pf

—i—/Qb(5W~p§<bf—af> dv

S '
+/Qb5Jf [divw—kjs—ﬂ (gofJf+grade-w)] dv.

These integrals are evaluated in the current configuration of Q. Here, §v* is the virtual solid
velocity, dw is the virtual relative fluid volumetric flux, and §J7 is the virtual fluid energy density.

Integrating by parts and using the divergence theorem, the weak form of this statement may be
written as W = 6W,,: — dW;,: where the internal virtual work is

OWint = / [(—gosT +0°) : grad ov® — ov® - k1 - W] dv
Qb
s f
s s ¥ ¥ fof S 8

+ ove - <T-grad—pa+p a)dv
Qv ! pr T ’

+/ T : grad dw dv
Ob
Ob

1
+ oW - pgﬂaf — —7-grady’ | dv
o of

+ w - grad6J7 dv,

Qb
1 : J*
Fl=(,f7f I _
—i—/ﬂb&] [Jf (cpJ + grad J w) Js] dv
and the external part is
Wzt = ov®-t7da

onb
+ o ove® . p° (—pi}bf + pSTbS> dv

+/ 5W-t7da+/ 5w-p£}bfdv
0L Qf

+ §J wy, da.
Qb

(3.7.4)

where
t7 = —°t" +t°. (3.7.5)
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Here, t© = ¢ - n is the elastic traction, t™ = 7 - n is the true fluid viscous traction, and w,, = w,, - n
is the normal component of the relative fluid flux on the boundary 9Q°, whose outward unit normal
is n. The traction t° emerges from the jump condition in (2.15.17). The integrands of the surface
integrals represent the natural boundary conditions for this formulation. If boundary conditions are
not set explicitly on 992°, the natural boundary conditions are t° = 0, t” = 0, and w,, = 0. These
natural boundary conditions are consistent with the jump conditions presented above. Essential
boundary conditions are prescribed on the solid displacement u, relative volumetric fluid flux w,
and fluid dilatation ef, which are also consistent with the above jump conditions. In particular, an
essential no-slip boundary condition may be prescribed on ' by setting w = 0. A symmetry
plane may be prescribed with the essential boundary condition v, = u-n = 0 and the natural
boundary conditions t™ = 0 and w,, = 0.

In this formulation, the mixture traction is defined as t = —pn + t¢ 4 ©/t”, which may also
be written as t = —pn + t? + t7. Because of the way we chose to split the internal and external
virtual work in (3.7.3)-(3.7.4), t is not a natural boundary condition in this formulation. In this
expression for t, t7, and t™ may be prescribed as natural boundary conditions, whereas p may
be prescribed as an essential boundary condition on e/, using (2.15.9). However, there are two
general scenarios where t needs to be prescribed on a region of the boundary 99" with incomplete
prior knowledge of p, t7, or t™: (1) When a BFSI boundary I'* represents a free surface (such as
the fluid surface in channel flow), the mixture traction boundary condition requires that t = 0, in
which case it is necessary to explicitly enforce —pn + t° + t™ = 0 as a constraint equation on that
boundary, to impart the free surface I'’ its natural shape. (2) At a biphasic-solid interface I'**, t
must balance the traction acting on the adjoining solid domain. Since u is continuous across I'*®
due to shared nodes, the solid natural boundary condition t° of t is already accounted for by the
deformation, so that it is only necessary to prescribe the portion —pn+t” of t on the solid domain,
thus —pn + t™ + t* = 0 where t* is the (equal and opposite) traction acting on the solid domain.
In both cases, the form of this traction boundary condition is the same, with t¢ and t® representing
the tractions acting on I'* and I'**, respectively.

For both of these cases, the resulting virtual work on the free surface I'* or the interface I'*®
takes the form

OF = — / v (—pn+t7) da, (3.7.6)
where the elemental area da on T" may be eFvaIuated from the covariant basis vectors g, (o« = 1,2),
da = |g1 x go| dntdn?, (3.7.7)

where o5 (1, 17)
go = # , (3.7.8)

and x (n',7?) is the parametric representation of I, defined on the solid constituent. The outward
normal n to Q° on T is evaluated from

_ BL1X82 (3.7.9)
|gl X g2!
As a result, the virtual work can be rewritten as
OF = —/ ove - (—pl +7) - (g1 X go) dntdn?. (3.7.10)
I

In FEBio this boundary condition is called BFS/ traction, which the user must explicitly prescribe
on free surfaces I'* and deformable interfaces I'**. The code automatically determines which of
these two types of interfaces is being considered.
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3.7.2 BFSI Linearization

Using the virtual work integral 61 such that
SW + DSW [Au] + DSW [Aw] + DSW [Ajf} ~ 0, (3.7.11)
it may be expanded as

DéWing [Au] + D6Win [AW] + D6Wing [AJf}

— D6Wgy [Au] — DSWegy [AW] — DSW oy [Ajf} (3.7.12)
~ 6Wext - 5Wmt .

The linearizations of integrals are performed in the material frame of the solid domain of Q°,
allowing us to linearize 6W;,,; along increments Au, Aw, or A.J/ by simply bringing the directional
derivative operator inside the integrals of Egs. (3.7.3)-(3.7.4). For notational convenience, we let
J = J%and F = F?. Thus, the conversion of the internal virtual work to the material frame of the
solid produces

IWint —/ (=piTy+F-0° - FT): Graddv-F1dV
Qb

S

f
¥ -T ¥ fof s o8
+ ov-o) | =7 -F* -Grad | — | — + ppv? | dV
, %( 7 ra < S) pra p )

+ [ ov-—JFT.K1'.F ! . wav
Qb

+ / Sw - J (pgaf +FT. Gradp> av (3.7.13)
Ob

1
+ 5W-J<—fT-FT‘Gradcpf—i-JFT-KI-Fl‘w> dv
Qb ¥

+/ J7 : Grad dw - F1dV
Qb

of Df I

f.p1. flygrz <
+ J Grad 6J w +0J ( T D

— j5> dv,
Qb
where S = JF~1.0¢. F~ T is the second Piola-Kirchhoff stress for the solid constituent of the
mixture, W = JF~! . w is the Piola transformation of w, and dV = J~dv is an elemental volume
of Q7 in its material frame [35]. In addition, K~ = J~'F7.k~!.F is the inverse of the permeability
tensor in the material frame. Note that in the material frame, the fluid acceleration af is

1 sJ 11 1
Fo 2 (warolv— 2w (2 s_ = N .w
a = o7 <W+cpv SOfJW—|—J<(pfGlfadw—l—(}lradv Ssz,w®(}1radgp> >.(3.7.14)

The linearization of §1;,,; is then performed along an increment Au, and the integral is reverted
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back to the spatial frame, yielding for the displacement equations
DéWip [An] :/ ay(grad Au- o : grad 0v + grad 0v : C : grad Au) dv
Ob

+/ app®t :gradov - | grad Au + ¥ div Aul | dv
Qb pf

+ —aypp®graddv : CT (— cpf2 (div Au) D" + M - grad Au) dv
b ¥
1 S
+ —aypp®graddv : —5C7 9% (div Au) w ® grad ¢’ dv
1
+ arp® grad ov 72 CT:w® (— grad” Au - grad (pf> dv
b 12
1
+ app® grad ov 7 CT:w® (— (div Au) grad ¢ + ¢* grad (div Au)) dv
b P

§2

s f
: —ozf:po—fT . <2?;f div Au + grad” Au> - grad %dv

+
[s%
<

>

2

of

1
ST > grad (div Au) dv

SOSQ . (PS ) w SDf
-ozstfC e (div Au) D + M - grad Au ~gradEdv

52 S

f
. 0% (3 ¥
73 c: 2J (div Au) w @ grad ¢/ - grad Edv

+
>,
<

>

.af(p
@

+
<9
<

>

s? f
d sCT i w® (— grad? Au - grad gof) - grad LA
of ©*

+
>
<

_l_
>

._af

>

s2

0 : Fos : o
+ ov - —ay f3C :w®(—d1vAugrad<p + grad(deu)) -grad ~—dv
b © P
Pé F @
ov - —arp®— | ¢ (div Au) v* " __Au|d
+ oV og@(p}c(go(lv u) v+ o BAP u> v
f s 7
sPT ¥ 1 J T s
ov - — | = divA d" Au:L d
—i—/Svaafgo(pf gof (( >J+5At> v Au — gra u: )v
Pl
+ ov - —« 5< 5 div Au radw—l—— radAu) - wdv
o ’ Bat®
f
1
+ o 5v-—ozf<pS:]g [<(g0 —|—1)(p—grad<,0fd1VAu—<p grad (div Au) | - w| wdv

(3.7.15)
f

+ [ ov-ape® pj; (Lf -grad Au - w + ¢° (div Au) af) dv
Ob

ov - agp’® Aud
—i-vaa fﬂAtzuv

+ / ov - ay (—2 (div Au) k! + gradT Au - k_l) - wdv
Ob

+ ov - ay (k*1 -grad Au + (kflgkfl) : k : grad Au) -wdv
Ob
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for the fluid flux equations
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f
. Pr T s
DoWipt [Au] = 5W O‘f@f ( [( gofJ+BAt> div Au — grad® Au: L] )dv
f
+ o ow - O‘fﬁ (gps (div Au) v* + gof BAtQ Au) dv
f s
P
+ oW - ap L < 5 div Augrad w + —— grad Au> - wdv
w eI\ P 77
ol 1 1
+ o ow - af(p;"j;? [((@S +1) oF grad ¢/ (div Au) — ¢° grad (div Au)) . w} wdv
i
+ 0w - —ay TLf grad Au - wdv
b pf
+ [ ow-ay (1 - 80f> (div Au) pgafdv
Qb ¥
+ [ éw-ay ((divAu)I - grad’ Au) - grad pdv
Ob
+ [ 0w -af(2(divAu) k! — grad” Au- k_l) -wdv
Ob
+ 0w - —ay (k_1 -grad Au + (k_l@k_l) :k:grad Au) - wdv
Ob
1 S
+ oW - ap—T- (div Au) I + grad” Au | - grad o/ dv
o ! sof
+ [ ow- —ozf%T - grad (div Au) dv
Qb 90
+/ oW - —ag fCT : < @2 (div Au) D" + M - gradAu> -grad ¢/ dv
Qb ¥ <P
1
+ oW - —ap—=C" : 27— (div Au) w ® grad ¢ - grad o/ dv
Qb pf? SOf
1
+ w-ar—7C":w® (— grad? Au - grad cpf) - grad of dv
o8 o/
1
+ oW - afTCT W ® (— (div Au) grad ¢’ + ¢* grad (div Au)) - grad o/ dv
Qb ¥
+/ ayT : grad ow - <(1 — SO) (divAu)I — gradAu) dv
Qb pf
(3.7.16)
+ /Qb aypgraddw : C7 : <_:0pf2 (div Au) D" + M - grad Au) dv
+/ apgraddw : C7 : 2 (div Au) w @ grad ¢/ dv
o8 st
1
+/ —aygradéw : C7 : 2w®<—gradTAu-grad<pf) dv
o8 o/
1
—I—/ —aygradéw : C7 : 7 ® (— (div Au) grad gof + ¢ grad (div Au)) dv,
Qb 12
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and for the fluid dilatation equations

DWine [Au] :/ aggrad 67 - (div Aul — grad Au) - wdv
(913

1 /.
+ /Qb 5Jfafﬁ (Jf div Au + grad J/ - ((div Au) I — grad Au) 'w> dv (3.7.17)

+ /Qb —5Jfaf (divvs + 5175) div Au + grad” Au : Lédv,
where M = ﬁI — L*, and C is the fourth-order spatial elasticity tensor associated with o¢ [335].
As done in the CFD formulation (Section [3.5.2) [22], we have introduced the fourth-order tensor
C7 representing the tangent of the viscous stress with respect to the rate of deformation,

or

where D/ is the fluid rate of deformation tensor (the symmetric part of Lf). The tensors Cy4
and C depend on the choice of constitutive relations for the fluid and solid constituents of Q/f,
respectively. In addition, k is the spatial fourth order permeability tensor with respect to right
Cauchy-Green tensor C. The linearized equations include the generalized-a parameters because

the virtual work is evaluated at the intermediate time step, while the increment itself (Au in this
case) is at the current time step [74].

Following the same procedure, the linearizations of §W;,,; along an increment Aw is given by

s 1
DéWint [AW] :/ —afc'p—f graddv : C" : (grad Aw — —fAW ® grad g0f> dv
Qb ¥ ¥

/ sj 1
1 (e B CR A ) R
+ ov - —a sp—TgradAw‘wdv
¥ Spfg

Ob
2
s 1 f
+/ oV - ay (v )QCT : (gradAw — —wa ® gradcpf> - grad <('0> dv
Qb (7) 4 ©*

+ ov - —osz_1 - Awdv

Qb
f s 7
a1 Ofim_&i_i< I ) 7.
+ dew afapf <<7afAt TI o grade’ -w) | I+ L Awdv
of
+ oW -y L orad Aw - wdv
b pf
+ ow - osz_1 - Awdv
Ob
Lo (4 7 7
+ ow-oap—5C" : —wa®grad<p —grad Aw | - grad ¢/ dv
Qb pf ¥

1 1
+ ay— gradéw : C7 : | grad Aw — —Aw ® grad ol ) dv
S o

1
+/ afgrad(SJf'Aw—i—(SJfafﬁgrade-Awdv,
Ob
(3.7.19)
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whereas the linearizations of §W;,,; along an increment AJ7 is

D6Wins [AJf} - /

—ayp°T'; : grad svAJ dv
Qb

f
Y L AN
—|—/Qb5v afp ((prJ grad o —|—Jfa AJdv

+/ oW - ay (p"gradeAJf —|—p'gradAJf> dv
Qb

f
1
+ | ow-—af (?}afAJf + —fo]AJf - grad g0f> dv (3.7.20)
Qb ¥

—|—/ apt'y s grad SwA T dv
Ob
1 o 1 .
far—(f—=m _ — (] jf I f
+ Qb(FJ Oy 7y <g0 YarAt T (cp J' +grad J w)) AJ dv

1
f f.
—i—/gb(SJ afJfgradAJ wdv .

Here, p’ and p” respectively represent the first and second derivatives of p (Jf ) We have also
defined 7/, as the tangent of the viscous stress  with respect to J7,

or
r_
TJ—ajf. (3.7.21)

For the external work, when t?, t7, all b and w,, are prescribed, the linearizations simplify to

DWeyi [Au] = [ 6w - oy div Auplb/d, (3.7.22)
Qb

DWWy [Aw] =0, (3.7.23)

/
DoWerr |ATT| = | 6w —af%bfmfdu

o (3.7.24)

f
+ / ov - afwsp—beAdev.
Qb Jf

As discussed in Section [2.13.1] we define the fluid dilatation e/ = J/ — 1 as an alternative
essential variable, since initial and boundary conditions e/ = 0 are more convenient to handle in
a numerical scheme than J/ = 1. It follows that grad J/ = grade/ and J/ = ¢/. Therefore the
changes to the above equations are minimal, simply requiring the substitution J/ = 1 4 ¢/ and
AJ = Aef.

3.7.3 BFSI Spatial Discretization

The degrees of freedom u (x,t), w (x,t), J/ (x,t) are spatially interpolated over the domain Qf
using the same interpolation functions N, (x), with a = 1 to n, where n is the number of nodes in
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an element,
n
u(x,t) = ZNa (x)ug,
a=1

w(x,t) =Y No(x)Wa, (3.7.25)
a=1

J(x,t) = Zn:Na (x)JS .
a=1

Here, u,, w,, and J/ are the nodal values of the degrees of freedom that evolve over time. These
relations may be used to evaluate L*, L, divw, w, grad J/, J/, etc. Similar interpolations are
used for virtual increments dv, dw and §.J7, as well as real increments Au, Aw and AJ7. In
practice, interpolations N, are performed in the parametric space of each finite element, which is
a material frame.

Now, the discretized form of 6W;,,;, using eq. (3.7.3), may be written as

Wint = _ v - £
+ ) w, - £ (3.7.26)

+> 8IS
where

£ :/ (=’ + 0°) - grad Nydv
Qb

S

f
N S SN SNV S
—l—/ﬂbNa (cp ((pr grad@s pra +pTV> k w)dv,
1
£’ :/ T grad N, + N, <pi}af+gradp— —fr-grad¢f+k_1 -w> dv,
Qb ¥

fpfjf s
J ¥

= d N, - Ny | 5—F——+
Jé /ngra W (Jf Dt JS>

(3.7.27)

The discretized form of D§W;,; [Au] becomes

D6Wins [Au] = > " 6ve - Y K4 - Au,
a b
+ 0w ) Ky Aw (3.7.28)
a b

+3 6T kI Awy,
a b
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'y _/ ay ((o° : grad Ny @ grad N, ) I+ grad N, - C - grad NVy,) dv
Ob

“.
Ob
“.
Ob
“
Qb

o
Ob
“,
Ob
“,
Ob

S
app’T - (c(/p)f grad N, ® grad Ny, + grad NV, ® grad Na> dv

—aypp®grad N, - C” -

9"2DW+M> dv

grad Ny - <—

—Of s f2 gradN -CT - <2z grad ¢/ ® grad Nb> dv

f2 grad N, -C"- (grad Ny ® grad <pf> dv

ay gradN -C"-

f2
S

—arN,
f acpf

2

p* el ¥
- | 2— grad — ® grad N 4 grad Np ® grad — | dv
o/ o °

(— grad o/ @ grad N}, 4+ ¢° grad grad Nb> dv
f

S
1
+ / osza(p—T - — grad grad Npdv
oY ol pf

“,
Ob
‘.
Ob
<.
Ob
“,
Ob
‘.
Ob
‘.
Ob

s2

f
¥ ¥
arN,— grad —
! a<pf

¥
il
¥

s2

¥
afNaﬁ grad
82

f
i ¥
Oszaﬁ grad E

s2

- -C7 - grad Ny, - <—

S
‘pr DY 4 M) dv

- CT- (2 grad ¢/ @ grad Nb> dv
-CTw - (grad N, ® grad <pf) dv

f
—afNa% grad % -CTow - (— grad ¢! ® grad N}, + ¢° grad grad Nb> dv

©° 58
_afﬁpgzva <<p v® @ grad N, + ¢/ ﬂA 2NbI> dv
vl 1\J v
f o
N2 AN, —we (L grad ;) | d
Qfpp (pr [(( >J+5At>w®gra b— grad [Vy ] v
,Of o
_afNaSOSgoT <_<pf LY -w®grad Ny + —— BAt (grad Ny - w) I) dv
afNapT7 (*+1) (grad o - w) w ® grad Nydv

(3.7.29)
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2

S

+ / afNap{F(p—fgw ® grad grad? Ny, - wdv

¥
—|—/ afgpfp{FN ( (grad Ny, - w)—|—<psaf®gradNb) dv

Ny— 5 NpId
+/ af aﬂAtQp pldv
+ / afrNg (—2 (k_1 : W) ® grad Ny + grad N ® (k_1 : W)) dv
Ob

+/ ayN, ((grad Ny - w) k!4 (k_lgk_l) :k: (grad Ny, - w) I) dv,
Ob

f
wu Pr S, S f
= — N, d N, Nyl | d
ab /Qbafgpf a(apv & grad Ny + ¢ ﬁAtQ b) v
f s 7
PT N ® LJ v
—ap LN, — s d Nyd

f s
+/ afZ—TNa%W ® <L5T -gradNb) dv

/ s
p ¥
—i—/ﬂbafNaT <_90f2 (LY -w) ®@ grad Ny + —— GAL (gradNb-W)I> dv

f
+/ afNa T (@*+1) (grad ol - W) w ® grad Nydv
pf
+ / —afN,—Lo*w (grad grad? N, - w) dv
Qb of
of
—I-/ —af—j}NaLf (grad Ny - w) dv
Qb ¥
_ Sis fof d N.d
+ afNg (1 7 | pra’ © gra Nydv (3.7.30)
Qb ¥
+ / ayN, (grad p ® grad IV, — grad IV, ® grad p) dv
Qb
—|—/ afrNg (2 (k_1 -W) ® grad Ny — grad N ® (k_1 w)) dv
(913
+/ —asN, ((grad Ny, - w) k!4 (k_l@k_l) tk: (grad Ny, - w) I) dv
Ob
1 S
+ / osza—fT : (2(Pf grad ¢/ @ grad N}, + grad N, ® grad gof> dv
Qb 12 12

1
—i—/ —afNa T - ©° grad grad Npdv
Ob

—I-/ —osza—f grad cpf -C" - grad N - <— + M) dv
Qb P
1 I il f
+ —afNg—F gradp’ -C" - w - Q—f grad ¢’ ® grad Ny, | dv
Qb (pf 12

1
+ / _Odi“? grad <pf -CT-w - (grad N, ® grad cpf) dv
Qb 2
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1
+ / afNa? gradp/ - CT-w- (— grad o/ @ grad N}, 4 ¢° grad grad Nb) dv
Qb P

S
+ / QfT - <(1 — 80f> grad N, ® grad Ny — grad N, ® grad Na> dv
b 2

+ aygrad N, - C™ gradNb< +1\/I>dv

o7 sof2

af f2 grad N, - C™ - <grad Np ® grad g0f> dv
80

Js
J

S

+ grad N, -C™ - w - (2('0]c grad ¢/ ® grad Nb> dv
14

_|_

+ —af—5 f2 grad N, -C” - w - (— grad gof ® grad Ny, + ¢° grad grad Nb) dv,

foo
J

Ob

Kk —/ ay (grad Ny @ w — (grad Ny - w) I) - grad N,dv
Qb

1 .
f f
+ /Qb oszaﬁ (J grad Ny + (grad N, @ w — grad Ny, - wl) - grad J ) dv (3.7.31)

—i—/ﬂb —a N, <j BAL >gradNb+LS - grad Npdv ,

whereas that of D§W;,,, [Aw]| becomes

DéWipny [Aw] = Zéva-z v Aw,
+E5Wa ZK - Awp (3.7.32)

+25Jngab - Awy,
a b
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where

uw 903 T 1 f
= —grad N, -C" - | —N, dy’! — dNy | d
s /Qbafgof grad N, (gof p grad ¢/ — grad Ny | dv

s O Qi o5 J 1 ¥
— —=N, - ——=— d I+ L/ | Nyd
—i—/ﬂb s <<’}/OéfAt ST (gra o W)> + pdv

f
—l—/b— ¥ Sz}z;Na(gradNb-w)Idv
Q

$\2 f 1
+/ ayNg (v )2 grad(p— Cq- | ——Nygrad o/ + grad Ny, | dv
Qb (o)) ©* of
+/ —ay NNk v,
Qb
ww __ N f Om SOSZ 1 d | Lf Nyd
ab =, Y (pf R i A (gra o’ W) + pdv

f
+/ afNa 5 (grad N - w) Idv
Qb of

(3.7.33)

1 1
+/ afrNg <2 grad <pf -CT - (Nb grad apf — grad Nb> + ka1> dv
Qb of of
1 1
+/ af— grad N, - C™ - (—be grad o/ + grad Nb> dv,
a P 14
1
kP = [ a;N, (grad N, + N,— grad J/ | dv,
N Qb JI
and finally, for D6W;,,, [AJ/] the equations become
DéWing [AJf} - Z Ve Z K% AJ/
f
+Z5Wa Zk AJj (3.7.34)
- Z 5.J! Z kAT
where
s f /
s ¥ p
kY —/Qb arp’ NNy <(pf'rj grad— + J—?a ) dv
+/ —a Ny 1'; - grad Nodv,
Qb
f
1
kab —/ afrNg (p’ grad N, + Ny <p” grad J/ — %af — —fo, - grad cpf>> dvAJlf (3.7.35)
Qb ¥
—I—/ arNp7'; - grad Nodv,
Ob

| o .
k;{g’z/ afNa7 << fwf‘ - (gofJf—Fgrade-w))Nb+gradNb-w> v
I
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for external virtual work in eq. (3.7.4), the discretized equations are

Wewt = 6va - fy

+ D owa £y (3.7.36)

+Y o8It

where

aeat = | Nat’da+ / Noy® (_pébf +p§pb8) v,

one Qb

;L,}e:ct = - Not"da + /5;17 p{“Nabde ) (3.7.37)

f(;],ext = / Nywpda,
a0k
and the discretized forms of the linearized external virtual work are

D6Wewt [Au] =) " dwa - Y K- Auy,
a b

(3.7.38)
D [301] = X SRS+ Yo SRS,
a b a b
where
ab.eat _/Qb OéfNa,Oébf ® grad Nydv ,
pf
kZl;],emt == / O‘f(psﬁNaNbbfdva (3.7.39)
Qb
J P%i f
kY =— — N, Npyb’ dv .
ab,ext /Qb af Jf b v

Combining these results, from the linearized virtual work equation of (3.5.5) we can represent
the system of equations in a compact matrix form as

uw uw uJ uJ U U

Kab Kab kalf] - kabjemt Au fa,ext - fa

wu wu ww w w _ W fw
Kab - Kab,emt Kab kab - kab,ext Aw - f(l,eﬂvt fa . (3740)

u w J J
k) k) k) AJ — fa

a,ext
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3.7.4 BFSI Traction Interface

The virtual work 5 F' on a biphasic-FSl interface was given in eq. (3.7.10). The linearizations of § F’
are given by

S

D6 F [Au] :/ v -ay 7 (div Au) Ty - (g1 X g2) dntdny?
one

o

+/ —ov-CT: ( + M - grad Au) (g1 % g2) dn*dn?
one
—1—/ —ov-CT: < (div Au)w ® grad ¢ ) (g1 % g2) dntdn?
ond
+/ —ov-C": 2W® —grad? Au - grad ¢ >> (g1 % g2) dntdn?
oab of

af
+ ov-CT: < <— (div Au) grad J + grad (div Au))) (g1 % g2) dntdny?
ond
0Au
— dn*dn’
+/69b ov - af7'< 8772>7717,
1
DéF [Aw] = / —0v-asC: ( 7 grad Aw — — Aw ® grad gpf) (g1 % g2) dntdn?,
on ¥ !

DSF [Ajf} :/ —5v -y (—pPT+ 7)) - (g1 % g2) AJY dn'dn®.
ond

(3.7.41)
The discretized forms of this virtual work is
= Z ovg - £, (3.7.42)
where
£, = / b — Ny (—pL+7) - (g1 x g2) dntdn?. (3.7.43)
a0

The discretized forms of the linearizations are

DéF [Au] = Z 0vg - Z Ky - Auy,
b

DOF [Aw] = Zéva > KL - Awy, (3.7.44)
b

D6F [Ajf} = ova- S kYA,
b
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where

= [ N Dy (1 x g2) @ grad Ny '
o0y '

+/ —ay N, (g1 % g2) - Cq - grad N, - < e D" +M> dn'dn?
ond

+/ —af Ny (81 X 82) fa grad o/ @ grad Nb> dntdn?
ond

+/ —a Ny (81 X 82) < grad N, ® grad ¢ > dntdn?
ond

f?
+/ arN, (g1 xg2)-C ( —grad J ® grad N, + grad grad Nb> dn*dn?
one

0
_|_/ —afNa(—pI—l—T)-.A{ g281+g182
o0
1

uw —arN .C, — dN——N df dldza
u /891) afNg (81 X 82) - Cq o (gra b o7 b gra g0> nan
ki = / =y NaNy (=p'T+775) - (g1 % g2) dn'dn”.

o9

(3.7.45)
Note that A {-} represents the skew-symmetric tensor form of the bracketed vector.

3.8 Weak Formulation for Fluid-Solutes Analyses

3.8.1 Virtual Work and Weak form for Fluid-Solutes

The virtual work statement is used to enforce the governing equations needed to solve for the
nodal v/, ef, and all &, namely the mixture mass balance (2.16.2), the fluid momentum balance
(2.16.10), and the solute mass balances (2.16.3), in addition to the current density constraint
(2.16.14). The virtual work statement for a Galerkin finite element formulation [35] is W = 0,
where

sw=[ &v/- ( gradp+ divr — > ROR' grad & + p/ (bf —af ) +MLcLbL> dv
of p
1 D gt
Fl_t
—i—/ﬂf&] < T Dt +divv >dv (3.8.1)
1 Df (Jfe
+ Z/ﬂ oct (Jf(DtC) +diVjL — ¢+ Z[B:Zﬁ leJL> dv.

These integrals are evaluated in the current (time-invariant) configuration of Qf. Here, 6v7 is the
virtual fluid velocity, 6.J/ is the virtual fluid energy density, and §¢& is the virtual molar energy of
solute ¢. Integrating by parts and using the divergence theorem, the weak form of this statement
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may be written as 0 = W = 6W,,: — W, where the internal virtual work is

OWint :/ ovl. (gradﬁ + pfaf + ZRQRL grad 6‘) + 71 : grad ovidv
Qf .

1 DfJgf
f
o T e

~ oL . ~L 1 Df (ch) AU
+§L:/Qf (grad5c . (Jd—i_;’z’y.]g) (SC (Jth_C dv .

The external virtual work is

Wt = / ov! - t7da + / 6J vl da + / §é gt da
Tf rf rf
+ [ vl /B > Mebt | do
/Q ) <p Z (3.8.3)
— Z/ grad §¢* 'jgdv,
L Qf

+ [ 6 +grad6J7 - v/dv (3.8.2)

where

= (j“rZz’Yj”) ‘n. (3.8.4)
Y

Here, t™ = 7-n is the fluid viscous traction, v,{ = v/ .nis the normal component of the fluid velocity
on the boundary I'/, and j* is the normal effective diffusive flux of solute . on the boundary I'7,
where n is the outward normal to T'/. The integrands of the surface integrals represent the natural
boundary conditions for this formulation. If boundary conditions are not set explicitly on I'/, the
natural boundary conditions are t™ = 0, v£ = 0, and j,g = 0. These natural boundary conditions
are consistent with the jump conditions presented above in (2.16.18), (2.16.16), and (2.16.17).

Essential boundary conditions are prescribed on the fluid velocity v/, fluid dilatation ef, and
effective solute concentration ¢, which are also consistent with the above jump conditions in
(.16.15), (2.16.16), and (2.16.19). For example, an essential no-slip boundary condition may
be prescribed on I'/ by setting v/ = 0. A symmetry plane may be prescribed from the natural
boundary conditions t™ = 0, vi, =0, and j4 = 0. In this formulation, the mixture traction is defined
ast = —pn + t7. Because of the way we chose to split the internal and external virtual work
in (3.8.2)-(3.8.3), t is not a natural boundary condition in this formulation. Thus, when t = 0 is
desired, it has to be enforced by satisfying the natural boundary condition t™ = 0, and select-
ing suitable values for the essential boundary conditions J/ and & using (2.16.11)-(2.16.12) to
produce p = 0, as explained next.

The actual fluid gauge pressure in this fluid-solutes mixture is p, as given in eq.(2.16.11). To
prescribe a desired value p = p* on a boundary, we implemented a “fluid pressure” boundary
condition that prescribed the correct value of Jf according to the current values of all &, using
the user-selected constitutive model for 5 (J/). For example, using eq.(2.16.12), this “fluid pres-
sure” boundary condition actually prescribes J/ = 1/ (1 + (p —ROD ), ””) /K) as an essential
boundary condition at nodes of I'/. The values of ® and #* are obtained from the finite element of
the domain Q/ right underneath the face T'/.
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3.8.2 Linearization for Fluid-Solutes

We can rewrite the internal work of eq.(3.8.1) as

6Wint 5Wmt + 5VVznt + 5I/Vzcnt

where

int —

oWy —/ ov’ (gradp+pf f—i—ZRH% gradc) + 7 : grad 6v/ dv

1 DIJ
g I
mt—/ 0J 77 +grad5J vl dv

SWE, = Z/ <grad5c <J +Zznd> (}fmgtfc)—a)) dv .

Recall that & = v*(. Also note that

f
al = Oav +grad v/ - v/
Drjr aJf
- djf . v/
Dr oo TerdJw
DI (J/et or*\ DTS Dfe Rt Df &Y
DI ooy r 0N DI gy (Dl 5 05 DIe
Dt aJf ) Dt Dt dcv Dt
Df¢t et
pr L . f
i BT +gradc’ - v
=K 882 +c 88’1 + (k' grad & + & grad &) - v/
Or*  OR* 0J7 OR' O&"

ﬁ:ﬁﬁ+ 9 ot

grad k' = gjf gradJ—an grad ¢’

Using the temporal discretization approach outlined in Section [3.5.2} the linearizations of each of
these terms along increments in the degrees of freedom are obtained using

Qm Av/

al [Avf] = 5 AL +ay (gradAv f+Lf-Avf)

fyf
D <DJ) [Avs] = apgrad J/ - Av
Dt
— T f T
T [AV ] ayC 3 (gradAv + grad® Av )

D (Df(JfCL)> [Avf] = oy grad <chL> - AvS

Dt
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D (grad p) A = ay (pjgradAJf+AJf~” grade)

Dpf [AJF| = —afJfAJf

Dr[AJ] = ot AT

FIEN b !
D<DJ> AJS —af<am AJ +grad AJT - v >

Dt apy At
n 7] o
L fl _ f
Dk _AJ | _af&]fAJ
DI (JFe) \ 1a 4] R\ [ am AJT
fl i (70 gf m foof
D( iy _AJ | =ayc (FL +J 8Jf> <af’y AL +grad AJ v)
DIJf [ or %Rt
2 J! AJS
+of—p (&]fJr a(Jf)2>
Dfe Okt Dfev
~ ~L f
—l-af(th +c 4 97 Di )AJ
Okt DT¢ 0%kt \ D&y
|2 L AJS
tart (an i ¢ ;(anaév) Di ) /
¢
AL fl _ L f
D¢ [AJ} afv anAJ
Dj4 [AJf} = —angfAdeOgradc

- - 8"‘L
D (i) _Aéﬁ_ =ay (m&ﬁ + agﬁ 5L> A

D (k" grad ¢") A = o (6L5f2;5 grad Aé” + %Aéﬂ grad éL)
L ¢

och agpy At JI Dt

Df JfL _ - p22 1 rjf
D<(C)> AP = ap ! <5L6,£6 ~L‘9“><<O‘m+ D7 )AaﬁJrgradAaB-vf

[ 8] a .
AL Bl _ L ]
D¢ _Ac ] 558

- - dL
Djy A | = —ay <5L5m5d’8 grad A + A&® (a“ 7d > gradc>

ach " 9
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Then we can evaluate the linearizations as follows,
oy, AvS
1% = m - I, !
D (6Wj4) [AV af/ ov’ < -~ At (gradAv vl + L/ Av )) dv

+ af/ gradov/ : C” : (grad AvS + grad” Av ) dv
of 2
D (W) [AJf] =y /ﬂf ovl . (pJgradAJf + AJI P grad J7 —i—AJfZRH grad5L> dv

f
—ay ovl . lp]fAJfafd’U—i-Oéf/ o AJ7 - grad ov/ dv
Qf Qf

_ . OR" .
D (6W,) [Acﬁ] =y o ovl. RQZ <5L5/{5 grad A + WAC grad ¢ > dv

D (5W.,) [A = ay / <5ijgrad J/ + grad 5Jf> - Avldv

1 ([ 1 1 DIJS
fl = f— _m - f fovf
D (6W,) [aJ7] = oy /Qf 57 <<aﬂ T )AJ +grad AJ7 v >dv

((5Wmt) [Aéﬂ

(5W5n Z/Qf —5c grad (Jf ) cofAvy

fo(7feat
f afAJfD (J c)
(5 mt AJ Z/Qf Dt

&t ~L f
—oc afjf (NL—i-JfBK ) (am AJt —i—gradAJf-vf)

oJ/ apy A

& DIgl [ or 0%k
— 5 2 f AJf
cafJf Dt ( 907 7 a(Jf)2> /

Dl Okt DT &Y
_5~L - e ~L A f
CArTr (H Dr ¢ — 9é Dt> d

Ort DT¢é 9%kt \ DIé&Y
_ ok Dict | !
o¢ay (an Dr ¢ ; (aﬂam) Di )AJ

+ afééLVLﬁAJf — ap grad 6¢” - (6 dg grad ¢ + Zz”ajfdvgradé'ﬁ AJS dv

oJ7 oJ7
L OR* m 1 DIJfN )
D (6W,) [Aaﬁ Z /Qf —0c <5b ajﬁ) ((O‘j‘ﬂm + Jth> A + grad A’ - vf>
+6ctaprt ﬁAé’B

ocP
oL dL
— oy grad 0¢" - <5L5/%Bdg grad Aé® + A&® (ggﬂ o+ R ggg> grad é‘)

d’Y
— ay grad 6¢” - ( B Bdﬁ grad A® + A&® sz <(’“)/£ + fﬂ?yg) grad 67> dv
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Similarly, we can rewrite eq.(3.8.3) as

Wet = / ovltTda+ | §J7vida + / 65t da
rf rf

f
+0GY,, + 6GS

ext

where

6GY,, = /Q ) ovl . (pfbf + ZMLc‘bL> dv
Geat = Z/ grad ¢’ - <_] +Zz”.]b> dv

and we can linearize 6GY,;, and 0G¢,, as

D (3G [Avf| =
sae.) [agf] = /5 Ebl > s ~L~Lb AJTd
D (0GL) [AT'] =ay [ ov ( )3 v
D (6Geat) [Aéﬁ- Zaf/ ov! (Mﬁ 5b5+ZM7 ~7bV) AF dv
J Qf
and
D (3GE,) [Av!] =0

1 ~L OR* ~L1l ORY _
D (6G¢,,) [AJf_ = — E ay /Qf grad §c* - (S 577¢ b* + E 2757W07b7> AJTdv
L ol

D (0G<,) [Aéﬁ_ = —Zaf/ grad ¢’ -

under the assumption that Db® [Av/] =0

(55+z> Ai 5bf3+s ~Lbb+zzm aw) A& dv

3.8.3 Discretization for Fluid-Solutes

To evaluate the discretized form of the virtual work and its linearizations we use
ovl = Z Novl  Av/ = Z NbAvI{

§Jf = ZN sJf AJS = ZNbAJf
ZN 5t AP = ZNbAcb
b

where N, are shape functions. Then, the discretized form of the virtual work takes the form

o = Zév o
mt - Zé‘]ffa
oW

int Z Z 5651]0(;
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where

and

where

Note that
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/ N, (gradﬁ +plal + Z ROR" grad E‘) + 1 - grad Nydv
of ;

1 Dfjf
/N J—|—gradN vl dv

“Jf Dt
— c> + grad N, - (jg + Zm;) dv
Y

DT (Jf¢
/ _n, (LD
Qf J! Dt
¢ Dfjf DI

DI (J'eY) N  DTg
— = — K

7 Dt JI Dt Dt "¢ Dt

GY. = Zév - by
ext - 2256”}2

by = / N, <pfbf + ZM%%‘) dv
Qf ;
b, = fN div (J,ﬂ—z,ﬂ ) dv
Q
S

Dt~ ot
_,0c

ot

DT it

okt DI g/t

+ grad ¢

_, OR
8/1 (Rt grad & + & grad &) - v/

Or' D&Y

Dt 0J] Dt

grad & =

Df (J7¢)

OR" OR*
577 gradJ—l-; e

ocY Dt
¥

grad &’

Dt “"Di

The linearization of WY

int

D (5Wy,) [Av/]

D (§W]

int

D (W2, [Aéﬁ:

DT J/f
g +

) [AJf:

! D7 ¢t
Dt

gets discretized into

Q-Zaf ZE‘AV{:
b

D askiag]
b

a’ Z OszZ€A55
b
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where

o= / grad N, - C™ - grad Npdv
Qf

m IV
—1—/ Napf<<ab—l—gradNb-vf>I—|—NbLf> dv
af apy At
vJ __ ~/ ~// f OR" ~y
k;) = N, | p;grad Ny + Ny | pjgrad J/ + RO E ——grad¢ dv
Of ~ an

f
+ / Nbrf] - grad Nydv — af/ NaNbp—afdv
Qf Qf Jf

ORY
k”B:/ N.RO | &% grad Ny + Ny Y —— grad & | dv

The linearization of W,/

n

. gets discretized into

D (5W.,) [Avf_ =367 k- av]
p :

D (5W;.,) [AJf | =S"608 S gl ag!
p :

D (6Wite) [A&] =0

where

1
kgl? = / Ny <Nan grad J+ grad Na> dv
Qf

N, am 1 1 DI/
k“_/“ - =N AN, -v/ ) d
ab or J/ <<af’yAt Jf Dt ) b grad Ny v jdv

Finally, the linearization of §W¢ , gets discretized into

wnt

D (W) [AVT] = 3037083 agkis - Av)
- L a b

DOWg,) [AT ] =323 de > agkiladf
- L a b

D (SWE,) [Aéﬁ- =336 Skt A
- L a b
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where

wo_ /NNbegrad(Jf )d

1 DI (Jf
kgg:/ NuNy— D27
of (Jf) Dt

(R0 [ am Ny
CNe (B9 N
¢ (Jf+8Jf> <af Ap Terad N V)

& DIyl [ ort oA
— N,Ny— 2 f
YJI Dt < a7 7 a(Jf)2>

g OrR'\ Die 1 or*  0%R* \ DI&
_N“Nb<<ﬂ+aﬂ> Dt +Cz<ﬂaev+ajfaev) Dt)

+ Ny Nyv* % —Npgrad N, - (ng dg grad ¢ + Z z”mda’ grad E”> dv

~—~—
=0 currently
OR* am 1 1 DS
B _ By At -m - 4 - =Y v/
k _/Qf N <5L,3KJ 855> <<ozf7At+Jf Dt )Nb+gradNb V)
0
+ Ny Nyt 8%
dL
—grad N, - ((5L5I~£Bd€ grad Np + Ny (gﬂ dy + R g g) grad EL)

d’Y
—grad N, - (zﬁkﬁd’g grad N, + sz 27 (8’{ + 72%) grad 6'Y> dv

1 1
Vi grad (Jf ) = ﬁcb grad J/ + & grad & + ¢ grad &
1 D/ (Jlet) ¢ DIJf DI +~LDf/?¢L
C

7Dt 7 Dt T Dt

For the external work contributions from body forces, the discretized forms are
5GP, = Z ovi-b?

6GS,, = Z PR LA
where

b! = N, [ p'bf + 5" Mtebt | do
=1, (ﬂ 2 )
bl = —/ grad N, - (jf7 + Zz”ﬂ) dv
Qf
>
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and ]
D (5GL) |Av/| =0
D (5G%) [AJf' = ovi > agbiAd]
I g
D (5GL) [ =S avi- > asbliag)
. b
where
b —/ NNb( bJHLZM’y 577 ~Llcﬂ) dv
b = / N, N, (Mﬁ b8+ ZMVa”abv> dv
Similarly, ]
D (5GE,) |Avf| =0
D (5G<,,) [AJf —chsc Zafb IAJ]
D (5GS,,) [Aeﬂ —2250 Zafb N
where

a~L ~L L 8’%’}/ =
ab = / NbgradN (S ﬁ b + E’y Z’YS’YanC’Yb’Y> d’l)
K "L L 8
c'b" + E 2757 c'yb7 dv

In the special case when the body force acting on each constituent is the same, b/ = b* =
these expressions simplify further,

b;ﬁ— / Npgrad N, - ((6L,8+Z> B 5bﬁ—|—s (9

bab = —/be (wLJ—ngJ) grad N, - bdv
Q.

== [ (5 +2") PR+ 0 4w grad N, b
af

where 6
4
w =gt —— ¢ CJ = E z”’s”—c7

or" ORY
B =gt cB — YV Y
w =S a&ﬁc w, E z'S 8~BC

3.9 Newton-Raphson Method

The Newton-Raphson method (also known as “Newton’s method”, “Full Newton method” or “the
Newton method”) is the basis for solving the nonlinear finite element equations. This section
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will describe the Full Newton method and the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
[91]. The latter variation is actually a quasi-Newton method. It is important since it provides several
advantages over the full Newton method and it is this method that is implemented in FEBio [91].

3.9.1 Full Newton Method

The Newton-Raphson equation (3.1.3) can be written in terms of the discretized equilibrium equa-
tions that were derived in the previous section as follows:

vl K-u=—-évl -R. (3.9.1)

Since the virtual velocities dvare arbitrary, a discretized Newton-Raphson scheme can be formu-
lated as follows:

K(x;)-u=-R(xp); Xpr1=%xp+u. (3.9.2)
This is the basis of the Newton-Raphson method. For each iteration k, both the stiffness matrix
and the residual vector are re-evaluated and a displacement increment u is calculated by pre-
multiplying both sides of the above equation by K~'. This procedure is repeated until some
convergence criteria are satisfied.

The formation of the stiffness matrix and, especially, calculation of its inverse, are computation-
ally expensive. Quasi-Newton methods do not require the reevaluation of the stiffness matrix for
every iteration. Instead, a quick update is calculated. One particular method that has been quite
successful in the field of computational solid mechanics is the BFGS method, which is described
in the next section.

3.9.2 BFGS Method

The BFGS method updates the stiffness matrix (or rather its inverse) to provide an approximation
to the exact matrix. A displacement increment is defined as

dp = x — xp_1, (3.9.3)
and an increment in the residual is defined as
G:=Ry_1 - Ry. (3.9.4)
The updated matrix K; should satisfy the quasi-Newton equation:
Kid; = Gj, . (3.9.5)
In order to calculate this update, as displacement increment is first calculated:
u=K; ' Ry_;. (3.9.6)

This displacement vector defines a “direction” for the actual displacement increment. A line search
(see next section) can now be applied to determine the optimal displacement increment:

X = Xp—1 + su, (3.9.7)

where sis determined from the line search. With the updated position calculated, Rycan be eval-
uated. Also, using equations and (3.9.4), d;, and G, can be evaluted. The stiffness update
can now be expressed as

K.'=A[K. ' Ay, (3.9.8)
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where the matrix A is an n x n matrix of the simple form:

Ap,=1+ VkWZ; . (3.9.9)
The vectors v and w are given by

dek 1/2
= — | —t—— K;_1d; — G 3.9.10
Vi <dgKk1dk> k—1dx — Gg, ( )

dg

= —. 3.9.11
Wi, TGy ( )

The vector K;_1d;, is equal to sRy_; and has already been calculated.
To avoid numerically dangerous updates, the condition number ¢ of the updating matrix A is

calculated: 12
d’'G
L k—19E

The update is not performed when this number exceeds a preset tolerance.
Considering the actual computations involved, it should be noted that using the matrix updates
defined above, the calculation of the search direction in (3.9.6) can be rewritten as,

u= (1 + Wk_lvz_l) cee (1 + lelT) Kal (1 + vlwlT) e (1 + vk_lwg_l) Ri_1. (3.9.13)

Hence, the search direction can be computed without explicitly calculating the updated matrices
or performing any additional costly matrix factorizations as required in the full Newton-Raphson
method.

3.9.3 Line Search Method

A powerful technique often used to improve the convergence rate of Newton based methods is the
line search method. In this method, the direction of the displacement vector u is considered as
optimal, but the magnitude is controlled by a parameter s:

Xji1 = Xp + SU. (3.9.14)

The value of sis usually chosen so that the total potential energy W (s) = W (xx + su)at the end
of the iteration is minimized in the direction of u. This is equivalent to the requirement that the
residual force R (xj + su)at the end of the iteration is orthogonal to u:

R(s)=u'R(x} +su)=0. (8.9.15)
However, in practice it is sufficient to obtain a value of ssuch that,
R (s)] < p[R(0)], (3.9.16)

where typically a value of p = 0.9 is used. Under normal conditions the value s = 1 automatically
satisfies equation and therefore few extra operations are involved. However, when this is
not the case, a more suitable value for sneeds to be obtained. For this reason it is convenient to
approximate R (s)as a quadratic in s:

R(s)~(1—-s)R(0)+R(1)s*=0, (3.9.17)
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which yields a value for sas

™\ R(0)
ok (3.9.18)

.
Oy
573 2) ~ " TT RO

If » < 0, the square root is positive and a first improved value for sis obtained:

slzgﬂ/(g)z—r. (3.9.19)

If » > 0 the scan be obtained by using the value that minimizes the quadratic function, that is,
s1 = r/2. This procedure is now repeated with R (1) replaced by R (s;) until equation (3.9.16) is
satisfied.

3.9.4 Conjugate gradient solution method

The Newton-Raphson solution algorithms are highly effective for nearly linear problems, but they
have two major limitations. Firstly, for very large models, the size of the stiffness matrix K can
grow very large as well. The factorization of this matrix, which is needed when using direct linear
solvers, can become very time consuming and requires a large amount of memory. This is the
main factor that limits the size of model that can be solved on a given computer. Secondly, where
the stiffness is small, it can overestimate the displacement, resulting in excessive distortion of the
mesh and the familiar negative Jacobian failure. This can occur when a material has a low initial
stiffness that increases at higher strains (we work around this by using a large number of small
timesteps to reduce the nonlinearity on each increment), when buckling causes a temporary low
or negative stiffness, when a part of the model is not sufficiently constrained, or when contacts
cause sudden changes of stiffness. For these reasons the Newton-Raphson algorithms often fail
to converge for very nonlinear materials, models with contacts or unstable structures that can
buckle or crumple under load.

An alternative strategy is to estimate a direction to move each node directly from the residual
R:

u = —R (xr)

Then a line search is needed to find the appropriate distance to move in that direction. This is
the steepest descent method, which has the disadvantage that it converges slowly in a series of
decreasing zig-zag steps. lts convergence is much improved by adding a fraction (3 of the previous
step:

up = —R(a:k) + Bup_1

There are many different ways to calculate 3; one method which has excellent convergence for
nonlinear problems is due to Hager and Zhang:

Yy, =R, 1 — R,
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-1
 wicallmin {n, | Ri-1 ]I}

i

Bi = max {B;,n:}

A limitation of this method is that the distance each node moves is proportional to the resid-
ual; stiffer nodes produce a larger residual for a given displacement and therefore move further,
whereas in fact they need to move less than more compliant nodes. This results in mesh distortion
where the element size varies, for midside nodes in quadratic elements or for mixed materials.
This problem can be reduced by using a preconditioner, dividing the residual at each node by an
estimate of its stiffness. This requires changes also to the calculation of {3:

-1 yI' Py,
fi=— 4(3/;”3—2“1'—1”% — |- R;

Bi = max {B;,n:}

uir1 = PR; + Biu;

The preconditioner P can be found in various ways; a convenient approximation is to use the
reciprocal of the main diagonal of the stiffness matrix:

P! = diag (K)

This is calculated once at the beginning of the solution.

3.10 Generalized a«—Method

The generalized «—method is used for temporal discretization of governing equations in fluid me-
chanics. For this method we combine the degrees of freedom into Y, = {v,.J},, where the
subscript n. denotes time ¢,; similarly, we let Y,, = {2¥ 2/} . According to this method [74], the
virtual work is evaluated at 6W (anm,Ynmf), where t,1 o = t, + At and At = t,11 — ty,.

Here,
Y =arY +(1—-—ap)Y
Yiray = a¥ne+(1=a) Yo (3.10.1)
YnJram = amYpp1 + (1 - am) Y,
The parameters o and «,, are evaluated from a single parameter p., using
1 13— pso
= ) am = 3 9
1+ poo 21+ poo

ay (3.10.2)
where 0 < p, < 1. This parameter is the spectral radius for an infinite time step, which controls
the amount of damping of high frequencies; a value of zero produces the greatest amount of
damping, anihilating the highest frequency in one step, whereas a value of one preserves the
highest frequency.
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The linearization of W (Yn+am,Yn+af> reported in Section [3.5.2] is effectively performed

along an increment AY of Y,+1 so that the solution to §W = 0 produces Y.

Newmark integration, we have

. Y,r1—-Y, 1 .
Yo = Yo (1),
Y v

where, according to the generalized «—method,

1
7:§+am—af.

Therefore, in this scheme, Y, ,, is evaluated from

§

Qm

Yn+am == <1 - %> Yn + — (Yn+af - Yn) s g = —.

~y At agpy

Using (3.10.1) and (3.10.5), we find that

DY ia, [AY] = afAY
am AY
v At

DY""FOCm [AY] =

Given the solution (Yn+am,Yn+af), the solution at ¢,,+; is evaluated from

Y =Y
Yn+1 :Yn+ n+aaff n?
. Yo, - Y
Vg1 =Y, + 0
m

Based on

(8.10.3)

(3.10.4)

(3.10.5)

(3.10.6)

(3.10.7)

Four different options are presented in [74] for initializing Y .1 and Y, at the beginning of time
step t,,+1; the first three of these have been implemented in FEBio. For steady flows these authors
recommend disregarding p, and setting ay = o,,, = v = 1 to recover the backward Euler scheme.



Chapter 4

Element Library

FEBio provides several element types for finite element discretization. This chapter describes
these elements in more detail.

4.1 Solid Elements

The 3D solid elements available in FEBio are isoparametric elements. All of the solid elements
are formulated in a global Cartesian coordinate system. For all these elements, a local coordinate
system (so-called isoparametric coordinates) is defined as well. The global position vector x can
be written as a function of the isoparametric coordinates in the following sense:

n

x (1, 8,t) :ZNZ- (r,s,t) x;. (4.1.1)

i=1

Here, n is the number of nodes, r, s and t are the isoparametric coordinates, N, are the element
shape functions and x; are the spatial coordinates of the element nodes. The same parametric
interpolation is used for the interpolation of other scalar and vector quantities.

All elements in FEBIo are integrated numerically. This implies that integrals over the volume of
the element v¢ are approximated by a sum:

m

/f(x) dv = /f(r) J(r)do =Y f (r;) Jaw; . (4.1.2)
e e

i=1

Here, O is the biunit cube, m is the number of integration points, r;are the location of the integration
points in isoparametric coordinates, .J is the Jacobian of the transformation x = x (r, s,t), and w;
is a weight associated with the integration point. The integration is performed over the element’s
volume in the natural coordinate system.

Most fully integrated solid elements are unsuitable for the analysis of (nearly-) incompressible
material behavior. To deal with this type of deformation, a three-field element implementation is
available in FEBio [118].

4.1.1 Hexahedral Elements

FEBio implements an 8-node trilinear hexahedral element. This element is also known as a brick
element. The shape functions for these elements are defined in function of the isoparametric

155



156

coordinates r, s and ¢, and are given below.

Ny =
Ny =
N3 =
Ny =
Nj =
N =

Ny =

Ng

— 0| — 00| —= 00| = CO| = CO| = CO| 00| =

8
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(1) (1 s)(1 -1
(147)(1—s)(1—1)
(1+7) (14 3)(1—¢)
(1) (143)(1—t)
(=) (1—s)(1+1)
(1+7)(L—s)(1+1)
(1) (1+3)(1+1)

— (=) (1+s)(1+1)

The following integration rule is implemented for this element type.

8-point Gauss rule

r S t w
-0.577350269 | -0.577350269 | -0.577350269 | 1
0.577350269 | -0.577350269 | -0.577350269 | 1
0.577350269 | 0.577350269 | -0.577350269 | 1
-0.577350269 | 0.577350269 | -0.577350269 | 1
-0.577350269 | -0.577350269 | 0.577350269 | 1
0.577350269 | -0.577350269 | 0.577350269 | 1
0.577350269 | 0.577350269 | 0.577350269 | 1
-0.577350269 | 0.577350269 | 0.577350269 | 1

4.1.2 Pentahedral Elements

(4.1.3)

Pentahedral elements (also knows as “wedge” elements) consist of six nodes and five faces. Their
shape functions are defined in function of the isoparametric coordinates r, s and ¢ and are given

as follows.

Ny =

No

&

N, =
Nj =

Ng =

<
—~
—
|
~
~—

NN RN RN =N =N =
[V
—~
—_
|
~
SN—

r(1+41t)

s(1+1)

(I—-r—s)(1—1%)

(—r—s)1+1)

(4.1.4)
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The following integration rule is implemented for this element type.

6-point Gauss rule

r S t w
0.166666667 | 0.166666667 | -0.577350269 | 0.166666667
0.666666667 | 0.166666667 | -0.577350269 | 0.166666667

0.166666667

0.666666667

-0.577350269

0.166666667

0.166666667

0.166666667

0.577350269

0.166666667

0.666666667

0.166666667

0.577350269

0.166666667

0.166666667

0.666666667

0.577350269

0.166666667
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4.1.3 Tetrahedral Elements

Linear 4-node tetrahedral elements are also available in FEBio. Their shape functions are defined
in function of the isoparametric coordinates r, s and t.

Ni=1l—-r—s5—-1t

No=r
(4.1.5)

The following integration rules are implemented for this element type.

1-point Gauss rule
r s t w
0.25 | 0.25 | 0.25 | 0.166666667

4-point Gauss rule
r s t w
0.13819660 | 0.13819660 | 0.13819660 | 0.041666667
0.58541020 | 0.13819660 | 0.13819660 | 0.041666667
0.13819660 | 0.58541020 | 0.13819660 | 0.041666667
0.13819660 | 0.13819660 | 0.58541020 | 0.041666667
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6

N

-
D

5]

1
4

(%)

=
—

Different solid element types that are available in FEBio

4.1.4 AQuadratic Tetrahedral Elements

FEBio implements a 10-node quadratic tetrahedral element. It has four corner nodes and six
nodes located at the midpoint of the edges. The shape functions in terms area coordinates are
given below. The area coordinates relate to the isoparametric coordinates as follows.

t1r=1-r—s—t

to=r
(4.1.6)

t3 =S

ty =1

The shape functions follow.
Hi=t;(2t; —1),i=1---4

Hs = 441,

H(j = 4t2t3
Hy = 4tsty . (4.1.7)

HS = 4t1t4

Hg = 4toty

Hyig = 4tsty

The following integration rules are implemented for this element type.

4-point Gauss rule
r IE |t | w
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0.58541020
0.13819660
0.13819660
0.13819660

0.13819660
0.58541020
0.13819660
0.13819660

0.13819660
0.13819660
0.58541020
0.13819660

0.041666667
0.041666667
0.041666667
0.041666667

8-point Gauss rule

r

S

t

w

0.01583591

0.328054697

0.328054697

0.023087995

0.328054697

0.01583591

0.328054697

0.023087995

0.328054697

0.328054697

0.01583591

0.023087995

0.328054697

0.328054697

0.328054697

0.023087995

0.679143178

0.106952274

0.106952274

0.018578672

0.106952274

0.679143178

0.106952274

0.018578672

0.106952274

0.106952274

0.679143178

0.018578672

0.106952274

0.106952274

0.106952274

0.018578672

11-point Gauss-Lobatto rule

r s t w

0 0 0 0.002777778
1 0 0 0.002777778
0 1 0 0.002777778
0 0 1 0.002777778
05 |0 0 0.011111111
05 |05 |0 0.011111111
0 05 |0 0.011111111
0 0 0.5 | 0.011111111
05 |0 0.5 | 0.011111111
0 05 (05 |0.011111111
0.25 | 0.25 | 0.25 | 0.088888889

FEBio also implements a 15-node quadratic tetrahedral element.
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Quadratic tetrahedral elements available in FEBio. Left, a 10-node quadratic tet. Right, a
15-node quadratic tet.

The following integration rules are implemented for this element type.

8-point Gauss rule/|

r

S

t

w

0.0158359099

0.3280546970

0.3280546970

0.138527967

0.3280546970

0.0158359099

0.3280546970

0.138527967

0.3280546970

0.3280546970

0.0158359099

0.138527967

0.3280546970

0.3280546970

0.3280546970

0.138527967

0.6791431780

0.1069522740

0.1069522740

0.111472033

0.1069522740

0.6791431780

0.1069522740

0.111472033

0.1069522740

0.1069522740

0.6791431780

0.111472033

0.1069522740

0.1069522740

0.1069522740

0.111472033

11-point Gauss rule

r

S

t

w

0.25

0.25

0.25

-0.01315555556

0.071428571428571

0.071428571428571

0.071428571428571

0.007622222222

0.785714285714286

0.071428571428571

0.071428571428571

0.007622222222

0.071428571428571

0.785714285714286

0.071428571428571

0.007622222222

0.071428571428571

0.071428571428571

0.785714285714286

0.007622222222

0.399403576166799

0.100596423833201

0.100596423833201

0.024888888889

0.100596423833201

0.399403576166799

0.100596423833201

0.024888888889

0.100596423833201

0.100596423833201

0.399403576166799

0.024888888889

0.399403576166799

0.399403576166799

0.100596423833201

0.024888888889

0.399403576166799

0.100596423833201

0.399403576166799

0.024888888889

"Note that weights sum up to one and not to the volume of the tet in the natural coordinate system (i.e. 1/6).
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] 0.100596423833201 \ 0.399403576166799 \ 0.399403576166799 \ 0.024888888889 \

15-point Gauss rule

r

S

t

w

0.25

0.25

0.25

0.030283678097089

0.333333333333333

0.333333333333333

0.333333333333333
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0.066550153573664
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0.010949141561386
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0.433449846426336
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0.433449846426336

0.066550153573664

0.010949141561386

4.2 Shell Elements

Historically, shells have been formulated using two different approaches [/1]. The difference be-
tween these approaches lies in the way the rotational degrees of freedom are defined. In the first
approach, the rotational degrees of freedom are defined as angles. In addition, the plane stress
condition needs to be enforced to take thickness variations into account. This approach is very
useful for infinitesimal strains, but becomes very difficult to pursue in finite deformation due to
the fact that finite rotations do not commute. Another disadvantage of this approach is that it re-
quires a modification to the material formulation to enforce the plane stress condition. For complex
materials this modification is very difficult or even impossible to obtain.

The alternative approach is to use an extensible director to describe the rotational degrees of
freedom. With this approach it is not necessary to enforce the plane-stress condition and the full
3D constitutive relations can be employed. This approach is adapted in FEBio as described here.

The shell formulation implemented in FEBio is still a work in progress. The goal is to implement
an extensible director formulation with strain enhancements to deal with the well-known locking
effect in incompressible and bending problems [30]. With the current state of the implementation,
it is advised to use quadratic elements in such problems.

Starting with FEBio 2.6, two shell formulations have become available: The original formula-
tion, where nodes are located at the mid-surface through the thickness of the shell, and a new
formulation where nodes are located on the top face of the shell. The original formulation uses
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nodal displacements and directors as degrees of freedom; the new formulation uses top and bot-
tom face nodal displacements. The new formulation is designed to properly accommodate shells
attached to the surface of a solid element, or shells sandwiched between two solid elements, with
minimal alterations to the rest of the code. The original formulation does not strictly enforce conti-
nuity of all the relevant degrees of freedom in those situations. However, this original formulation
is maintained in the code for backward compatibility.

Most of the shell elements available in FEBio use a compatible strain formulation, where the
calculation of strain components is based only on nodal displacements, similar to hexahedral or
pentrahedral elements. Users should be aware that this compatible strain formulation is very
susceptible to element locking when the shell thickness is much smaller than the shell size (e.g.,
when the aspect ratio is less than 0.01). Therefore, these shell formulations should be used with
caution, keeping in mind this important constraint. Conversely, these shell elements perform very
well when they are attached to solid elements (e.g., skin over muscle), or sandwiched between
shell elements (e.g., cell membrane separating cytoplasm from extra-cellular matrix).

The element-locking limitation of compatible strain shell formulations has motivated the devel-
opment of specialized shell formulations that attempt to overcome locking. The FE literature on
this subject is rather extensive and we refer the reader to the excellent review chapter by Bischoff
et al. [33] on this topic. Methods for overcoming locking include the assumed natural strain (ANS)
formulation for transverse shear strains [26), 87] and transverse normal strains [31} [32]. The ANS
formulation may be supplemented with the enhanced assumed strain (EAS) method [120] and
extended to large deformations [77, 116, [130]. FEBio includes the ANS (g4ans) and EAS (g4eas)
quadrilateral shell element formulations of Vu-Quoc and Tan [130], using a seven-parameter EAS
interpolation, which is otherwise substantially similar to the five-parameter interpolation presented
in an earlier study by Klinkel et al. [77]. These shell elements are not suitable for attachment
to a solid element, nor sandwiching between two solid elements. Since they don’t experience
element locking, they should be loaded more slowly than compatible strain shell elements. The
formulations presented below are for the compatible strain shell elements.

4.2.1 Shell with mid-surface nodal displacements

We create a shell formulation by reducing a solid element interpolation which is linear along the
parametric coordinate £3. We start with the general interpolation for a solid element,

x (&)=Y Na(&)Xa, (4.2.1)
a=1

where i = 1,2, 3 and n is the number of nodes, and specialize it to the case of a shell as

1-& 1<a<
a (éa) asmo (4.2.2)
a

D\ — 2
Na 6:) = {lg&Ma (€ m+1<

where a = 1,2, m = n/2 is the number of shell element nodes, and M, (¢,) are the interpolation
functions within the mid-shell surface. The description of the mid-shell surface is thus given by

<n

R(6a) =Y Na(61,62,0)%a = Y My (ba) %p, (4.2.3)
a=1 b—1
where )
Xp = 5 (X + Xp4m) (4.2.4)

2
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are the nodal positions for the mid-shell surface.

Example of shell elements with four mid-surface nodal positions %; and directors d,
(b =1-4), reduced from a solid element.

We also define the director across the shell surface as

d (606) =X (51) 527 ]-) —X (517 627 _1) = Z Mb (60&) db7 (425)
b=1
where
db = Xp4+m — Xby b=1—m (426)

are the nodal directors. Note that the magnitude of the nodal director represents the shell thick-
ness, h (&) = ||d (&4 )] and the shell thicknesses at the nodes are h, = ||d,||. With these definitions
we find that the interpolation across the parametric space of the shell element is

X(6) = R (6) + 50 (60) = 3 M (6) (30 + 56k ) “27)
b=1

From this relation we can obtain the covariant basis vectors as

0 L OM, 1
8a (&) = 82: = Z 85; <>"cb + 2§3db>
: (4.2.8)

P m
(z 7x %Z
b=

from which we may evaluate the contravariant basis vectors g’ using the identity g; - g/ = 5{ . Then,
the gradients of the shape functions are given by

oM,
aé-a g )

1 1
grad My, = grad <2§3Mb> =3 (53 grad My + Mbg3) . (4.2.9)

.Hh
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It follows from (4.2.7) that the virtual displacement is

- 1
du (&) = ; M, (&) <6ua - zggéda) : (4.2.10)
and the incremental displacement is
% 1
Au (&)= My () <Aﬁb + 2£3Adb> : (4.2.11)
b=1

In FEBIo, for historical reasons, the nodal director d; is currently called rotation. This is a
misnomer and users should treat this rotation as the vector d, whose components have units of
length. Thus, fixing or prescribing rotation components in the input file effectively places these
constraints on the components of the nodal director; similarly, requesting rotation in the output
files will produce the components of the director.

When this type of shell is connected face-to-face with a solid element, the nodes located at
%, automatically share their displacement degrees of freedom u;, with the corresponding nodes
from the face of the solid element. However, no continuity is enforced between the directors d,
and the solid element deformation. One consequence of this condition is that a shell sandwiched
between two solid elements will not detect out-of-plane shear and normal stresses transmitted
by the solid element(s). Another consequence is that bending of the solid element(s) will not
produce a bending moment in the shell. Therefore, these shell elements are best used as shell-
only structures.

4.2.1.1 Elastic Shell

For an elastic shell, the internal virtual work becomes

SWiey = /0' rgraddude =Y [ 6l, 6d, |- { f;; ] , (4.2.12)
0Oe a=1 a
where
£ = /0'~gradMa dv, fd= /0'~grad <;§3M0> dv. (4.2.13)
Qe Qe

The linearization of the internal virtual work is

D (§W

int

) [Au] = [ tr (grad Au- o - grad’ du) dv
Qe

+ f graddu: C : gradT Audv (4.2.14)
Qc

The first of these integrals may be discretized as

o evad” NN n K K4 [ Ay
Q[tr (grad Au - o - grad” ou) dv_;;[éua od, | { kil wit || ad, |- (4.2.15)
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where
o= / (grad M, - o - grad Mp) Idv

Qe

1
Kgg = / (grad M, - o - grad (2§3Mb>> Idv
Qe

1 (4.2.16)
Kg}j = / <grad (2§3Ma) <o - grad Mb> Idv
Qe
dd 1 1
K, = grad §§3Ma - o - grad §§3Mb Idv
Qe
The second integral in (4.2.14) becomes
. C - T _ -~ ab ab b
Q[gradéu.c sgrad® Audv = ;;[ ot, d6d, ] [ Kfllz? KZ‘{;’ } [ Ad, } , (4.2.17)
where
o= /gradMa - C - grad My dv
Qe
1
Kzg = /grad M, - C - grad <2§3Mb> dv
@ X . (4.2.18)
Kg}; = /grad (2§3Ma) -C - grad My dv
Qe

1 1
K& — / grad <2§3Ma> .C - grad <2§3Mb> dv
Qe

Similar expressions may be derived for the external work and inertia forces.

In FEBIio a 3-point Gaussian quadrature rule is used for the through-the-thickness integration.
FEBio currently supports four- and eight-node quadrilateral and three- and six-node triangular
shell elements.

4.2.1.2 Quadrilateral shells

For four-node quadrilateral shells, the shape functions are given by

M= (-r)(1-s)
M2:%(1+r)(1—s)
: . (4.2.19)
M3=Z(1+T)(1+s)
M4:%(1—r)(1+s)
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For eight-node quadrilateral shells the shape functions are

M= 2 (1) (1= 5)— 5 (Ms+ Ms) My =
My = (14 7) (1= 5) — 5 (Ms + M)
My= 7 (147) (14 s) — o (M + M)
My= 7 (1=7) (14 5) — 3 (M + M)

4.2.1.3 Triangular shells

= 5 5
[N
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For three-node triangular shell elements, the shape functions are given by

Mi=1—7r—s
MQZT
MgZS

For six-node triangular shell elements they are

M1 =T (27“1 — 1) M4 = 47"17“2
M2 =T9 (2?”2 — 1) M5 = 47’27“3
M3 =73 (2?”3 — 1) M6 = 47'3?”1

%(1—7’2) (1—y5)
%(1—52) (1+7r)
2 (4.2.20)
5(1—7“2) (1+s)
%(1—82) (1—r)
(4.2.21)
(4.2.22)

rm=1—-r—s ro =1 r3 =3
7
49 3 4¢ @ 3
Se 6
1 e 2 1e o 2
5
3 3
6 5
1 2 1 * 2
4

Different shell elements available in FEBio.
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4.2.2 Shells with top and bottom face nodal displacements

We create a shell formulation by reducing a 3D element interpolation which is linear along &s. The
nodal positions at the bottom of the shell (¢35 = —1) are denoted by y, and those on the top of the
shell (¢&3 = +1) are denoted by x,, thus

x (&)=Y M, (£,&) (1 88+ 1 53’ya,> = M, (&,&) <xa ! _2’53da> (4.2.23)

2 2
The vector from y, to x, is the director, d,,
da =Xa " Ya
From this relation we can get the shell covariant basis vectors,
ox 8Ma 1+ 53 1-— 53 8Ma 1-— 53
al\Si) = F7 — a a | = a da

o 1 1
B (6) = g, = 2 g Me (6162 (60— y0) = 3 5 Ma (61.€2) o

(4.2.24)

a

from which we may evaluate the contravariant basis vectors g'. Let the front-face and back-face
displacements be denoted by u and w, respectively. It follows that x, = X,+u, andy, = Y,+w,,
where X, represents the shell nodal positions in the reference configuration, provided as nodal
coordinates in the input file, and Y, = X, — D, is evaluated from the user-defined referential
shell thickness, and the surface surface normals evaluated at each node. If the shell surface is not
planar in the reference configuration, users must be careful to select shell thicknesses that don’t
produce inverted elements (negative Jacobians) as a result of this extrapolation.

front face X

(3]

)
. ‘
=
2

Example of shell element with front-face nodal positions x; and back-face nodal positions
vp (b =1—4), reduced from a solid element.

It follows that the virtual displacement is

Su(6) =3 Mo (1 P, 1S 5wa> , (4.2.25)
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and the incremental displacement is

1+ 1—
Au (&) = zb:Mb( 253 Auy + 253 Awb> , (4.2.26)
so that
graddu =) du, ® grad <1 & Ma> + 0w, ® grad <1 _253 Ma> , (4.2.27)
and
grad Au = Z Au, ® grad (1 J;&‘" Mb> + Awy, ® grad (1 _253 M,,) (4.2.28)
b
Note that oL
grad My = 5; g”, (4.2.29)
so that
1 1
grad ( —;&)’ Mb> =3 ((1+ &) grad My, + Mbgg) (4.2.30)
and
grad <1 ;53 Mb> = % ((1 —&3) grad My, — Mbg?’) (4.2.31)

To evaluate the deformation gradient in this shell element, we use

1+ 1-—
F=Gradx = zb:ub®Grad< 2£3Mb) +wb®grad< 2£3Mb>

For this formulation, when a shell element is connected face-to-face with a solid element,
the nodal displacements of the solid element face are set to coincide with the back-face nodal
displacements w;, of the shell. When a user prescribes displacement components on that shared
face, they apply to the front-face displacements u;,. Similarly, prescribed pressures and contact
pressures act on the shell top face.

When a shell element is sandwiched between two solid elements, the nodal displacements of
the solid element facing the shell bottom face are set to coincide with the shell back-face nodal
displacements w;,, whereas the nodal displacements of the solid element facing the shell top face
are set to coincide with the shell front-face nodal displacements u,. If the shell thickness exceeds
the thickness of the solid element connected to its bottom face, results become unpredictable.

4.2.2.1 Elastic Shell

For an elastic solid, the internal virtual work is

OWint = /0' : grad du dv

:Z[éua 5wa][ff:§:

] , (4.2.32)

a
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1
f;‘:/cr-grad< z&’Ma) dv

where

) (4.2.33)
w 1- 53
f) = | o-grad TMa dv
For the external work of body forces,
Wt = /(5u-,0bdv
m , (4.2.34)
= bu, £+ ow, - £
a=1
where
£ :/1Z£3Mapbdv
’ e . (4.2.35)
£ = / 5 3 M, pb dv

The linearization of the internal virtual work is
D (0Wint) [Au] = /tr (grad Au- o - grad? 5u) dv

b . (4.2.36)
+ /grad du: C: grad” Audv

So

/tr (gradAu~a'-gradT du) dv = ZZ[ du, Ow, | [ Eﬁté: Ilé%éz ] [ ﬁvly; } ,  (4.2.37)
ab ab

v a b

where
Z};:/(grad<1;£3Ma>.a.grad< Z&J’Mb>)1dv
ww / (grad (1 253Ma> .o - grad ( _253Mb)> Idv
Y . 4.2.38
wy 1-¢& 1483 ( )
ab :/ grad 5 M, | - o -grad 5 My | | Idv
g’g":/(grad(lgggMa).a-.grad< _2§3Mb>)1dv
Similarly,
¢ orad” _ Koy Koy || Au
/vgrad ou:C:grad” Audv = ZZ [ ou, JOwg } { K R Awy | (4.2.39)

a b
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where
1
ab = I'ad< +£3
1+¢&3
1—¢&3

— &3
ww — d
ab /U gra’ < 2

The linearization of the external work is
m m 1
D (6Wur) —ZZ/( T80 su,
Ky
— ZZ 5ua 5wa [ Ko
a b a

where
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Ma) .C. grad( Z&”Ml,) dv

Ma> C.grad<1_2§3Mb> dv
1

Ma> C-grad< —;&’Mb) dv

Ma) -C-grad( _2£3Mb) dv

M, 5wa> -pgradb - <1+£3

Awb

K 11 Au,
Ko’

MaMpr grad bdV

S
1_
g;)v:/ (1253> 2§3>MaMbp0gradde
14
1 1-— '
%‘:/( +£3> éh3>MaMbpograudde
v U2 2
1 2
gg:/y( 253> M, Mypo grad b dV

4.2.2.2 External work of surface forces

Au +

— &3

(4.2.40)

MbAWb> dv

(4.2.41)

(4.2.42)

We assume that surface forces are applied on the shell top face ({3 = +1). Therefore, the external

work of surface forces has the form

5Wext:/a 5u(£1,§2,+1)-tda226ua-/8 Ma(fl,fg)tda

(4.2.43)

In other words, the treatment of surface forces on a shell becomes identical to the treatment of
surface forces on the face of a solid. No special treatment is needed.

4.2.2.3 Shell on top of solid element

When a shell is coincident with the face of a solid element, we assume that the face of the solid

element coincides with the bottom face (&3

= —1) of the shell element.

This means that the

solid element nodal displacements u; on that face coincide with the shell nodal displacements wy,.
Therefore, when we use UnpackLM for those solid elements, we should reassign the DOF ID’s of

the u, displacements to those of the w,, displacements stored in that same node.

Y
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4.2.2.4 Shell sandwiched between solid elements

When a shell is sandwiched between two solid elements, we reassign the DOF ID’s of the the
solid u,, displacements facing the bottom of the shell to those of the shell w;, displacements stored
in that same node. The DOF ID’s of solid u, displacements facing the top of the shell remain
unchanged; they will coincide with those of the corresponding solid element nodes.

4.2.2.5 Rigid-Shell Interface

When the node of a deformable shell belongs to a rigid body, we need to substitute the nodal
degrees of freedom with the rigid body degrees of freedom. The positions of the shell top face and
bottom face nodes are

xp=T+A - (Xp—R)=r+a

yp=r+A-(Y,—R)=r+b;,’
where r is the current position of the rigid body center of mass and R is its initial position; A is the
rotation tensor for the rigid body. We assume that x; and y; are connected to the same rigid body.
From these relations it follows that virtual displacements are

du, = or — a, - 00
dwy = 0r — b, - 60’

(4.2.44)

(4.2.45)

and incremental displacements are
Allb:AI‘—flb'AH
Awy, = Ar — by, - A9’

where a is the skew-symmetric tensor whose dual vector is a, such that a-v = a x v for any vector
v. When nodes are flexible (when they do not belong to any rigid body), the virtual work has the
general form

(4.2.46)

SW = dug- £ +owa £ +0pa L= [ 6va Owa 6pa | | £¥ |, (4.2.47)
a=1 a=1 fg
where p denotes any additional degree-of-freedom at that node. If node a is rigid we get
I I O
[0u, Ow, Opo |=[0r 00 dp. ]| a, b, 0 | . (4.2.48)
0O 0 1
If node b is rigid we get
Aub I *éb 0 Ar
Awy, | =| I —-b, O AB (4.2.49)
Apy, 0O 0 1 Apy,
When node a belongs to a rigid body, the expression for 61/ must be substituted with
m £
oW => [du, dwa Opa || £
a=1 g
] (4.2.50)

a=1

m £+ £
=> [0r dw Opa || apte- £l 4 bite £y
fa
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Similarly, the linearized virtual work has the general form

uu uw up
Kab Kab kab Aub

DSW =) "> [ bu, 6wa dps ] | K5 K4 kP Aw, | . (4.2.51)
a b SO ' App

When node « is rigid but node b is not,

DSW =>")"[ér 66 0p, | x
a b

K+ Ko Koy + Kg ki + kg
b - KU+ by K &, Kl + by K5 4, -k + b - kY 4.2.52
1P K kPP ' (4.2.52)
b ab ab
Auy
X | Awy
Apy

If nodes a and b are both rigid,
DSW =>") "[ér 66 6p, | x
a b

[ — (Ko + Kap') - 4y
Koy + Koy + Koy’ + Ko (_ ( ﬁu n KZZ:}”) b, ko +kgy
( ag - ( };gﬂqgv)) f(éa-KZ%ba- ?:#)-éb A K LB K

~ ~ ~ a ® a’
+b, - (K + Kip') (- K + by - Kl ) -y ab ab
Kl + TR

pp
kab

Ar
x | A@

Apy
(4.2.53)

If node a is not rigid and node b is rigid,

DSW =Y "> [ bus 6wa Opa ] x
a b

Ky + Ky K44, - Kiy by ki Ar (4.2.54)
Ko + Ko —Kgt-a, - Kgv by k7 | | A6

KP4+ kDY a -k +by ko K Apy



Chapter 5

Constitutive Models

This chapter describes the theoretical background behind the constitutive models that are available
in FEBio. Most materials are derived from a hyperelastic strain-energy function. Please consult
Section [2.6|for more background information on this class of materials.

5.1 Linear Elasticity

In the theory of linear elasticity the Cauchy stress tensor is a linear function of the small strain
tensor e:
oc=C:e. (5.1.1)

Here, C is the fourth-order elasticity tensor that contains the material properties. In the most
general case this tensor has 21 independent parameters. However, in the presence of material
symmetry the number of independent parameters is greatly reduced. For example, in the case
of isotropic linear elasticity only two independent parameters remain. In this case, the elasticity
tensor is given by C = AI® I + 21 ® 1, or equivalently,

Cijkt = A0t + 1 (8ikj1 + k) - (5.1.2)

The material coefficients A\ and p are known as the Lamé parameters. Using this equation, the
stress-strain relationship can be written as

Oij = Agk‘kéij + QMEZ‘j . (51 3)

If the stress and strain are represented inVoigt notation, the constitutive equation can be rewritten
in matrix form as

011 A+ 2u A A 0 0 O €11
099 A A+ 2u A 0 0 O €922
033 | _ A A A4+2u 0 0 0 €33
il I A A N B (5.1.4)
0923 0 0 0 0 1% 0 Y23
Lol L O 0 0 0 0 pl [ msl

The shear strain measures v;; = 2¢;; are called the engineering strains.
The following table relates the Lamé parameters to the more familiar Young’s modulus E and
Poisson’s ratio v or to the bulk modulus K and shear modulus G.

173
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E v A, fb K,G
E=(2u+3\ | E= 2KG
E)V V_/\JF)\H _3%—5%
. = 20w V= §K¥2G
4= aieg e
ka| *Twm K=X+3u
¢ = s G=n

The theoretical range of the Young’s modulus and Poisson’s ratio for an isotropic material have
the ranges

0< F <0, (5.1.5)
-1<v<05. (5.1.6)

Materials with Poisson’s ratio (close to) 0.5 are known as (nearly-) incompressible materials. For
these materials, the bulk modulus approaches infinity. Most materials have a positive Poisson’s
ratio. However there do exist some materials with a negative ratio. These materials are known as
auxetic materials and they have the remarkable property that they expand under tension.

The linear stress-strain relationship can also be derived from a strain-energy function such as
in the case of hyperelastic materials. In this case the linear strain-energy is given by

W:%E:C:s. (5.1.7)

The Is':t.recsjs is then similarly derived from o = 9. In the case of isotropic elasticity, (5.1.7) can be
simplified:

W:%)\(trs)z—k,ue:e. (5.1.8)

The Cauchy stress is now given in tensor form by

o=\(tre)I+2pe. (5.1.9)
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5.2 Compressible Materials

5.2.1 Isotropic Elasticity

The linear elastic material model as described in Section is only valid for small strains and
small rotations. A first modification to this model to the range of nonlinear deformations is given
by the St. Venant-Kirchhoff model [35], which in FEBio is referred to as isotropic elasticity. This
model is objective for large strains and rotations. For the isotropic case it can be derived from the
following hyperelastic strain-energy function:

1
W= 5A(trE)QﬂLE;E. (5.2.1)
The second Piola-Kirchhoff stress can be derived from this:

S = oW _ AtrE) I+ 2uE. (5.2.2)

=5 =
Note that these equations are similar to the corresponding equations in the linear elastic case,
except that the small strain tensor is replaced by the Green-Lagrange elasticity tensor E. The
material elasticity tensor is then given by,

0S8

(CzaiE

=ANI+2ulo1. (5.2.3)
It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response can be somewhat strange if not completely unrealistic. For exam-
ple, it can be shown that under uni-axial tension the stress becomes infinite and the volume tends
to zero for finite strains. Therefore, for large strains it is highly recommended to avoid this material
and instead use one of the other non-linear material models described below. The Cauchy stress
is

1 T
== E — = 2.4
J()\tr ,u)b—i—Jb , (5.2.4)

where tr E = (trb — 3) /2, whereas the spatial elasticity tensor is

g

A 2
C=—-b®b+—-ubob. 5.2.5
7 ® +Ju O ( )

5.2.2 Orthotropic Elasticity

An extension of the St. Venant-Kirchhoff model [35] to orthotropic symmetry is provided in FEBio,
referred to as orthotropic elasticity. This model is objective for large strains and rotations. It can
be derived from the following hyperelastic strain-energy function:

3 3
W=> Al :E* + %ZA@ (AL:E) (A):E), (5.2.6)
a=1 b=1

where A9 = a ® a? is the structural tensor corresponding to one of the three mutually orthogonal
planes of symmetry whose unit outward normal is a2 (al - a) = d,;). The material constants are

a .
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the three shear moduli i, and six moduli ., where Ay, = A\yp. They may be related to the Young’s
moduli E,, shear moduli G, and Poisson’s ratios v, via

[ A1+ 2w A2 A13 0 0 0
A12 A2 + 240 23 0 0 0
13 93 A33 + 2u3 0 0 0 .
0 0 0 (k1 + p2) /2 0 0 -
0 0 0 0 (2 + p3) /2 0
L 0 0 0 0 0 (3 + 1) /2 (5.2.7)
1/E1 —1/12/E1 —1/13/E1 0 0 0 i
—1/21/E2 1/E2 —1/23/E2 0 0 0
—V31/E3 —V32/E3 1/E3 0 0 0
0 0 0 1/Gia 0 0
0 0 0 0 1/Gys O
0 0 0 0 0 1/Gs |

The second Piola-Kirchhoff stress can be derived from this strain energy density function:

ow
SZEZZMa(Ag'E‘FE'Ag)

(5.2.8)
+ = Z)\ab [(AY:E)A) + (A):E)AY] .

Note that these equations are similar to the corresponding equations in the linear orthotropic
elastic case, except that the small strain tensor is replaced by the Green-Lagrange elasticity tensor
E. The material elasticity tensor is then given by,

08 o 1< 0 o
(C:aE:;MG(A2®I+I®A2)+2;Aab(A2®A2+Ab®Aa). (5.2.9)

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response can be somewhat strange if not completely unrealistic. For exam-
ple, it can be shown that under uni-axial tension the stress becomes infinite and the volume tends
to zero for finite strains. Therefore, for large strains it is highly recommended to avoid this material
and instead use one of the other non-linear material models described below. The Cauchy stress
is ,

=3 55 Au-(b-D+(b-1)- A,)

o=t (5.2.10)
ZL‘}I’ T—1)Ap+ (Ay:I—1)A,],

2
b=1

N | =

+

where A, = F- AY - FT and the spatial elasticity tensor is

3 3

Ja 1S b

C=) T (AOb+bOA)+Y “F(A®A +A,8A,). (5.2.11)
a=1 b=1
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5.2.3 Neo-Hookean Hyperelasticity
This is a compressible neo-Hookean material. It is derived from the following hyperelastic strain
energy function [35]:

W:%(Il—B)—uan—k%(anf. (5.2.12)
The parameters 1 and A\ are the Lamé parameters from linear elasticity. This model reduces to

the isotropic linear elastic model for small strains and rotations.
The Cauchy stress is given by,

a:§(b—1)+§(1nj)1, (5.2.13)
and the spatial elasticity tensor is given by
A 2
C:jI®I+j(M—)\1nJ)I®I. (5.2.14)

The neo-Hookean material is an extension of Hooke’s law for the case of large deformations. It
is useable for certain plastics and rubber-like substances. A generalization of this model is the
Mooney-Rivlin material, which is often used to describe the elastic response of biological tissue.

In FEBio this constitutive model uses a standard displacement-based element formulation
and a "coupled" strain energy, so care must be taken when modeling materials with nearly-
incompressible material behavior to avoid element locking.

5.2.4 Natural Neo-Hookean

This is a compressible isotropic neo-Hookean material that uses the natural (Hencky) strain ten-
sor invariants to formulate its strain energy density. These invariants are reviewed in [46]. The left
Hencky strain is evaluated from nn = In 'V where V is the left stretch tensor in the polar decompo-
sition of the deformation gradient F = V - R.. To evaluate n we first evaluate the left Cauchy-Green
tensor b = V2 from F as in eq. and get its eigenvalues \? and eigenvectors n;. Then

3
n=> (nX\)n;®n;. (5.2.15)

=1

The invariants K; of the natural strain tensor are

Ki=trp=InJ amount of dilatation
Ky = |devn| = y/devn :devny amount of distortion (5.2.16)
K3 = 3vV6det ® mode of distortion
where J = det F as usual, and .
P = Edevn. (5.2.17)
It can be shown that 1
n=KI+K®. (5.2.18)

Note that Ko® — 0 as K, — 0. It also follows that n : n = K7 + K3. As explained in [46], K; €
(—o0, 00) with positive K; implying expansion and negative K; implying contraction. Similarly,
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Ky € [0,00), with Ky = 0 implying no distortion. Finally, K3 € [—1, 1] with K3 = 1 representing
uniaxial extension, K3 = —1 representing uniaxial contraction and K3 = 0 representing pure
shear.

For the natural neo-Hookean material the strain energy density is

W = gK% + uK?2 (5.2.19)

where « is the material’s bulk modulus and p is its shear modulus. To evaluate the Cauchy stress
o and spatial elasticity tensor C, we use the framework of isotropic elasticity in principal directions
(Section[2.6.5). This requires us to express K; and K> in terms of the eigenvalues \;,

K1 = In (M Aa)s)

1 22 2 22 2 22 2. (5220)
Ky =—1/(In- In 2 In =3
2 3\/<n)\2/\3> +<n/\3/\1> +<n/\1)\2>

Now the stress o is given by eq.(2.6.35) where, based on eq.(2.6.37), the principal normal stresses
are evaluated as

Bk +4p)In\; + (3k — 2p) (InXj + In\g)] (5.2.21)

g4

=37 [
with 4, j, k forming a permutation over 1,2,3. Similarly, the spatial elasticity tensor C is given by

eq.(2.6.38) where we substitute

0*wW 1
JIN2 vy (3K +4p) (1 —2In \;) — 2(3k — 2p) (In A\j +1n\y)] (5.2.22)
and )
_ oW 3k —2u
oy = : 22

T OO 3J (5:2.23)

Finally, in the limiting case when pairs of eigenvalues are repeated, we substitute

Mo — A2 4 InA; +2(3k — 2u) In )\

vl _ 2 Bk +p)InX; +2(3k —2p) n)\L_ (5.2.24)

S D J 3J

5.2.5 Ogden Unconstrained
The Ogden unconstrained material is defined using the following hyperelastic strain energy func-
tion:

N
1
W (AL, A2, As) = e (= INEEDY ;—k (N5 £ A% A — 3 — iy In ) (5.2.25)
k=1

TN

Here, \; are the principal stretches and c¢,, ¢, and m;, are material parameters.
The Cauchy stress tensor for this material may be obtained using the general formula for
isotropic elasticity in principal directions given in (2.6.39), with

o=y (= 1)+ > 2 () (5.2.26)
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Similarly, the spatial elasticity tensor is given by

3 N
L ¢ m
C:Z (CP+ZJW[(mk_2)>\i ’“+2]> a; ® a;
i=1 k=1
3 3

+Y° ) 6 @2I-1)(ai®a; +a;®a) (5.2.27)
i=1 j=i+1

5.3 Aoy — No;

where a; = n; ® n; and n; are the eigenvectors of b. In the limit when eigenvalues coincide,

oN2 — g2
lim 224 “J7%

N

1 ¢
= - —— 2 —2) A\ 2.2
2 T2 (D) ) G (e = DA (5.2.28)

In the reference configuration the elasticity tensor reduces to

N
Cly_r=cI®T+ (Z ck) 161, (5.2.29)
k=1

which has the form of Hooke’s law for infinitesimal isotropic elasticity (see Section[5.7)), with equiv-
alent Lamé coefficients ¢, = A and 2u = S0, c;.

5.2.6 Holmes-Mow
The coupled hyperelastic strain-energy function for this material is given by [65],
W (11, 7) = e (@~ 1) | (5.2.30)

where Iand I,are the first and second invariants of the right Cauchy-Green tensor and Jthe
jacobian of the deformation. Furthermore,

Q= Afz (e =) (11 =3) +A(L2 = 3) — (A +2) InJ?] |
K (5.2.31)
At 2pu
=35
and A and p are the Lamé parameters. The corresponding Cauchy stress tensor is
1
o= geQ (20 +A(I1 = 1)]b—Ab? — (A +2u)1) , (5.2.32)
and the spatial elasticity tensor is
= /\iBQMJe_QG o+ J A bob-—bob)+A+2u)I0T]. (5.2.33)
In the limit as 8 — 0 we find that
1
éin}) U (L, D, J) = 20 (5 —3) + AL — I1) — (A + 2p) In J?] (5.2.34)
_>
in which case 1
o=—(2u—ANb+A(I1b—b*) — (A +2u) (InJ)I) (5.2.35)

2J
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5.2.7 Conewise Linear Elasticity

Curnier et al. [48] formulated a model for describing bimodular elastic solids exhibiting orthotropic
material symmetry. This can be derived from the following hyperelastic strain-energy function:
3 3
1 1
W=> 1Al B+ X [ADE] (AD:E)+ > ) (AJ:E)(AJ:E),  (5.236)
a=1 b=1, b#a

where A? = a° ® al is the structural tensor corresponding to one of the three mutually orthogonal
planes of symmetry whose unit outward normal is al (al - a) = d,5,). The bimodular response is
described by

Aaa AY:E>0

Moo [AY L E] = )
[Aa E] {)\_aa AV E <0

The material constants are the three shear moduli 1, three tensile moduli A, .., three compressive
moduli A_,,, and three moduli A\, (b # a), where Ay, = Agp. The second Piola-Kirchhoff stress
can be derived from this strain energy density function:

3

(5.2.37)

ow 0 0
S=% —Zlua (AY-E+E-AQ)
“ . (5.2.38)
+Xaa [AY:E] (AY:E)AJ+ > Ay (AL E) A7,
b=1,b#a
The material elasticity tensor is then given by,
S <
0 0
C=-2 :2;@ (AJoI+I0AY)
“ (5.2.39)

, :
+ X [A):EJAS®AJ+ > ApAl @AY
b=1, b#a

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response may be unrealistic. The Cauchy stress is

3
o=J"! (Z“;(Aa.(bl)ﬂbl).Aa)
a=1

(5.2.40)

3

+)\aa [Ka} KaAa + Z )\abKaAb )
b=1, b#a

where A, = F - Al -FT and K, = 1 (A, : I - 1). The spatial elasticity tensor is

3 3
c=J1! (Z ta (A ©@b+bOA,) + Ny [Ku] Ag ® Ay + Z AapAg @ Ab) . (5.2.41)
a=1 b=1,b#a

In the special case of cubic symmetry the number of material constants reduces to four,
Ad11 = Ay22 = Ay33 = A
A1 = A2 =A 33 =X
A2 = A2z = A31 = Ao .
M1 = p2 = u3 = [t

(5.2.42)
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5.2.8 Donnan Equilibrium Swelling

The swelling pressure is described by the equations for ideal Donnan equilibrium, assuming that
the material is porous, with a charged solid matrix, and the external bathing environment consists
of a salt solution of monovalent counter-ions. Since osmotic swelling must be resisted by a solid
material, this material is not stable on its own. It must be combined with an elastic material that
resists the swelling.

The Cauchy stress for this material is the stress from the Donnan equilibrium response [8]:

o=-nl, (5.2.43)

where 7 is the osmotic pressure, given by
= RH ( (¢F)? + (¢*)? — c*> : (5.2.44)

¢* is the bath osmolarity (twice the concentration) and ¢! is the fixed charge density in the current
configuration, related to the reference configuration via,

F 7 60 F
c 7 1 10UCO Y ( )

where J = detF is the relative volume, R is the universal gas constant and @ is the absolute
temperature.

Note that ¢} may be negative or positive. The gel porosity ¢y is unitless and must be in the
range 0 < ¢g < 1. The corresponding spatial elasticity tensor is [24]

ROJ (cF)?

C = I®I

(J =1+ o@) /()P + (@) (5.2.46)

+R0[ (CF)2+(c*)2—c*} IOI-I®I).

5.2.9 Perfect Osmometer Equilibrium Osmotic Pressure

The swelling pressure is described by the equations for a perfect osmometer, assuming that the
material is porous, containing an interstitial solution whose solutes cannot be exchanged with the
external bathing environment. Similarly, solutes in the external bathing solution cannot be ex-
changed with the interstitial fluid of the porous material. Therefore, osmotic pressurization occurs
when there is an imbalance between the interstitial and bathing solution osmolarities. Since os-
motic swelling must be resisted by a solid matrix, this material is not stable on its own. It must be
combined with an elastic material that resists the swelling.
The Cauchy stress for this material is the stress from the perfect osmometer equilibrium re-
sponse [7]:
o=-nl, (5.2.47)

where 7 is the osmotic pressure, given by

T=RO(c—¢c) . (5.2.48)
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Here, R is the universal gas constant and 6 is the absolute temperature, ¢* is the external bath os-
molarity and ¢ is the interstitial fluid osmolarity in the current configuration, related to the reference
configuration osmolarity ¢, via,
_ 2
= ) 5.2.49
ity il ( )
Though this material is porous, this is not a full-fledged poroelastic material. The behavior
described by this material is strictly valid only after the transient response of interstitial fluid and
solute fluxes has subsided. The corresponding spatial elasticity tensor is
Jé

=R | ——mIRI c—c)2IoI-1I®I)| . 5.2.50
C=R Tt @I+ (c—¢c") (2L e ®I) ( )

5.2.10 Large Poisson’s Ratio Ligament

This material captures the transversely isotropic behavior of tendon and ligaments while enforcing
a large Poisson’s ratio. The material utilizes a three part strain energy equation:

W= VVfiber + Whatrix + Wyl ,

where:
Whiber = 16*1 (602()‘71)271)
2 ¢y ’
Winatrix = g (Il - 3) — pln <\/ I3> ;

2
K Is — LI, + I
Wyl = = | In
vol 2 ( (If(mvo)€4m()‘1) ) )

The transversely isotropic strain energy Wiper takes into account the behavior of the collagen
fibers. The isotropic strain energy Whatix takes into account the mechanical contribution of the
extrafibrillar matrix and provides the majority of support when loaded transverse to the fiber direc-
tion. The variables ¢, co and p are material parameters controlling the stress-strain response of
the material.

The volumetric strain energy W, acts as a penalty term which enforces a Poisson’s ratio
based on user selection of the parameters m and vy. The variable  acts as a penalty parameter.
Raising « will cause the prescribed Poisson’s ratio to be enforced. The Poisson’s ratio in question
is given by the following function:

)\m—voe—m()\—l) -1
Vapparent = — Y1

5.2.11 Porous Neo-Hookean Material

Consider a porous neo-Hookean material with referential porosity ¢¥. The pores are compressible
but the skeleton is intrinsically incompressible. Thus, upon pore closure, the material behavior
needs to switch from compressible to incompressible.

In the current configuration, the porosity is given by

J—=1+¢Y
Pl = —="".
J
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We may define a new variable,

J=1+¢ J—y;

j w - s’
Pr 1L =7

which represents the pore volume ratio. It is equal to 1 when J = 1 and is equal to J when ¢ =1
(or 8 =1— ¢ =0). Now,

w o wj
® _@rjv
and _
oJ 1
aJ v’

Pore closure occurs when ¢% = 0, which corresponds to J = % and .J = 0.
Let us also define a modified deformation gradient,

~ J 1/3
F=(Z) F
(3) =
such that det F = J. Let the corresponding modified right Cauchy-Green tensor be given by

B - T\ 2/3
C:FT-F:<J) C,

so that

oC T\ %3 o3
— == ——C®C!'+I0I).
aC <J> <3(J—90?) oE T @>

The constitutive relation for the strain energy density of the compressible porous neo-Hookean
material may be given by

v, =5 (L —3) —pulnJ,

where I; = trC. This relation shows that the material develops an infinite strain energy density as
J approaches zero. From this expression, the 2nd Piola-Kirchhoff stress is given by

o AN 1 AN
S=2—+= =) I sl=) s —-J)Cct
ac M [(J) T (*”’" <J> 5 7

When C =1 we can verify that S = 0. The corresponding Cauchy stress is

7\ 2/3 7\ 2/3
wl(J 1 J I
== (=] b s(Z) = —J]1
=510 e (5 G) )]
where b is the left Cauchy-Green tensor.
The material elasticity tensor is given by

98
C=2-—
oC
2 B B dg I dh\ _._ _
== IoC'+C ol 2= —lclecCct
39(J)(® + ®)+(JdJ3+JdJ> ® ,

—2 [g(J) % +h(J)] cloc!
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where 23
J
f(J):M<J>
2
9() =52t ()
J
h(J):—MJ_(pS
and

gdo _ Qo2 =30) (J)”
dJ " 3(J—ep)* \J
dh Js
a T ey

Then, the spatial elasticity tensor may be evaluated as

dg I dh I

—_— = — | I®I-2 — 1601 .
dJ3+JdJ> ® [g(J)3+h(J)} @}
In the limit of infinitesimal strains and rotations, when b =1 and J = 1, we find that

d 205 — 3) f
g4 _ 2ei-3)¢;

c=J" gg(J)(b®I+I®b)+ <J

1) = =
o dh o
J = J*:
1
h =—
(J) = —pq St

and

2 1

cz“< 2—1)I®I+2uI®I.
3 \(g¥)

Thus, by comparison to a standard neo-Hookean material, this porous neo-Hookean material has

an effective Young’s modulus equal to

__ 3w
1+ 3 (p)?
and an effective Poisson’s ratio equal to

Lo l=(e)
2+ (p)?

The two material properties that need to be provided are E and the referential porosity ¢ (or
referential solid volume fraction ¢? = 1 — ). Poisson’s ratio in the limit of infinitesimal strains
is dictated by the porosity according to the above formula. In particular, a highly porous material
(p¥ — 1) has an effective (infinitesimal strain) Poisson ratio that approaches zero (v — 0) and
E — 2u. A low porosity material (¢¥ — 0) has v — % and E — 3pu, which is the expected
behavior of an incompressible neo-Hookean solid. Note that setting ¢* = 0 would not produce
good numerical behavior, since the Cauchy stress in an incompressible material would need to
be supplemented by a pressure term (a Lagrange multiplier that enforces the incompressibility
constraint). Nevertheless, this compressible porous neo-Hookean material behaves well even for
values of " as low as ~ 0.015.
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5.2.12 Cell Growth
The cell growth material implements a swelling pressure = such that the Cauchy stress is given by
o= —7l,

where

W:RT<JETSD;_C¢2> .

Here, ¢, represents the referential molar concentration of intracellular solutes (moles of solutes
per mixture volume in the reference configuration), ¢; is the referential intracellular solid volume
fraction, and J = det F is the determinant of the deformation gradient, representing the volume ra-
tio in the current configuration. The extracellular osmolarity is c.. This model assumes that neither
intracellular solutes nor extracellular solutes may transport across the cell membrane passively.
When a cell divides, it must use active transport mechanisms to bring in membrane-impermeant
extracellular solutes inside, some of which are converted into intracellular solid matrix (e.g., cy-
toskeletal structures). As the intracellular osmolarity increases, water is transported into the cell,
thus causing it to swell. The process of cell division is not modeled explicitly in this continuum
representation, though the net effect is that cell proliferation leads to an increase in intracellular
osmotic pressure, which generally translates into an increase in volume (unless the cell growth
is constrained significantly). In a cell growth model, the initial condition (when J = 1) should be
selected for ¢, and 7 such that 7 = 0, thus

CT‘
L -7

= ¢, initial condition.
The spatial elasticity tensor associated with this osmotic pressure is

or
II=—- — | II+ 27101
<7T+J8J> RI+27101,

where

797 _ —RT%@.
aJ (J —¢f)

This elasticity tensor has the same form as that of an isotropic elastic material whose effective
Young’s modulus Fy and Poisson’s ratio v are given by

(7 +3J9%)
0
57
B TF—I-J%
2J 9t

EYZTF

In the reference configuration, when = = 0, it follows that Ey = 0 and v = %

G =Gm+6;. (5.2.51)
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5.2.13 Fiber with Exponential Power Law

This material model describes a constitutive model for fibers, where a single fiber family follows an
exponential power law strain energy function. The Cauchy stress is given by:

o=2J"'H (I, - I) Inaa\?n ®n, (5.2.52)

and the corresponding spatial elasticity tensor is

2
C=4J"'H (I, —10)12@n®n®n®n, (5.2.53)

e
where I, = A2 = n, - C - n, is the square of the fiber stretch, n, is the fiber orientation in the
reference configuration,

n, =sinpcosfe; +sinpsinf ey + cospes, (5.2.54)

and n = F - n,/\,. The function H (-) is the unit step function that enforces the tension-only
contribution. Thus, the stress and elasticity tensors are non-zero only when I,, > I, where Iy = \3
is the square of the stretch at which the fiber’s tensile response engages. By default we may take
Iy = 1, though the actual value of Iy may be set by the user. The fiber strain energy density is
given by

_ & AV
v, = (exp [a (I, — Io) ] 1) , (5.2.55)
where £ > 0, a > 0and 8 > 2. From this expression we get
(;?T =¢(I, — 10)571 exp {a (I, — IO)B]
82\; . (5.2.56)
Y Er _ 718 _ _7\B-2 _7\8
o = (0 (1+altn=10)") = 1) (Il = 1) 2 exp [a (1~ o)’
Note: In the limit when o — 0, this expression produces a power law,
lim ¥, = 3 (I, — Ip)" . (5.2.57)
a—0 ﬂ

Note: According to (5.2.53) and (5.2.56), when 3 > 2 the fiber modulus is zero at the strain origin
(I, = Iy). Therefore, use 5 > 2 when a smooth transition in the stress is desired from compression
to tension.

There is an option to also add a shear modulus p to account for the interaction of a fiber with
the ground matrix. This additional contribution does not depend on whether the fiber is in tension.
It has a strain energy density

W=t 1201, - 1), K,=m-Cm, (5.2.58)

The corresponding stress is

I,
J
I—"(n®n~(b—1)+(b—1)-n®n)

[\)

ow ow
o= aTn@n—l—aK (n®n-b+b-n®n)
" " (5.2.59)

=
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where b = F - F7 is the left Cauchy-Green tensor. The elasticity tensor is

2 2 2
C:417” (%gN®N+g;{/g(N‘b+b~N)®(N‘b+b~N)>
J 01, 0K,

41, OW
7 oK,

I
=n7 (Nob+bON)

(N®(N-b+b-N)+ (N-b+b-N)@N)
, (5.2.60)

(Nob+beN)

where N =n ® n.

5.2.14 Fiber with Natural Neo-Hookean Response

This model is an adaptation of the natural neo-Hookean material presented in Section (5.2.4).
Consider that the state of strain in a fiber is given by the unidirectional natural (left Hencky) strain
along the fiber,

n=hin®n (5.2.61)

where )\, is the stretch ratio along the current fiber unit vector n. For this special state of strain the
invariants K; of the natural strain tensor reduce to K1 = In\,,, K3 = /3/2Iln)\,, and K3 = 1. In
this case, a natural neo-Hookean fiber response is given by

§

Wy = > H (In\) (In An)? (5.2.62)
The corresponding Cauchy stress is
o=¢]J'H(In\,)In\,n®n (5.2.63)
and the elasticity tensor is
C=¢J'H(n),)(1-2ln)\,) NN (5.2.64)

where ¢ is the fiber modulus. This expression shows that the components of the elasticity tensor
become negative when 1 — 21In \,, < 0, or equivalently when A,, > ez. However, the stress always
remains positive.

If we want the tensile response to engage only beyond a threshold stretch ratio Ao, we may
rewrite the strain energy density as

§ 2 E /\n /\n 2
U, =2H(ln\, —InXo) (InA, —InXg)*=2H (ln— ) [In— ] . (5.2.65)
2 2 Ao Ao
Then
1 An An
oc=¢(J " H{ln— |lIn—m®n, (5.2.66)
Ao Ao
and

C=¢J'H (m A") <1 —2In A") N®N. (5.2.67)
o o
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5.2.15 HGO Unconstrained

A coupled formulation of the Holzapfel-Gasser-Ogden material is implemented in the “HGO un-
constrained” material.
The strain energy density is given by,

2 _
\Ifr:;(ll—iﬂ)—clnt]%—j];;<exp<k¢2<Ea>2) —1>—|—[§O(J ) ! —an>

2

The fiber strain is
E, = Ii([l —3) -+ (1 —3%) ([4a — 1)

where I; = tr C and I, = a,, - C-a,,. The Macaulay brackets around (E, ) indicate that this term
is zero when E,, < 0 and equal to E, when this strain is positive.There are two fiber families along
the vectors a,, (o = 1,2), lying in the {e;, e2} plane of the local material axes {ei, e, e3}, making
an angle +v with respect to e;. Each fiber family has a dispersion x, where 0 < xk < % When
x = 0 there is no fiber dispersion, implying that all the fibers in that family act along the angle +~;
the value x = % represents an isotropic fiber dispersion.

The Cauchy stress is given by,

az%c(b—l)—i-g(JQ ]

szl ) exp ( <Ea>2) ha]

where, h, = kb + (1 —3k) A,, and A, = a, ® a,.
The spatial elasticity tensor is given by,

:%{kj21®1+[2c—k(<] —1)] 1@1}+

247451 < + 2k3 (Eq) ) exp (k?2 <Ea>2) h, ® h,

5.3 Nearly-Incompressible Materials

5.3.1 Mooney-Rivlin Hyperelasticity

This material model is a hyperelastic Mooney-Rivlin type with uncoupled deviatoric and volumetric
behavior. The uncoupled strain energy W is given by:

W=e (h—3) +er(B-3) + %K (InJ)? . (5.3.1)

Here, ¢; and ¢, are the Mooney-Rivlin material coefficients, 11 and I, are the invariants of the

deviatoric part of the right Cauchy-Green deformation tensor, C = F - F, where F = J~1/3F, F

is the deformation gradient and J = det F is the Jacobian of the deformation. When ¢y = 0, this

model reduces to an uncoupled version of the incompressible neo-Hookean constitutive model.
The Cauchy stress is given by

2 =\ = ~ 1 ~ ~
o=pl+ j {(Cl + CQIl) b — Cgb2 — § (lel + 202[2) I:| . (532)
The spatial elasticity tensor is given by

2
C=pIel-2A0D - (dvoal+Indera)+Cy, (5.3.3)
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where,
4 = ~ 1 462 ~ ~ ~ ~
Cop = — <01[1+202I2> TOI—-I®1) + -2 (b®b—b@b)
3.J 3 J
i (5.3.4)
4o 8cals

I®I.

-5 [(f15—62)®1+1®(f16—62)] + 57

This material model uses a three-field element formulation, interpolating displacements as linear
field variables and pressure and volume ratio as piecewise constant in each element [118].

5.3.2 Ogden Hyperelastic

The Ogden material is defined using the following hyperelastic strain energy function:

ci

W (A1, A9, A3,0) =)

=1

(A + X5 + A5 =3) +U (7). (5.35)

N

m=

N

Here, ); are the deviatoric principal stretches and ¢; and m; are material parameters. The term
U (J) is the volumetric component and J is the determinant of the deformation gradient.

Note that the neo-Hookean and Mooney-Rivlin models can also be obtained from the general
Ogden strain energy function using special choices for ¢; and m;.

5.3.3 Veronda-Westmann Hyperelasticity

This model is similar to the Mooney-Rivlin model in that it also uses an uncoupled strain energy.
However, in this case the strain energy is given by an exponential form:

C1Cs

W =0, [e(C2(h=3)) _ 1} . (L . 3) LU . (5.3.6)

The dilatational term U is identical to the Mooney-Rivlin model.
The Cauchy stress o is found from

o=pl+devo, (5.3.7)
where

2
J

o

[(W1 + W) b — Wab?| . (5.3.8)

The strain energy derivatives are given by

Wi = 0102602(1173) , (539)
Wy = —01202 . (5.3.10)

This material model was the result from the research of the elastic response of skin tissue [128].
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5.3.4 Arruda-Boyce Hyperelasticity

Arruda and Boyce proposed a model for the deformation of rubber materials [4]. Their main moti-
vation was to develop a model that accurately captures the behavior of rubbers in different loading
scenarios and that can be described with a limited number of physically motivated parameters.
Their model is based on the Langevin chain statistics, which models a rubber chain segment be-
tween chemical crosslinks as a number N of rigid links of equal length I. The parameter N is
related to the locking stretch Ay, the stretch at which the chains reach their full extended state,
A = VN.

Their proposed strain-energy is a truncated Taylor series of the inverse Langevin function. A
formulation that retains the first five terms of this function takes on the following form:

5
W= i (H=3) +U ), (6:3.11)
=1

where p is a shear-modulus like parameter and the coefficients «; are

1 1 11 19 519
1 _ 1 _ _ =7 = , 3.12
MW= MTo BT 500 M T 70000 M T 673750 (5:312)

The Cauchy stress is given by

B 2 o\ oWy [~ 1.
a—pI—i-jdev (Wlb) —pI—I—T <b— 3[11> ) (5.3.13)
where,
oW AN

Wi=-— = i | = . 5.3.14
1= 07 u; ( N) (5.3.14)

5.3.5 Transversely Isotropic Hyperelastic

This constitutive model can be used to represent a material that has a single preferred fiber direc-
tion and was developed for application to biological soft tissues [101] (103} [132]. It can be used
to model tissues such as tendons, ligaments and muscle. The elastic response of the tissue is
assumed to arise from the resistance of the fiber family and an isotropic matrix. It is assumed that
the strain energy function can be written as follows:

W= F (fl,f2> +F ()\) + % n (J)]2 . (5.3.15)

Here, I, and I, are the first and second invariants of the deviatoric version of the right Cauchy
Green deformation tensor C and ) is the deviatoric part of the stretch along the fiber direction
(A2 = A . C- A, where A is the initial fiber direction). The function Fy represents the material
response of the isotropic ground substance matrix, while Fyrepresents the contribution from the
fiber family. The strain energy of the fiber family is as follows:

oF 0 A< 1
B =10 (e@*(H) - 1) 1<A< A . (5.3.16)
Cs + Cs\ A A
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Here, )., is the stretch at which the fibers are straightened, C5 scales the exponential stresses,
C, is the rate of uncrimping of the fibers, and C5 is the modulus of the straightened fibers. Cg is
determined from the requirement that the stress is continuous at \,,,

Cs = ;n [03 <eC4()‘m_1) - 1) . 05} : (5.3.17)

It also follows that

0 A< 1
£ (}) .y ¥ <e*C4 [Ei (C4Z\> —FEi (04)} —In f\) 1< A< A, (5.3.18)
(C’5+%5\>5\+C7 A=Ay
where
Cr = Cs (e % [Ei (Cyhm) — Fi (Ca)] — In Apy) — ((75 + %)\ ) Am (5.3.19)

This material model uses a three-field element formulation, interpolating displacements as
linear field variables and pressure and volume ratio as piecewise constant on each element [118].

5.3.6 Ellipsoidal Fiber Distribution

This constitutive model describes a material that is composed of an ellipsoidal continuous fiber
distribution in an uncoupled formulation. The deviatoric part of the stress is given by [5] 8, [79],

2m ™
o= / / H (In — 1) o, (n)sinpdpdd, (5.3.20)
0 0

and the corresponding elasticity tensor is
2w
/ / I — 1 C,, (n)sinpdepdo . (5.3.21)

I, = 5\% =N.C-Nisthe square of the fiber stretch F, N is the unit vector along the fiber direction
(in the reference configuration), which in spherical angles is directed along (¢, ¢), n = F- N/Xn
and H (-) is the unit step function that enforces the tension-only contribution. The fiber stress is
determined from a fiber strain energy function in the usual manner:

G (n) =2J" (5.3.22)
whereas the fiber elasticity tensor is
C,(n) =4J7112 G (5.3.23)
S " OI2 "
where in this material
~ ~ - B(n
7 (n,[n> — ¢ (n) (In . 1) ) (5.3.24)
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The materials parameters 5 and £ are determined from:

£ (n) = (0052 0 sin? ¢ N sin? @ sin? ¢ N cos? gp) —1/2
& & & ’
cos? fsin? ¢ N sin? fsin? ¢ N cos? gp) —1/2
B 53 B3
Since fibers can only sustain tension, this material is not stable on its own. It must be combined

with a material that acts as the ground matrix. The total stress is then given by the sum of the fiber
stress and the ground matrix stress:

(5.3.25)

s = (

G =6,+6;. 5.3.26)
f (

5.3.7 Fiber with Exponential Power Law Uncoupled

This material model describes a constitutive model for fibers, where a single fiber family follows an
exponential power law strain energy function. The deviatoric part of the Cauchy stress is given by:

&=2J'H (fn _ 1) fng}l’n ®n, (5.3.27)

and the corresponding spatial elasticity tensor is
N - -, 2T
_ -1 _ 2
C=4J"'H (In 1) Lo mnenenen, (5.3.28)

n

where I, = A2 = N .- C - N is the square of the fiber stretch, N is the fiber orientation in the
reference configuration,

N =sinpcosfe; + sinpsinfes + cospes, (5.3.29)

andn = F-N/), and H (-) is the unit step function that enforces the tension-only contribution.
The fiber strain energy density is given by

= 5 - B
V= <exp [a (In - 1) ] - 1) , (5.3.30)
where £ > 0, a > 0and 8 > 2.

Note: In the limit when a — 0, this expression produces a power law,

lim ¥ — é (fn - 1)5 . (5.3.31)

a—0

Note: When 5 > 2, the fiber modulus is zero at the strain origin (Z,, = 1). Therefore, use 5 > 2when
a smooth transition in the stress is desired from compression to tension.

5.3.8 Fung Orthotropic
The hyperelastic strain energy function for a Fung Orthotropic material is given by [56) 57]

b= %c (¢ -1)+U W), (5.3.32)
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where
3

0= 12[2%1\4 E2+Z>\ab(M E) <Mb:E>

a=1

(5.3.33)

Here, E = 1 ((3 — I) and M, = A, ® A,, where A, are orthonormal vectors that define the

initial direction of material axes. The orthotropic Lamé coefficients should be chosen such that the
stiffness matrix,

[ A+ 2w A2 A3 0 0 0
A12 A22 + 22 A23 0 0 0
A13 A23 A33 + 243 0 0 0
5.3.34
0 0 0 5 (11 + p2) 0 0 ( )
0 0 0 0 3 (2 + p3) 0
L0 0 0 0 0 5 (1 + p3) |

is positive definite.

5.3.9 Tension-Compression Nonlinear Orthotropic

This material model is based on the following uncoupled hyperelastic strain energy function [16]:
~ ~ 3 ~ ~
W (C, A1 oy Ag) = Wiso (C) +5ere ()\) YU) . (5.3.35)
=1

The isotropic strain energy ¥is, and the dilatational energy U are the same as for the Mooney-
Rivlin material (Section |5.3.1). The tension-compression term is defined as follows:

W (3,) = {fsi (-1)" &

0

! ,& >0 (no sum over ). (5.3.36)
i <1

>/I

The ); parameters are the deviatoric fiber stretches of the local material fibers,
- ~ 1/2
N = (AZ- .C. Ai) : (5.3.37)

The local material fibers are defined (in the reference frame) as an orthonormal set of vectors A;.
The corresponding deviatoric part of the Cauchy stress is

1 0¥
o= —12 8~ az® i (5.3.38)
and the spatial elasticity tensor is
) 10 (107
C=J") ——=|+== |avacasa, (5.3.39)
— X 0N \ \i O

where a, = F - A;.
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5.3.10 Holmes-Mow Uncoupled

The uncoupled hyperelastic strain-energy function for this material is given by [65],

U (C) =T (c) +U ), (5.3.40)
where
¥ (C) = ;g (< -1). (5.3.41)
and
O=48 <f1 . 3) . (5.3.42)

Here, 1 is the shear modulus and 5 is the exponential nonlinearity coefficient. The corresponding
spatial stress and elasticity tensors are

&=Eelp, (5.3.43)
J
and ) L
C= 2B§6Qb @b (5.3.44)

respectively. Note that & does not reduce to zero when b = I, but dev & does. These expressions
can be substituted into (2.6.61) and (2.6.68) to evaluate the final expressions for the Cauchy stress
and spatial elasticity tensors, respectively.
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5.4 Viscoelasticity

When some of the energy stored during mechanical loading of a material gets dissipated into
heat, the material’s response is called inelastic. Inelastic behaviors include viscoelasticity and
plasticity, although this presentation focuses exclusively on viscoelasticity. In continuum mechan-
ics, we can identify three forms of viscoelasticity in materials. Viscoelasticity may occur due to
(1) friction between molecules of the same material, (2) friction between solid and fluid matter in
a porous deformable medium, and (3) breaking and reforming of weak bonds between molecules
of the same material. The first form is classically described as the viscous response of a mate-
rial, whereby the friction between molecules of the same material is represented by the material’s
viscosity [45]. The second form is classically described by poroelasticity [47,107] or biphasic [94]
theory, whereby the frictional drag between the porous solid and its interstitial fluid is represented
by the hydraulic permeability (also known as Darcy’s law of permeation), see Section The last
form was proposed by Green and Tobolsky [61},[124] as the fundamental mechanism for viscoelas-
ticity in polymers. Recently, we presented a constrained reactive mixture approach to formulate a
reactive viscoelasticity theory that embodies the molecular mechanism of viscoelasticity proposed
by those authors [14]21], see Section A conventional approach for modeling viscoelasticity
uses the framework of internal state variables [43], whereby we may decompose the deformation
gradient F into deformations occurring in a microstructural model of the material, consisting of a
spring and dashpot in series [67, 86, [114], see Section5.4.1]
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F, F,
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F

Figure 5.4.1: Spring-dashpot model for Maxwell representation of the standard solid.

5.4.1 Internal State Variable Theory

We may model a continuum version of the standard linear solid using quasilinear viscoelasticity,
as shown for example by Simo [114], though we make minor modifications and extensions to his
presentation here. Consider that the microstructural model of this viscoelastic material consists
of a spring and dashpot in series (a Maxwell model), combined with a spring in parallel, which is
equivalent to the Maxwell representation of a standard linear solid in linear viscoelasticity (Figure
[6.4.7). The total deformation gradient, associated with the parallel spring, is F = F - F;, where
F, is the internal state variable representing the deformation gradient associated with the series
spring of the Maxwell model, and F; is that associated with the dashpot. The second Piola-
Kirchhoff stress in the parallel spring is given by

_ 0w

§°(F) = OE ’

(5.4.1)

where E = 1 (FT - F —1I) is the Lagrange strain tensor derived from F. In this quasilinear vis-
coelasticity theory, the second Piola-Kirchhoff stress in the Maxwell spring is given by

M (F;) = v8° (Fs) , (5.4.2)

where v > 0 is a user-defined non-dimensional parameter that produces standard hyperelasticity
in the limit when v = 0. Note that S¢ in eq.(5.4.2) uses the same constitutive model as in eq.(5.4.7),
but its argument is different (F; instead of F). By recognizing that M should also be the stress in
the Maxwell dashpot, we use eq.(5.4.2) to find that

§¢ (R (1) + -S° (F, (1)) = §° (F (1)) , 87 (R (0)) =0, (5.4.3)

where the time constant 7 is the ratio of the damping coefficient in the dashpot to the Maxwell
spring stiffness, and the dot operator represents the material time derivative in the material frame.
The solution to this linear ordinary differential equation (hence, quasi-linear viscoelasticity theory)
is

S¢ (F, (1) = /0 t eﬁs)/ydse(dz(s)) ds. (5.4.4)
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Now, the total stress S in this material, which is the sum of stresses in the two springs, S =
S¢ (F) + ~S¢ (Fy), reduces to the familiar form

[ dse (F (s))
S _/0 G (t—s) =g ds, (5.4.5)

where
G(t)=1+~e T (5.4.6)

is called the relaxation function. A convenient and efficient numerical scheme for solving for S in
eq.(5.4.5) was given previously by Puso and Weiss [101], where they used H to denote S¢ (F;)
(see Section [5.4.1.2). Of course, the last step in this analysis is to evaluate the Cauchy stress
from eq.the standard push-forward formula o = J='F - S - F7.

The strain energy density associated with this viscoelastic material corresponds to that stored
in the two springs. Its continuum form is

U, = U (F) + yT¢ (F,) . (5.4.7)

It is important to note that this presentation does not provide an explicit solution for F; (¢). In
principle, it is possible to extract a suitable measure of strain associated with F (¢) by inverting
eq.(5.4.4), since S (F; (t)) must be evaluated explicitly in this scheme as part of the solution for
S in eq.(5.4.5). This inversion requires the adoption of suitable constitutive assumptions about the
multiplicative decomposition F = F - F; it may possibly be numerically expensive.

In the context of reactive viscoelasticity (see Section [5.4.2), in eq.(5.4.7) we can refer to
U (F) as the strong bond strain energy density, since it persists under a non-zero strain, whereas
~W¥¢ (Fs) represents the weak bond strain energy density, since it decays to zero under a constant
strain as t — oc.

5.4.1.1 Strain Energy Density in Standard Solid

For example, in the special case of a stress-relaxation response to an instantaneous step strain,
evaluated from F (0"), we may let F, (07) = F (0") since the dashpot cannot deform instanta-
neously, under the reasonable constitutive assumption that there is no rigid body rotation asso-
ciated with the dashpot distinct from that of the Maxwell series spring, thus F, (07) = 1. If we
adopt this assumption for all times ¢, then we can also conclude that the right stretch tensor U
of the Maxwell spring deformation gradient tends toward I in the limit as ¢ — oo, as the dashpot
elongates or contracts to match the right-stretch tensor of the parallel spring, also implying that
Ue (Fs) — 0in this limit.

Building upon this example, we can assume more generally that U = U, - U, under the
constitutive assumption that the rotation tensor R in the polar decomposition of F = R - U is
the same in both branches of the microstructural model. However, for self-consistency, we must
also assume that U and U, share the same eigenvectors as U to preserve the symmetry of all
three right-stretch tensors. Thus, a valid constitutive model for the multiplicative decomposition is
to let U, = U and U, = U'~%, where the exponent « (¢) is a scalar function of time that can
be obtained by solving eq.(5.4.5) in the form vS¢(U*) = S(U) — S¢(U) at the current time ¢.
This constitutive model is insensitive to flipping the spring and dashopt sequence in the Maxwell
element, as should be expected. Now, for an instantaneous step strain, we would have o (07) =1,
whereas the steady-state response to a step strain would produce lim;_,, « (t) = 0. Logically, it
would be reasonable to expect that « (¢) must remain in the range 0 < a < 1, since we cannot
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physically justify that the Maxwell spring would stretch (expand or contract) by a greater amount
than the parallel spring. A more formal enforcement of thermodynamic constraints of this internal
variable theory [43], not provided here, should confirm this expectation.

5.4.1.2 Puso and Weiss Numerical Scheme

Here we consider the slightly more general case where the relaxation function is given by a Prony

series
N

G(t) =10+ _viexp(—t/7) . (5.4.8)

=1
With this function chosen for the relaxation function, we can write the total stress as

4 N .
(t) = / (’70+Z%‘6Xp (—t+s)/m) ddS ) ds. (5.4.9)
0

i=1

Introducing the internal variables,
B e
HO (1) = / exp [ (t— 8) /7] %ds, (5.4.10)
0
we can rewrite as follows,

S (t) = 70S° (¢t +Z% : (5.4.11)

In FEBIo, 79 = 1, so S¢ is the long-term elastic response of the material.

The question now remains how to evaluate the internal variables. From equation it
appears that we have to integrate over the entire time domain. However, we can find a recurrence
relationship that will allow us to evaluate the internal variables at a time ¢ + At given the values at
time ¢.

t+AL

HO (¢ 4 At) = / exp [ (t+ At — 8) /7] ddss ds
0

t+At
e

t
ds
=exp (—At/7;) /exp /Tl] ds—|— / exp [— (t—l—At—s)/Ti]Eds
0 t
t+AL

— exp (_At/r) HO (1) + / exp [~ (t + At — 5) /7] ddie ds.

(5.4.12)
The last term can now be simplified using the midpoint rule to approximate the derivate. In that
case we find the recurrence relation:
1 —exp (—At/7;)
At/

H (t + At) = exp (~At/r;) HO (t) + (SC(t+At)—S°(t)) . (5.4.13)

The following procedure can now be applied to calculate the new stress. Given S¢ and H,(f)
corresponding to time ¢, find S5, ; and H( 2 1 corresponding to time ¢ + At:
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1. calculate elastic stress:
) AL
1= 2 —— ’
n 3Cn+1

2. evaluate internal variables:

1 exp (A1) (o,
At/T; ntl

H;H = exp (—At/7;) Hﬁl +

3. find the total stress:

N
Sni1 = ’VOSfH_l + Z%H%n-f—l .
=1

_Srel)’

199
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5.4.2 Reactive Viscoelasticity

Reactive viscoelasticity models a material as a mixture of strong bonds, which are permanent, and
weak bonds, which break and reform in response to loading [14} [17]. This framework is based on
constrained reactive mixtures of solids (Section[2.10). Strong bonds produce the equilibrium elas-
tic response, whereas weak bonds produce the transient viscous response. Strong bonds are in a
stress-free state when in their reference configuration X. Their deformation gradient is defined as
usual, F (X, t) = 0x (X, t) /0X. When weak bonds break in response to loading at some time u,
they reform instantaneously in a stress-free configuration X* that coincides with the current con-
figuration at time u, thus, X" = x (X, u). Therefore, a reaction transforms intact loaded bonds into
reformed unloaded bonds. Weak bonds that reform at time « may be called u—generation bonds.
The deformation gradient of u—generation weak bonds relative to their reference configuration X*
is denoted by F* (X, t), which may be evaluated from the chain rule,

F(X,t)=F*(X,t)-R(X,u)-U(X,u) , (5.4.14)
where U is the right-stretch tensor of F = R-U and R = (R%)” - R is the relative rotation between
generation u and the master generation. The strain energy density .. in a reactive viscoelastic
material is given by

U, (F) = ¢ (F) + ) w" g (F*), (5.4.15)

where V¢ is the strain energy density of strong bonds and ¥} is the strain energy density of
weak bonds, when they all belong to the same generation. In this expression, w* (X, ) is the
mass fraction of u—generation weak bonds, which evolves over time as described below. The
summation is taken over all generations « that were created prior to the current time ¢. Based on
eq.(2.10.15), the mixture Cauchy stress o in a reactive viscoelastic material is similarly given by

o (F°) =0 (F°) + > w'J " (u)of (F*) (5.4.16)

where o is the stress in the strong bonds and % is the stress in the weak bonds. These stresses
are related to the respective strain energy densities of strong and weak bonds according to
1 OV¢ (F¥) e b 1 V) (FY)
‘(F°)= ——~—~ - (F* FY) = "0\ 7/
The mass fractions w" (X, ¢) are obtained by solving the equation of mass balance for reactive
constrained mixtures,

(FHT (5.4.17)

Wt = " (F,w?) , (5.4.18)

where the mass fraction supply @w* must be specified as a constitutive function of the deformation
gradient F and the mass fractions w” from all generations. Since mass must be conserved over

all generations, it follows that
d ot =0, Y w'=1. (5.4.19)

Any number of valid solutions may exist for w*, based on constitutive assumptions for «@w*. For
example, for u—generation bonds reforming in an unloaded state during the time interval u < t < v,
and subsequently breaking in response to loading at ¢ = v, Type | bond kinetics provides a solution
of the form
0 t<u
w" (X, t) =< f*(X,t) uLt<uv, (5.4.20)
f“Xyv)g(F(v); X, t—v) v<t
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where

FUX) =1 w (X 1), (5.4.21)

y<u
and g (F (v);X,t —v) is a reduced relaxation function which may assume any number of valid
forms. (A reduced relaxation function g (¢) satisfies g (0) = 1 and g (t — o0) = 0, and decreases
monotonically with ¢.) In particular, ¢ may depend on the state of strain at time v when the
u—generation starts breaking and reforming. In the recursive expression of eq.(5.4.20), the ear-
liest generation u = —oo, which is initially at rest, produces w* (t) = 1 for ¢t < v and w“ (t) =
g (F(v);X,t—wv) for t > v; this latter expression seeds the recursion for subsequent generations.
Therefore, providing a functional form for g suffices to produce the solution for all bond generations
U.
For Type Il bond kinetics, the solution for the mass fractions is given by

0 t<u
w'(t)=<1—g(t—u) u<t<wv . (5.4.22)
gt—v)—g(t—u) v<t

For this type of bond kinetics, the reduced relaxation function g cannot depend on the magnitude of
the strain, because strain-dependence might violate the constraint 0 < w" < 1. Thus, type |l bond
kinetics is only valid for quasilinear viscoelasticity, whereas type | bond kinetics also encompasses
nonlinear viscoelasticity.

For all bond kinetics, it is also possible to constrain the occurrence of the breaking-and-
reforming reaction to specific forms of the strain. For example, the reaction may be allowed to
proceed only in the case of dilatational strain, or only in the case of distortional strain.

The finite element implementation of reactive viscoelasticity stores the value of time v, mass
fraction of reformed bonds f* (X, v), and the right stretch tensor U (X, v) needed to evaluate w"

in eq.(5.4.20) and F* (X, t) in eq.(5.4.14).

5.4.2.1 Constitutive Model for R

In reactive viscoelasticity we adopt the constitutive assumption that U* = I, thus F* = R", at time
t* when generation © must come into existence in a stress-free state. Since R in eq.(5.4.14) must
be a proper orthogonal transformation, we may select

R=1. (5.4.23)

Since this choice is invariant to any transformation Q it remains valid for all material symmetries,
ranging from triclinic to isotropic. Therefore, eq.(5.4.14) now takes the form

F“(X,t)=F (X,t) - U (X, u) (5.4.24)

where U is the right stretch tensor of F.

There remains one special case that must be addressed with a separate choice for R. In
biomechanics we often find it convenient to model fibrous or fibrillar materials using one-dimensional
fibers that can only sustain tension. Typically, such fibers are represented with a strain energy den-
sity function

Uy (C)=H(I,-1)V,(I,), I,=n, -C-n, (5.4.25)

where n, is the unit vector along the fiber in its reference configuration, and I,, is the square of
the stretch ratio along the fiber. The Heaviside unit step function H (I,, — 1) in eq.(5.4.25) ensures
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that the fiber contributes strain energy only when it is under tension (Z,, > 1); thus, the constitutive
model ¥, (I,,) for the tensile response of the fiber must reduce to zero when I,, = 1.

In the reactive viscoelasticity framework, each generation u« comes into existence at time t“,
thus the constitutive model for the fiber must account for the fact that the fiber orientation is no
longer along n, at time t*. Indeed, the total weak bond free energy in a reactive viscoelastic
material now reduces to

DWW (" (0) = D w"H (I = 1) W (1)

U __ U u u
I =n;-C" n;

(5.4.26)

where n} is the fiber orientation at time t* and I is the square of the stretch ratio of the fiber
relative to its reference configuration at time ¢*. Recall that the elemental line along n, gets
transformed in the material frame at any time ¢ by U to A\,n = U - n,. where

An=+vn,.-C-n,, n:iU-nT (5.4.27)

An
At time t* when generation u forms in a stress-free state, it follows that the fiber material is now
based on the orientation n = n (t*), evaluated using U (X, ") as shown in eq.(5.4.27). In gen-
eral, n and n, need not be collinear, therefore we can find the rotation R that transforms n* to
n,,

R=(1—-cosy)ym®m+cosyI —E- (sinym) (5.4.28)

with cosy = n} - n, and sinym = n! x n,. In this expression, m is the unit vector along the
rotation axis, - is the rotation angle about the axis, and E represents the (pseudo-)third-order
permutation tensor whose components are equal to the permutation symbol ¢;;,. Thus, —E - w
is the antisymmetric second-order tensor €2 whose dual vector is w, from which it follows that
Q- a = w x a for any vector a. Here again, since R represents a relative rotation between the
material vectors n* and n,., it is invariant to any transformation Q.

In practice it is not necessary to evaluate R in eq. for each generation u of each fiber
in a material model; instead one can reset the fiber direction from n, to n = n(u), where n is
evaluated as per eq.(5.4.27), requiring only the storage of U (X, u) for each generation u. This
scheme may also be used with continuous fiber distributions [69]. As explained in [17], this con-
stitutive model for R ensures that cyclical loading of a reactive viscoelastic fiborous material never
produces compressive fiber stresses.

5.4.2.2 Reduced Relaxation Functions

Reduced relaxation functions are monotonically decreasing functions of time ¢ (¢) that satisfy
g (0) = 1andlim;_, g (t) = 0. Many different forms of reduced relaxation functions are available in
FEBio, given in the FEBio User’'s Manual. The simplest and most commonly used relaxation func-
tion is the exponential function g (t) = e~*/7, where 7 is the relaxation constant. In viscoelasticity
theory it is common to use a combination of relaxation functions with distinct relaxation constants
7;, described as a Prony series of the form

> vie T
) == (5.4.29)
g(t) S
The coefficients ; are normalized by ) ,~; to enforce g (0) = 1. Alternatively, we could have
written

gt)=> e, > q=1. (5.4.30)
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This type of relaxation function ¢ (¢) is said to have a discrete spectrum of coefficients 4; corre-
sponding to each ;.

It is also possible to define a continuous relaxation spectrum 4 (7) such that the reduced relax-
ation function is given by

g(t) = / y(r)e M dr. (5.4.31)
0
To satisfy g (0) = 1 the continous relaxation spectrum 4 (7) must satisfy

| aman=. (5.4.32)
0

For example, Fung [58] proposed a relaxation spectrum of the form

1172% T ST
F(r)y=q "™ : (5.4.33)

0 otherwise

When substituted into eq.(5.4.31) it produces

S - r (o, %) -r (0, %) _-E (—%) +Ei (—%) 6450

In 22 In 22 ’
T1 T1

where T (qa, 2) is the incomplete gamma function and Ei(z) is the exponential integral function,
which satisfy T" (0, z) = — Ei (—z). An alternative model proposed later by Fung [55] is

1
s = e TISTET 5.4.35
() {0 otherwise ’ (5:4.35)

which produces
mpe t/™ — et 4t [Ei (—%) _Ei <_L>}

g(t) = noL (5.4.36)

T2 —T1

A generalization of Fung’s earlier continuous relaxation spectrum may be derived from the work
of Malkin [89] who proposed to use a function proportional to 7—7. If we constrain this spectrum to
the range m; < 7 < 7 it takes the form (Figure [5.4.2)

B—1 1
N T-3__1-B,8 11 <7<
()= {7 .

(5.4.37)
0 otherwise

When substituted into (5.4.31) this continuous relaxation spectrum produces the reduced relax-
ation function (Figure [5.4.3)

R R Ry ) s

— T
Ty 1

In the limit as 8 — 1, the expression of eq.(5.4.38) reduces to eq.(5.4.34). For proper evaluation
of the T" function we must have g > 1.

Another example for a continuous relaxation spectrum is the exponential spectrum (Figure
5.4.4)
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Figure 5.4.2: Continuous relaxation spectrum 4 (1) of eq.(5.4.37), based on the work of Malkin
[89], for two representative values of 3.

=1
p=1.5

0.0
0.001 0010  0.100 1 10 100 1000

Figure 5.4.3: Malkin’s reduced relaxation function g (¢), eq.(5.4.38), for r; = 10~2 and m = 103, for
two representative values of 3.
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Figure 5.4.4: Continuous exponential relaxation spectrum 4 (1) of eq.(5.4.39), for three represen-
tative values of .

y(r) = L/ ., 0<7 <00, (5.4.39)

70

g(t) = 2\/770}(1 <2\/TTO> , (5.4.40)

where K (z) is the modified Bessel function of the second kind, of order 1 (Figure (5.4.5)).

which produces
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Figure 5.4.5: Reduced relaxation function g (¢) of eq.(5.4.40) for continuous exponential relaxation
spectrum, for three representative values of 7.

5.4.2.3 Viscous Friction

The Cauchy stress in a viscous material [45] is given by
oc=0"4T, (5.4.41)

where o€ is the elastic part of the stress as given in eq.(2.6.10) and 7 is the viscous stress, which
depends on the rate of deformation tensor D (the symmetric part of the velocity gradient). For
example, in an isotropic Newtonian viscous response, = = A (irD)I + 2uD, where X and p are
viscosity coefficients. Since = reduces to zero under static loading (when D = 0), it follows that
o is the equilibrium response of this type of viscoelastic material. For a viscous fluid, the elastic
stress tensor simplifies to o¢ = —pI, where p is the fluid pressure. In a compressible fluid, p is a
function of the volumetric strain (e.g., a function of J) and the absolute temperature.

By the nature of eq.(5.4.41), we may interpret this type of viscous material microscopically as
a spring and dashpot in parallel, often called a Voigt model in linear viscoelasticity [34, 44], though
the general continuum mechanics expression of eq.(5.4.41) may encompass nonlinear behaviors
for o¢ and for 7. The energy density dissipated in this type of material is = : D.

Though we include this type of viscoelastic model here for completeness, in practice, investi-
gators in biomechanics have rarely adopted this model to describe biological tissues, because it
predicts that the stress T becomes infinite under a step increase in strain.

5.5 Reactive Damage Mechanics

5.5.1 Bond-Breaking Reaction

The reactive damage mechanics framework was first described in [97]. It is based on constrained
reactive mixtures of solids (Section [2.10) and used to model damage in an elastic solid as a
reaction that transforms intact (elastic) bonds into broken bonds,

g b, (5.5.1)

Here, £% is the material associated with bonds a (a = i for intact bonds and o = b for broken
bonds). The material is modeled as a constrained mixture of these two constituents a. Whereas
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intact bonds may store free energy, broken bond sustain none. This framework assumes that
isothermal conditions prevail. Thus, any heat generated by the dissipative damage reaction must
be radiated from the continuum to preserve a constant temperature. In an isothermal framework,
the free energy density is also equal to the strain energy density.

The referential mass density of the solid mixture is p, (mass of solid per volume in its refer-
ential, stress-free configuration), which remains constant throughout an analysis. The material
associated with intact bonds has an apparent mass density pi. while that associated with broken
bonds is p?,such that the mixture mass balance is satisfied by

pr=pi+pl. (5.5.2)

5.5.2 Strain Energy Density and Stress

Let the specific free energy stored in intact bonds be represented by v (F); that of broken bonds
is zero. Therefore, the free energy density of the mixture is

¥, (F) = pia) (F) . (5.5.3)

We may define the mass fraction w® of bond species « as
w =2 (5.5.4)

Now, the mixture mass balance in eq.(5.5.2) may be rewritten as ) w* = 1, or more specifically,
w +wb=1. (5.5.5)

We may also rewrite the mixture free energy density in eq.(5.5.3) as

W, (F) = w'p,o (F) = (1= ") pts (F) , (5.5.6)
where we have made use of eq.(5.5.5). The corresponding Cauchy stress may be evaluated using
the standard hyperelasticity formula,

o=J 1 pT (1 - wb) POV g (5.5.7)

OF J OF

These relation show that the free energy density and stress of a damaged material are scaled by

the mass fraction w* = 1 — w® of remaining intact bonds. Comparing these formulas to those of

classical damage mechanics [41}, 75| 183,184, [104, 119], it becomes immediately apparent that the

classical damage variable D appearing in those theories is equivalent to the mass fraction w® of
broken bonds,

D =u’. (5.5.8)

To further clarify this equivalence, we may let ¥y = p,¢ represent the free energy density of an
intact elastic solid, such that eq.(5.5.6) may be rewritten as ¥, = (1 — D) ¥. Similarly, eq.(5.5.7)
may be rewritten as o = (1 — D) o, where o is the stress in the intact elastic solid, derived from
the hyperelasticity relation o9 = J~! (0¥ /0F) - FT.

For nearly-incompressible hyperelastic materials (Section [2.6.8), the strain energy density of
the intact material has the form of eq.(2.6.53), thus ¥, (C) = ¥, (C) + U (J). In this case,

we assume that the damage only affects the distortional part of the strain energy density ¥ (C)
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consistent with the general framework advocated in [66]. Thus, for uncoupled damage, we assume
that ¥, (C) = (1 — D), (C) + U (J). The resulting damage stress similarly takes the form

o = (1 — D) dev & + pI, consistent with eq.(2.6.61), where & is evaluated from ¥, (C) as given

in eq.(2.6.62) and p is evaluated from U (J) as given in eq.(2.6.55).

When investigating the damage mechanics of tension-bearing fibrous materials, described in
Section it is important to use the unconstrained version of the fiber and damage mechan-
ics models, even when the fibers are embedded in a ground matrix with a nearly-incompressible
response (uncoupled formulation). This is a necessary requirement since uncoupled fiber formu-
lations are now understood to be non-physical. Nevertheless, for historical reasons, FEBio allows
users to use uncoupled fiber formulations in an uncoupled damage material.

5.5.3 Damage Criterion

At each material point X in the continuum, damage occurs when a scalar damage (or failure)
measure = (F) achieves a critical value =,,, over the loading history,

En(X) = _max B (F(X,s)) . (5.5.9)
The scalar damage measure = (F) must be invariant to orthogonal transformations Q that pre-
serve material symmetry, or else the damage formulation would not be observer-independent. For
example, for isotropic materials, = (F) must be an isotropic function of the deformation, in which
case it should be expressed as = (U) or = (E), where U is the right stretch tensor in the polar
decomposition F = R - U of the deformation gradient, and

E:%(FT-F—I): (U?-1) (5.5.10)

N | —

is the Green-Lagrange strain tensor. It follows that

IE 1/1 1
(aU)ijmn T2 <2 (OimUnj + 0inUmj) + 5 (Uim0jn + Uinfsjm)> :

For anisotropic materials where a is the unit normal to a symmetry plane and A = a ® a, the
damage measure = must satisfy

Z(U,A)=2(Q-U-Q",Q-A-Q"), (5.5.11)

for transformations Q that satisfy Q - A - Q' = A (or Q - a = a). We may replace U with E in the
above expression.
We assume that the amount of damage (the fraction D of broken bonds) is given by the function
of state
D=F(=,), (5.5.12)

where 0 < F (Z,,) < 1. As shown in [97], the Clausius-Duhem inequality imposes the constraint
that F' (=,,) must be a monotonically increasing function of its argument. Therefore, we may un-
derstand F to represent a cumulative density function (CDF), whose derivative f (Z,,) = F' (E,,)
is a probability distribution function (PDF) that describes the probability of bonds breaking at the
specific threshold =,,,.
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5.5.4 Reaction Kinetics and Thermodynamics

The axiom of mass balance in a reactive constrained mixture reduces to
Py = Pr s (5.5.13)

where p¢ is the material time derivative of p and 5 is a function of state representing the ref-
erential mass supply density to constituent « due to reactions with all other constituents. In the
damage framework, the above relations show that

pr=pr(1 _F(Em)).

_ (5.5.14)
P? =p P <:m)

Substituting these expressions into eq.(5.5.13) shows that the referential mass density supplies
are given by

ﬁ:ﬂ = —er (Em)

. - ; (5.5.15)
P? =pr F (Em)
where
B E advancing damage
JIERE RACL T g camage (5.5.16)
0 otherwise

In these expressions, the damage is advancing when =, increases over two consecutive time
points. In this expression for F' we need to evaluate

- _ 0= R T
2(U)=5:U=N:U, (5.5.17)
where we defined o=
_ 9= 51
N_(9U (5.5.18)

to represent the tensorial normal to the damage hypersurface, which needs to be evaluated at =,,,.

In this isothermal damage framework it can be shown from the energy balance that a heat sup-
ply density p,r must radiate the bond-breaking energy out of the continuum to maintain isothermal
conditions, where

prr = P (F) = —p, F (S30) 0 (F) . (5.5.19)

Since F is a monotonically increasing function of =,,, its material time derivative F is always
positive when the damage is increasing, and zero otherwise as per eq.(5.5.17). Since the specific
strain energy ¢ (F) is always positive, it follows that the specific heat supply r = —F (Z,,) ¢ (F)
in eq.(5.5.19) is negative or zero, consistent with the expectation that heat needs to leave the
continuum to maintain isothermal conditions.

5.5.5 Constitutive Models for Damage and Yield Criteria

Constitutive models for the damage or yield measure = (U) may be derived from energy- or stress-
based potentials or (less commonly) strain measures. A summary of constitutive models for dam-
age or yield criteria currently implemented in FEBIo is presented below.
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5.5.5.1 Strain Energy Density

It may be assumed that damage occurs when the strain energy density ¥, achieves a certain
threshold ¥,,. In that case, the constitutive model for the damage measure is

=(U) = ¥, (U) . (5.5.20)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
¥, must satisfy the frame-invariance of eq by construction. The resulting damage surface
normal is 50 )
=——=-(S-U+U-S 5.5.21
where S = 0¥, /0E = JF~! .o - F T is the second Piola-Kirchhoff stress associated with the
material.

N

5.5.5.2 Simo Damage Criterion
Simo [114,[119] proposed a damage criterion related to the strain energy density,
=Z(U) =29, (U). (5.5.22)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
¥, must satisfy the frame-invariance of eq208| by construction. Its resulting damage surface

normal is 1

1
N=—r—
V20, 2
where we have used the result of eq.(5.5.21). The normal reduces to the null tensor in the limit
when ¥,. and o tend to zero.

(S-U+U-8S), (5.5.23)

5.5.5.3 Specific Strain Energy

It may be assumed that damage occurs when the specific strain energy ¥,./p, achieves a certain
threshold «,,,. In that case, the constitutive model for the damage measure is
1
=(U)=—v,(U). (5.5.24)
Pr
This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
¥, must satisfy the frame-invariance of eq by construction. The resulting damage surface

normal is L 8T .
N=_——""= S-U+U-S 5.25

where we have used the result of eq.(5.5.21).

5.5.5.4 \Von Mises Stress

For this criterion it is assumed that damage or yield is initiated by increases in the von Mises (or
effective) stress, oy. Thus,

(U) =0y (U) = \/g devo :devo, (5.5.26)

(1]
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where dev o is the deviatoric part of . To evaluate the damage surface normal in this case, we

must use the chain rule,
N — 0= 0o OF

= 37 30" (5.5.27)
From the hyperelasticity relation in eq.(5.5.7) it can be shown that
g;:(C+I®U+U®I—G®I)-FT, (5.5.28)

where C is the fourth-order spatial elasticity tensor associated with the strain energy density V..
Then, it can be shown that

N:%RT.M.R.U*MF%U*.RT.MT.R, (5.5.29)
where 9= 9= 5=
Mzao_:Cﬂ-an_'a—(ao_:a)I. (5.5.30)
From the von Mises criterion in eq.(5.5.26), it can be shown that
0= 3
= 2 . .5.31
9o~ 20y devo (5.5.31)

Substituting Egs.(5.5.30)-(5.5.31) into eq.(5.5.29) provides the surface normal N.

5.5.5.5 Maximum Normal Stress

For this criterion, the damage measure takes the form

(1]

(U) =0y, (5.5.32)

where o7 is the maximum principal stress (under the assumption that the three principal stresses
of o are ordered such that oy > o2 > 03). To evaluate the damage surface normal, we may use

Egs.(5.5.29)-(5.5.30) where

0=  Jo
5= g =™ ®@nj . (5.5.33)
Here, n; is a unit vector along the principal direction of maximum normal stress (the eigenvector

of o corresponding to the eigenvalue o).

5.5.5.6 Maximum Shear Stress

For this criterion, the damage measure takes the form

01— 03
2 )

where o1 and o3 are the maximum and minimum principal normal stresses (under the assumption

that the three principal stresses of o are ordered such that o1 > 02 > 03). To evaluate the damage
surface normal, we may use Egs.(5.5.29)-(5.5.30) where

o= 1
9o = B} (n ®n; —n3®ns) . (5.5.35)
Here, n; and n3 are unit vectors along the principal directions of maximum and minimum normal
stress, respectively.

2(U) = (5.5.34)
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5.5.5.7 Drucker Shear Stress

This criterion is based on the yield criterion for plasticity introduced in [51]. Its damage (or yield)
measure takes the form
E(U)=k=(J3— i), (5.5.36)

where J, = %deva’ : deve, J3 = det (dev o), k is the yield limit in simple shear and ¢ is a user-
specified non-dimensional material constant which must lie in the range —27 < ¢ < 9. To better
understand the meaning of k, consider uniaxial loading of a bar which yields at the normal stress
value of oy. In this case,

1/6 1/6 1/6
_ oy (4 Ty (2 e Ou (3
k:_\/§<1 270) \/§<3> —k—\/g 5 ) (5.5.37)

In the special case when ¢ = 0 the Drucker criterion reduces to the von Mises criterion, with
k = 0,/+/3. To evaluate the damage or yield surface normal, we may use Egs.(5.5.29)-(5.5.30)
where

02 1 (J3 cJ3 -1
99 = 5 (2 devo — Tdev (dev o) ) . (5.5.38)

5.5.5.8 Maximum Normal Lagrange Strain

The Lagrange strain tensor E is related to F via eq.(5.5.10). Its maximum principal value is de-
noted by FE;. For this criterion, we let
=(U) =EF;. (5.5.39)

Then, the damage surface normal is given by

E
N = % =+/14+2FEn; ®ny, (5540)

where n; is a unit vector along the principal direction of normal strain.

Note that the maximum normal Lagrange strain is a kinematic measure, thus it does not repre-
sent an intrinsic material property. Though FEBIo allows users to specify this criterion, it is strongly
recommended to employ stress- or strain-energy-density-based failure or yield criteria in practice.

5.5.5.9 Octahedral Lagrange Strain

The octahedral Lagrange strain is given by

2
e(U) = \/3 devE :devE, (5.5.41)
where dev E is the deviatoric part of the Lagrange strain tensor,
1
devE = E — 3 tr (E)I, (5.5.42)

and E is given in eq.(5.5.10). For this damage measure we let

Z(U) = e (U) . (5.5.43)



5.5. REACTIVE DAMAGE MECHANICS 213

The damage surface normal can be evaluated from

Ode OE 1
where we used 9 5
e
_— = — E . .4
& = o dev (5.5.45)

and 5 "
E 10U 1
e | . ..
90 ~ 2 9U 2( oU+UGI) (5.5.46)
Note that the octahedral Lagrange strain is a kinematic measure, thus it does not represent
an intrinsic material property. Though FEBio allows users to specify this criterion, it is strongly

recommended to employ stress- or strain-energy-density-based failure or yield criteria in practice.
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5.6 Reactive Plasticity

Reactive plasticity models a material as a mixture of bonds that break in response to loading and
reform in a stressed state [138]. This framework is based on constrained reactive mixtures of
solids (Section[2.10).

5.6.1 Elastic-Perfectly Plastic Response

This section describes a reactive framework in which all loaded bonds in an elemental region
break and reform simultaneously into a stressed state with a new reference configuration, resulting
in elastic-perfectly plastic behavior. The theory outlined here is similar to reactive viscoelasticity
(Section [14]196], although bonds now reform in a stressed rather than a stress-free state.

The elastic response of this material is achieved when bonds have not yet failed in response to
loading. In this case it is assumed that the bonds belong to generation s (the master constituent)
whose reference configuration is represented by material points located at X*. When bonds break
and reform at time ¢, a new o—generation is formed. Consider that bonds of the o—generation
yield based on a scalar yield measure ® (U?) (e.g., the von Mises stress), where U’ is the right
stretch tensor from the polar decomposition F7 = R - U?, and R is the rotation tensor, assumed
to also be the rotation tensor of F*. Thus, according to eq.(2.10.2), U* = U” - F°*.

Let the yield threshold for the o—generation be given by ®,,,, which represents the threshold
value at which yielding begins. For c—generation bonds the yield criterion may thus be defined as

¢(U7) =2 (U%) - ¢, <0, (5.6.1)
where ¢ (U?) represents the yield surface of o —generation bonds whose tensorial normal is

o Do 92 (U)
- 9Us  9U°

: (5.6.2)

When yield thresholds are formulated in stress space, the dependence on the deformation takes
the form & = ¢ (o7 (U7)).

Consider two consecutive generations o, denoted by « and v, such that the bond-breaking-
and-reforming reaction is £ — £*. Upon breaking of the u—generation to form the v—generation
the plastic consistency condition is given by dy = 0, which reduces to

N (u) : (U (v) — U () = 0. (5.6.3)

The constitutive model for F7¢ is given by

(Fvs)~1 = (Fus) 1. (I - AN”) (5.6.4)
where
oo NY (5.6.5)

is the unit tensor along N" and X\ is a non-dimensional scalar which may be determined analyti-
cally by enforcing the plastic consistency condition in eq.(5.6.3). When the plastic deformation is
assumed to be isochoric the solution for X is obtained while enforcing det F°° = 1. For the earliest
yielded generation u, the preceding s—generation is in the elastic regime; therefore, F“* =1 at the
start of the recursive relation in eq.(5.6.4).
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The stress response of this solid mixture is given generically by eq.(2.10.13), specialized to the
case where each generation ¢ is assumed to have the same constitutive model ¥ for its strain
energy density, 7 = J7°W,. For example, in the case of the three consecutive o generations s, u
and v, the strain energy density is ¥,. (F*) = Y _w?J?*V¥, (U?) and the stress is

o =w’oy (U*) + w'oy (U") + w’oy (U") , (5.6.6)

where U* and U" are evaluated from U* - (F?%) " = U? (¢ = u,v) and eq.(5.6.4), and o is given
in eq.(2.10.16). For an elastic-perfectly plastic response the bond mass fractions are constitutively
assumed to satisfy

wi=1—HE—tY |, wi=HE—t")—HEt—t"), w' =H(—t), (5.6.7)

where H (-) is the Heaviside unit step function. The corresponding constitutive models for p2 may
be obtained by substituting these expressions into (2.10.5). The onset of yielding of generations
u and v is the time ¢t when ¢ (U%) = 0 (£° — &%, t = t*) and ¢ (U%*) = 0 (E* — &, t = 1Y),
respectively. In summary w° = 1 during the lifetime of generation o (t° < t < t°*+1) and 0 at other
times ¢.

5.6.2 Kinematic “Hardening” Response

The framework presented in Section has considered an elastic-perfectly plastic response,
i.e., all the bonds yield when a single yield threshold ®,,, is met. However, a wealth of experimen-
tal results show a more progressive yielding, rather than a sudden onset, and an increase in the
stress with increasing plastic deformation, a phenomenon alternately termed strain hardening or
work hardening. Real materials typically exhibit the Bauschinger effect, where loading to yield in
one direction changes the yield threshold in the reverse direction. The hardening behavior that
accounts for this effect is known as kinematic hardening; for a load reversal, it predicts yielding
occurs when the change in load achieves twice the monotonic yield strength. The reactive plas-
ticity framework can be extended to allow for kinematic hardening by introducing multiple families
of bonds. In the current FEBio implementation each bond family S shares the same yield criterion
¢ but distinct associated yield thresholds ®,,,5, and it follows the elastic-perfectly plastic behavior
for multiple generations outlined in Section The superposition of multiple bond families 5 in
parallel naturally develops behavior consistent with kinematic hardening, as different bond families
yield at different thresholds.

We consider ny bond families 5 = 0,...,n; — 1, which may yield under different thresholds,
where each bond family may evolve over multiple generations o. This framework requires us to
update our notation to include a subscript 5 for suitable variables introduced in the presentation
above. In particular, the reference configuration of generation ¢ in bond family 3 is now denoted
by X% and the corresponding deformation gradient is F7. We assume that the free energy den-

sity of each bond family 3 is W3, = Jg*¥, (Fg), when the mixture consists entirely of bonds of
family 5 in generation o. The master reference configuration of all bond families remains X*® and
the associated (total) deformation gradient is still F¢. Therefore, each bond family 5 requires a
constitutive relation for the function of state F* in the updated form of eq.(2.10.2), such as that
given in eq.(5.6.4), where each term should now include a subscript (.

The referential mass density of bond family 5 is p,3, such that the mixture referential mass
density is given by p, = 2/3 prp- The referential mass density of generation o in bond family 3 is
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Plg which satisfies ) P75 = prg, as per eq.(2.10.6). For convenience, we define

””3 Zwﬂ —1, (5.6.8)

which represents the mass fraction of each bond family 5 within the constrained solid mixture, and

(o

;Y wi=1, (5.6.9)

(o

o __
wg Prs
which represents the mass fraction of each generation o within the bond family 5. From these
definitions, it follows that bond family mass fractions wg are time-invariant (thus user-selected for
a particular material response), whereas generation mass fractions wg evolve with bond-breaking-
and-reforming reactions.
The mixture strain energy density ¥, is now given by

U, => ws Yy wiJgWo (FF) (5.6.10)
B o
whereas the mixture stress is
(on g o 1 a\IIO g T
5 loa
o3

To simplify the remainder of this presentation, we introduce the concept of yielded bonds, denoted
by y, to represent bonds of the current extant generation in a plasticity formulation. The yielded
bond fraction for each family 5 is given by

=) wi=1-w} (5.6.12)

O#S
where the summation runs over all possible yielded generations o # s. In particular, at time ¢t = u,
eq.(5.6.12) reduces to the statement wj = wj. We then define the relative deformation gradient of

yielded bonds as Fy which equals Fj for the extant generation o in family 5. With these notational
changes, we may write the yielding reactions in the form

EF=EY &Y — . (5.6.13)
~—_—
gy

Then the mixture stress in eq.(5.6.11) may be rewritten as o = 3 ; wzo s Where o3 = wioo (F°) +
<1 - wg) oo (F%) We may also define the total fraction w* of intact bonds in the mixture as
w® = 3 zwgwj, and the total fraction of yielded bonds as w” = 34 wgw}é = 1 — w?*, such that
w® +wY = 1. Then o = wioo (F°) + > 5wp (1 —wg) oo (F%) The summation in this last

expression does not simplify further since F% is different for each bond family 5.
Let each bond family g exhibit an elastic-perfectly plastic response, following the model of
Section Once the yield threshold ®,,3 is reached, all the intact bonds of that family yield at

once, such that wj = 0 and wj = 1 as shown for the mixture stress response in Figure |5.6.1f-
c. Now consider that there are three bond families, 5 = 0, 1,2 which are weighted evenly, wz =
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1/3Vp. The stress response for this illustrative example is shown in Figure [5.6.1d-f. Though each
bond family is elastic-perfectly plastic, their superposition develops “hardening’-like behavior. At
the onset of yielding, when family 5 = 0 yields, its bond mass fractions are w§ = 0 and wj = 1,
implying that this entire family has yielded. However, since the family has a mass fraction wy = 1/3
in the solid mixture, two-thirds of the bonds in the mixture remain intact at this juncture, 1 — w§ =
2/3. As subsequent families 3 yield, their bonds transition from intact to yielded generations in the
same manner. Though the resulting stress response in Figure[5.6.1(d is classically described as a
“hardening” behavior, the reactive plasticity mixture framework proposes a different interpretation,
namely that there are multiple elastic-perfectly plastic bond families in the material, each with a
different threshold of yielding.

For each bond family 3, the family mass fraction wg and the associated yield threshold ®,,5
must be provided by constitutive assumption, along with a single constitutive model for ¥ which
applies to all generations of all bond families. The total number n; of bond families must also be
provided. Parameters ny and {wg, ®,,,5}, 8 € [0,ny — 1] suffice to define an elastoplastic material
which exhibits classical kinematic hardening behavior, for a given elastic response ¥, and yield
criterion .

5.6.3 Constitutive Modeling of Yield Response

Here, we provide basic constitutive relations for the parameters {wg, ®,,,3}, 8 € [0,n¢ — 1] which
define an elastoplastic material. We also demonstrate how these various parameters affect the
uniaxial stress-strain response of a material. The example in Figure shows how super-
position of multiple elastic-perfectly plastic bond families may create a hardening-like curve. In
particular, we present a constitutive modeling framework that requires at most six scalar parame-
ters, regardless of the value of n;.

Since each family behaves elastically until it yields, a family’s yield threshold ®,, is generally
not the value recorded on a stress-strain curve when the slope changes (Figure[5.6.2). That value
may be called the apparent yield threshold Y g, which can be related to the true yield threshold
®,,5 by assuming a linear elastic stress-strain relationship prior to yielding. For simplicity, we
assume that Y g values are evenly distributed between an initial yield threshold Y and a final yield
threshold YT max, parameters which may be identified from a stress strain curve (Figure [5.6.3a-b).
Beyond Tmax, the material either behaves as if it is perfectly plastic (a scenario which may be
valid around the ultimate strength, for example), or it transitions to a linear hardening regime. The
constitutive model thus specifies

Tmax_TO
p=Tots np—1 " P (5.6.14)
T 1. 6.
P = Py g1+ ——g s Do = T
1—2 o wp

The relationships between Y5 and ®,,,3 embodied in eq.(5.6.14) are illustrated graphically in Fig-
ure[5.6.2] Through this relationship, only the values of Ty and Tmax must be specified, along with
ng.

The family mass fractions wg govern the influence of each family on the overall material re-
sponse. The simplest model for wg involves specifying the mass fraction of the first yielding family
wp, Which controls the slope of the initial post-yield response (Figure [5.6.3a), and then evenly
weighting the rest of the bond families, wg = (1 — wg) / (ny — 1). However, in cases where the ma-
terial transitions to a linear hardening regime, we can recover this behavior by adding one more
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Figure 5.6.1: The phenomenon described as “kinematic hardening” in classical plasticity may be
represented by the superposition of multiple elastic-perfectly plastic bond families with different
yield thresholds. The elastic-perfectly plastic stress response of a single bond family 5 = 0 in
the reactive framework is presented in (a), with the initial linear response contributed by the intact
bonds s; upon yielding at the threshold &,,4, the perfectly plastic response consists of multiple
generations of breaking and reforming bonds ¢ = w,v,.... The evolution of mass fractions wj
of intact and wy{ of yielded bonds is presented in (b) and (c), respectively. The stress response
obtained from the superposition of three bond families 5 = 0,1,2 is shown in (d), where each
family occupies the same mass fraction wg in the mixture, wy = w1 = w2 = % reproducing the
classical kinematic hardening behavior. Green dashed lines help indicate changes in slope due
to yielding of each bond family. The corresponding mixture mass fractions of (e) intact bonds w?,
and (f) yielded bonds w¥ = 1 — w? further illustrates the occurence of each yielding reaction.
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effective stress

€o & &2

strain

Figure 5.6.2: Schematic stress-strain curve illustrating derivation of constitutive models for ®,,,5.
E is Young’s modulus of the elastic solid (whose value does not matter here), Tz are the effective
yield thresholds for the global material (given), <z are the yield strains and ®,,,5 are the true yield
thresholds for each bond family, which need to be determined, and wg are the family mass fractions
(given).

bond family, 3 = ny, that never yields, thus remaining elastic. The associated mass fraction wg
for 8 = n; is called the elastic mass fraction and denoted w.; a non-zero value for this parameter
may be specified whenever we wish to include linear hardening behavior (Figure [5.6.3p). Given
initial and elastic mass fractions wy and w,, the simplest constitutive assumption for the remaining
wg's assumes the remaining mass is evenly divided, such that

1—we —

wg = 0 Bel,ng—1]. (5.6.15)

ny—1
The effect of the mass fraction parameters wy and w. is explored parametrically in Figure [5.6.3
and Figure [5.6.31, respectively. In general, most ductile materials have wy very close to unity,
which provides hardening behavior over a finite strain range. As wy — 1 the stress-strain behavior
approaches perfect plasticity. In contrast, when w. = 0, the material response becomes perfectly
plastic once the final yield threshold T max has been exceeded. As w. increases, a region of linear
hardening is seen on a plot of the true stress against strain. For most ductile materials, w, is
usually 0 or on the order of 0.001.

It is also possible to refine the constitutive relations of Egs. (5.6.14)-(5.6.15) by introducing a
bias factor r, which allows a geometric progression rather than uniform spacing of the apparent
yield thresholds and family mass fractions. The bias factor » has the effect of modifying the shape
of the hardening region between Ty and Tmax (Figure[5.6.3p). The modified constitutive relations
for wg and ®,,5 take the form

1—r
c= W D0 =Ty
T -7
T1="o+c(Tmax — Yo), Q1 =To+ 11_71000 (5.6.16)
Tg—Tgz_
Yo =Tp1+7(Tg1—Ts2), Cpg=Tpp 1+ ——gi—
L= o wp

The mass fractions wg are similarly biased, where wy and w. are specified and

w1 = ¢ (1 —we — wo) (5.6.17)

wg = wg_1r



220 CHAPTER 5. CONSTITUTIVE MODELS

—

)

hre<hold WOZO
o 1000 ~

(a)

800 -

600 -

wo=1
400

true stress
A
v

ny number of bond families

true stress (MPa)

200

0 0.01 0.02 0.03
) engineering strain engineering strain

—~

d)
1400 1

1200 A

I

1000 A

800 -

600 -

true stress
~

400

S
true stress (MPa)

200

0 0.01 0.02 0.03
engineering strain engineering strain

Figure 5.6.3: Modeling uniaxial stress-strain curves using the constitutive model for scalar bond
family parameters given in Section [5.6.3] Identification of parameters on idealized stress-strain
curves showing (a) a plateau in the stress, or (b) exhibiting a region of linear hardening. The
yielding behavior is fully described by the set of parameters {n s, Yo, Tmax, wo, we, r}. Parametric
variations of (c) wg and (d) w, illustrate their influence on the stress-strain response; other param-
eters are held fixed. In (c-d) ny = 10, Ty = 600 MPa, YTmax = 1000 MPa, and r = 1. In (c), w. = 0
and in (d) wy = 0.75. For all cases, £ = 200 GPa and v = 0.3.
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The full set of parameters is then given by {ns, Yo, Tmax, wo, we,r}. Setting » = 1 recovers the

uniform distribution presented in Eqgs.(5.6.14)-(5.6.15). Figure |5.6.3a-b graphically describes the
influence of each parameter on simplified stress-strain curves, showing how these parameters
may be extracted from experimental data.
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5.7 Reactive Elastoplastic Damage Mechanics

Plastic deformation (Section is often coupled with damage, as the finite deformation and
plastic flow of a loaded material typically induces some amount of failure. Within the constrained
reactive mixture framework adopted in FEBio (Section[2.10), damage is produced by bonds break-
ing permanently (Section [5.9), which reduces the generation mass fractions wj [138]. In our
treatment of elastoplastic damage we assume that both intact and yielded bonds may become
damaged. Damage to intact bonds may represent some initial damage value for a material with
defects, or damage due to intermolecular failure of bonds that never yielded; we refer to this as
elastic damage. Damage to yielded bonds represents plastic damage. The mechanism of damage
and the failure measure may be different for these two types of bonds, particularly since a stress-
or energy-based failure measure may not be appropriate for plastic damage. Intact bonds belong
to the s—generation which is present at t = —oo. Once yielding occurs, all successive generations
of that family are labeled as yielded bonds y. This distinction is necessary so we can then dis-
tinguish between damage to intact bonds (elastic damage) and damage to yielded bonds (plastic
damage), since intact bonds which get damaged never have the ability to yield. It is important
to note that the nature of the plastic deformation described in Section [5.6| remains unchanged.
Damage modifies the material behavior by reducing the fraction of bonds in various generations,
which scales the response accordingly.

In a reactive constrained mixture framework the insertion of damage into the reactive plasticity
formulation is straightforward. Since bonds break permanently in a damage reaction, there is
no need to define a function of state F3* to describe a (non-existing) reformed configuration.
Furthermore, the specific free energy of broken bonds is zero. The scalar elastic damage criterion
=¢ (F*), which is taken to have the same functional form for all bond families 3, is the analog to the
yield criterion @ for plasticity. As shown in Section the main contrast with reactive plasticity
is that not all bonds in the family g break simultaneously at a single elastic damage threshold

Efnﬁ. Instead, the fraction of broken bonds varies as a function of =€ (F#), denoted by F* (Eg)

such that 0 < F* (Eg) < 1. Here, F*¢ (E;) is a function of state; it must be a monotonically

increasing function of its argument to satisfy the Clausius-Duhem inequality [97]. We may view F*©
as a cumulative distribution function (CDF), whose corresponding probability distribution function
(PDF) represents the probability of damage at a particular value of 25

5.7.1 Theoretical Formulation

We first briefly sketch the structure of the elastoplastic damage theory in FEBio for a single bond
family 5. Since each bond family in reactive plasticity yields all at once, we can easily split an
elastoplastic damage theory into two parts to represent elastic and plastic damage regimes. As-
sume that the first yielding reaction for bond family 5 occurs at time ¢t = ug. Prior to this initial
yielding, the damage behavior described in Section applies, and the material composition is
generally a mixture of intact (o = s) and broken (o = b) bonds satisfying the reaction & — 52.

The corresponding bond mass fractions satisfy 1 = wj + wg and wg = 0, where wg = F° (Eg) is
the elastic damage in bond family 8. At ¢ = ug, the remaining intact bonds w3 = 1 — wg all yield,
following the reaction in eq.. The family mass balance is then given as 1 = w¥ + w}, since
wj = 0 after yielding. The mass fraction of broken bonds wb = Z,B wﬁwg is equal to the elastic
damage variable D as defined in classical damage mechanics.

For time ¢ > wug, yielded bonds may continue to yield, but they may also sustain damage
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according to the reaction Sg — 8};, which reduces their mass fraction wg. Damage to yielded
bonds may occur based on a function of state (often described as a plastic strain, though it is not an
observable kinematic variable), which is distinct from the measure of elastic damage. Therefore,

we denote the plastic damage measure as =P (F%s) and its cumulative distribution function by
FP (Eg), under the assumption that all bond families 5 share the same functional forms for =P

and FP. For each bond family 3, only the remaining undamaged fraction 1 — F? (EZ) of yielded

bonds may break and reform as the next yielded generation.
The modern understanding is that plastic strain is ill-defined and not a suitable state variable.
It must be recognized that, just as F%s is a constitutively-prescribed function of state and does not

carry the meaning of a plastic deformation gradient, the plastic damage measure =7 (F%‘S) is also

a function of state. This quantity is called a plastic strain for convenience only.

When plastic deformation occurs simultaneously with damage, the mass fraction of each suc-
cessive yielded generation will have decreased. The following treatment now considers the super-
position of multiple plastic bond families, as described in Section 5.6.2

5.7.1.1 Damage to Intact Bonds

At any given time ¢, there is a maximum value of Z¢ that has been achieved over the past deforma-
tion history. This maximum value may be distinct for each bond family 3, since intact bond families
may yield at different values of F*; it is thus denoted by =7 ;,

Enp = max = (F9 (7)) . (6.7.1)
—oco <7<t <ug

Any damage sustained by intact bonds reduces their mass fraction, such that

wy = 1= F (S
wg, =0 . t<ug, (5.7.2)
wpy = F* (27,)

and hence the mass balance of eq.(5.6.9) is satisfied. Since all remaining intact bonds yield at
t = ug and thus no intact bonds are left to sustain damage, F*¢ (Einﬁ) remains constant constant
for bond family g when t > ug.

5.7.1.2 Damage to Yielded Bonds

At time ¢t = ug, the yield threshold ®,,3 for family 3 is reached and all remaining intact bonds in
family /5 yield such that
0

w% =1-F°(Z55) , t=us. (56.7.3)
b e (—e
wg = F° (E7,)
Once they have formed, yielded bonds may sustain plastic damage. The maximum value of the
plastic damage measure =P experienced by family 5 up until the current time ¢ is denoted by Eﬁw,

w

=

= .= max =P (Fg (7)) . (5.7.4)
ug <7<t
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For ¢ > ug, yielded bonds may continue to yield, breaking and reforming into successive gen-
erations. However, in contrast to Section , the mass fraction wg of yielded bonds in family g
no longer remains constant over successive yield generations, due to the plastic damage reac-
tion. Each time a yielded bond breaks and reforms into a new generation, w% is given by the
undamaged fraction of yielded bonds,

0
(1-F7(20,)) = F i) . >, (5.7.5)
F (Z55) + F? () (1= F* (S0s)

Equations (5.7.2),(5.7.3), and (5.7.5) govern the temporal behavior of the bond species mass
fractions.

S
Wg
Y
Wa
b
wg

5.7.1.3 Strain Energy Density, Stress, and Damage

Recognizing that damaged (broken) bonds do not store free energy, the referential mixture free
energy density in eq.(5.6.10) may be rewritten as

v, =Y g (wg\po (F%) + wJ% ¥ <F%)) , (5.7.6)
B

where the bond mass fractions wj and wj are given in Egs.(5.7.2)-(5.7.5) prior to, during, and after
yielding of each bond family 5. Similarly, the mixture stress may be evaluated from eq.(.6.11) as

o= Zw,g (wgoo (F?) + wgao (F%)) , (56.7.7)
B

where the stresses o are given by the standard hyperelasticity relation in eq.(5.6.11). These
expressions may be simplified further when assuming that the functional form of +z remains the
same for all bond families /5. Finally, the reactive mixture equivalent of the damage variable D may
be evaluated for elastoplastic damage as the fraction of all bonds that are broken,

D=uw’= ngwg . (5.7.8)
B

5.7.1.4 Damage Measures

For elastic damage, we may use the same functional measure as proposed for plastic yielding
(e.g., the von Mises stress); this implies that the functions =¢ and ® have the same form. For plastic
damage, experimental results show that during plastic flow damage is coupled with measures of
plastic strain [85], necessitating a (pseudo-)strain-based plastic damage measure =P. For yielded
bonds in a bond family 3, we can use the constitutively-determined mapping F%S to define plastic
right Cauchy-Green and Lagrange strain tensors through

T
ys _ (us ys
Cs = (FB) -Fj

o % (5 1) . (5.7.9)
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One possible constitutive relation for =P, which remains valid for general deformations, is to set it
equal to the effective plastic strain eg for the various bond families £,

2 S S
eg = \/3 dev E% : dev E% . (5.7.10)

In a numerical implementation, the effective plastic strain e} of the first bond family to yield may
be reported as the effective plastic strain in the entire material, for consistency with plastic strain
measures in classical models of plasticity.

Quantities in this section do not represent plastic strains or plastic strain tensors, though we
adopt the terminology due to similarities. Recall that the non-observable function of state F%S =

Fy (FS, pf}B) is a time-invariant mapping providing the reference configuration of a yielded bond y

with respect to the reference configuration of the master constituent s, for family 5. The quantities
C%S and Egs then also represent non-observable functions of state calculated as strain tensors.
Consequently, e‘g is @ measure of the relative motion of the reference configuration of bond family g
, expressed as a scalar “strain”. Physically, this amounts to the modeling assumption that once the
breaking-and-reforming process takes a bond family out of a local neighborhood centered about
its original position, the bond begins to degrade with further breaking-and-reforming processes.
That each of these quantities exists for every bond family 5 emphasizes the lack of any true or
unique plastic strain measure in this framework.

5.7.1.5 Cumulative Damage Distribution Functions

The final set of constitutive relations required to fully define an elastoplastic damage material
are the two CDFs, F*° (Einﬂ) and F? (Eﬁw). As shown by (author?) [97], the only requirement

imposed by the Clausius-Duhem inequality is that these be monotonically increasing functions.
Whereas these CDFs may be characterized directly from experimental data, here we illustrate the
FEBio elastoplastic damage framework using a Weibull distribution of the form

F(2)=1-exp <_ (i)v , (5.7.11)

where  (same units as Z) is the value of = at which the fraction 1 — e~! of bonds have failed
and the exponent ~ (unitless) controls the slope of the response, such that ' (Z) approaches a
step function with a jump at = = k as v — oo. Therefore, each damage function has two free
parameters « and ~. Based on experimental evidence, we may let =¢ be given by the von Mises
(effective) stress, while =7 is taken to be the effective plastic strain (Section[5.7.1.4). Figure 5.7.1
shows the effect of the Weibull parameter ~? on the stress-strain and damage-strain responses,
with P fixed. The damage response as a function of plastic strain is identically the prescribed
CDF (Figure 5.7.1b). The shape of the CDF changes from logarithmic-like to exponential as +*
increases, demonstrating the ability of this formulation to recover a broad variety of experimentally
measured damage-strain behaviors [36].
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Figure 5.7.1: Parametric study of the effect of the damage parameter ~* for a Weibull distribution,
with no intact damage taking place. (a) As ” increases, the onset of noticeable damage shifts to

higher strains and becomes more rapid. (b) Plot of the damage variable D = Eﬁ wgFP (Efw).

The response becomes more nonlinear as ~? deviates from unity. Other plasticity and damage
parameters are ny = 20, To = 600 MPa, Tmax = 1000 MPa, wy = 0.75, w, = 0, » = 1, and
kP = 0.03.

5.8 Hydraulic Permeability

Hydraulic permeability is a material function needed for biphasic and multiphasic materials.

5.8.1 Constant Isotropic Permeability

When the permeability is isotropic,
k=FI. (5.8.1)

For this material model, k is constant. Generally, this assumption is only reasonable when strains
are small.

5.8.2 Exponential Isotropic Permeability

This isotropic material has a permeability that varies as a function of the determinant J of the
deformation gradient. Its general form is

k==k(J)I, (5.8.2)

where,

—1

k(J) = koexp (M J > . (5.8.3)
J — o

Pore closure occurs as J approaches ¢, from above, in which case the permeability reduces to

zero,

lim & (J) =0. (5.8.4)

J*)QDO
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In the special case when M = 0, the permeability becomes constant. In the limit of infinitesimal
strains, the permeability has the form

M

— ¥0

k(J) = ko (1 + (J-1)+0 ((J - 1)2)) . (5.8.5)

For the type of isotropic permeability given in (5.8.2), the spatial permeability tangent K with
respect to the solid matrix strain has the general form

IC:(k:+Jk:’)I®I—2kI®I, (5.8.6)
where
/ o 1 — o
E'(J)= M——"—k (J) (5.8.7)
(J - 800)
in this case.

5.8.3 Holmes-Mow

This isotropic material uses a strain-dependent permeability tensor as formulated by [65]:

k=Fk(J)I, (5.8.8)
where,
k(J) = ko <f: 53 ) M), (5.8.9)

When « > 0, pore closure occurs as J — ¢ from above, in which case k reduces to 0. Setting
a = 0and M = 0 produces a constant permeability. In the limit of infinitesimal strains,

k(J) = ko (1 + (M+ - _0‘90()) (J-1)+0 ((J— 1)2)) . (5.8.10)

The spatial tangent of the permeability tensor with respect to strain may be evaluated from

(5.8.6) using

(8]
J = ¢o

K (J) = <JM+ >k(J). (5.8.11)
5.8.4 Referentially Isotropic Permeability

This material uses a strain-dependent permeability tensor that accommodates strain-induced
anisotropy [10]:

kir kar . o J —¢p M(J2—-1)/2
k= I+ —b —r , .8.
<k0 +J2 —|—J4b><1_@$2 e (5.8.12)

Note that the permeability in the reference state (F = I) is isotropic and given by k = (ko, + k1, + ko) L.
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5.8.5 Referentially Orthotropic Permeability

This material uses a strain-dependent permeability tensor that is orthotropic in the reference con-
figuration, and accommodates strain-induced anisotropy [10]:

3
k=kol+ > kim,+k5(m,-b+b-m,), (5.8.13)
a=1
where,
s\ @0
ko = koy <J — Wr) eMO(JQ_l)m’
1L =7
a k(llr J_QD;S“ o Ma (J?%-1)/2
kl—ﬂ<1_%€) eMa(SP-1)/2 193 (5.8.14)
(21: k(QZr J_Sof' o eMa(JQfl)/Z.
2J4 1 — s

Here, m, are second order tensors representing the spatial structural tensors describing the or-
thogonal planes of symmetry, given by

m,=F - (V,oV,)-FI, a=1-3, (5.8.15)

where V, are orthonormal vectors normal to the planes of symmetry. Note that the permeability

3
in the reference state (F =1) is given by k = ko, I+ > (k{, + k5,) Vo ® V.

a=1

5.8.6 Referentially Transversely Isotropic Permeability

This material uses a strain-dependent permeability tensor that is transversely isotropic in the ref-
erence configuration, and accommodates strain-induced anisotropy [10]:

A8\ @0
k = kor <J SOT) Mo (72-1)/27

1 —¢7
k%; szr 2 J — o7 or Mp(J2-1)/2
—|—<J2(b—m)—i—2j4 [2b —(m-b+b-m)]> (1_@) eMr(2-1)/ (5.8.16)
L4 R =\ a1y
+<J2k17"m+2J4k2T(m b+b m)) <1_S07§ € b

where m is a second order tensor representing the spatial structural tensor describing the axial
direction, given by
m=F. - (VaV) -F, (5.8.17)

and V is a unit vector along the axial direction. Note that the permeability in the reference state
(F =1)is given by k = (ko, + kI, + kL) T+ (kL — k1 + k3 — K1) (Ve V).
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5.9 Solute Diffusivity

Diffusivity materials provide a constitutive relation for the solute diffusivity in a biphasic-solute
material. In general, the diffusivity tensor d may be a function of strain and solute concentration.

5.9.1 Constant Isotropic Diffusivity

When the permeability is isotropic,
d=dI. (5.9.1)

For this material model, d is constant. This assumption is only true when strains are small. Note
that the user must specify d < dy, where dj is the solute diffusivity in free solution, since a solute
cannot diffuse through the biphasic-solute mixture faster than in free solution.

5.9.2 Constant Orthotropic Diffusivity

When the permeability is orthotropic,

3
d= Z dV,® Vg, (5.9.2)

a=1

where V, are orthonormal vectors normal to the planes of symmetry. For this material model, the
d* are constant. Therefore this model should be used only when strains are small. Note that the
user must specify d* < dy, where dy is the solute diffusivity in free solution, since a solute cannot
diffuse through the biphasic-solute mixture faster than in free solution.

5.9.3 Referentially Isotropic Diffusivity

This material uses a strain-dependent diffusivity tensor that is isotropic in the reference configura-
tion and accommodates strain-induced anisotropy:

_ dir dar o J— 7 M(J2-1)/2
d_<d0TI+J2b+J4b><1_%€ e , (5.9.3)

where J is the jacobian of the deformation, i.e. J = det F where F is the deformation gradient,
and b = F - F7 is the left Cauchy-Green tensor. Note that the diffusivity in the reference state
(F =1) is isotropic and given by d = (do, + d1, + doy) L.

5.9.4 Referentially Orthotropic Diffusivity
This material uses a strain-dependent diffusivity tensor that is orthotropic in the reference config-

uration and accommodates strain-induced anisotropy:

3
d=doI+) dim,+d§(m,-b+b-m,), (5.9.4)

a=1
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where a0
do = dor ({:gf;) eMO(JQ_l)m,
di, (J =i\ Ma(r2-1)2
a _ 1r T @ =1.2 J.
di = — <1_¢$> g , a=1,23 (5.9.5)
a (J—3\" (12-1)
a __ P2r (Y ¥r My (J*-1)/2
=5 (1—wﬁ> ‘ '

Here, J is the Jacobian of the deformation, i.e. J = det F where F is the deformation gradient.
m, are second order tensor representing the spatial structural tensors describing the orthogonal
planes of symmetry, given by

m,=F (V,oV,)-FI a=1-3, (5.9.6)

where V, are orthonormal vectors normal to the planes of symmetry. Note that the permeability

3
in the reference state (F =1I) is given by k = ko, I+ > (k{, + k5,) V, ® V.
a=1
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5.10 Solute Solubility

Solubility constitutive equations provide a relation for # as a function of solid matrix strain and
effective solute concentrations.

5.10.1 Constant Solubility

For this material model, % is constant.
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5.11 Osmotic Coefficient

Osmotic coefficient constitutive equations provide a relation for ® as a function of solid matrix
strain and effective solute concentrations.

5.11.1 Constant Osmotic Coefficient

For this material model, ® is constant.
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5.12 Active Contraction Model

A time varying “elastance” active contraction model [62] was added to the transversely isotropic
materials. When active contraction is activated, the total Cauchy stress o is defined as the sum of
the active stress tensor % = T%a ® a and the passive stress tensor o?:

o=ocf+co° 5121
, ( )

where a is the deformed fiber vector (unit length), defined as Ada = F - a. The time varying
elastance model is a modification of the standard Hill equation that scales the standard equation
by an activation curve C (t). The active fiber stress 7 is defined as:

2
Cag

T = Ty =5
"X Ca2 + ECad,

C(t), (5.12.2)
where T,,.. = 135.7kPa is the isometric tension under maximal activation at the peak intracellular
calcium concentration of Cay = 4.35 uM. The length dependent calcium sensitivity is governed by
the following equation:

(Cao)max
N (5.12.3)

where (Cay) .. = 4.35 uM is the maximum peak intracellular calcium concentration, B = 4.75 um~1
governs the shape of the peak isometric tension-sarcomere length relation, i, = 1.58 um is the
sarcomere length at which no active tension develops, and [ is the sarcomere length which is the
product of the fiber stretch \ and the sarcomere unloaded length I, = 2.04 um.

ECCL50 =
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5.13 Prescribed Active Contraction

Prescribed active contraction models allow the user to directly specify the time history of the active
contractile stress.

5.13.1 Uniaxial Active Contraction

For this model, the active stress is acting along a prescribed direction given by the unit vector a,
in the reference configuration. The 2" Piola-Kirchhoff stress is

St =T%, ®a,, (5.13.1)

and the Cauchy stress is
o =J T ®a, (5.13.2)

where T is the prescribed contractile stress and a = F - a,.. Since S is not a function of deforma-
tion, the material and spatial tangents are both zero.

5.13.2 Transversely Isotropic Active Contraction

In this case, the active stress is isotropic in a plane transverse to the direction a,.,
S*=T"I1-a -®a,), (5.18.3)
and the corresponding Cauchy stress is
oc’=J'T*B-a®a), (5.13.4)

where B = F - F7 is the left Cauchy-Green tensor. The material and spatial tangents are zero.

5.13.3 Isotropic Active Contraction

An isotropic active contractile stress is given by
S* = 7°1 (5.13.5)
and the corresponding Cauchy stress is
o =JT'B. (5.13.6)

The material and spatial tangents are zero.



5.14. CHEMICAL REACTION PRODUCTION RATE 235

5.14 Chemical Reaction Production Rate

Production rate constitutive equations provide a relation for ¢ as a function of solid matrix strain,
solute concentrations, and the concentrations of solid-bound molecular species.

5.14.1 Mass Action Forward

According to the law of mass action for forward reactions,

C=k(0,F,p0) [ ()% . (5.14.1)

«

A constitutive relation for the specific reaction rate & (6, F, p?) must also be provided.

5.14.2 Mass Action Reversible

According to the law of mass action for reversible reactions,

Cr = ke (0,F, p7) [T ()%

Cr=kr (0,F,p7) [T (e)® (5.14.2)

«

é = éF - é-R = éF 1- Kc (97 F?ﬂ?) H (ca)l/a )
where K. = kg/kp is a function that reduces to the equilibrium constant of the reversible reaction
at chemical equilibrium (when ¢ = 0). Constitutive relations for the specific forward and reverse
reaction rates, kr (6, F, p?) and kg (0, F, p7) respectively, must also be provided.

5.14.3 Michaelis-Menten
Michaelis-Menten is a model for enzyme kinetics as represented by the reactions
ECH+E = ES 5 EC+EP, (5.14.3)

where £°€ is the enzyme, £° is the substrate, £¢° is the enzyme-substrate complex, and £? is the
product. The molar mass supply ¢? producing &P is related to the concentration of the substrate
E* via Vs

N mazC

P = K o (5.14.4)
where V., is the maximum rate achieved by the system, at maximum (saturating) substrate
concentrations. K, is the substrate concentration at which the reaction rate is half of V,,,,..

This relation may be derived by applying the law of mass action to the two reactions in (5.14.3).
under the simplifying assumption that the reversible reaction between the enzyme and substrate
reaches steady state much faster than the subsequent forward reaction forming the product. If the
first and second reactions are denoted by subscripts 1 and 2, respectively, the law of mass action

for the first (reversible) and second (forwar) reaction produces

G =kpi1c®c® —kric®®, (o = kpac®,

. . R . (5.14.5)
==, =@, “=0a-C.
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The total enzyme concentration remains constant at cf = ¢°+c%, so that¢; = kpc§es—(kp1c® + ki) ¢°.
Assuming that the first reaction equilibrates much faster than the second is equivalent to letting
¢1 =~ 0, in which case

es CSCS

s o (5.14.6)

where K,,, = kr1/kr1. Then,
CA _ Vinax¢®
2 o5+ Km )

where Viax = kracj represents the maximum value of (2, when K,, < ¢*. In practice, choosing
kr1 > kpo can produce the desired effect.

5.15 Specific Reaction Rate

Specific reaction rate constitutive equations provide a relation for k£ as a function of solid matrix
strain and the concentrations of solid-bound molecular species.

5.15.1 Constant Specific Reaction Rate

For this material model, k is constant.

5.15.2 Huiskes Remodeling

For this material, which is based on the bone remodeling framework of Weinans et al. [131], the
specific reaction rate depends on the deviation of the specific strain energy from a threshold value,

k(Rpi)zW(%—%) s (5.15.1)

where B is a constant, ¥, is the strain energy density of the solid, p; is the referential mass density
of the solid, v is the threshold value for the specific strain energy. In this relation, J = detF is
evaluated from the solid deformation and ¢ is evaluated from (2.12.7).

In the subsequent study by Mullender et al. [95] it was proposed to let osteocytes serve as
sensing cells, such that the remodeling rate may depend on cells in the neighborhood of the the
point at which remodeling is calculated. In that case, the model of eq.(5.15.1) is extended to
include the contribution from neighboring sensing cells,

FE ) = — (B T e +§:e_di/DB< Tei o)) (5.15.2)
(=) M p; — "\ ps

T

Here, N represents the number of elements in the neighborhood of the current material point
element, which fall within a characteristic sensing distance D, and d; represents the distance
between these neighboring points and the current material point.
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5.16 Viscous Fluids

The most common family of constitutive relations employed for viscous fluids, including Newtonian
fluids, is given by

7(J,D) = (/ﬁ;—iﬂ) (trD) I+2uD, (5.16.1)

where p and « are, respectively, the dynamic shear and bulk viscosity coefficients (both posi-
tive), which may generally depend on J and, for non-Newtonian fluids, on invariants of D. In
practice, most constitutive models for non-Newtonian viscous fluids only use a dependence on
4 =+/2D : D, since it is the only non-zero invariant in viscometric flows [105]. In this case, substi-

tuting eq.(5.16.1) into eq.(3.5.9) produces

C" = </{—§u>1®1+? (8/{_2@) (trD)I®D
7 7 (5.16.2)

+2 (?%D@D%—MI@I) .
YOy

The term containing I ® D is the only one that does not exhibit major symmetry. In Newtonian

fluids, 1 and k are independent of D; in incompressible fluids they are independent of J (since

J = 1 remains constant and tr D = 0). Thus, for both of these cases the term containing I ® D

drops out and C™ exhibits major symmetry.

Similarly, using eq.(5.16.1), the tangent 7/, in eq.(3.5.11) reduces to

o

- >(trD)I+28JD. (5.16.3)
Explicit forms for the dependence of i or « on J are not illustrated here, since viscosity generally
shows negligible dependence on pressure (thus J) over typical ranges of pressures in fluids, hence
7/, = 0 in most analyses.

Many fluid mechanics textbooks employ Stoke’s condition (x = 0) for the purpose of equating
the elastic pressure p with the mean normal stress —%tra [99]; in FEBIo, « is kept as a user-
defined material property, which may be set to zero if desired. A common example of a non-
Newtonian fluid is the Carreau model, where T = 2, () D, which is a special case of eq.(5.16.1),
with k = 24/3 and

n—1)/2
= oo (0 — o) (14 9)7) "7 (5.16.4)
where ) is a time constant, n is a parameter governing the power-law response, py is the viscosity
when 4 = 0 and p« is the viscosity as ¥ — oo. Other common models of non-Newtonian viscous
fluids are summarized in [42], though it should be noted that some of these models produce
infinite values when evaluating 4~10./0% as 4 — 0, which is problematic in the evaluation of C™ in

eq.(5.16.9).

For nearly incompressible fluids, a simple constitutive relation may be adopted for the pressure,
p(J)=K((1-J), (5.16.5)

where K is the bulk modulus of the fluid in the limit when J = 1. It follows that p' (J) = —K
and p” (J) = 0 in eq.(3.5.10). This constitutive relation is adopted for nearly-incompressible CFD
analyses in FEBio, though alternative formulations may be easily implemented.
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Chapter 6

Dynamics

FEBio can perform a nonlinear dynamic analysis by iteratively solving the following nonlinear semi-
discrete finite element equations [25].

ek
Md,,,; + KAd" = T, — Foia

(6.0.1)
iy =d;ig +Ad

Here, M is the mass matrix, K the stiffness matrix, T the internal force (stress) vector and F

the externally applied loads. The upperscript index k refers to the iteration number, the subscript

nrefers to the time increment. The trapezoidal (or midpoint) rule is used to perform the time

integration. This results in the following approximations for the displacement and velocity updates.

d,y1=d, + g <dn + dn+1)

b . (6.0.2)
dn+1 = dn + 5 <dn + dn—H)
Using (6.0.2) we can solve for d,, 1,
- 4 4. -
k _ k—1 k
dhy = (dnH —d,+Ad ) — 2 dy —dn. (6.0.3)
Substituting this into equation (6.0.1) results in the following linear system of equations.
4 k k 4 k— 4. .
(h2M + K> AdF =Tk | —F, - M (h2 (dn+{ - dn> —od—d ). (6.0.4)

Solving this equation for Ad* and using (6.0.1) gives the new displacement vector d%,, . The
acceleration vector Eiflﬂ can then be found from (6.0.3) and the velocity vector c'l7’§+1 from.
This algorithm is repeated until convergence is reached.

6.1 Newmark Integration

To solve a differential equation which is second-order in time, we need to perform a numerical
integration in the time domain. Let ¢ (¢) denote the function of interest and let ¢,, and ¢,,; represent
consecutive time steps such that At = ¢,4; — t,. The function 6 (¢) may be represented at each
time point as 6,, = 6(t,) and 6,41 = 0 (t,+1). The Newmark integration formulas are used to

239
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evaluate 60, and 0,1 at time 6,1, assuming that they can be integrated from a judiciously
selected 6 (t,,+-) in the time interval [t,,, t,+1]. Using the mean value theorem for definite integrals,
we know that an exact solution may be found for the integral according to

/:"H 6(t) dt = 6,1 — 6 = 0 (tnr) At (6.1.1)
where ~ is generally unknown ;priori. In the Newmark integration scheme we let
0 (tngy) = V0ns1 + (1 — ) b, (6.1.2)
where « is a user-selected parameter in the range 0 to 1. It follows that
fpir = 6n + At [yénﬂ L (1—=)6,] . (6.1.3)

We can similarly integrate this function twice to obtain 6,1,

tn+1 t . tn+1 . . . . At2
/ / 0 (r) drdt = / (9 (t) — 9n> dt = 0p41 — 0 — 0, A = 0 (ty428) 5
tn tn tn

where we let

0 (tnsog) = 280n41 + (1 —26)6,.
Here, 3 represents a parameter that varies from 0 to % It follows that

. At? .. ..
Ot = O+ 0n Mt + = [z/jenﬂ +(1-28) en} , (6.1.4)
or alternatively,
I 0, — O, At L) (6.1.5)
n+1—m(n+1*n*n )* 2[3 n > -l
from which we may re-evaluate (6.1.3) as
. - . L _ . . _ l .
Ot = 0 + AL [6At2 (enﬂ 0, GnAt) + (1 25) en] . (6.1.6)
Stability of this integration scheme is guaranteed when
1 2
72%, 52(722) : (6.1.7)

6.2 Elastodynamics

6.2.1 Governing Equations

The linear momentum balance for elastodynamics is
pa=dive + pb, (6.2.1)

where p is the density, a is the acceleration, o is the Cauchy stress, and b is the body force per
mass. The angular momentum balance is satisfied by letting ” = . The integrated form of the
mass balance equations yields
p= &; : (6.2.2)
where p, is the density in the reference configuration and J = det F, where F is the deformation
gradient. The acceleration is given by the material time derivative of the velocity v, evaluated
either in a spatial or a material frame,
a=v (6.2.3)
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6.2.2 Virtual Work

The virtual work for the domain b is given by
oW = /5v- (dive + p(b—a)) dv, (6.2.4)
b

where v is the virtual velocity. Using the divergence theorem, this virtual work may be expressed
as the difference 0W = W,y — W;,,: between external virtual work §W,,; and internal virtual
work dW;,,:, where

Wint = /o- : grad5vdv—|—/5v~,oadv,
b b (6.2.5)

OWegt = 5v~tda+/5v~pbdv,
b b

where t = o - n is the traction on the boundary 9b.

6.2.3 Generalized a—Method for Elastodynamics

In the generalized a«—method, we evaluate displacements and velocities at the intermediate time
tnta, = tn +ay (tnt1 — tn), Where ay is a user-defined parameter (0 < oy < 1), such that

Xn+af = (1 - af) Xn T AfXn+1 >
Un+tay = (1 - af) Uy + afuptr, (626)
Vntay = (1 - af) Vi + AfVptl,

where x is the motion and u is the displacement. In particular, it follows that the deformation
gradient and its determinant are given at the intermediate time by

Fria, = 8";;‘” — (1 - ay) P+ asFos, (6.2.7)
and
Jnta; = det Frpq, . (6.2.8)
The material time derivative of J,,,.,, and the velocity gradient L,,.,, are normally evaluated as
Intay = Jnva;Frla, : Gradviia, (6.2.9)
and
Lyta; = Grad vpia, - F 1, - (6.2.10)
In practice however, we get better numerical results when using
Jnta; = %, (6.2.11)
and F, . _F
Lita; = =17 Frl, - (6.2.12)

According to the generalized—a method, we evaluate the velocity derivative at a different inter-
mediate time t,,+q,, = tn + @m (tns1 — tn), such that

vn+am = (1 - Oém) Vn + O[m\./n+1 . (6213)



242 CHAPTER 6. DYNAMICS

Since elastodynamics represent a second-order system of equations in time, the parameters oy
and «,,, are evaluated from a single parameter p-, using [28]
1 2— Poo

ozf—1+poo, am—1+poo, (6.2.14)
where 0 < p, < 1. This parameter is the spectral radius for an infinite time step, which controls
the amount of damping of high frequencies; a value of zero produces the greatest amount of
damping, anihilating the highest frequency in one step, whereas a value of one preserves the
highest frequency.

To complete the integration scheme [74] we evaluate

8=~ (1+am—af)2
, (6.2.15)

1
7:§+am—af

then we use the Newmark integration formulas (Section [6.1),
Vp4+1 = Vg + At [(1 — )Vn + ’Y\.’n_i_l]

At? . :
Upt1 = Uy + Atv,, + T [(1 - 25) vy + 2/8Vn+1] . (6.2.1 6)

Vo= 1 Ungl —Up 1_i
T BAL At n 23

At the start of each time step, we initialize the variables as follows:

Up+1 = Up

. 1\ .1
Va1 = (1 - 25) A . (6.2.17)

V41 = (1—;)vn+At(1—2B>

The solution of the nonlinear equation §W = 0 is obtained by linearizing this relation as
OW + D6W [Au] = 0, (6.2.18)

where the operator DSW [-] represents the directional derivative of I at u along an increment
Au of u, 11 [35]. According to the generalized—a method [74], the virtual work is evaluated using
intermediate time step values, at tntay for all parameters except v, which is evaluated at ¢,, 1, . It
follows from these definitions that the linearizations of critical variables are given by

Du[Au] = ayAu

F [Au] = oy Grad Au
J [Au] = afJ (div Au)
DJ[Au] =D (JF~ T : Gradv) [Au]

6.2.4 Linearization

6.2.19
=ayJ |:<leV + M) (div Au) — (grad Au)” ( )

v [Au] = ng: Au

Dv [Au] = Au

6At2
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To linearize the virtual work, we need to express the integrals appearing in 6W;,,; and 6W,,, over
the material frame of the finite element solid domain.

6.2.4.1 Internal Work

The first term in the internal work becomes

/cr s grad ovdv = / F-S:GraddvdV (6.2.20)
b B

where S = J-F~!.o-F~T is the second Piola-Kirchhoff stress for the solid material. In general, o
(and thus, S) is only a function of the solid strain, such as the right Cauchy-Green tensor C = F7.F
or the Green-Lagrange strain E = (C —I) /2.

DE[Au] = F (Grad” Au-F + F” - Grad Au) . (6.2.21)
Therefore, following the standard approach in solid mechanics, the linearization of S is
0S
DS [Au] = IE DE [Au]
=a;C: % (GradT Au-F +FT . Grad Au) ’ (6.2.22)

= a;C: (FT@FT) : Ae

where C is the material elasticity tensor. Now, the linearization of the first term in 6W;,,; is

D(/BF~S:Grad6vdV> [Au]

: (6.2.23)
= /Uaf (gradov : grad Au - o + grad v : C : grad Au) dv
where C is the spatial elasticity tensor. Similarly, the second term in 6W;,,; produces
D </B v - pradV) [Au] = /bav : %pAu dv . (6.2.24)
6.2.4.2 External Work
The linearization of the body force term is
D (/B ov - p,b dV> [Au] = /bév ~agpgradb - Audv. (6.2.25)
The linearization of the traction force term is
D (/F v -tg X gof dnldn2> [Au]
"
= /Fn apdv- (t®n)- <g1 X a@i; — g9 X a@jll) dntdn?- (6.2.26)

+ [ v -Dt[Au]|g x ga| dn'dn?
FW
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Note that Dt [Au] depends on the nature of the surface traction. For a prescribed traction we have
Dt [Au] = 0. A contact analysis needs more elaborate derivations (not yet implemented as of
FEBio 2.7). In the above expression we used

Dlg1 x g2| [Au] =n- D (g1 x g2) [Au]

can (g QAu  0Au (6.2.27)
=ay g1 e g2 ol

where the unit outward normal is evaluated as

_ B1X82 (6.2.28)
g1 X g2
6.2.5 Discretization
We use the following interpolations:
0v =) Nabvq Au= > N,Au,
a b
grad év = Z 0vy ® grad N, grad Au = Z Auy, ® grad Ny, (6.2.29)
a b

divdév = Z O0vg - grad N, div Au = Z Auy - grad Ny
a b
where N, (n',n? 1) are shape functions of the element parametric coordinates (', 7?,7*). Note

that the grad = a% operator should be evaluated at t,,,, Using x;,+,. For example, in the case
of a scalar function f,

of of
df= =_-—g
gra f 8Xn+af anz gn+af
i _ o’ ’
Bnta; = m

where the contravariant basis vectors g, , , ;, may be evaluated from the covariant basis vectors

ox » 0x ox
n+ay n4aoy n n+1
. = T (11— , .
g; 877’ ( Ozf) 877Z + ay 87]’
using g " gl =4
The discretization of the internal work produces
IWins = Z 0vg - /(ffj +£7) dv, (6.2.30)
a b
where

f) =0 -grad N,

6.2.31
£ = Nypa ( )

The discretization of the stress and elasticity terms in the internal work is

/af (grad ov : grad Au - o + grad v : C : grad Au) dv

:Zéva-Z/Kdev-Aub
a p YV

)
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where

Ku = af ((grad Ng - o - grad N) I + grad N, - C - grad V) |.

The discretization of the mass term in the internal work is

Q@
ov - ’”Ad:§5a- M, dv - Auy,
/bv ﬁAﬂp udv d v ;/b pdv - Auy

where

PN NI |.

Mab:

Qo
BAL

For the external work of body forces,

/5v-pbdv225va./f;’du
b ’ b

where
f° = N,p°b |,
and
/(5v5 ~agp’gradb - Audv = Z5V2 : Z/Kgbdv - Auy,
b o b
where

KP = afN,Nyp® gradb .

For prescribed tractions,
ov® -t da = Z ov, - / £t dnldn?

b .
where
£l = Not® |g1 x g2l |,
and OA OA
u u
ove - (t° : b dn*dn?
/Fnaf v (t°®@n) (glx o2 g2 X 6771) n-dn
= Zévz . Z/ K, dn'dn? - Au,
a b Fn

where

bi:osza(tS(X)n)- <aNbA ONp & )

87772& - 87771&

where g is the skew-symmetric tensor whose dual vector is g.

6.2.6 Energy-Momentum Conservation Scheme

245

(6.2.32)

(6.2.33)

(6.2.34)

(6.2.35)

(6.2.36)

(6.2.37)

The time discretization scheme may be selected in a manner that enforces linear and angular
momentum, and energy conservation over consecutive time steps ¢, and t¢,.1, when boundary
conditions and external loads are time-independent. Based on the prior literature [60, (102} [117],
this momentum and energy conservation may be achieved by using the midpoint rule (p» = 1,
leading to ay = oy, = %), and evaluating the virtual work at tn+%. However, since the virtual work
strictly enforces momentum balance only, there is no guarantee that energy conservation will be
satisfied as a result of time discretization. Therefore, we need to enforce a specific scheme to

satisfy energy balance.
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6.2.6.1 Energy Balance

For an elastic solid, in the absence of heat exchanges (i.e., in elastodynamics), the equation of
energy balance reduces
pe=0c:D, (6.2.38)

where ¢ is the specific internal energy and D is the rate of deformation tensor. Recall that ¢ =
¥ + 6n, where ¢ is the specific free energy, 6 is the absolute temperature and 7 is the specific
entropy. Since n = 0 in elasticity (due to the temperature remaining constant), the above energy
balance may be combined with the mass balance as

ot = &J’”zb —0:D, (6.2.39)

or
¥, =Jo:D, (6.2.40)

where ¥, = p,¢ is the free energy density (per volume of the material in the reference configura-
tion).

In our time integration scheme, to satisfy energy balance, this equation needs to be evaluated
atthia,, thus

(‘i’*)nmf = Jnto;Onia; i Dt - (6.2.41)

However, the solution for 0,10, = o (Fn+af) obtained from the momentum balance may not
necessarity satisfy this equation. Thus, to satisfy energy balance over consecutive time steps, we
want to evaluate an effective stress o, such that

~ (\Ilr)n - (\IIT)n
Jn-l—ozfo'n-‘raf : Dn+af = +1At . (6.2.42)

To find a solution for 6,1, we follow the procedure of Gonzalez [60] and let
&n-i—ozf = On+ay + fDn+Oéf ) (6243)

where f is some scalar function to be determined. Substituting this relation, (6.2.43), into the
previous equation, (6.2.42), produces

(‘I’T) +1 (‘I'r) 1
_ n A _ 6.2.44
/ ( JTSL—&-afAt Tntay e Dn-‘raf :Dn—I—af ( )

Hence, the equation for an effective stress needed to satisfy energy balance between consecutive
time steps is

(\I]"")n—‘,-l - (‘117”)71 Dn+af

~no¢ = On+a - na-:Dna . 6.2.45

In the limit when Dy, 1, : Dyya, = 0, We USE Gpya, = 0nta,- Recall that this scheme produces
conservation of linear and angular momentum and total energy only with po, = 1, or equivalently,
oy = an = 3, 3= 1 and v = 1. Therefore, this effective stress calculation is only applied when
the user employs po, = 1.
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6.3 Rigid Body Dynamics

6.3.1 Rigid Body Rotation
6.3.1.1 Exponential Map

Conventionally, the rigid body rotation tensor A corresponding to a rotation of angle x about the
unit vector n may be expressed in terms of the vector x = xn as

A(x)=cosxyI—sinx€ -n+(1—cosxy)n®n (6.3.1)

where £ is the third-order permutation pseudo-tensor with Cartesian components ¢;;,. Making
use of the trigopnometric identity,
1
cosy = 1 — 2sin? 35X (6.3.2)
this expression may be rearranged as

sin
Alx)=1- 22X

2 . 21 2
E-x—i—?sm 5)((8')() , (6.3.3)

where we have made use of the identity

(€-x)°=x®x— XL (6.3.4)
Letting
x=-€x (6.3.5)
represent the antisymmetric tensor with axial vector x, A (x) may now be represented as
i 2 1
Ax) =exp i) =T+ X5+ Ssin? (v ) %2, (6.3.6)
X X 2

where exp [x] is known as the exponential map. Thus, the exponential map provides the rotation
tensor for a rotation x about the unit vector n. Note that A - x = x, since x - x = x X x =0.

Let Q be any orthogonal transformation, then
sin 1 .
X 2 §X (Q X QT)

(6.3.7)

2

Q-exp[x] Q" =TI+

= exp [Q X - QT] = exp [9}

. 2 .
Q'X‘QT—F?sm

where 8 = Q - x - Q7 and its corresponding axial vector is @ = Q - x, implying that # = x. This
property of the exponential map is used in the next derivation.
Consider a vector Z in the reference configuration of a rigid body. Upon rigid body rotation, this
vector is currently at
z(t)=A(t)-Z. (6.3.8)

The corresponding axial vector of A (¢) is x (¢). At a subsequent time ¢/, we would similarly have
z(t')=At')-Z=exp [@] “A(t)-Z, (6.3.9)
where here, 6 is the incremental (finite) rotation from ¢ to ¢'. Alternatively, we may choose to write

2(f) = A () Z=A(t) exp O] -2, (6.3.10)
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such that

(6.3.11)

implying that

(6.3.12)

Note from these relations that # = ©. Thus, © is the material representation of the incremental
rotation from ¢ to ¢/, while 0 is the corresponding spatial representation.

6.3.1.2 Cayley Transform

An alternative to the exponential map is the Cayley transform,

A(x)=cay[x] =1+ % <1§< + 158) (6.3.13)
L+ (30" \2 4

which is a second order approximation to the exponential map. This formula is a correction to

that appearing in [102] (which has %XZ in the denominator). According to Puso [102], the Cayley

transform must be used to enforce conservation of momentum and energy in a midpoint rule

discretization scheme, whenever the rigid body is connected to a deformable body, or whenever

two rigid bodies are connected by a joint. Comparing the above expression to the exponential map

exp [0] using (6.3.6)), we find that .x and 0 are related via

X:2tangn. (6.3.14)

6.3.1.3 Linearization Along Rotational Increment

Let 6 represent a spatial rotational increment, such that a rotation tensor compounded by an
infinitesimal incremental rotation is given by

A. = cay [eé} A (6.3.15)

Using the Cayley transform for illustration, the linearization of A along the increment @ is obtained
from

d
d

cay [59} -A
e=0

2 (1 1, . (6.3.16)
- I+—= (= Zg? .
= ( R <f"*4”’>> *

-0 A

The same result may be obtained with the exponential map. Similarly, using an infinitesimal mate-
rial rotational increment such that A, = A - cay {5(3)}, we may find

DA®]=A-©. (6.3.17)
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6.3.2 General Rigid Body Motion

If the point x is connected to a rigid body, its motion is given by
x=r(t)+A({t)-Z=r(t)+2z(t) (6.3.18)

where r (t) is the position of the rigid body center of mass and A (t) is the body’s rotation tensor,
which satisfies A (t9) = I at the initial time ¢y; here, z (t) = A (t) - Z is the distance of the point
from the body’s center of mass, and X = r (ty) + Z is the initial position. The velocity of that point
is
x=r(t)+Al)-Z (6.3.19)
where ' R
At)y=w@t)-A@t)=A(t) - W(t). (6.3.20)

Here, w is an antisymmetric tensor with axial vector w which represents the spatial angular velocity
vector; similarly, W is an antisymmetric tensor with axial vector W (the material angular velocity),
such that w = A - W and

O=A-W-AT. (6.3.21)
We may now rewrite
x =r(t)+w(t) z(t
X=r(t)+w(t) ZA() | (6.3.22)
=r(t)+A(t)- W(t)-Z
so that the acceleration of the point is
x=1t)+ (&) +@*(t) =
) (6.3.23)

= (t)+ A (L) (A(t)+W2(t)) Z

where a = & = A - A is the spatial angular acceleration vector, A = W is the material angular
acceleration vector. As shown below, the time discretization is performed in the material frame.

6.3.3 Rigid Body Momentum Balance

For a rigid body, the conservation of linear momentum is given by

% (mi) = p = £ (1) (6.3.24)
where m is the mass of the rigid body, r is the velocity of the center of mass, p = mr is the linear
momentum, and f¢** (t) represents the sum of external forces acting on the body. Here, m is con-
stant for a rigid body. There are typically four contributions to £¢** (¢): Body forces £:** (t) = mb (t)
(where b represents the body force per mass, such as gravitational acceleration), other user-
prescribed forces fgmt (t) (which act at the center of mass), forces £¢*¢ () produced by rigid body
connectors (such as revolute and prismatic joints, or contact forces), and forces f;“ (t) produced
by rigid-flexible connections (where deformable materials interface with the rigid body), in which
case f}%” is evaluated from the traction t = o - n over that interface, with o representing the stress
in the deformable material.
The conservation of angular momentum is similarly given by
d

%(J.w)zh:wxhu.a:mm(w (6.3.25)
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where J is the rigid body mass moment of inertia about its center of mass, w is its angular velocity,
h = J - w is its angular momentum, o = w is the rigid body angular acceleration, and m®*! ()
is the sum of moments acting on the rigid body. External moments include contributions from
user-prescribed moments/torques mS* (t), from rigid body connectors, mg* (t) = z. (t) x £ ()
where z. (t) is the connector insertion relative to the rigid body center of mass, and rigid-flexible
interfaces, m;” (t) = zf(t) x f;“ft (t) where z; (t) is the position of the interface point relative to
the rigid body center of mass. Since body forces f;* and user-prescribed forces f5** act at the
center of mass, they do not contribute to m®** (¢). Note that

Jt)y=A@1)-J.-AT (1), (6.3.26)

where J, is the mass moment of inertia about the center of mass in the reference configuration
and A (t) is the rotation tensor representing the orientation of the rigid body at time ¢, with A =1
in the reference configuration.

The virtual work statement is given by

SW = 6t - (£7* () — p) + 66 (mwt (t) — h) , (6.3.27)

where ér is the virtual velocity of the center of mass and 46 is the virtual angular velocity of the
rigid body.

6.3.4 Time Discretization
6.3.4.1 Newmark Integration for Rigid Body Dynamics

Let ¢, and t,,41 represent consecutive time points. According to the Newmark integration scheme,
the rigid body center of mass velocity and acceleration at ¢, 1 may be expressed in terms of their
values at ¢,, as

Pp1 = Tn + AL[(1 =)y + Y041

.. 1 1 ) 1y, 5

nyl = m E (rn-l—l - rn) - rn:| + (1 - 2B> rn
where 8 and v are Newmark parameters that satisfy 0 <25 <1and 0 <~ < 1.

Let the rigid body rotation tensor A (t) be expressed as A (t) = exp[€(¢)], and & (t) is the

material rotation of the rigid body from its reference configuration. Thus, A,, = exp[£,] and A+ =
exp [€,,41] respectively represent the rigid body rotation tensors at ¢, and t,41. (In practice, ¢ is
stored as a quaternion to facilitate the multiplication of rotation tensors.) These tensors are related
by the incremental spatial rotation 8 or material rotation ® from ¢,, to ¢,,+1 according to

(6.3.28)

Ay =cay[0]- A, = A, -cay [O] . (6.3.29)

Here, it should be understood that the material frame for this incremental rotation is the config-
uration at time ¢,,, while the spatial frame is the configuration at ¢,,,;. For rotational motion, the
Newmark scheme is applied in the material frame as

At
W= ——0-W,+ <2 = 7) <Wn + An>

BAt 3 2
1 1
Apii=—Wpp1 — W, 1——]A, . 3.
+1 'yAt( +1 )+< 7) (6.3.30)

1 1 1
= it (@~ W) + (1-35) &
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Then, using the relations w = A- W and a« = A - A at ¢, and t,,41, along with (6.3.29), we may
express these relations in the spatial frame as

Wnp41 = cay [9] : (;Ata —wp + <2 — g) <wn + A2tan)>

a1 = cay (0] - (ﬁlAt <A1t0 — wn> + <1 - 21@)) an>

In a nonlinear solution scheme we solve for ® incrementally. According to (6.3.17), the lin-
earization of cay [®] along an increment A® is given by

(6.3.31)

D (cay [©]) [A®] = cay [©] - AO, (6.3.32)

so that -
DA, 11 [AB] = Ay - AB. (6.3.33)

The linearizations of W,,; and A, 1, as given in (6.3.30), along an increment A® requires us to
first evaluate D® [A®]. According to Puso [102],

DO[AB] =T (O)-AO, (6.3.34)
where ) )
T (©) :I+§é+1®®®. (6.3.35)
Thus,
DW,,, [A®] = ﬁT (@) A®
. . (6.3.36)

6.3.5 Generalized-a Method for Rigid Body Dynamics

In the generalized-a method, we evaluate forces and moments at time ¢, = (1 —ay)tn, +
ayrt,41 and the time rate of change of linear and angular momenta at time ¢,,1q,, = (1 — o) t, +
amtny1, Where ay and «,,, may be evaluated from the spectral radius for an infinite time step, p
(Section[3.10). For second-order systems these parameters may be evaluated from [28]

1 2- Poo
= = , 6.3.37
T e M T T4 ( )
Then, the Newmark parameters are given by
1 2
1 (6.3.38)
v = 3 + oy —ay.

Accordingly, to solve numerically for 6WW = 0 over the time domain, we express (6.3.27) in the
discretized time domain as

ot - (fﬁj’faf - pn+am) 450 (m;%;faf . hn+am) ~0, (6.3.39)
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or equivalently,

fext _ .n o
[or o9 ]| "her ™ Proem |y (6.3.40)
mn+af - hn"!‘am
Thus, the residual vector is given by
£ Dt
— n Oéf _ 3 N—T+0om
where ' ' _
Prntanm = (1 - am) Pn + mPn+1 (6 3 42)
hn—l—am = (1 - am) hn + Cthn—&—l . o
According to the Newmark integration scheme,
pn+1=%+ (1—)pn
7 i (6.3.43)

. ho1 — hy, 1\,
B =—2 "4 (1-=)h
+1 ")/At + ~ n

where p, 11 = mr,11 and hy, 1 = Jpy1 - Wiy
The nonlinear system R = 0 is solved using a Newton scheme that requires linearizing R
along increments Ar and A6. Thus,

R+ DR[Ar] + DR[AG] ~ 0. (6.3.44)

The increments Ar and A@ are evaluated at ¢,,.1 and the iterative Newton scheme requires up-
dates of the form

j+1 _ J
r,. =Tny T Ar

cay [071!] = cay [A@)] - cay [6] 7

where j represents the Newton iteration. At each Newton iteration, the current value of cay [0j+ 1]
is used to perform the update

(6.3.45)

A = cay [0771] - A, (6.3.46)

until convergence is achieved.
In practice, it is convenient to store 8 and A@ in quaternions, recognizing that

cay [0n] = exp [(2 tan~! Z) n} ,

where n is the unit vector along 6 and ¢ = ||0||. Thus, it is (2tan~! &) n which is stored in the
quaternion, instead of On.
In the linearization of R, the contributions from the rate of change of linear momentum p,,+q,,
reduce to o
Dbntan, [AI‘] = BTW;QWLAI‘

Dpn+a7n [AO] =0

To'evaluate the co'ntributions from the rate of change of angular momentum hn+am, we start from
Dh, 14, = anDh,1. Then, it becomes necessary to transform the variables to the material
frame,

h, i1 =wpi1 X hypr +Jng1 - apga
- An+1 : (Wn+1 : Jr : Wn+1 + Jr : An+1> .
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It follows that '

Dhn+am [AI‘] = O .
Then, using the relations in Section [6.3.4.1, it can be shown that

~

: 1 . 1 . :
Dhn+am [A@] = Oy I:ﬁAt ((’}/wn+1 + At1> . Jn+1 — ’}/hn+1> -T (0) — hn+1:| -AQ = (XmK WA R

Alternatively, we may use the discretization in (6.3.43) to produce

. am
Dh, o, [ABO] = EDhnH [AG]
where
Dh,,, [AG] = (B’VNJ,H1 T (6) — ﬁnH) YN
so that

) w1 1.
Dhyja, [AG] = % <BAtJ”+1 T (9) — th+1) A0 = 0K - AG

Therefore, the contribution to DR from the linear and angular momenta produces a stiffness matrix
called the mass matrix,

I:)n—i-am . ﬁl 0 Ar
ol b e[ 750 k]155]-

Consider that the moments mg"’fﬁaf about the rigid body center of mass are produced by the
forces fezt ; according to

n+ao

ext _ ext _ 2 ext
my Yo = Zntap X 550, = Zntay B,

where z, 1., is the moment arm at ,,,,
Zntop = (1—af)zn+ afzni

= [(1 - af) A, + OzfAn+1] A
EAn+af N/

where Z is the moment arm in the reference configuration. Note that

Dz o, [Ar] =0
_DZn_A,_Oéf [AB] = ()[fDAn+1 [AO] -7 = —Oéfin_t,_l - A@

Thus,
[ Dz, [Ar] | [ Dfget, [Ar] ]
Dmff_"faf [Ar] Znta, X folfaf [Ar]
and
o [ e
Dm7T,,  [A6] Znta, X DETL[AO] — (afznyr - AO) x £33,




254 CHAPTER 6. DYNAMICS



Chapter 7

Contact and Coupling

FEBIio allows the user to connect the different parts of the model in various ways. Deformable
parts can be connected to rigid bodies. Deformable objects can be brought in contact with each
other. Rigid bodies can be connected with rigid joints. This chapter describes the different ways
to couple parts together.

7.1 Sliding Interfaces

This section summarizes the theoretical developments of the two body contact problem. After in-
troducing some notation and terminology, the contact integral is presented, which contains the
contribution to the virtual work equation from the contact tractions. Since the nonlinear con-
tact problem is solved using a Newton based iterative method, the contact integral is linearized.
Next, anticipating a finite element implementation, the contact integral and its linearization are dis-
cretized using a standard finite element approach. Finally the augmented Lagrangian method for
enforcing the contact constraints is described.

7.1.1 Contact Kinematics

For the most part the notation of this section follows [82], with a few simplifications here and
there since the implementation in FEBIo is currently for quasi-static, frictionless, two body contact
problem.

The volume occupied by body i in the reference configuration is denoted by Q) ¢ R3where
i = 1,2. The boundary of body i is denoted by T'”) and is divided into three regions I'¥ =
Fff) U F(J) U Fﬁi), where Fff) is the boundary where tractions are applied, Fgf) the boundary where
the solution is prescribed and Fﬁi) the part of the boundary that will be in contact with the other
body. It is assumed that Fff) N Fﬁf) N Fﬁi) = 0.

The deformation of body i is defined by (*). The boundary of the deformed body 1, that is the
boundary of ¢ (2?) is denoted by ) = AU U4 where 48 = 0) (Ffﬁ) is the boundary
in the current configuration where the tractions are applied and similar definitions for %(f) and 7?).
See the figure below for a graphical illustration of the defined regions.

255
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The two-body contact problem.

Points in body 1 are denoted by X in the reference configuration and x in the current config-
uration. For body 2 these points are denoted by Y and y. To define contact, the location where
the two bodies are in contact with each other must be established. If body 1 is the slave body and
body 2 is the master body, then for a given point X on the slave reference contact surface there is
a point Y (X) on the master contact surface that is in some sense closest to point X. This closest
point is defined in a closest point projection sense:

Y (X) = arg min
ver®

o (X) - (v)] - (7.1.1)

With the definition of Y (X) established the gap function can be defined, which is a measure for
the distance between X and Y (X),

9(X) = v (¢ (X) — 2 (Y (X)) , (7.1.2)
where v is the local surface normal of surface ~{>) evaluated at § = »® (¥ (X)). Note that g > 0
when X has penetrated body 2, so that the constraint condition to be satisfied at all time is g < 0.

7.1.2 Weak Form of Two Body Contact

The balance of linear momentum can be written for each of the two bodies in the reference con-
figuration,

G (QO(i)’W(z')) _ / Gradw® : PO da— [ w®.FO go— / w@ .1 g / w0 gp — o
)

R0 Qi ' No
(7.1.3)
where w(?) is a weighting function and P is the 15! Piola-Kirchhoff stress tensor. The last term

corresponds to the virtual work of the contact tractions on body i. For notational convenience, the
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notations pand w are introduced to denote the collection of the respective mappings 9 and w(®
(for ¢ =1,2). In other words,
@ QMU0 5 R3,

w: QW UQ® LRI, (7.14)

The variational principle for the two body system is the sum of (7.1.3) for body 1 and 2 and can be
expressed as,

w 0 Pl (7.1.5)

Or in short,
G (p,w) = G (p,w) + G° (p, W) . (7.1.6)

Note that the minus sign is included in the definition of the contact integral G¢. The contact integral
can be written as an integration over the contact surface of body 1 by balancing linear momentum
across the contact surface:

t? (7 (x)) dr'® = -t (x) dar™ (7.1.7)
The contact integral can now be rewritten over the contact surface of body 1:
Gt = — / £ (x) - [W(l) (x) — w2 (¥ (x))| dr. (7.1.8)
ri"

In the case of frictionless contact, the contact traction is taken as perpendicular to surface 2 and
therefore can be written as, t() = ¢ty where v is the (outward) surface normal and ty is to be
determined from the solution strategy. For example in a Lagrange multiplier method the ¢’s would
be the Lagrange multipliers.

By noting that the variation of the gap function is given by

o9 = v+ (W) (x) - w® (3 (x))) , (7.1.9)
equation (7.1.8) can be simplified as,

G = /thSng. (7.1.10)

ri"
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7.1.3 Linearization of the Contact Integral

In a Newton-Raphson implementation the contact integral must be linearized with respect to the
current configuration:

AG (p,w /A tndg) d (7.1.11)

Examining the normal contact term first, the directional derivative of ¢ is given (for the case of
the penalty regularization) by:
Aty = Aden (9)}

— H(g)enAg’ (7.1.12)

where ¢y is the penalty factor and H (g) is the Heaviside function. The quantity A (dg) is given by

A (3g) = g [v - 662 (¥ (X)) + ko (¥ (X)) 66|
[u. A (Y (X)) + rap (Y (X ))Aga}

(7.1.13)
+ 668 - [A¢§§> (Y (X))] + Ay [5¢§;> (Y (X))}
+ kag (Y (X)) 66°AE>.
7.1.4 Discretization of the Contact Integral
The contact integral, which is repeated here,
G (p,w) = / tydgdl, (7.1.14)

ra

will now be discretized using a standard finite element procedure. First it is noted that the integra-
tion can be written as a sum over the surface element areas:

Nsel
G (W)= / tndgdl, (7.1.15)

e:lr(1>e

where N, is the number of surface elements. The integration can be approximated using a
quadrature rule,

e=1 i=1

Nser [ Nine
G (o, W Z{Zw; (&) m(a)ag@n} , (7.1.16)

where N, are the number of integration points for element e. It is now assumed that the inte-
gration points coincide with the element’s nodes (e.g. for a quadrilateral surface element we have
& =(-1,-1),& =(1,-1),& = (1,1) and £, = (—1,1)). With this quadrature rule, we have

) (&) = ¢V

=1
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so that,
5g (&) =-v- (cﬁl) ~S NP (&) c§-2)) . (7.1.18)
j=1
If the following vectors are defined,
007 = [V o . o]
; (7.1.19)
NT = [ v —VNI(Q) —VNy(LQ) }

equation (7.1.16) can then be rewritten as follows,
N?(’] 1nt
G (pw) =) Z w'j ( (&;) 6®TNT (7.1.20)
e=1

The specific form for ¢ ywill depend on the method employed for enforcing the contact constraint.

7.1.5 Discretization of the Contact Stiffness

A similar procedure can now be used to calculate the discretized contact stiffness matrix. The
linearization of the contact integral is repeated here:

Nsel
AG (o, w) = / A (tndg) dT
“Ire . (7.1.21)
S(il znt
= Z Z w;J €1 tng) (Sz)
e=1 =1

Using matrix notation we can rewrite equation (7.1.21) as

Nsel Nzent
AW (o, w) =D Y wij (&) 0P - K°AD, (7.1.22)

e=1 1

where §® is as above and A® similar to §® with J replaced with A, and k€ is

k¢ =enyH <>‘§€V + 5]\/9) NNT + tn {g [mHNlNlT
+ m!? (NlNg + NQN,{) + m22N2Ng] — DlN? ) (71 23)
—D,N? — N;D{ — NyD? + k15 (DD + DyDT)}

where,

N = , S ) , N, = - . (7.1.24)
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The following vectors are also defined which depend on the vectors of (7.1.24):

1
Dy = o [42 (T1 + gN1) — A1a (T + gNo)]
1
D, = A [A11 (T2 + gN2) — A1z (T1 + gN1)| (7.1.25)

N; = Nj — k12D9
Ny = Ny — k12D1

where the matrix A is defined as,
Aij = Mm4; + grij - (71 26)

Here, m;; = 7, - T; is the surface metric tensor and «;; = v - <p§2)J (Y) denotes the components of

the surface curvature at €.

7.1.6 Augmented Lagrangian Method

The augmented Lagrangian method is used in FEBio to enforce the contact constraints to a user-
specified tolerance. This implies that the normal contact tractions are given by,

ity = <)\N +8Ng> . (7127)

Note that this assumption is consistent with the approach that was used in establishing the dis-
cretization of the linearization of the contact integral (7.1.23). In (7.1.27) = is a penalty factor that
is chosen arbitrarily.

The Newton-Raphson iterative method is now used to solve the nonlinear contact problem
where Uzawa’s method (REF) is employed to calculate the Lagrange multipliers Ay . This implies
that the Lagrange multipliers are kept fixed during the Newton-Raphson iterations. After conver-
gence the multipliers are updated and a new NR procedure is started. This procedure can be
summarized by the following four steps.

1. Initialize the augmented Lagrangian iteration counter k, and the initial guesses for the mul-
tipliers:

A9 =,
Nopr = (7.1.28)
k=0.

2. Solve for dﬁﬂl, the solution vector corresponding to the fixed kth iterate for the multipliers,

Fint (d(k) ) LFC (d(k)

), ) =Ft, (7.1.29)

where the contact tractions used to compute F¢, the contact force, are governed by
k k

3. Update the Lagrange multipliers and iteration counters:
AUHD <)\(k) + €N97(Lk+)1> ;

Nn+1 Nn+1

kE=Fk+1.

(7.1.31)

4. Return to the solution phase.

Steps 2-4 of the above algorithm are generally repeated until all contact constraints are satisfied to
a user-specified tolerance or little change in the solution vector from augmentation to augmentation
is noted.
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7.1.7 Automatic Penalty Calculation

The determination of the penalty factor ey can be a difficult task, since a good value may depend

on both material parameters and geometrical factors. In FEBio the value of this penalty factor can

be determined automatically. In this case FEBio will calculate a penalty factor for each facet using
the following formula.

JsrEiA;

i = . 7.1.32

€ v ( )

Here, E; is the effective Young’s modulus along the facet normal, A; the surface area of the facet,

V; the volume of the element to which this facet belongs and fs; a user defined scale factor. The

parameter E; is evaluated from the elasticity tensor C and the facet unit normal n according to

é:(n@n):c_lz(n@)n), (7.1.33)

where C~! is the compliance tensor.

7.1.8 Facet-To-Facet Sliding

As of FEBIio version 1.2, two alternative formulations for sliding contact are available. The first
method, which is referred to as the facet-to-facet sliding, is very similar to the formulation described
above. It only differs in that it uses a Gaussian quadrature rule instead of nodal integration. Be-
cause of the more accurate integration rule, it was noted that this method in many situations was
more stable and resulted in better convergence.

7.1.9 Sliding-Elastic

This algorithm was presented in [137] and differs considerably from the previous two. Consider
a domain b consisting of two bodies b(!) and () with respective boundaries b)) and 9b(). The
two bodies are in contact over portions of 9b(1) and 9b(), respectively denoted () and v(2). The
contribution of contact to the external virtual work may be written as

e / sv@ . £ g ) (7.1.34)

=1
where v is a virtual velocity, t(*) represents the traction on ~(V), and da(" is an elemental area of
~(@_ In contact analyses, the tractions on v(*) are equal and opposite, t() = —t(2), and the contact
surfaces are shared, hence we may select one surface to perform the integration over. The virtual
work arising from contact may be written as an integral over the primary surface ~(!) only, yielding

5G, — / (590 — v -4 dal® (7.1.35)

e

eq.(7.1.35) is commonly referred to as the contact integral.

To evaluate the directional derivatives of 5G.. along increments in the displacements Au(® of
~(@ as required for an iterative technique such as Newton’s method, it is necessary to formulate
the integration over an invariant domain so that the directional derivative may be brought inside
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the integral without concern for variations in the domain of integration. In our approach the integral
is formulated over the invariant parametric space of v(!) [12] [35].

Each surface v(") is expressed in parametric form using coordinates MGy and material points
X are identified through their parametric coordinates. On each surface (), covariant basis
vectors are given by

(0 _ 0xv

S oy

(7.1.36)

Here, x(®) (ng),t> is the spatial representation of surface v(*) as it deforms over time ¢, in terms
of contravariant surface parametric coordinates 77‘(1). These covariant basis vectors are tangent to

i

~(@ and it follows that the unit outward normal to (%) is

0 _ )
nl = %. (7.1.37)
‘g1 X 89

Furthermore, the elemental area on ~(*) is evaluated as

o = 30 dnfyinty . T = [ ] (7139

Therefore the contact integral of eq.(7.1.35) may be placed into matrix form and rewritten as

t@
0G, = /F(l) [5v(1) 5V(2)] ) [—t(l)} Jél) d77(11)d77(21)7 (7.1.39)
n

where D(f) represents the invariant parametric space of surface (! and integration is performed
over points X (1) with prescribed parametric coordinates 77(01)- Since FE,I) represents a material
frame, it is possible to linearize G, by applying the directional derivative operator directly to the
integrand,
t(1) 1 1 32
DéG, = /F WD ([5v<1> sv] - [_ t(l)] J >) dnyydnty (7.1.40)
n

where it is understood that for any function f,

Df = f:Df [Au@)} . (7.1.41)

=1

To proceed with this linearization, it is necessary to formulate the kinematics of points on v(*) and
provide expressions for the contact traction t(*) that can differentiate between frictional stick and

slip.

7.1.9.1 Slip Kinematics

During contact slip, v(1) and ~(?) move relative to one another as their configurations evolve. Per-
forming a contact analysis requires mapping points between these surfaces. For the spatial po-

sition x(!) (na),t> of each material point on the primary surface, we define the intersection point
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x(2) (n&),t) on the secondary surface as the point intersected by a ray directed along the unit

outward normal to the primary surface n(!) (na),t),

x® = xM 4 gn®. (7.1.42)

where the gap function ¢ is defined to be positive when the surfaces v1) and () are separated,
and negative when they penetrate,

g= (x<2> - x<1>) -n®. (7.1.43)

The ray intersects v(2) at a spatial position x(2) through which different material points X (?) identi-
fied by parametric coordinates 77?2) may convect. Computationally, this ray intersection and contact
detection is performed with an Octree method [54].

The projection approach of eq.(7.1.42), described in our previous study [12] and commonly
termed ray-tracing [100], can be characterized as an inverse projection relative to the classical
contact mechanics approach used for NTS contact [82, [133]. Although the definition of this pro-
jection and its associated gap function is not new, it has typically been employed mostly for mortar
contact (e.g. as in Tur et al. [126]). The benefits associated with a projection method such as
eq.(7.1.42) for non-mortar contact have been developed in detail [100]. Here it suffices to note
that avoiding a reliance on secondary surface normal vectors eliminates many contact-searching
difficulties that plague NTS algorithms [136], and also serves to greatly reduce the complexity of
the linearizations and the resulting stiffness matrices.

7.1.9.2 Stick Kinematics

Equations (7.1.42) and (7.1.43) describe searching for evolving contact and are only valid during
slip. In stick no relative motion occurs between contacting points, thus the intersection point X (2
on ~v(?) does not evolve during the iterative solution process, allowing the development of kinemat-
ics of sticking contact. Implicit in this condition is the assumption that the contact projection was
previously resolved, and thus contact searching is not performed again; rather, the contact point
on ~) is given by the parametric coordinates of intersection (3 found from the previous time
point, which will be denoted as n(oé)p, with the subscripted p referring to the previous time. Thus,

we write the spatial position of X2 in stick as

x? = x® (n(oé)p,t> =xW (na),t) +8s, (7.1.44)

where g is a vectorial gap function,
g, =x —x( (7.1.45)

Here, g is the vectorial distance, at the current time ¢, between material points which were in
contact at the previous time step; for perfect stick we must have g; = 0. In a finite element
implementation however, it is important to note that the intersection point x\¥ is not in general the
point that would be found from a ray directed from 17(0‘1) along the unit outward normal n"). This is

because stick will not be enforced exactly, so the points x() and x{? will separate slightly when
using a penalty method for enforcing this constraint. How to minimize this separation and enforce
perfect stick behavior is the subject of the forthcoming sections.
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7.1.9.3 Velocities

The kinematics developed above can be used to formulate velocities. The formulation for stick
developed in Section[7.1.9.4|does not rely on velocity constraints, therefore we are only concerned
with velocities of opposing contact points in slip. The development of velocities presented below
anticipates the need for a relative velocity as required by Coulomb’s law of kinetic friction, which
aligns the friction force with this slip direction.

Since the parametric coordinates 77?1) of integration points represent material points on v, the

velocity v(1) of these points on the primary surface is evaluated from the material time derivative
in the material frame,

v (na),t) - ‘W. (7.1.46)

In contrast, since material may convect through the intersection point of the ray with (2, the

total velocity v(?) at the intersection point on +(2) needs to be evaluated using the material time
derivative in the spatial frame,

ox®@ (2 ¢

v® (77(02), t) - gt@)> + iyl . (7.1.47)
Here, 9x(?) /0t represents the velocity of the intersection point on v(?), whereas iify are the con-
travariant components of the convective velocity of material passing through this intersection point.
In effect, 7, g% represents the relative (slip) velocity between the material on v(2) and that on (1.
Importantly, as noted below when performing time discretization and linearization, by definition
0x(*) /ot is evaluated while keeping 77, constant.

We now use these relations to produce a more practical formulation of the slip velocity for our
frictional contact implementation. Taking the material time derivative of eq.(7.1.42) and using the
contact persistency condition ¢ = 0 [81] produces v(? = v(1) 4+ ¢gnM). Substituting Egs.(7.1.46)-
(7.1.47) into this expression yields a frame-invariant measure of relative velocity between ~() and

~v2) [49, [100],
ox) <n°‘ t) ox2) (770‘ t)
P e o(2) (1) W) (2)

v

where nV) is the material time derivative of n(!) in the parametric material frame of 41, evaluated
from eq.(7.1.37) as
. (1 1 1
ﬁ(1):PN.gg)Xgé)+g(1)
70
n

Here, gﬁ,}) denotes the material time derivative of g((f)

ogl) (nf)) 1)

& (nhyt) = ————= (7.1.50)

and we define the tangential plane projection tensor P as

(1)
“8& (7.1.49)

in the material frame,

Py=I-nWgnW. (7.1.51)

Previous authors have utilized v = ﬁ(cg)gff) directly instead of the right-hand-side of eq.(7.1.48);
this expression requires the evaluation of time derivatives of parametric coordinates [81} 109, 135
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which necessitates special integration algorithms to handle crossing element boundaries [50]. The
relative velocity measure on the right-hand-side of eq.(7.1.48) obviates the need for any such spe-
cial treatment. In particular, the choice of 9x(?) /9t ensures that element boundaries will never be
crossed when calculating this velocity, since it is evaluated while keeping 77?2) constant.

The tangential frictional traction in slip depends only on the tangential component of the relative
velocity, therefore we may define the slip direction s(!) as the unit vector of the projection Py - v"
of v" onto the tangent plane of v(1),

W _ Py-v"
Py -]’

These definitions of contact kinematics may now be used to formulate frictional contact.

(7.1.52)

7.1.9.4 Coulomb Frictional Contact

This work considers Coulomb frictional contact, with no distinction made between static and kinetic
coefficients of friction. Although classical Coulomb friction is the most frequently adopted behavior,
it should be noted that other constitutive equations, including micromechanically-inspired formula-
tions which consider local phenomena, have been proposed as well [133, 1135]. During frictional
contact, the contact traction t(Y) on the opposing surfaces is determined by the sticking or slipping
behavior. For Coulomb friction, the relationship between sticking and slipping is described by a
slip criterion ®, where on the primary surface

o= \»J;)\ ~pltal (7.1.53)

Here, t, = t) . n() is the normal component of the contact traction (negative in compression),
t =t — £,n() is the tangential component of the contact traction, and 4 is the friction coeffi-
cient. The value of the slip criterion determines the stick-slip status,

> {< 0 sticking (7.1.54)

=0 slipping

Algorithmically, stick and slip are typically based on a predictor-corrector approach derived from
an analogy with elastoplasticity [59], leading to constitutive relations for the rate of the traction and
thus requiring numerical integration [50]. Variations of this approach have been utilized in differing
forms [81}, 109, [135].

In contrast, this presentation proposes to treat stick and slip separately, controlled by an exact
return mapping based on the slip criterion. The return mapping defines a rule for correcting a
calculated traction which exceeds the slip limit and is thus not permissible. Stick will be treated
as a special case of a tied interface, whereas in slip the traction will be directly prescribed. The
formulation of Coulomb frictional contact is presented for both penalty and augmented Lagrangian
regularization schemes.

7.1.9.5 Penalty Scheme

During stick, no relative motion may occur between surfaces; thus, points on (1) and ) that
were in contact at the previous time must remain in contact. The stick traction may be obtained by
penalizing any relative motion between such points,

t0) = eg, | (7.1.55)
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where ¢ is the penalty parameter and we have employed eq.(7.1.45).
During slip, we first calculate the normal component of the contact traction by penalizing the

normal gap of eq.(7.1.43),
th =eg. (7.1.56)

The total traction vector is then directly obtained as
£ = ¢, (n<1> + us(l)) . (7.1.57)

Here we have achieved an exact expression for the tangential traction in slip and remark that
since t,, is strictly negative in contact, the frictional contact traction ut,s(*) acting on ~() is in the
direction opposing the motion of v(!) relative to 4(2). A trial state and return map, presented in
Section|7.1.9.7] is employed to differentiate between stick and slip.

7.1.9.6 Augmented Lagrangian Scheme

The augmented Lagrangian scheme employed in this study is first order and utilizes Uzawa’s
algorithm [29], where multipliers are updated outside of the Newton step, producing a double loop
algorithm (see the texts by Laursen [82] and Wriggers [133] for a discussion of Uzawa’s algorithm
applied to frictional contact problems). Such an approach preserves the quadratic convergence of
Newton’s method near solution points. The presented scheme is a modification of the approach
suggested by Simo and Laursen [113].

During stick, the traction is calculated by augmenting the vector gap g,

t) = X, + g, (7.1.58)

where X; is the vectorial Lagrange multiplier in stick. In slip, we first calculate the normal compo-
nent of the contact traction by augmenting the normal gap g,

th = An + €9, (7.1.59)

where ), is the normal Lagrange multiplier. The total traction vector in slip is then defined to be
£ = ¢, (n<1> n us(l)) : (7.1.60)

where ¢, is given by eq.(7.1.59). In this approach the Lagrange multiplier A; augments the traction
t(1) in stick, but in slip only the normal component of traction ¢, is augmented by ), and the
tangential traction is directly prescribed from the augmented normal component. This approach
has the advantage of preserving an exact mapping to the proper tangential traction in slip, which
is consistent with the augmented normal traction. As in the penalty case, a trial state and return
map controlled by the slip criterion is employed to differentiate between stick and slip, presented
in Section

The Lagrange multipliers A\, and A, are held constant during each Newton step. Outside of
the Newton loop, in this study we propose a novel update scheme where one of these multipliers
is considered active and is updated from the kinematic data (g, or g), and the other is considered
passive and is derived from the active multiplier. The contact status is determined via eq.(7.1.54).
If the current status is stick (® < 0), we update A (active) and derive \,, (passive),

As — As + e85

e (7.1.61)
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Alternatively, if the current contact status is slip (¢ = 0), we update \, (active) and derive A
(passive),
An — A+ eg

7.1.62

An active-passive strategy for the multipliers ensures consistency when the contact status switches
between stick and slip and is made possible due to this formulation’s use of a single penalty
parameter ¢, in conjunction with an exact return mapping for slip.

Augmentations proceed until a tolerance related to a convergence criterion is met. In this
formulation, two separate convergence criteria and their associated tolerances are defined. The
first criterion considers the relative change of the norms of the active Lagrange multipliers between
successive iterations, where the associated unitless tolerance P,,; specifies the largest allowable
change. Convergence is achieved when

Lr — Lr—l

| < Pt (7.1.63)

where L" represents the total norm of the active multipliers across the contact surface at augmen-
tation step r, calculated by summing all the individual norms,

o) i)

=Y ">"i, (7.1.64)

e=1 k=1

In this expression, n'" is the number of element faces on (1, n% is the number of integration
points on the eth element face, and [} , is the norm of the active Lagrange multiplier at the kth

integration point on the eth element of v(!) at augmentation step r, defined by

(7.1.65)

. _{Aﬁ;-x; ® <0, sticking
,e

“ln)?2 @=0, slipping

The second criterion is a gap tolerance, where augmentations will continue until the magnitude of
the gap is lower than the specified tolerance G,,; at every location. Convergence of the augmen-
tations requires

max (|gs| ) |g|) < Gol (71 66)

where |g;| is associated with points currently sticking and |g| with those in slip. The tolerance G
has units of length, allowing enforcement of the non-penetration and stick constraints to arbitrarily
small precision.

7.1.9.7 Stick-Slip Algorithm

Determination of whether stick or slip is active is accomplished by a trial state and return map,
and follows the same procedure for both penalty and augmented Lagrangian regularizations. We
begin by calculating a trial traction (1) assuming stick, utilizing either eq.(7.1.55) or eq.(7.1.58).
The trial normal and tangential components ¢,, and ng) are evaluated from t(1) and inserted into
the slip criterion @,

o= ‘E‘T”( — |t (7.1.67)
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Based on the slip criterion and trial traction vector, we perform a return mapping and obtain the
traction vector as

(7.1.68)

(0 t) ® <0, sticking
N ta(@® 4+ sy ® =0, slipping

where t,, is given by either eq.(7.1.56) or eq.(7.1.59). In the case of first contact, a trial stick
traction cannot be calculated, as stick requires a previous intersection point. Consequently, first
contact is treated as a case of slip in this framework. The alternative of treating first contact as
frictionless is unsatisfying, as the lack of friction at the first iteration can lead to premature failure
and thus precludes the modeling of certain problems that rely on frictional forces for stability (such
as load-control analyses). After one iteration, the traction can be evaluated via the return map
described above.

Computationally, care must be taken to ensure that augmentation does not unnecessarily
change the stick-slip status. For normal contact, the update \,, < \,, +eg will augment the normal
traction until the non-penetration contact constraint is adequately satisfied, with no adverse con-
sequence if )\, slightly overshoots the final target value during an intermediate augmentation. For
tangential contact however, augmentation of the tangential traction that overshoots the final target
value may cross the boundary between stick and slip, thus changing the nature of the solution. For
example, at the first augmentation step, the stick traction is t(!) = eg, and the multiplier A, is aug-
mented from its initial zero value to A; = g, according to eq.(7.1.61). Thus, at the start of the next
iteration, when g, has not yet changed, the traction is calculated as t(!) = X\, +eg, = 2eg, accord-
ing to eq.(7.1.58), which essentially counts the gap function twice and can in some cases shift the
contact from stick to slip. To circumvent potential error introduced by this step, our implementation
freezes the stick-slip status until the completion of the first iteration following an augmentation step.
After the first iteration, the gap function has been reduced by the augmentation and the traction is
split appropriately between the remaining gap and the multiplier. In this way, the double-counting
of the gap function does not unnecessarily shift the contact status, but augmentation is able to
modify the stick-slip status if accurate enforcement of the contact constraints requires it.

7.1.9.8 Linearization

To evaluate the linearization in eq.(7.1.40) requires directional derivatives of kinematic quantities,
some of which are dependent on the stick-slip status. In an attempt to simplify the presentation,
the continuum linearization of only a few kinematic quantities is described below, and the majority
of the linearization will be deferred until after the discretization presented in Section We
note that, as a consequence of the double-loop Uzawa algorithm discussed in Section the
Lagrange multipliers are updated outside of each Newton step and thus DA, = 0 and DA, = 0
in the following linearizations. Furthermore, in forthcoming sections, Aul) refers to an increment
in displacement in the trial solution x. All other expressions which employ A are slight abuses of
notation, used to compactly denote changes in a quantity from the previous time step.

Stick Parametric coordinates on the primary surface are always invariant since they represent
material points X(1) where the contact integral is to be evaluated (integration points), and in stick
the parametric coordinates of contact on the secondary surface are similarly fixed by definition.
Accordingly, directional derivatives of §v(* and x(*) are given by

DxM = Au® | Dx® = Au®

7.1.69
Dsv) =0, Div® =0 ( )
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From the above expressions and Eqgs.(7.1.36) and (7.1.38), we find directional derivatives of g&l)
and J,(il) to be

oAu)
gl = —
oty
dAu®) oAuD (7.1.70)
' 1 877(21) 877(11)
where g&” is a skew-symmetric tensor whose dual vector is g&l); thus g&” Lz = gg}) x z for any

vector z. Given the definitions of Egs.(7.1.45) and (7.1.55), along with the relations of eq.(7.1.69),

it follows that

Dt = ¢ (Au<2> - Au<1>) . (7.1.71)
The linearization operator may be brought inside the contact integral of eq.(7.1.39) to find

DG, = / [ov() 6v(2)]-([1]Dt(1)J(1)
1ﬂ£]1) —1 n

" (7.1.72)
1 1 2
+ [_tu)] DJ; )> dnydnia

where we recall that Dév(Y) = Dév(@ = 0 from eq.(7.1.69).

Slip As in stick, the contact integral over (1) is performed over integration points of prescribed
parametric coordinates 7?,,. However, the point on ~2) in contact with v(!) has parametric co-

ordinates 7f,, that change with variations in x(1) and n(M, in accordance with eq.(7.1.42). Thus,
directional derivatives of 6v(? and x(?) are given by

Dx® = auV,  Dx® = Au® + g@ Dy,
o 7.1.73
oov Do ( )

Dsv) =0 Dév® = n
’ @ (2)
e

where we recall that x(?) is the spatial location of the intersection point 77?‘2) at the current time ¢.
We evaluate Dngg) in terms of increments in solid displacements by means of our modification

[10] of a method proposed by Laursen and Simo [81]. Briefly, recognizing that (x? —x1)) .

gg}) = 0, the directional derivative of this expression is evaluated and the resulting linear system
is inverted to yield

. o dAu)
Diffyy = (Au(l) _ Aum) gy — a®’gnl . == (7.1.74)
I
where a®? = (Au5) 7Y, Aug = g((xl) : gfgma and
gy =a"’g?, gy =agl). (7.1.75)

In this expression, g, are approximate contravariant basis vectors on (. In the limit of perfect
contact (¢ — 0), v() and v(2) become true mating surfaces and a number of relations emerge,
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including g(%) — gg) since a®® — g‘é) .g(ﬁl) (see the discussion following eq.(40) in [10Q]). In the

present formulation, this simplification to perfect contact is not adopted, as it was determined that
retaining all terms provides better convergence and stability.

From eq.(7.1.57) it follows that

Dt = Dt (n v ,,Ls“)) +tn (Dn<1> + uDs(l)) : (7.1.76)

By eq.(7.1.56), Dt,, = ¢Dg, and

Dg = (Au<2> ~Au® gEf’Dn(%)) n® (7.1.77)

Applying the linearization operator to eq.(7.1.52) yields

1

Ds — _ ~
T Py v

I —sM gsh)y. (DPN Vv +Py- Dvr> (7.1.78)

where Dv" = Dgn® + g Da® + D (9xW) /ot) — D (9x? /0t) according to eq.(7.1.48).
To linearize partial time derivatives of positions x(), we adopt Euler integration and find

ox0) (2, t)  x (n) 1) —x (2, = A1) a0
ot ~ At A

(7.1.79)

where At represents the time increment and Ax(? denotes the change in x( from the previous
time step. Since 77?2) is kept constant when evaluating the partial time derivative, the linearization
of this expression reduces to

ox (et @)
D( ( ) ) ~ Aul (7.1.80)
ot At
Finally, linearizing Eqgs.(7.1.37) and (/.1.51) produces
1 1) 0AuM 4 9Au®
Dnu):mpN.(gg). = — gV =~ (7.1.81)
i ) "y
and
DPy = — (Dn(l) on +nM g Dn(l)) . (7.1.82)

7.1.9.9 Discretization

Let the continuous variables on the primary and secondary surfaces be interpolated over each
element face according to

(2)

m) my
svit) = Z NWgvH - 5v@ = Z NéQ)dvl(;Q)
a=1 b=1

(7.1.83)

m® m(?)
AuV) = Z NC(I)AUEI), Au® = Z NCEQ)AuE;)
d=1

c=1
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where N represent interpolation functions on the element faces of v, m(!) is the number of
nodes and interpolation functions on each primary element face, mf) is the number of nodes and
interpolation functions on the secondary element face which is intersected by the ray issued from
the kth integration point on the primary element face, and svi? and Aul? represent respective
nodal values of dv(¥ and Aul”. From this point forward, the summation signs will be written
simply as >, where it is assumed they have the same meaning described above.

Stick Applying the discretization to eq.(7.1.39), the contact integral becomes

£
1 2)
6G, = [2 svi? 3, ov! } / o [f@)] TN dn(yydnd (7.1.84)
where
£ = NOLO, £ = NP0 (7.1.85)

and t() is defined by eq.(7.1.55) in the penalty case and eq.(7.1.58) when augmented Lagrangian
regularization is used. Ind|V|duaI terms may now be dlscretlzed and placed into matrix nota-
tion, facilitating their substitution into eq.(7.1.72). A straightforward application of eq.(7.1.83) to

eq.(7.1.70)- yields

Augl)
where ) 1)
1 ON, ON¢ "/ .
Al = (a 8~ 5 g%”) (7.1.87)
Iy ) ")

T
and [Auc ) Au(2) is the vector of incremental changes in the degrees of freedom to the cth

node associated with the element face on ~(1), and to the dth node of the element face on (2 as-
sociated with the current integration point on 7( ). Furthermore, discretizing eq.m ) produces

Augl)
Aug)

Substituting eq.(7.1.86) and eq.(7.1.88) into eq.(/.1.72) and applying the discretization of eq.(7.1.83)
yields the directional derivative of the virtual work in stick as

DéG, = {Z svil) Zbdvéz)}
> —Nél)Nc(l) 5, N(l
‘ / o\ | NOND 3 A N(z)
) 7.1.89
2 N) Ed](tu@A() (1))) ( )
SND T Y,0

Aug)
Auf)

Dt = |:Zc —eN1 Edng)I} : (7.1.88)

+

x JiVdniydn)

An examination of eq.(7.1.89) shows that the stiffness matrix associated with this contact formula-
tion is not symmetric in stick.
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Although the stiffness matrix of eq.(7.1.89) can be cast in a more traditional form,

DsG. =y, v ¥, 6v?]

/ ZCK‘%I) ZdK((zldg) T dnlyydnfy - Auf) (7.1.90)
r() ZCKZ()iJ) ZdKl()fl’Q) n SH)®() Au((f)

as was done in [12], splitting up like terms is a more natural way to implement the final equations,
and provides some insight into the resulting matrix structure. A discussion of how to numerically
evaluate the integrals in the above equations is deferred until Section|7.1.9.12

Slip In the case of slip, the contact integral of eq.(7.1.39) can be split into normal and tangential
parts, 0G. = 6G™ + §G?, such that

5G, — sv® g1 [ ) Jag o
e = [ g [ov v n 4 Ay
n

) (7.1.91)
1 2)1 .| HinS (1) 7,1 2
+/F<1) [(SV( ) (SV( ):| |:_Iutns(1):| J77 d77(1)d77(1)
n
Discretizing this expression yields
6G, = (1) (2) £, JWdnldn? 7.1.92
c= [EGM 2250V, } ra | ] 7 LORUGY (7.1.92)
n
where
fél) = tnNLgl) (n(l) + us(l)) , fb(2) = —tansz) (n(l) + ,us(l)) (7.1.93)

and ¢, is given by eq.(7.1.56) in the penalty formulation and eq.(7.1.59) with augmented La-
grangian regularization.

For the following linearization and discretization the normal and tangential components, rep-
resenting frictionless and frictional contributions to the contact integral, will be treated separately
and may then be added together as in eq.(7.1.91).

7.1.9.10 Frictionless Terms

The linearization of the frictionless contribution /G makes use of eq.(7.1.73) to find

n= osv@1 [ tonV a ()l g2
DéGC _/F(l) |:0 877?2) i| ’ |:_tnn(1) DTI(Q)Jn d?’](l)d’f](l)
n

(1)
+ / (v 5v<2>]-<{t"n( }DJ,(Z” (7.1.94)
NS

n

n(! WL [t ] pom @Y g1 g2
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Evaluating eq.F?J .94) requires Dn»), Dt,,, and Dn(cg). Directly inserting Egs.(7.1.73) and (7.1.83))

into Eqgs.(7.1.74), (7.1.77), and (7.1.81) yields

[ _ & 2)_ AuV
Dy = |2 Vgl — ga® Leon® 3, —NPgo ]. ¢
M(2) _E (2) onl, d—Vd 5(2) Aug)
_ DR 1 2) K AutV
Dt, =Y, —eNIRND . — g, NO .Y > ENCS IND n(l)} N ag® (7.1.95)
] ul
_ (1)
(1 _ (1) |Aue
Dn = _ZC —PN . Ac Zd 0} Au((f)
with the definitions
NO =nWen®, NO=1-glag)
1 2
w oNY g NP (7.1.96)

mg’ = gy My = 8
oy Ot

Applying the discretization in eq.(7.1.83) to eq.(7.1.94) and employing the linearizations of Eqgs.(7.1.86)
and (7.1.95) to evaluate the resulting matrix products yields the directional derivative of G as

DG =[x, v 3, 0w
S NN T NN |
/ (1) SOING @ g | N
Iy 2 Ny Ne 224 =Ny Ny
I (1)
4 De —]\(f«;) >d 0] t (Ag) + M 'N(1)>
L Ec Nb Zdo
D (21) Zd0(2) " MI()2)
Zc NC Zd _Nd "

[ 32,0 32,0 W\ 7)1 g2
+ S.Gre 40 tnN Iy dn(l)dn(l)’

(7.1.97)

Aug)

Aug)

where
1) =y e NV . 1O

C

N
MO = n® g m)
M? = —n® g m? (7.1.98)

ON, ON,

a o B
Oz Oy
and it is apparent that the resulting frictionless stiffness matrix is also nonsymmetric. eq.(7.1.97)
is very similar to that which may be found by reducing our previous frictionless biphasic contact
algorithm to the case of contact between two nonporous solids (eliminating all fluid degrees of free-
dom) [12], although the present framework is more general, since that previous study evaluated
expressions in the limit as g — 0.

Gbc = gaa,é’
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7.1.9.11 Frictional Terms

The linearization of the frictional contribution follows from the second term of eq.(7.1.91) as

- o5 [utas®] 0 1
Dot /r“) [0 Iz } ‘ [—Mtns(l) Dy Jy ™ dmydiiyy
n

t,s)
+ /F [6v() 5v(2)]-<[ —Mut:s(l)} DJM (7.1.99)

1
s 1 ptn 1) 71 1 2

The remaining quantity to be determined in this expression is the linearization Ds(!); according to
eq.(7.1.78), D) must also be evaluated. As n(!) depends on g via eq.(7.1.49), we must first
propose a temporal discretization scheme for these rate quantities.

In a similar fashion to eq.(7.1.79), let the material time derivative in the material frame of the
covariant basis vectors of v() be discretized as

1 (,8 _ M (B
g(l) - ga (U(i),t> ga (77(1')7t At) _ Agél) (7.1.100)
@ At At o

where Ag&l) denotes the change in gfj) from the previous time step. A temporally discretized form

of eq.(7.1.49) may now be written as

n) ~ Ec(l) (7.1.101)
where 1
¢ = ﬁPN .m®
J (7.1.102)
ml — Aggl) % gél) ng51) % Agél)
The directional derivative of n(Y) may now be evaluated as
_ T
b _ L [2.Q0 Py AD Py (A0 £ AD) e o AL n<1>]
At
240 (7.1.103)
. Augl)
Augf)
where 1
Q) = — (<n<1> . m<1>) I1+n0® m<1>) (7.1.104)
J”]
and Agl) is defined by analogy with eq.(7.1.87) to be
_ 1 (oN® ) N
Al = Q) (81Agél) T o2 Agt) | (7.1.105)
I "y )

where Agg}) is a skew-symmetric tensor whose dual vector is Ag&l).



7.1. SLIDING INTERFACES

275

Utilizing the discrete-time equations Eqgs.(7.1.79) and (7.1.101) in eq.(7.1.48), we find

r(l) gc(l) + Ax(l) — Ax(2)
At At
and thus eq.(7.1.78) may be discretized in time,

r
VvV X

Ds) = Py (DPN M 4Py Dr(l))

where Dr) = Dgc® + g D¢ + Au® — Au® and

Ah
Pr-vil= 737
NGO RONEY
Ps= Ah<I S ®S)

(7.1.106)

(7.1.107)

(7.1.108)

Ineq.(7.1.108), Ah is a spatial increment defined to simplify notation and Pg is a projection tensor.

Defining the tensors

1
1 - = (1. @ D) & D
R g((n r )I—I—n Qr )
BY =Ps.cM NV .0 _pg.Py
L(l)ngs-(PN-Q(1)+R(1)—I)-PN
IO =LW.AD _gps.Py-AWD

and vectors

the directional derivative Ds(!) may be written fairly compactly as

DsM) = [ZC ~NYBO _gPg. M h(l) +JWm S, Nc(l2)B(1)

Augl)
Au&z)

Finally, the tangential stiffness matrix is found to be

DG, = |7, 6w 32, 6v]
(1) (D) (1) (@)
/ 2 _Ng Ni 2.4 Na 2Nd ol <€g(1) + tnB(l))
v L 35 NOND 5 NN

v~ A
+ ZZC ]ﬁg) %d 8] 1ty (s(l) ®hY 4 gPg - c® ghY JS’)
L c'b d

+—ZO 2240 ]ut( (1)®ﬁ1§2))

1
SN SN,
Z 0 >y ] (1)> 1) g,.1 2 Augl)
+ y wtnS Jydneydngy
50 Gre 40 T OT  Au

(7.1.109)

(7.1.110)

(7.1.111)

(7.1.112)
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where
s — g g pM®)

The stiffness matrix of the frictional contribution to the virtual work, eq.(7.1.112), is nonsymmetric.
Summing eq.(7.1.97) and eq.(7.1.112) produces the total stiffness matrix for the case of frictional
slip, which is also nonsymmetric.

7.1.9.12 Integration Scheme

In this formulation, a Gaussian quadrature integration scheme is adopted. The general form of the
contact integral (e.g. eq.(7.1.84) or eq.(7.1.92)) may be integrated numerically as

(1) (e)

Nint fcsl)
3G, = ZZWkJ ZLovi) o,ov] [fb@k) (7.1.114)
e=1 k=1 )

where n" is the number of element faces on A, ngf}t is the number of integration points on the
eth element face of v(1), W}, is the weight associated with the kth integration point, and where it
should be understood that terms associated with 1) (such as J,gl), 5v§1), etc.) are evaluated at
the parametric coordinates 77?1), associated with the kth integration point, and terms associated

with v(?) (such as ffk)) are evaluated at the parametric coordinates of contact 77?2)}, or "7?2), defined

by Egs.(7.1.44) and for cases of stick and slip, respectively. The subscript k& appearing in
the terms associated with v(2) has been added to emphasize that there may be up to ”Z(Z)t distinct
element faces on (2 associated with all the integration points on the eth element face of ~(),
based on the location of the contact point on v(?) as defined by either eq.(7.1.44) or (7.1.42).

In a similar fashion, the contact stiffness may be integrated numerically as

(1) (e)

DSG, ZZWkJ ZLov) 5 6v]
e=1k=1 (7.1.115)
[Z KD K 12)] [Aug)]
2,1 22)| 2
> Kl(;c k) > a Ky k) Auﬁm)g

where the matrix of tensors Kfjl;j) is a general representation of the stiffness terms given explicitly

in either eq.(7.1.89) or Egs.(7.1.97) and (7.1.112). In this expression, [Augl) Auﬁf’)@r is the
vector of incremental changes in the degrees of freedom of the cth node of the eth element
face on v(1), and the dth node of the element face on ~+(2) which contains the contact point )
associated with the kth integration point on the eth element face of ~(1); the specific form of (3
will be dictated by the stick/slip status. A more detailed treatment of Gaussian quadrature, and a

discussion of the benefits of this scheme versus nodal integration, may be found in our previous
work [10].
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7.2 Biphasic Contact

7.2.1 Contact Integral

See Section [2.7|for a review of biphasic materials, reference [12] for additional details on biphasic
frictionless contact, and reference [139] for biphasic frictional contact. The presentation here
follows that of [139]. The contact interface is defined between surfaces v(!) and (2. Due to
continuity requirements on the traction and fluxes, the external virtual work resulting from contact

tractions t(?) and solvent fluxes w.’ (¢ = 1,2), may be combined into the contact integral

3G, = /w (<5v<1> . 5v<2>) M 4 (5p<1> - 5p(2)> wn> da® (7.2.1)

where t(!) is the contact traction on the primary surface, which is equal and opposite to that on the
secondary surface, t(V) = —t(); w,, = w'V is the outward normal component of the fluid flux w(!)
from the primary surface, 6v(?) are virtual velocities, 5p(*) are virtual fluid pressures, and da(") is an
elemental area on the primary surface v(!). The contact integral is then written over the invariant
parametric space of ~(), which is denoted by F%l) [35], facilitating its linearization as required for

use with an iterative solution method such as Newton’s method. The elemental area is given by
da) = Jél)dn(ll)dnfl), J,gl) = ‘ggl) X ggl)’ (7.2.2)

using the covariant basis vectors
0 _ 0xv

S g,

(7.2.3)

where x(9) (ng),t> is the spatial representation of surface v(*) as it deforms in time ¢, in terms of
contravariant surface parametric coordinates 778)- Casting eq. into convenient matrix nota-

tion and switching the domain of integration to the parametric frame yields the invariant biphasic
contact integral

£ NGH)
0G. = /r<1> ([5v(1) spM] - [w ] + [6v®  p@] - { D Jél)dn%ndn?l) (7.2.4)

—Wn
n n

Since Fﬁ,l) represents an invariant material frame, the linearization of 6G. can be accomplished by
applying the directional derivative operator directly to the integrand,

)
D(SGC:/ D <[5v<1> 5pM)] - [t
r( w

n

—t@
] I 4 [5v@  5p)] [ wﬂ] Jy)) dniydnty  (7.2.5)

where it is understood that for any function f in this biphasic analysis,

Df = i Df [Au@} +Df {Ap(i)} (7.2.6)

=1

7.2.2 Biphasic Friction Formulation

An examination of eq.(7.2.4) reveals that a contact framework must provide expressions for both
the normal fluid flux w, and the contact traction t(1). For the contact traction, this work implements
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a Coulomb-like framework for frictional contact [137]. In this framework the relationship between
sticking and slipping, and thus the contact traction t(?) on the opposing surfaces, is described by a
slip criterion ¥, where on the primary surface

W = [607] - et It (7.2.7)

where
P

Meft = Ieq [1 + (1= tn:| (7.2.8)
Here, t, = t) . n() is the normal component of the contact traction (negative in compression),
tgpl) =tM —¢,n( is the tangential component of the contact traction, and the effective friction coef-
ficient ue is given by eq.(7.2.8) with no distinction made between static and kinetic coefficients of
friction. The user-defined parameter peq represents the friction coefficient when the fluid pressure
has subsided (p = 0), whereas the user-defined parameter ¢ represents the fraction of the appar-
ent contact area where solid-on-solid contact takes place [13]. The ratio —p/t,, represents the local
fluid load support at each point on the contact surface. Since the friction coefficient e cannot
be negative, the theoretical upper bound on the local fluid load support is —p/t,|, . = (1 — go)_l.
This upper bound is enforced whenever numerical errors produce a greater value of the local fluid
load support.
The value of the slip criterion determines the stick-slip status via

v {< 0 sticking (7.2.9)

=0 slipping
Following our prior study [137], this work treats stick and slip separately, controlled by an exact
return mapping predicated on the value of the slip criterion. The return mapping defines a rule for
correcting a calculated stick traction which exceeds the slip limit and is thus not permissible. Stick
is treated as a special case of a tied biphasic interface (Section[7.6), whereas in slip the traction is

directly prescribed as a natural boundary condition. The formulation of biphasic frictional contact
is presented for both penalty and augmented Lagrangian regularization schemes.

7.2.3 Contact Kinematics
7.2.3.1 Slip Kinematics

The kinematics of slip are developed by mapping points between the surfaces v(*) as they move
relative to one another. The relationship between spatial points x(* (n(og),t) on each surface is
given by

x?) = xM 4 gn® (7.2.10)
where nV) is the unit outward normal to v(!) given by

(1) (1)

O - u- 7241
‘ (1) % (1)‘
g1 o

and the gap function g is defined as

g= <X<2> _ X(l)) M (7.2.12)
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Here we note that x() (77%,1%) is the spatial position of a material point X() on the primary

surface, and x(?) (77?2), t) is the corresponding spatial intersection point on the secondary surface,

through which different material points X (2) identified by parametric coordinates 77?2) may convect.
At any given instant, 17(0‘2) are termed the parametric coordinates of intersection.

7.2.3.2 Stick Kinematics

Implicit in the concept of stick is the assumption that the contact projection was previously resolved;
thus points are not mapped between surfaces during stick. Rather, the current contact point on
~(2) is given by the parametric coordinates of intersection n&) from the previous time point, now

denoted as n&)p with the subscripted p referring to the previous time. The spatial position of the
material point X () identified by fy,, is then given by

x® = x@ (m“z)p t) — < (”ﬁ)v t) te. (7.2.13)
where the vector gap g in stick is defined to be
g, =x? —xM (7.2.14)

Here g, is the vectorial distance, at the current time ¢, between material points which were in
contact at the previous time step; for perfect stick we must have g, = 0.

7.2.3.3 Velocities

Coulomb’s law of kinetic friction requires that the friction force be aligned with the relative slip
velocity between the two surfaces. Despite the name, Coulomb’s law is a constitutive relation,
and hence must obey the Principle of Material-Frame Indifference; this requires a frame-invariant
relative velocity. As points in stick do not experience relative motion, the development of velocities
below is only concerned with opposing contact points in slip.

As parametric coordinates 77?1) of integration points on the primary surface v(!) represent ma-
terial points, the velocity v(1) of these points is evaluated from the material time derivative in the
material frame,

e (”ﬁ)vt) _ W (7.2.15)

In contrast, different material points X (2) may convect through the intersection point x(?), and so
the velocity v(?) at the intersection point on 4(?) is evaluated from the material time derivative in
the spatial frame,
a (2)° .o

v® (. t) = —— L i (7.2.16)
where 9x?) /0t represents the velocity of the intersection point on (), while 7¢, are the con-
travariant components of the convective velocity of material passing through the intersection point
x(2). The quantity ﬁ&)g((f) represents the relative slip velocity between the material on v and
that on (1. Importantly, by definition 9x(?) /9t is evaluated while holding 0y constant. From
these relations, a more practical formulation of the slip velocity can be achieved [137]. Taking

ox2) (7]0‘ t)
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the material time derivative of eq.(7.2.10) and recalling the contact persistency condition ¢ = 0
[134] produces v(? = v(1) + gn(). Substituting Egs.(7.2.15)-(7.2.16) into this expression yields
the desired frame-invariant measure of relative velocity between v(!) and ~(2) [49],

ox) (nf"l),t) ox(2) (77%,75)

v =i g = gn) + 5 5 , (7.2.17)
where n!) is evaluated from eq.(7.2.11) as
(1) (1) 1) 1)
a) —p, . BL X8 Jj(:)gl X8 (7.2.18)
n

(,1) is the material time derivative of gg) in the material frame, evaluated from eq. as

Here, go
(1)
&) () = W : (7.2.19)

and P is the tangential plane projection tensor,
Py=I-n®gnW. (7.2.20)

A unit vector in the slip direction can then be found by projecting the relative velocity v onto the
tangent plane of v(1), yielding
PW .y
S(l) _ N

=N (7.2.21)
‘Pg\lf) -vT

7.2.4 Penalty Scheme

The defining characteristic of frictional stick is a lack of relative motion between points which were
previously in contact. Consequently, the stick traction is obtained by penalizing relative motion
between such points,

t0) = eg, | (7.2.22)

where ¢ is the contact penalty parameter and we have utilized eq.(7.2.14) to define the gap vector
g, during stick.
During slip, the normal component of the contact traction is first calculated by penalizing the

normal component g of the gap, given by eq.(7.2.12),
t, =€g. (7.2.23)

The total traction vector in slip is then directly prescribed as

tW = ¢, (n<1> + ueffsm) , (7.2.24)

where s(!) is the unit vector in the slip direction, given by eq.(7.2.21). We note that eq.(7.2.24)
has the same form as the classical Coulomb friction considered in Section and [137], with

the standard Coulomb friction coefficient replaced by e, as evaluated from (7.2.8). A trial state
and return map, adapted from Section|7.1.9.7|[137] and presented in Section|[/.2.6] is employed
to differentiate between stick and slip.
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The jump conditions for a biphasic mixture require continuity of the fluid pressure across an
interface and therefore an expression for the normal fluid flux w,, can be obtained by penalizing
the fluid pressure gap = between contacting points [10],

Wy = epm, 1, <0

_ 7.2.25

p(l) = O, t, =0 ( )
where p( = 0 prescribes zero fluid pressure (free-draining conditions) on the portions of the
boundary where no contact takes place. We define the fluid pressure gap as

r=pM —p® (7.2.26)

and ¢, is the pressure penalty parameter which has units of hydraulic permeability per unit length
(e.g. m3/N-s, similar to the hydraulic permeability of a membrane). Equation (7.2.25) is valid for

both stick and slip. Note that p(*) = p(1) (77(0‘1)) is evaluated at a point with parametric coordinates

() on the primary surface, whereas the pressure on the secondary surface, p? = p® (nf‘z),t),

is evaluated at the parametric coordinates of the intersection of a ray issued from that primary
surface point and normal to v(1). As detailed previously [137] and summarized in Section7.2.3|
the parametric coordinates of intersection are dependent on the stick-slip status, so care must be
taken to evaluate w,, from eq.(7.2.25) using the contact kinematics determined by eq.(7.2.9). In
practice this is accomplished by calculating w,, once the stick-slip status has been resolved for
each iteration.

7.2.5 Augmented Lagrangian Scheme

The augmented Lagrangian scheme presented herein was developed in Section [137]
as a modification of the approach proposed by Simo and Laursen [115]. Briefly, this is a first-
order augmentation scheme that utilizes Uzawa’s algorithm [29], where the multipliers are updated
outside of the Newton step, producing a double loop algorithm [134] and preserving quadratic
convergence of Newton’s method near solution points.

During stick, the traction is calculated by augmenting the vector gap g,

t0) = X, + g, (7.2.27)

where X, is the vectorial Lagrange multiplier in stick. In slip, the normal component of the contact
traction is first calculated by augmenting the normal gap g,

th = An + €9, (7.2.28)

where )\, is the normal Lagrange multiplier. The total traction vector in slip is then directly pre-
scribed as
tW = ¢, (n(l) n ﬂeffs,(l)) (7.2.29)

where eq.(7.2.28) has been used. The update formulas for the Lagrange multipliers can be found
in Section [137]. Here it suffices to note that by augmenting only the normal gap and
employing eq.(7.2.29), we have ensured an exact mapping to the proper tangential traction in slip,
which is consistent with the augmented normal traction. As in the penalty case, a trial state and
return map, presented in Section[7.2.6]and controlled by the slip criterion, is used to differentiate
between stick and slip.
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In this augmentation scheme, the normal fluid flux is given by

Wy = A\p +pm, t, <0

, 7.2.30

where )\, is the fluid pressure Lagrange multiplier, and the update formula for A, has been detailed
in our prior work on frictionless biphasic contact [10] and is given by

Ap < Ap + £, (7.2.31)

Unlike Ay and A, [137], A, is not dependent on the stick-slip status. However, as noted before,
eq.(7.2.30) must be evaluated after the stick-slip status has been resolved.

7.2.6 Stick-Slip Algorithm

Determining whether stick or slip is occurring at a given instant is accomplished by a trial state
and return map, and has the same form for both penalty and augmented Lagrangian regulariza-
tion schemes [137]. We initially assume stick and calculate a trial traction t(V), utilizing either
eq. or eq.. The trial normal and tangential components ¢, and ‘E(Tl) are evaluated
from and inserted into the slip criterion W,

U= ]JE(T”\ — et || (7.2.32)

Based on the slip criterion and trial traction vector, the traction vector is calculated from the return
mapping as
@ NG stickin
() _ { <0, sticking (7.2.33)

tn(n) + pegs)) W =0, slipping
where t,, is given by either eq.(7.2.23) or eq.(7.2.28).

7.2.7 Linearization and Discretization Outline

The following sections provide the linearization and discretization of stick and slip for biphasic
frictional contact, culminating in the final forms of the residual vectors and stiffness matrices which
have been implemented into FEBio. Section[7.2.8|begins with an important discussion of kinematic
definitions and notation which is assumed to hold without repetition. Sections [7.2.9] and [7.2.10
linearize and discretize biphasic stick and slip, respectively. Importantly, Section[7.2.9|sets up and
uses more formal notation and definitions, before we dispense of this cumbersome notation for the
remainder of the treatment.

7.2.8 Definitions and Notation

Evaluating the linearizations of eq.(7.2.4) requires directional derivatives of kinematic quantities,
some of which depend on the stick-slip status. To simplify the presentation, the continuum lin-
earization is presented only for a few select quantities. The remainder of the linearization is de-
ferred until after discretization, as many expressions are much easier to manipulate in discretized
form. To keep the equations more manageable, the discretization of slip is split into frictionless
and frictional terms, and the final form of the stiffness matrices follows this split. The full model is
easily obtained by summing the frictionless and frictional contributions. Here we emphasize that,
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as a consequence of the double-loop Uzawa algorithm discussed in Section (reprised from
[137]), all Lagrange multipliers are updated outside of each Newton step, thus DX = 0, where X is
any Lagrange multiplier, i.e. A = X\, Ag, A, etc. As a consequence, Lagrange multipliers do not
appear in any of the linearized or discretized equations. In what follows, Greek indices are associ-
ated with covariant basis vectors on the contacting surfaces, and thus vary from 1 to 2. Repeated
Greek indices indicate implicit summation over their range.

Many kinematic quantities remain unchanged from Section [7.1.9| on elastic frictional contact
[137]. We thus accept without repetition the definitions of N, N, m{", m{*, N®, M, M(?,
c®, m®, QW, AV, AL, Py, Ps, RO, BO, LW, 3V, s and SO, These terms are all
defined in Sections [7.1.9.1047.1.9.11] [137]. Directional derivatives which will not be duplicated
here include Dn(), DAY, DsV), Dt,, = =Dg, Dg, D", Dijfy, and DP\y (see Sections|7.1.9.8
[7.1.9.10/and [7.1.9.77).

The final residual vectors and stiffness matrices presented below are written in integral form.
In the FEBio implementation, a Gaussian quadrature scheme is adopted to perform numerical
integration. A detailed treatment of Gaussian quadrature, and equations for numerically integrating
the contact integrals and stiffnesses, may be found in Section

As a final implementation detail, we note that multiplying all biphasic entries in the residual
vector and stiffness matrices by the time step leads to better convergence. In this context, biphasic
refers to all terms which are not purely related to solid-solid contact. In the residual, this is all terms
which are not £ (see below). Similarly, this includes all stiffness entries except the solid-solid

KWL) terms (see below).

7.2.9 Biphasic Stick
7.2.9.1 Linearization

In stick parametric coordinates are fixed on both surfaces, hence directional derivatives of x(,
p®, 6v(, and 6p™ are given by

Dx = Au®  Dx® = Ay®
Dp® = Ap®  Dp® = Ap®

Dsvi) =0 Dv® =0 (7:234)
D(Sp(l) =0 Dép(2) =0
From the definitions of eq.(7.2.74) and eq.(7.2.22), and utilizing eq.(7.2.34), it follows that
Dt = ¢ (Au<2> - Au<1>> . (7.2.35)
Similarly, application of eq.(7.2.34) to Egs.(7.2.25)-(7.2.26) yields
Duwy =&, (Ap<1> — Ap(2)) (7.2.36)

The biphasic contact integral of eq.(7.2.1), written over an invariant domain, can then be linearized
directly to find

1 t@
D - 1 2)]. Dt (1) D.JM
n

(7.2.37)
1 W,
+ [6p®) p?)] - <[_1] Dwnngl) + [—w ] DJ#))) dn(ll)dﬁ(zn

n
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Note that for convenience, terms in eq.(7.2.37) have been grouped differently than in eq.(7.2.9).

7.2.9.2 Discretization

Let the continuous variables on the primary and secondary surfaces be interpolated over element
faces according to [10, [137]

m( m?

k
svil) = Z NWgvlD  sv® = Z NéQ)évl()Q)
a=1 b=1

m@ mgf)
AuV) = Z Nc(l)Augl) Au® = Z Nf)Aul(iQ)
=t =1 (7.2.38)
m® m?
op) =3 NPoph  op® =" NPop)?
a=1 b=1
(1) m?
m k
ApV =3 NDApD  Ap® = S NP AR
c=1 d=1

where N represent interpolation functions on the element faces of v, m(!) is the number of
nodes and interpolation functions on each primary element face, m,(f) is the number of nodes and
interpolation functions on the secondary element face which is intersected by the ray issued from
the kth integration point on the primary element face, and svi?, Augi),épff), and Ap((f) represent
respective nodal values of sv(® | Au®, 6p(?, and Ap(®. From this point forward the summation
signs will be written simply as )", where it is assumed they have the same meaning described
above.

Inserting the discretization of eq.(7.2.38) into eq.(7.2.4) yields

(1)
_ (1) o] fa )1 5.2
0Ge =7 [5‘% 0Pa } /Fu) [ (1)] TV dngy)dirty,

a n Wa

() (7.2.39)
(2) @] . b (1) g,,1 2
+Z {5"13 0P, } /Fu) L,Z(f)] Ty dnydiyy
b n
where the residuals are
I 7240
wgl) :thl)wn ’ wl(f) _ Nb(z)wTL 2.

and t(V) is obtained from eq.(7.2.22) in the penalty case and from eq.(7.2.27) if augmented La-
grangian regularization is employed. Similarly, w,, is calculated from either eq.(/.2.25) or eq.(7.2.30)
for penalty and augmented Lagrange methods, respectively.

We may now discretize individual terms and place them into matrix notation, anticipating their

substitution into eq.(7.2.37). By placing eq.(7.2.39) into Egs.(7.2.35)-(7.2.36) and inserting the
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resulting linearizations into eq.(7.2.37), we obtain the stiffness matrix for biphasic stick as

K"
DG, =Y [5v§zl> 5pgl>} : /F N <z[ (1.1) (?,1)
n C

a ¢ 8a Jac

Aug)
Apt)

K o Au
2| 0 Gy | | 24" dntnydirty
d L 8ad Yad Apg
e ) (7.2.41)
LS [5v@ 5@ / be uc
i o] o (X [t ] [
K% 0 Au'
+ bd d J(l)dn d772
2 [aff o] [agfo ] )2
where
KLY = —¢, NONWT 4 NOtM o AD . n(1)
K = ¢, NONPT
?51) ) d o (7.2.42)
K. =, N, NVI - NPt @ AD . n)
K2 — ¢, NP NPT
and
) = N, A - n) gl = 2, NN
Bui =0 g = —epNN (7.2.43)
gl(j’l) - —Nb(2)wnAf:1) .n® gl()i’l) = —spr(Z)Nél) o
2,2 2,2 2 2
gl()d =0 91(7(1 )= €lef )Né )

T
In eq.(7.2.41), |AulV Apgl)} is the vector of incremental changes in the degrees of freedom

T
of the cth node of the current element face on ~(!). Similarly, [Auf) Apff)] represents the in-

cremental changes in the degrees of freedom of the dth node of the element face on ~(2) which
contains the intersection point X (2) associated with the kth integration point on the current element
face on 1) [12,[137]. See Section for a description of the Gaussian quadrature integra-
tion scheme used to evaluate residuals and stiffness matrices (e.g. Egs.(7.2.39) and (7.2.41)).

Briefly, it should be noted that for all terms associated with v (e.g. K'%%, Au'?, 6p{?) there may
be k e {1, n(e)} distinct element faces on (2 associated with all the integration points X(!) on the

int
eth element face of (1), based on the location of X (2) obtained from eq.(7.2.13).
In Section [7.1.9|on sliding-elastic frictional contact, we split the contact stiffness matrices in a
different way, which allowed us to clearly separate like terms. Here, due to the complexity of the
biphasic contact formulation, it was determined that the form of eq.(7.2.41) provides more clarity.

7.2.10 Biphasic Slip
7.2.10.1 Linearization

During slip, the contact integral over (1) is performed over integration points X (1) with prescribed
parametric coordinates 7,,. However, the point on 72 in contact with (1) has parametric coor-
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dinates 77?2) which change with varigtiong in xM and n™, in accordance with eq.(7.2.12). Conse-
quently, directional derivatives of x¥, p(9, §v(?) and ép(» are given by

DxM = AuM  Dx®) = Au® + g((f)DnaQ)
op®
Dp = Ap)  Dp® = Ap® + 8p0‘ Drjfy,
"(2)
(2) 7.2.44
pivi =0 pav® =PI (7.2.44)
on:
(2)
oop?
DépM) =0 Dép®) = o D)

where Dn(cg) is evaluated by our modification [12] of a method proposed by Laursen and Simo
[81], and may be found in Section [7.1.9.10 The linearization of the slip traction proceeds as
before [137], with the addition of a term involving the linearization of ueg. From eq.(7.2.8) it follows

that @ M
A

=~ eq (1= ) 5Dt (7.2.45)
where Dt,, = eDg according to eq.(7.2.23); this term has been provided previously in eq.(7.1.77)
[137]. Equation (/.2.45) was derived by recalling that 1.eq and ¢ are constants. We then obtain

Diigti = fieq (1 — @)

Dt = D, (n(l) + /,Leffs(l)> +tn (Dn(l) + (Dpeir) sV + /_,LeffDS(l)) (7.2.46)

Finally, from eq.(7.2.25) (evaluated at x(2) determined by eq.(7.2.10)) and eq.(7.2.44) it follows
that

(2)
Dw,, = ¢, (Ap(l) — Ap® — gp?) 77(2)> (7.2.47)

Note that the form of Dw,, given in eq.(7.2.47) contains additional terms not present in eq.(7.2.36).
This is because the parametric coordinates of intersection may vary in slip, but are invariant in
stick; as a consequence, whether or not the linearization of p(2) depends on 17(0“2) is determined by
the stick-slip status. Per the discussion following eq.(7.2.26) in the main text, the fluid flux must be
calculated after the stick-slip status has been resolved.

7.2.10.2 Discretization

Let the continuous variables on the primary and secondary surfaces be interpolated over each
element face according to

b Z NOGv)  §v@ = Z N5y
Au ZNU Aul) Au® ZN ) Aul
=2Ny>aps> o :sz
Z NOAPD  Ap® Z N

(7.2.48)
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In the case of slip, the contact integral of eq.(7.2.4) can be split into normal and tangential parts,
§G. = 6G™ + 0GY, such that

tnn(l) Wp,
= [ (w0 [ s 5] o

PRGEY! (7.2.49)
1 2)1 . | MefilnS (1) 7.1 2
+ /1—\%1) [6V( ) 5V( )] |:_Mefftns(1):| Jn dn(l)dn(l)
This split will be useful for the full linearization. Discretizing this expression yields
£
-l ] [ [ 5] ot
’ R (7.2.50)
f 1 1 2
+Z v on?] / " [ufgz)] Tyt dngyydinty
77
where
£() =N @ _ _ y@:
: ' ’ (7.2.51)

w® =NOw, | w? =—- NPw,

CL a

and t) is given by Egs.(7.2.23)-(7.2.24) for the penalty method and Egs.(7.2.28)-(7.2.29) for aug-
mented Lagrangian regularization; similarly, w,, is given by eq.(7.2.25) or eq.(7.2.30) for penalty
and augmented Lagrangian schemes, respectively. For the following linearization and discretiza-
tion the normal and tangential components, representing frictionless and frictional contributions to
the contact integral, will be treated separately and may then be added together as in eq.(7.2.49).

Frictionless Terms The linearization of the frictional part of eq.(7.2.49) makes use of eq.(7.2.44)
to find

(1) f (1)
_ 1 s,M]. [ [0 (1) 4 |tn 1, |n
DéG. /rgp (v 5pM] ([ v, } J(l)DJ [0] Dn +[ 0 }Dtn

0
+ [1] Dwn) Jél)dn(ll)dné)

oov® osp@7 [—t,mn®] gy

+/p;1>[3"<“2> <2>} [—wn Dy Jydnaydngy (7.2.52)
[5 @ 5 (2)] —t,nM] 1 DJW —tn Dn® —n® Dt

+ oy v P —w, E n 0 n’/ + 0 n

where we note that the virtual variables on the secondary surface now enter the linearization, as
parametric coordinates on the secondary surface vary during slip according to eq.(7.2.12). The
only linearization which has not been previously discretized is Dw,, and it follows from placing

eq.(/.2.48) into eq.(7.2.47) that

[

+ Z [527 Ny p _5PN<§2)] '
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where we define

op2)
@2 _ 9P o
= o g
oty 7.2.54
FPe=ga™ o o — 5
2y Oy
and for convenience we note that
o Z[ (1 p2) (1) } Aug! Z[ (2) () } Aug (7.2.55)
N = Nc —Pc 0 - . + -N 0] - e
877(0[2) 77(2) - P n Apgl) - d P Apl(f)

Directional derivatives of virtual variables on the secondary surface will lead to expressions of the
form (8Nb(2)/817(\2)> an\2)’ where

ONS A Augl)
ﬁDU(z) = [ZC NYm® — Gen® 3, _Néz)mgz)] N Ag® (7.2.56)
2) u,

In eq.(7.2.56), the pressure degrees of freedom do not enter into the linearization. In an ef-
fort to keep the expression more compact, we have not included these variables. However, this
expression could easily be cast into the form of e.g. eq.(7.2.55) by adding zeros where neces-
sary. Discretizing eq.(7.2.52) and making use of linearizations found previously [137], along with
Egs.(7.2.53) and (7.2.55), allows the resulting stiffness matrix to be expressed as

(1,1) (1)
_ W O], Koo' # 0 | A
DG, = Za: [6va Opa } /1“;“ (ZC: [gglc’l) g(gi’l) Ap,(f)

K5 o | [ad )
20 aa |40 ] ) dndn)
d L8ad  Yad Pq
SR D (7.2.57)
LS [5v@ 5@ / be uc
L o) i (2 [l o] |l
K2 o | [au?
+Z by 22)| & J<1)d7711 d7721
~ ggd) gl()d) Apgl) n (1))
where
KLY = — NN (eN(1)> ~ N (tnAf}) + ¢, MV -N(l))
K" = NN (eNO)
KD = NONO (EN(U) +N® (tnAgl) + i, MO -N(l)) (7.2.58)

+ NW (tan()Q)) + Ghe (tnN(l))

KE? = ~NOND (:NO) - NP (1,110)
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and

gl — _ NO N <€pp<2>) + N (wn AL n® 4 pcn(l))

Bl = NN ()

(
gV = NO N <€pp(2)> - NP (wnA(l) a4 schn(1)> - N (wnﬁlz(,2)> + Gie (wnn(1)>

C (&

2,2 2 2 2 (2
gl(yd )= _Nb( )th ) (Epp(2)> +NC$ ) (wnml() ))
(7.2.59)
and
i) = ~NOND ()
ghi” = NIOND ()
(2,1) (2) Ar(1) (7.2.60)
Gpe =Ny Ne (_517)
gi” = =NINP (=)

The expressions above are very similar to those which can be found in our frictionless bipha-
sic contact paper [10], although the present framework is more general, as that previous study
evaluated expressions in the limit as ¢ — 0 (see Zimmerman and Ateshian [137] for a detailed
discussion of this assumption and the benefits of relaxing it).

Frictional Terms Linearizing the frictional contribution follows from the second term of eq.(/.2.49)
as

_ 1 1 tnst) pefis™)
DG, = Aﬁ]l) [5v( ) 5p( )] . <[ 0 Dyt + 0 Dt,

Hefftn 1 pefitnsM] 1 1 )1 ;.2
+ [ eO ] Ds(M + [ © 0 WDJé ) Jé >dn(1)dn(1)
n

PG Gy
+ / v 5p™]. <[ tns ]Dﬂeff+[ HeftS ]Dtn (7.2.61)
(M 0 0

— Hefftn 1 —pefitnsV] 1 1 )1 1.2
+ [ 0 ] Ds() 4 { 0 —J(I)DJg V| I dnfyydn,
n

a5v(®  95p®@ —[1gtitns™) o )1 g2
+/F<1> ["’% 8’72’@} ' [ 0 Drigy Ty dngyydngy
n

The remaining quantity in this expression to be determined is the discretization of Dyugs; from

eq.(/.2.45) and eq.(7.2.48) it follows that

N - Augl)
Dpiett = E [ENc(l)MequéN(l) a4 /JeqrpiN(l) : mg) Nc(l),ueq ) %} ) Ap(1)
+> [—e NP fioqTp A ND . n(®) o}- Auy
- niVq Heqlpiz Apff)
(7.2.62)

where we made the definition
Ty =(1—¢)p" (7.2.63)
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just to be used in eq.(7.2.62) for space considerations. Finally, inserting Egs.(7.2.48) and (/.2.62)
into eq.(7.2.61) yields the stiffness matrix for the frictional terms

(1,1) (1,1) Au(l)
DG, — W 5], / Koo kao'|  |Aue
za: [5va 0pa ] e 26: 0 0 Apg)
KD 12) Au((f) W1 ;2
D[ Al T dngyy iy
2) (d> K2V kY] [Aul! 7269
2 2)|. be be ¢
+¥ |:5Vb 5pb ] /1_,571) (; [ 0 0 Ap((;l)
(2,2) (2,2) (2)
K k Au Dl 3.2
+3 | B bd d )J( Vdntdn?,
0 0| a2 ] )
where
KD = NN (218t B) ALY (150 )
+igtitngPs - ¢V ® hf(jr) - Nefftn']gl))
K2 = NN (ep16gSD + peiita BY )
K>V = NP N (eueqS“) + uefftnB(”) + N2 (tns(” ®h (7.2.65)
+tefitngPs - ¢V ® hgr) — Hefftnd 9))
+ NV <_Mefftns(1) ® ﬁ“f)) + Goe (Mefftns(1)>
Ko = - NINP (2p16gS8™M + peiitaBY ) = NP (~prats™) @ 1)
and
L) = NN (g (11— )50)
kyi” =0 (7.2.66)
k&l) = Nz§2)Nc(l) (‘Neq (1-) SU))
2,2
kéd =0
In eq.(7.2.65), we have defined
BY — eqND ) — AL - n) (7.2.67)

. . in Section 7.1.9.11L The stiffness matrix of
the frictional contribution to the virtual work, given by eq.(7.2.64), is nonsymmetric. Summing
Egs.(7.2.57) and (7.2.64) produces the total stiffness matrix for the case of frictional biphasic slip;
this total stiffness matrix is also nonsymmetric. However, as noted before [10], the stiffness matrix
for biphasic materials is nonsymmetric by construction, so there is no expectation that the contact
stiffness matrices be symmetric.

Equation (7.2.65) contains the solid-solid stiffness terms. Comparing eq.(7.2.65) with eq.(7.1.112)
shows that the same form of the equations is recovered. Interestingly, however, some of the terms
in sliding-elastic (Section which were multiplied by the friction coefficient . are now multi-
plied by puet, Which indicates certain terms which are important in biphasic contact. Of course, in
the absence of pressurized fluid, ue — 1 and we recover the sliding-elastic formulation.

by analogy with our definitions for h(fr) and h"
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7.3 Biphasic-Solute Contact

7.3.1 Contact Integral

See Section[2.8|for a review of biphasic-solute materials. The contact interface is defined between
surfaces v(1) and v(2). Due to continuity requirements on the traction and fluxes, the external virtual
work resulting from contact tractions t(, solvent fluxes w? and solute fluxes jff) (¢ =1,2), may
be combined into the contact integral

3G, = / (v — ) -t dal?
~(1)
" / R (950 = 65 wil) da (7.3.1)
2l
n / (55@)_55(2)) OFROS
~() "

In the current implementation, only frictionless contact is taken into consideration, so that the
contact traction has only a normal component, t(¥ = ¢,n”. To evaluate and linearize §G,, define
the covariant basis vectors on each surface as
, (4)
g =7 a1y, (7.3.2)
on®
(i)
where x(?) represents the spatial position of points on (), and n(og) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by
‘ (4) (4)
ni — 8 *8 (7.3.3)

‘ggi) % gg)

Now the contact integral may be rewritten as
+ L(1> (5@‘(1) — 5;3(2)) wl® ’ggl) « gél)‘ dnlydn?,, (7.3.4)
[ (00 =00 50 g iy

and the linearization DJG.. of 4G, has the form

DOG, = 22: DiG, [Au@} + DG, [Aﬁ(i)} + DG, [M(ﬂ . (7.3.5)
=1

7.3.2 Gap Function
The gap function g, representing the distance between the contact surfaces, is defined by

x@ = xM L gn® 4= <X<2) — X(l)) .n (7.3.6)
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The linearization of variables associated with motion, pressure, and concentration, is given by

M) — Au® 2 = Au® 4+ @ Ap
Dx'" = Au Dx'™ = Aut™ + g Any,

~ ~ ~ ~ opd
oy
~(2
D) _ AZD  pa® _ s 4 922 o
5;77212) (2)
©) , 7.3.7
Dov) =0 Dv®? = a;va Anf (7.37)
2)
5(2)
D&Y =0 Dop® = 2P Arfly,
Ot
5(2)
DsE) =0 Do = 90 Ay,
an
@)
where
o o o dAu®
Ay = <Au(1) — Au(2)> -a Bg(ﬂl) —a®Fgn™ . 5 (7.3.8)
I
with a®® = (4,5) " and 4.5 = gt - g
7.3.3 Penalty Method
Let the normal component of the contact traction be described by the penalty function,
n <0
A (7.3.9)
0 g=0
where ¢, is a penalty factor associated with ¢,,. Similarly, let
— — 51— 5(2)
wn—&“pﬂ'—e’fp(p D ) t, <0
: , 7.3.10
{ﬁ(Z) = p* tn =0 ( )
and
Jn=cex =g (M — @) ¢, <0 (7.3.41)
where ¢, and ¢, are penalty factors associated with w,, and j,,, respectively. It follows that
Dt, =¢, (Au(2) — AuM + gg)An(o‘z)) -0
op(2)
— 51 _ A2 _ P A
Duwn =& (Ap Ap oty A"(?)) . (7.3.12)

. R ~ H&?2) N
D]n =& <AC(1) — AC(Q) — aﬁQAT](g))
(2
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Given these relations, it can be shown that the directional derivatives of the various terms appear-

ing in the integrand of 6G.. are

D (tn (5v(1) — 5V(2)> 'ggl) X ggl)) =

— JVe,, (5v(1> _ 5v<2>) . (nu) ® n(l)) . (Auu) _ Au@))

oov(?
Dy Y9V 7 (h®@ a @ _ Au® )
+ Jg )t, 877(0‘2) (n ® g(2)) (Au Au )
dAu) oAu)
1) _ 5,2 . (1) (1)
+tn (5v ov ) ( 877(11) X gy +81 X 877(21)

D (e (3~ i &) -

JVe, (5ﬁ(1> _ 5]5@)) (Aﬁu) _ Aﬁ(z))
~ ~ opM 26p
—JM lgp <5p<1> _5p<2>) p 1 g

o 8 Wn, o
377(1) » 377(2) (2

dAu) oAu)
+ wy, (dﬁu) - 5];(2)) n(® . ( T xgt gl 28

877(1) 8772

Do o9~ ) | e -
TVe, (5a<1> - 55<2>) (Aé(l) - A5(2)>

oeh 05e?
—JWD e, (66D — 562 8 T In a8 | - Auld — Au?@)>
K [ ( ) 877(1) ) 817(2) (2) < )

8Au(1) (1) (1) 8Au(1)
+ jn (661 — 562 ) 0™ . X gy +8g X
( ) o T oy

where J") = ‘ggl) x gél)‘.

7.3.4 Discretization
The contact integral may be discretized as

(e)
né” n,

int

(7.3.13)

(7.3.14)

(7.3.15)

6G. =33 WiV {tn (5v<1> _ 5V<2)> 0 o, (550) _ 51;(2)) ¥ (550) _ 55@)” .

e=1 k=1

(7.3.16)
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The variables may be interpolated over each element face according to

m

svih) = Z Nél)évgl)
a=1

m®

v = Z Nl§2)5v£2)
b=1

m®) m(2)
AulV) = Z Nc(l)Augl) Au® = Z Nc(l2)Au£12)
c=1 d=1
m® m®
sp) = Z Nél)dﬁff) 55 = Z N1§2)5151(>2)
o=l =l (7.3.17)
m m(2)
A = Z NOAGD  Ap® = Z Nf)Aﬁff)
c=1 d=1
m) m(2)
oe) = ST NWseh 6 = 57 NP o
a=1 b=1
m@) m(2)
A — Z NOAZD  AF® = Z NCEQ)Aéff)
c=1 d=1
Then,
e n:;;t (D) fc(Ll)
6Ge =SS WD [ S0 [ vl ol ol |- | wl!)
e=1 k=1 a=1 jél)
(7.3.18)
SO g 5 o) K0
T Z [ OVyi 0Py OChp } Wy, f; ’
b=1 (1)
Jb ke
where
£ = NOpn®  £2 = N nO)
w® = Ny w) = NP, (7.3.19)
R 1
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Similarly,
ntM nI(rEI)'[
—D3Ge =Y WiV
e=1 k=1
me no [ KEY o 0
Z vV o se [0 ] g g 0
o=l =l et o nl
(12
mgf) K 0 0 Aug)
+ giiﬁﬁ ghir 0 Af))
— 12 1,2 (2
d=1 hc(zd k) 0 hgd,k) Ac,
o @ @ ] [ K(l()3 %) (0 ) °
2 ~(2 ~(2 2,1 2,1
+ Z [ 5Vb,k 5pb,k 5Cb,k } Z IES 1;) Ibe,k ((2)1)
b=l =t hbc:k 0 hbc:k
m® K(,Efl;? (0 | 0 Au?
2,2 2,2 ~(2
" Z %) ot (g 2) Apglz; ’
=Ly 0 ‘g Acy

where
K(LD = N (an NOND 4 ¢ Ag))

C

o) = N (=epNPp 4 wamf®) + w, NP AL - n
giir = Ny (oM p = wam(?)

gL = ¢ NONOD

(1,2) _ €ch(L1)N,§2)

gz(,i ;1) = epNyN®

2,2 2 2
oD = 2NN

h(LD — N() <€C NG — AW .nu))

_ jnml()2))

@’

q® +jnm((72)> Jrjn]\[b(z)l,x((}) .’
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A
A&Y
(7.3.20)
Aug)
ApH
At
(7.3.21)
(7.3.22)
(7.3.23)
(7.3.24)
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ALY = —e NOOND
h(ldi) _ CN(l)N( )

WD = e NPND (7329
) = e
and
NO — n@ @ n®
1 oN®Y oy an®
A = A e = e
5D e )
M(?) n(2)®m(2)
(2)
@ _ IN . 7.3.26
m, " = 877(0‘2) g(2) ( )
oD
1 _ 9"
p a 8(1)
ongy)
oét)
q(1) _ 8770‘ g%

7.4 Multiphasic Contact

7.4.1 Contact Integral

See Section for a review of multiphasic materials. The contact interface is defined between
surfaces 1) and (2. Due to continuity requirements on the traction and fluxes, the external

virtual work resulting from contact tractions t(*), solvent fluxes w? and solute fluxes jﬁ(i) for solute
a (i = 1,2), may be combined into the contact integral

3G, = / (5v<1>—5v<2>) @ gg®
(1)
+ / N (6p“) —515(2’) wit) dal) . (7.4.1)

n Z/m ( _ a0l )) 1) g

In the current implementation, only frictionless contact is taken into consideration, so that the

contact traction has only a normal component, t(9 = ¢,n("). To evaluate and linearize §G.,, define

the covariant basis vectors on each surface as
o _ ox

)
Oy

where x(%) represents the spatial position of points on (), and 77(°§) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by
, (4) (4)
n® — %. (7.4.3)
‘g1 X 89

a=1,2 (7.4.2)
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Now the contact integral may be rewritten as

1 1
G, = /y . (v = ov®) tugl? x g8 anty aint

4 / (515(1) _ 515(2)) ,wr(ll) ’ggl) % ggl)) dn(ll)dn(21) ’ (7_4_4)
~(1)

P (i) ) s
@ Y

and the linearization DJG.. of 6G. has the form

DG, = 22: DG, [Au“’)] + DSG, [Aﬁ(i)} +3 " Dsc. [Aaa@} . (7.4.5)

=1
7.4.2 Gap Function
The gap function g, representing the distance between the contact surfaces, is defined by

x@ = x4 gn® 4= <X<2) _ X(l)) n® (7.4.6)
The linearization of variables associated with motion, pressure, and concentration, is given by

op?
Dp) =ApM) Dp? = Ap? + = An%
oy~
972
DD —AHM)  par(2) — AR L An(aQ)
)
(2) , 7.47
psv =0 Dy = PV n (7.4.7)
Otz
5(2)
Do) =0 Daﬁ@):%mﬁ;)
)
& (2)
D5 =0 D(Sé’Y@):aéca %
T2
(2
where @
a _ (Au® — Au®) . q¥8g®) _ goB g . 920
An(2) (Au Au ) a®’gy’ —a*gn 817ﬂ , (7.4.8)

with a2% = (A,5) " and A,y = g g2

7.4.3 Penalty Method

Let the normal component of the contact traction be described by the penalty function,

. 0
A (7.4.9)
0 g=0
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where ¢, is a penalty factor associated with ¢,,. Similarly, let

{wn _ (ﬁ(l) ) ]5(2)) " (7.4.10)
P =7 =0 4.
and
{j;;“ =ex* =g (@) —&)) ¢, <0 7.411)
sali) — zox th=0" o

where ¢, and ¢, are penalty factors associated with w,, = wi and e = j,‘f(l), respectively. It

2 1 2 1
Dt, =€, (Au( ) — Aul) 4 g! )An( )) n!)

) B op@
_ 1) _ (2) _
Dw, =¢, (Ap Ap 5 ?)AU(2)> ‘ (7.4.12)

‘ ~ ~ 9&7(2) N
Dj) =e. (AC’Y(l) — A — e An(2)>
(2)
Given these relations, it can be shown that the directional derivatives of the various terms appear-

ing in the integrand of 6G.. are

- D (tn ((5V(1) - (5V(2)) 'ggl) X gél)) =
JVe, <5V<1) _ 5v(2>) . (nu) 2 n(l)) . (Auu) _ Au(z))

dov?
—JW¢, n? gt ) - (Au®) — Au® ’ (7.4.13)
n o (2)
oy ( > < )

(1) (1)
+t, <5v(1) _ 5V(2)) ) <g§1) y oAu'’ ggl) « 8A121 )

oy gy

o e (o) <)
o 5) (355

05p?) (7.4.14)

5o — g | (Au®) — Au®?)> 4

sp< D 5p ) 1) +w 817(0“2) 8(2) ( u u )
)

oAu) dAul
e (37— 559) ). (ggn Ol 2o

oy ongy

D (j% (55«1) _ wm) ‘gg) « ggn‘) -

— J Ve, (w(l) _ w(z)) ( N Aa(z))

~v(1
4 Iz, (500 — g2 o= . (Au - Au®)
a (e}
y (7.4.15)

doe' V)
(1) 5y gl M — Au®
+ g e e g, (Au Au )

)
Au® Au®
+ 77 (55“/(1) _ 55W(2)) nM . <g§1) « 9 1; . ggl) % 0Au

1
+ M
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where Jél) = ‘g?) X ggl)‘.

7.4.4 Discretization

The contact integral may be discretized as

)
n "int

299

6G. =33 Wi [tn (5v<1> - 5v(2)) @ 4 <5p — 5 ) n Z i (w 557@))] :

e=1 k=1

The variables may be interpolated over each element face according to

m®

svil) = Z Nél)évgl)

m®

Au) = 3" NOALD  Au®

(D

o5 = 3 N o

m

A = Z NOAD AP =

D

s — Z NWegar M 5 =

m

AP =3 NDAZD  AP® =

m®

3 NP
b=1

m®@

-3 e

m<2
_ZN

m(z)

m(2
Z N(2 ~7

m(2)

c=1
Then,
nél) :n>t m(D
0Ge =" > WM Z[avﬁf) spy) set sel
e=1 k=1 a=1
£
m® wb<'5>
3 [ o o o ||t ||
! o)
Jb ke
where
£V = £, NUn®  £2) = ¢, NFn®
T Y
AW =Ny Y = Ny

Z N A

Y NPAA®
d=1

£
ws!)

™ e

Ja

ja(l)
5(1)

(7.4.16)

(7.4.17)

(7.4.18)

(7.4.19)
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Similarly,
nt) |(n)t m®)
~D3Ge =YY Wid x| > { 5wl 5D e 580 .
e=1 k=1 a=1
N KLY o 0 0 Aul)
| g gy 0 ApY
vl 1D Y7 S B (| Az
n o 0 hpttY Az
(2) Elldfk) 0 0 0 AU&Q)
m 1,2 1,2 B
n Zk: c(zd,k) g((zd,k) 0 0 Apg)
= v R S Az
A(1,2) ’ BB(1.2) ~5(2)
h 0 0 h Ac
o adk I (7.4.20)
my
(2) ~(2 ~a(2 ~B(2
>0 vl o oa? ogd |
b=1
(1) _ Kfj:}ﬂ) 0 0 0 AufV
m 2,1 2,1 N
Z gl()c,k) lgc k) 0 0 Apgl)
S mG) om0 Az
B(2,1) ’ BB(2,1 ~A(1)
hy % 0 0 hbc,l(c ) Ace
o [ Ka? o 0 0 Au®
m (2,2) 2,2 -
n i gy g 0 0 AR
2k AR
by 0 0 Poa,re” Acy
where
KLY — ) (En NON® 1, Ag))
(1,2 2
Kad,,j = g, NONINOD 7421
K2 = =N (2o NIND 4 ,MP) - NP AL -
K7y = NP (2aVINO 41, M)
gllh) — N (%N(gl)p( )~ w, A n(l))
gl = =N N 420
gg:]? - NO (fgpr)p(l) +wnm§f)) +w, Nb@) AL . p®’ o
2,2 2 2 2
girr = N (oM — wm(?)
(1Y) — _ W@ (12 (1) A7(2)
Yac = —¢€ Na Nc ga =€ Na N,
g bk d (7.4.23)

2,1 2 2,2 2 2)’
S = NN gD~ e NN
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R @D — v (N o@D — AD . 7y
ac a c €cq C .]n

KL = NN

, (7.4.24)
03D = N (N Deeq™ + AL 5700 + N j7m?
W = MNP N
hZZ(l’l) _ —EcNa(Ll)Nc(l)
1,2 2
AL = e NOND 425
2,1 2 ) o
A = NN
R = e
and
1 Ny N
NO =M en® AL = (I)A{algg) -5 ggl)
Iy (1) )
oN®
Mz()2) —n?g mz(>2) ml(f) _ g g&) . (7.4.26)
Oniy)
op) o)
(1) _ o 1) Y7 o
P = one. g(1) qt = o g(1)

(1)

7.5 Tied Contact

In some situations it is useful to connect two non-conforming meshes together. This can be done
by defining a tied contact interface. In FEBIio, the tied contact works very similar to the sliding
contact interface. We need to define a slave surface and a master surface, where it is assumed
that the slave surface nodes will be tied to the master surface faces.

7.5.1 Gap Function

Just as in sliding contact, we need to define a gap function that measures the distance between
the slave and master surface. In order to do that, we first define the projection of a slave node to
the master surface.

Y (X) =arg min [X-Y] . (7.5.1)
Yer®)
This definition is similar to that of the sliding interface, except that now the projection is done in the
material reference frame. This implies that the projection only needs to be calculated once, at the
beginning of the analysis. We can now proceed to the definition of the gap function.

g(X) = oM (X) - p® (Y (X)) . (75.2)

An important observation is that the gap function is now a vector quantity since the gap needs to
be closed in all direction, not just the normal direction as is the case in sliding contact.
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7.5.2 Tied Contact Integral

With the definition of the gap function at hand (equation (7.5.2)), we can define the contribution to
the virtual work equation from the tied contact reaction forces.

m:/TﬂMD (7.5.3)
e

Here, T is the reaction force that enforces the constraint g (X) = 0. Since we anticipate the use
of an augmented Lagrangian formalism, we can write this reaction force as follows,

T=A+eg. (7.5.4)

The vector quantity A is the Lagrangian multiplier and ¢ is a penalty factor.

7.5.3 Linearization of the Contact Integral

Since equation (7.5.3) is nonlinear we need to calculate the linearization. For tied contact, this is
simply given by the following equation.

AW, = /EAg -ogdl. (7.5.5)
e
Where
og =w —w® (7.5.6)
and
Ag = ApM (X) — Ap? (Y (X)) . (7.5.7)

We also introduced the notation w() = 5 (9.
The discretization of (7.5.5) will lead to a contribution to the stiffness matrix. Notice that due to
symmetry between dg andAg this matrix will be symmetric.

7.5.4 Discretization

The contact integral (7.5.3) can be discretized as follows. First, we split the integration over all the
slave surface elements.

nel
m:Z/iﬁwWX (7.5.8)
e:lr(ce)
The integration can be approximated by a quadrature rule,

()

e
nel Nip

Wy = Z Z w'j (&) T (&) - 0g (&) - (7.5.9)

e=1 i=1

If we use a nodally integrated elements, we have

w® (&) = ZNJ' (g@) Cﬁ?) : (7.5.10)
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so that, X ,
og (&) =) = ST N; (&) e (7.5.11)
J
We can now write the contact integral (7.5.8) in its final form,

nel Niw)
W= w'j (&) (N(&)T (&) 0@, (7.5.12)
e=1 i=1
where
607 (&) = | eV P o o o], (7.5.13)
N(E)=[T -N; -+ -N, |, (7.5.14)
and
N, 0 0
Ni=| 0 N 0 ]. (7.5.15)
0 0 N
For the linearized tied contact integral (7.5.5), a similar discretization procedure leads to,
nel Ny}
AWy =3 > w'j (&) AP K@, (7.5.16)
e=1 i=1
where
K, =N'N. (7.5.17)

7.6 Tied Biphasic Contact

7.6.1 Contact Integral

See Section for a review of biphasic materials, and [12] for additional details on biphasic
contact. The contact interface is defined between surfaces v(!) and v(2). Due to continuity require-
ments on the traction and fluxes, the external virtual work resulting from contact tractions t(* and

solvent fluxes v’ (¢ = 1,2) may be combined into the contact integral

3G, = / (5v<1> - 5v(2)> -t da®
51

(7.6.1)
+/ <5p(1) _ 5p(2>> wW g
e "
To evaluate and linearize §G,., define the covariant basis vectors on each surface as
. (@)
0% 1o (7.6.2)

g, = a.a
M
where x(¥) represents the spatial position of points on v, and ;) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by
‘ () o (@
n® — 81 X8 (7.6.3)

’ggz‘) y géi)
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Now the contact integral may be rewritten as

_ 1) _ 5@ . (1) (1) 1 7,2
0G, /7(1> ((5V ov > t ‘gl X 8 ’ dn(1)d77(1)

: (7.6.4)
1 1
T
A1)
where t = t() and w,, = w!". The linearization D3G. of G.. has the form
2
DéG. =Y DsG. [Au@} + DSG, [Ap(i)} . (7.6.5)

i=1

7.6.2 Gap Function
The vector gap function g, representing the distance between the contact surfaces, is defined by
g=x® —x( (7.6.6)

The premise of a tied interface is that the parametric coordinates of x(!) and x(?) are both invariants
(i.e., they are determined in the reference configuration and remain unchanged over time). The
parametric coordinates of x(!) correspond to the integration points on (), and those of x(?) are
evaluated once, in the reference configuration, by shooting a ray from the integration point on ~(!)
to intersect (). It follows from this premise that
DxD — Au®  Dx® — Au®
DpW = Apd)  Dp® = Ap®@
Dsv) =0 Dsvid =0
DspM) =0 Dsp® =0

(7.6.7)

If v and ~(2) are not initially conforming, continuity of fluid pressure and normal flux will only
be enforced within the contact interface; unlike the sliding biphasic contact interface (Section[7.2),
free-draining conditions are not set automatically on regions of 41) and ~(2) where a solution for g
was not found. Therefore, these regions naturally enforce zero fluid flux (impermeable boundary),
unless an explicit boundary condition on the pressure p is prescribed over those regions.
7.6.3 Penalty Method
Let the tied contact traction be described by the penalty function,

t=eng, (7.6.8)

where ¢, is a penalty factor associated with t. Similarly, let
Wp, = EpT = &p (p(l) — p(2)> , (7.6.9)

where ¢, is a penalty factor associated with w,. It follows that
Dt =¢, <Au(2) - Au(l)) )

(7.6.10)
Dw, = ¢, (Ap(l) — Ap(2)> .
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Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of 6G.. are

_D ( JO <5V<1> _ 5V(2>> .t) _

<5v<1> _ 5v(2>) e, JUT. (Auu) _ Au(z))

n , (7.6.11)
Syl _ 5y M ). 28 )y, 9Au
—i—(v — oV >~t® (gl X n )-W—(gQ X n )W
(1 (1)
= D (o (50— 55 sV =
_ g 1 _ 5p2) 1) _ Ap®@
n € (579 op ) (Ap Ap ) , (7.6.12)
dAu) (1) dAu)
+ wy, (6p1) — 6p@ ) nM) . g(l) X —g;’ X
( ) 2 877(11) ! 37](21)
where Jél) = ‘g?) X ggl)‘.
7.6.4 Discretization
The contact integral may be discretized as
n) ”iﬁ)t
5G =3 W [(5\/(1) _ (5v(2)) t+ wn <5p(1> - 5p<2>)} . (7.6.13)
e=1 k=1
The variables may be interpolated over each element face according to
m m®
v = Z NC(LI)(SVS) svi@ = Z NIEQ)(SVI()Q)
a=1 b=1
m® m®
AulV = Z NYAuD  Au® = Z NC(IQ)AuElQ)
=l =1 (7.6.14)
m( m®
op =3 NOoplh  op® =3 NPop}?
a=1 b=1
m® m2)
Ap) = 3 NGO 2p® = 37 NP apl
c=1 d=1
Then,
nl! :Fl)’[ m £
s =S (S [0 it ][ )]
e=1 k= a=1 a
. ! , (7.6.15)
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where @ @
1 1
£ =Nt £ =N
wgl) = Nél)wn wl(f]z = Nb(z)wn
Similarly,
ntM nl(;)t
—DiGe =" WiV
e=1 k=1
(1) (1)
m _ m (171)
K¢ 0
x (Z BRSNS ! o ] . !
a=1 - c=1 ac ac
m? (1,2) 1T T A
N Z Kad,k 0 ‘ Au,
0 E(12) Ap?
d=1 adk | | 2Pg
m? (1) (2,1)
k e K> 0
2) (2) be,k
- Z [ ‘5Vz(;,k 0Py } ' (Z ! KD 2D
b=1 c=1 be,k be,k
m?) (2,2) 2)
N Z Kbd,k 0 ‘ Aud
0 £(2:2) Ap? ’
d=1 bd,k Pq
where
KD = NO (e,NT+ t @ all))
K\ = e, NONPT
Kgii) = — 17(2) <€nNC(1)I +t® a&”)
K22 = o NN
k) = N, )
KED = NPy
KD = e, NN
1,2 2
k(d,k) 8chgl)N( )
(2,1) (2) ’
kbc,k = &N, Nc(l)
(2,2) (2) Ar(2)
kg = —epNy N,y
and

7.7 Tied Multiphasic Contact

(7.6.16)

(7.6.17)

(7.6.18)

(7.6.19)

(7.6.20)

(7.6.21)

See Section for a review of multiphasic materials, and [18] for additional details on contact
interfaces involving solutes. The contact interface is defined between surfaces v(!) and 4(?). Due to
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continuity requirements on the traction and fluxes, the external virtual work resulting from contact

tractions t(%), solvent fluxes wff) and solute fluxes jna(i) (¢ = 1,2) may be combined into the contact
integral

5@:/ (v — 5v) -t dal?)
~(1)
+ / (99 = 55 wft) da® (7.7.1)

+Zﬁxw —5®) o dal?)

Note that the summation in (7.7.1) is performed only over solutes that are present on both sides
of the contact interface. No special treatment is needed for solutes that only belong to one side,
since the natural boundary condition for these solutes enforces zero normal flux across the contact
interface.
To evaluate and linearize G.., define the covariant basis vectors on each surface as
. (@)
gl = a’%, a=1,2, (7.7.2)
oty
where x() represents the spatial position of points on (9, and 770‘) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by
, (%) (4)
n®— 8L X8 (7.7.3)

’ggz) % géi)

Now the contact integral may be rewritten as
5G. :/ <5v(1) syt ) )g(l) % gél)‘ d77(11)d77(21)
~(D)

n / ) (35 — 55
JFZ/(1)< 0@ ())J"

where t = t0), w,, = »'" and §o = %D The linearization DG, of G, has the form

wy g % gél)‘ dnlydnfy (7.7.4)

1 1
g x g} )‘ dnyydity

D6G, = ZD&G [Au< >] + D5GL [ApU } v Z DG, [Aaﬂ >} (7.7.5)

=1

7.7.1 Gap Function
The vector gap function g, representing the distance between the contact surfaces, is defined by
g=x® —xM, (7.7.6)

The premise of a tied interface is that the parametric coordinates of x(!) and x(?) are both invariants
(i.e., they are determined in the reference configuration and remain unchanged over time). The
parametric coordinates of x(!) correspond to the integration points on (1), and those of x(?) are
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evaluated once, in the reference configuration, by shooting a ray from the integration point on ~(!)
to intersect v(2). It follows from this premise that
Dx®W = Au®  Dsv) =0
DY =ApY D =0 i=1,2. (7.7.7)
D&E® = A pseE® =

If v(1) and ~(?) are not initially conforming, continuity of effective fluid pressure and solute concen-
tration, as well as normal fluid and solute fluxes, will only be enforced within the contact interface;
unlike the sliding multiphasic contact interface (Section [7.4), ambient conditions are not set auto-
matically on regions of v(1) and ~(2) where a solution for g was not found. Therefore, these regions
naturally enforce zero fluid and solute flux (impermeable boundary), unless an explicit boundary
condition on the effective pressure p or solute concentrations ¢* are prescribed over those regions.
7.7.2 Penalty Method
Let the tied contact traction be described by the penalty function,
t=ceng, (7.7.8)
where ¢, is a penalty factor associated with t. Similarly, let
Wy, = 5T = &p (ﬁ“) — 15(2)) : (7.7.9)
where ¢, is a penalty factor associated with w,,, and
O = e ® = <5a(1> _ 5a<2>) ’ (7.7.10)
where 2 is a penalty factor associated with ;<. It follows that
Dt=¢, (Au@) — Au(1)> ,
Duw, = ¢, (Aﬁ(l) - Aﬁ@)) : (7.7.11)
Dj® = &2 (Aea“) - Aea@)) .

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of 6G.. are

_D ( JO <5V<1> _ 5V(2>> .t) _
(5v<1> _ 5v(2>) e, JOT. (Auu) _ Au(z))

§ , (7.7.12)
N (5v(1) B 5V(2)> te (ggl) " n(1)) 8(@71(2}1()1) B (gél) o n(l)) fﬁ;(lll(:)

D (wn <5p<1> _ 5p(2>) J£1)> -

e, (50— 5p) (a5 — 2p?) , (7.7.13)
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_D (j;; (660‘(1) _ 660‘(2)) J,§1>)

—JM (560‘(1) - 56“(2)) £ (Aéa(l) - Aaa@))

4 (s — ) <ggl> oo

where J,(il) = ‘ggl) X ggl)‘.

7.7.3 Discretization

The contact integral may be discretized as

(O
n "int

6G. —ZZWkJ

e=1 k=1

)

Au) g 8Au(1)>

gl X 62

1) )

The variables may be interpolated over each element face according to

m

_ Z N gyl

m<1

Aut) = Z N Au(1

m(l)
570 = 3 N
m<1

Ap) = Z NI AWH

m(l)

56{1(1) _ Z N ~a(1

m<1
A =
c=1
Then,
ntt |(n)t m()
5Ge =33 WidM | S [ ovl) op
e=1 k=1 a=1

m®
D55 sao ~B(1
+Z[5V§£ Pbk 51759) 5%,&;)

m(®
ov® = 3" NP v
b=1
m(
Au® — Z NCEQ)A (2)
d=1
m(®

5@ = 3 NP2
b=1

m®

A =" NP AP

m®

5c*(2) — Z N 5cb

m(2>

)
NOAzED  Az® =3 NP AP

£l
e
(1) sza(l)  5&8(1) a
o)
in
1 )
féﬁ’l%
}' wb(’ﬁ
jbk
(1)
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(7.7.14)

[(5v D _ gy >> b+ wy (5p<1> - 5p<2>> +3 e (6&0‘(1) . 55@“”)] .

(7.7.15)

(7.7.16)

(7.7.17)
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where
Similarly,
(e)
n) "int
3G, =32 !
e=1 k=1
m@)
X Z { 5v((11) 5;5&1)
a=1
(1,2)
(2) Kad,k 0
+ Z ad,k
d=1 0 0
0 0
e
2 ~(2
DR
b=1
(2,2)
(2) Kbd,k 0
My, 0 k(2’2)
+ Z bd,k
= 0 0
0 0
where
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() =NDt £ =Nt
wl = NDw, wf) = —NPw, (7.7.18)
AV = NG 0 = NP5
N KV o 0 0 AulV
m 1 ~
(1) <-801) ke gl 0 0 AptY
0¢Cq 0¢q } ’ a(1,1) aa(l,1) ~a(1)
c=1 kaC ’ 0 kac ’ 0 ACC
ko0 0 kY A&
0 0 Au?
0 0 ApY)
1,2 ~a(2)
kz‘;,(c ) 0 Acfl‘2
0 kfjﬁj’” Aég( )
[ 1c(2,1)
ek O 0 0 1)
m) KD LD 0 0 Aug
~o(2 ~B(2 be,k be,k ~(1
5%,%) 5Cb,(k) ] ' Z D eaD) 0 At
c=1 bcéel be,k 01 Aé?(l)
0 o
0 0 Au?
0 | 0 Aﬁgf))
aa(2,2 ~a(2 ’
kbdé 0 Ac, ,
0 ke | | A
(7.7.19)
KD = NO (e,NT+ t @ al))
K2 — o NONPT
o ) : (7.7.20)
Kl()c:k) = —Nb( ) <5nNC(1)I +t® agl))
2,2 (2) A+(2)
Kl()d,k:) = enlVy N
) = N al)
2,1) (2)
Kiy = = wnall (7.7.21)
kot = N{Vjzalt -
k) = =Ny jall)



7.8. TIED FLUID INTERFACE 311

HED = —e, NN

(1,2) 1) Ar(2)
kad,k = 5pN¢§ )Nd

, (7.7.22)
ko = epNy NV
2,2 2) Ar(2
kl()d,k) = _EPNZE )Nc(l :
B = —eNIND
fady = AN (7.7.23)
2,1 (2) -l
Ko = vy N
2,2 2) Ar(2
GO = —eINN
and (1) (1)
1 ON, ON,
M — - @ (1 GiNe (1) IiVce
a,’ = n'’ x|g g . (7.7.24)
R (2 Iy an§1)>

7.8 Tied Fluid Interface

Under isothermal conditions which preclude any heat flux and for which the entropy is zero, the
interface jump conditions derived from mass, linear momentum and energy balance across an
interface I" which is permeable to the fluid are

HquH .ol =0, (7.8.1)
Ho- —pul' ® uFH .nl =0, (7.8.2)
and
Hp (1/1 + %ur : uF> u -0l uFH .n' =0 (7.8.3)
where
u =v vl (7.8.4)

p, v, o and ¢ are the mass density, velocity, stress tensor and specific free energy of the fluid,
respectively, and v and n! are the velocity of, and outward unit normal to I, respectively. A tied
fluid interface T", which allows fluid to cross I", must enforce these continuity requirements. For
fluid analyses, we let

o=—-pl+T1

where p is the fluid pressure and T is the viscous shear stress. Susbtituting this relation into the
energy jump of eq.(7.8.3), neglecting the contribution of T relative to that of p, and making use of
the jump condition from mass balance in eq.(7.8.1), we find that

H¢+P+1ur.urH _o. (7.8.5)
p 2

Since ¢ and p are functions of state that only depend on the fluid volume ratio J (in an isothermal
analysis, see eq.(2.13.9)), letting J be continuous across I' implies from eq.(2.13.7) that p is
continuous across T'; thus, from eq.(2.13.7) we conclude that u' -n is continuous, hence eq.(7.8.5)
is satisfied. In other words, letting [[J]] = 0 is a sufficient (but not necessary) condition to satisfy
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the jump conditions from mass and energy balance, as long as we also enforce [[u']] - n =
0. For a viscous fluid, we also assume that the no-slip condition holds, implying that our jump
requirement for the fluid velocity is even more stringent, namely [[u']] = 0 (or equivalently, [[v]] =
0). According to the above relations between the stress and pressure, and recognizing that [[J]] =
0 implies [[p]] = 0, we may also simplify the linear momentum jump condition of eq.(7.8.2) to
[[7]]-n" = 0. Therefore, the jump conditions that we need to enforce for a tied fluid interface I are

]
]

[/
v
(1]

These jump conditions are consistent with the choice of nodal degrees of freedom for fluid analy-
ses (namely, v and J). On a tied (or sliding) fluid interface, we don’t have continuity of the mesh,
therefore we can only enforce continuity of J and v by enforcing continuity of the fluid pressure p
and viscous traction t” = 7 - n'’. However, in our fluid finite element formulation, p is not a natural
boundary condition since it is calculated directly from J. Instead, as explained in Section the
natural boundary condition for the fluid dilatation governing equation is continuity of v,, across T,
thus [[v]] - n" = 0.

=0
J|=0. (7.8.6)
0

=]
-
I

7.8.1 Contact Integral

See Section for a review of fluid materials, and [22] for additional details on the FEBio fluid
solver. The tied fluid interface is defined between surfaces (1) and 4(2). Due to continuity require-
ments on the viscous traction and normal fluid velocity, the external virtual work resulting from

tractions t7( and normal velocities v\ (i = 1,2) may be combined into the tied interface integral

3G, = / (69— 5v®) - £ 0al?
~(1)

(7.8.7)
_ / (5J<1> _ 5J<2>) oW da®
4D "
To evaluate and linearize 6G.., define the covariant basis vectors on each surface as
. (@)
0_ %" 19 (7.8.8)

g - 9
TG
where x(?) represents the spatial position of points on (), and 77?%) represent the parametric coor-

dinates of that point. The unit outward normal on each surface is then given by

} (0 . (0
n( — %. (7.8.9)
’31 X 89

Now the contact integral may be rewritten as

6G. = /7(1) (5V(1) _ 5v(2)) T

+ / (600 —5s@)

gl x gt dnfyydnd,

: (7.8.10)

gl x | dnydnt,)
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where t” = t"() and v,, = v\"). The linearization DG, of 6G, has the form

DSG, = 22: DG, [Av@')} + DG, [AJ@} . (7.8.11)

i=1

7.8.2 Gap Functions

The premise of a tied interface is that the parametric coordinates of coincident points x() and x(?)
on v and 4 are both invariants (i.e., they are determined in the reference configuration and
remain unchanged over time). The parametric coordinates of x(!) correspond to the integration
points on v(!), and those of x(?) are evaluated once by shooting a ray from the integration point on
~() to intersect (2.
The vector gap function g, representing the difference between velocities across the interface,
is defined by
g=v® v, (7.8.12)

We may similarly define the scalar gap function 7, representing the difference between fluid dilata-
tions (or volume ratios) across the interface,

r=J% - gm, (7.8.13)

7.8.3 Penalty Method
Let the tied interface viscous traction be described by the penalty function,
t" = &g, (7.8.14)

where ¢; is a penalty factor associated with t”. The penalty factor ¢; is expressed in units of
viscosity per length. Therefore, in an auto-penalty scheme, it may be scaled to the ratio of fluid
viscosity to element thickness. Similarly, let

Up = EnT = £n (J<2> . J(1)> , (7.8.15)
where ¢, is a penalty factor associated with v,,. Note that ¢,, has units of velocity. It follows that

Dt" =gy (Avm — AV(1)> )
(7.8.16)
Dv, = ¢, (AJ(z) — AJ(1)> .

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of 6G.. are

_ <J1><5 ()—6v()>-t7):

EtJ <5v _ov® ) (AV(l)—AV( )>’ (7.8.17)

D( (5J<1 ) ) —end ( <1>—5J(2>) (AJ<1>—AJ<2>), (7.8.18)

where J(l) ‘g( ggl)‘.
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7.8.4 Discretization

The contact integral may be discretized as

(e)
nt "int

5G, = ; ; Wi T [(5v<1> - 5v(2)> T — (5J<1> - 5J<2>) vn} . (7.8.19)

yn

The variables may be interpolated over each element face according to

m® m®)

svi) = Z Nél)évgl) sv?® = Z Né2)5vl()2)
a=1 b=1

m® m(2)

AvD) = Z Nc(l)Avgl) Av® = Z Nf)AVEIQ)
c=1 d=1

o “ (7.8.20)
5JW =S NWsgH 5@ =3 NPag®
a=1 b=1
m1) m(2)
2 2
ATD =53 NOAJD AT =S NPASP
c=1 d=1
Then,
(e)
Wt W (=7 5w £
5Ge =33 Wi Lovi e |
e=1 k= a=1 a
= , (7.8.21)
e
ST m ]
+ Z 5vb,k 5Jb,k :| 1)(’1)
b=1 b,k
where
() =N gD = NPy
’ (7.8.22)
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Similarly,
2 i
—D6Ge =Y WiV
e=1 k=1
(1) (1)
m m (1,1) (1)
® ], Ka” 0 Ave
X (Z [ 0va’ 0Ja } (Z [ PACRY AJD
a=1 c=1 ac ¢
RO Av?
+ 3 [ adf 2 9 (7.8.23)
| o &L AJP
m? (1) (2,1)
¢ [ kPY o AvY
+ Z 5"1()212 5*]15212 : Z [ bek 2,1 a
b=1 [ ’ ’ } c=1 0 kl()c,k) AJC( )
m T gD @)
+ D [ o e | Avf@) )
“| o0 Ky AJ}
where
KD — o, N N (I —nWg n<1>)
Kl = —eeNPNP (1-n® ©n®) 82
KD - N () )
K7y = aNI NP (1-n® @n®)
kLY = —Ke, NOOND)
k52 = Ke, NOO NP
- 4 (7.8.25)

7.9 Rigid Connectors

A rigid connector connects two rigid bodies denoted by (1) and (2). The connector origin (e.g., its
insertion point) on rigid body (i) is located at

x0 — p@) 4 AD 70 — 3 () 4 50 (7.9.1)

where z(%) is the connector origin position relative to the center of mass at the current time, whereas
7% is its relative position in the reference configuration, when the rotation tensor A is equal to
the identity tensor. The connector is exerting a reaction force () at x() and a reaction moment
m( on rigid body (i), such that f1) + £ = 0 and m™) + m® = 0.

Rigid body joints, such as spherical, revolute, prismatic, cylindrical and planar joints, are a
special category of rigid connectors that have a large stiffness spring connecting the joint origins on
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each rigid body, in a manner that only allows relative motion along the joint translational degree(s)
of freedom. Similarly, a large stiffness torsional spring connects the rigid bodies in a manner that
only allows relative rotation along the joint rotational degree(s) of freedom.

Other connectors include springs, dampers, and contractile forces that may connect rigid bod-
ies. Optionally, a joint may include a linear damper connecting its origins, and an angular damper
restricting its relative rotation.

7.9.1 Virtual Work

The virtual work of a connector represents the work of external forces on the rigid body; it is given
by

5G = Zév @) 4+ 600 . m | (7.9.2)

where 6v(?) is the virtual velocity of the Jomt origin and 60 is the virtual angular velocity of rigid
body (7). Using the above relations for () and m(?, it reduces to

3G = (5v<1) - 5v<2>) £ (59(1> - 59<2>) m® (7.9.3)

The analysis thus returns the values of the reaction force and moment acting on rigid body (1).
The virtual velocities at the joint may be evaluated from (7.9.1) as

sv® = e — 30 . 590) (7.9.4)

where z is the skew-symmetric tensor whose dual vector is z, such that z- v = z x v for any vector
v. Substituting this expression into (7.9.3) allows us to express the virtual work in terms of the
virtual velocities of the centers of mass and the virtual angular velocities of the rigid bodies,

£(1)

7z () L@
—£(M)

—72) . ) _ (M)

6G = [ or 500 5r 5@ ] (7.9.5)

When using time discretization in the interval [¢,,, t,,+1], the external forces and moments may
be evaluated at the intermediate time point ¢, using

fle = b)) + (1 — ) £V
(20 10) =02l gl - (- a)al!) £l

m{), = amy}; + (1 - a)m{)

We solve for §G = 0 using Newton’s method in the usual manner, by evaluating the linearization
of §G along increments in the rigid body degrees of freedom at ¢,,11,

5G + 22: D6G [Ar@] + D§G [Aa@] ~0. (7.9.6)
=1

Assuming that

pe = [ k) ) k¥ x|

0 k') k7 K , (7.9.7)
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and
Ar®
1 AW
pm(l, = [ kW K K2 K% || o | (7.9.8)
AO?2)
it follows that
DSG =[ ot 50 o5r? 503 | x
K K K
~(1 1 1 o(1 1 1 ~(1 2 2 ~(1
S ST NI JNPTLO0S'C R S 1}
K K K
(2 1 (2 1 1 (2 2 2 1 (2
-2, K( k) ~2) Ky - K ~2), - K( ke 52, -
Ar®
AOD
“ | Ar®
A
(7.9.9)

It becomes immediately apparent that the stiffness matrix for a rigid connector is not symmetric.
Therefore, rigid body dynamics should be analyzed using non-symmetric solvers.

7.9.2 Joint Axes

Joint axes are used to define the directions of degrees of freedom in rigid joints, which represent
one of the major categories of rigid connectors. The axes are defined with respect to a body-based

coordinate system centered at the origin of a joint, given by the orthonormal triad {el ,eg), egi)}
for rigid body i (i = 1,2). In the reference configuration, the bases coincide on both rigid bodies,

el = 5 ) = = E; (j = 1,2,3), where E; is the j—th basis vector in the reference configuration.
Thus at any t|me t, we may evaluate the basis vectors as

el = AU . E; (7.9.10)

Using this relation, the linearization of a basis vector along increments in the rigid body motion is
given by
Del’ = —&{" . g, (7.9.11)

which shows a dependence only on A8.

7.9.3 Relative Joint Motion

The position of a joint in each rigid body i is given in (7.9.1). The relative motion across a joint is
given by the relative translation

2 _xM), (7.9.12)

x = x!

and the relative rotation .
Q=A®. <A<1>) = exp [é] , (7.9.13)

2
K.
KK
K
~(2 2
fl'f)‘l KSCG)
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where § = —£ - 0 is the skew-symmetric tensor with dual vector 6. As usual, 6 is a vector whose
direction represents the axis of rotation and whose magnitude is the angle of (counter-clockwise)
rotation about that axis. To report the relative motion of a joint, we may project x and 6 along the
basis vectors e§1) = AW . E; of the first rigid body. Thus,

J
. (7.9.14)
0, =0 eg.”
7.9.4 Joint Reaction Forces and Moments

Reaction forces are used to constrain the degrees of freedom of a joint that connects two rigid
bodies. Typically, these forces are generated by very stiff springs and dampers that only allow
unrestricted motion along the joint degrees of freedom.

7.9.4.1 Reaction Forces from Springs

The reaction force f(1) generated by a spring acting on rigid body (1) is given by

fD=x+eP- gl (7.9.15)

where

g — x® _ x( (7.9.16)

is a gap function that represents the vector distance between the joint origins, A is the (optional)
Lagrange multiplier used when invoking the augmented Lagrangian method, and ¢, is a penalty
parameter that represents the spring stiffness. The tensor P is a projection that limits the reaction
force to the directions that are not free to move. In general, there are three possible options for P:

P, =1 constrain relative translation along all directions
P={Py,=I—-n® @n® constrain relative translation within plane normal to n* . (7.9.17)
P3; =n) @ n(V constrain relative translation along n(")

For example, P; = I in a spherical or revolute joint, whereas P, = I — n® ® n( in an un-
constrained prismatic joint, with n(!) representing the axis of motion; and P; = n” @ n") in an
unconstrained planar joint, with n(!) representing the normal to the plane. Note that in all cases
we choose to define the axis in the basis of rigid body (1). If the constraint is enforced properly,
then n(!) should be the same as n?, within a user-defined numerical tolerance. In practice, we
let n® = egl).

The linearization of £(!) in (7.9.15) is given by

DfV = ¢, (P-Dg+ DP-g) . (7.9.18)

The linearization of the gap function produces

: (7.9.19)
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whereas the linearization of the three possible projections yields

DP.-g=Q AW (7.9.20)
where
Q =0
Q={Q =[n"-g)I+nVegl -ah . (7.9.21)

Therefore, in the expression for Df(Y) in (7.9.7), we have

K = —c.p
K\ =c (P20 +Q
fo =€
) ( ) (7.9.22)
Kfr =e.P
K = P35

7.9.4.2 Reaction Moments from Torsional Springs

The reaction moment m(!) generated by a torsional spring acting on rigid body (1) is given by

m() = A+ ey (7.9.23)
where
1en (1 2
v=5> ¢ xe (7.9.24)
j=1

is the angular gap function between the bases of rigid bodies (1) and (2), u is the (optional)
Lagrange multiplier used when invoking the augmented Lagrangian method, and ¢, is a penalty
parameter representing the torsional spring stiffness. We consider three cases for the choice of ~:

k =3 constrain relative rotation along all directions
~v =< k=1 maintain free relative rotation along e§’> (7.9.25)
k =0 maintain free relative rotation along all directions

For example, k = 3 is used to model the reaction moment in a prismatic joint, whereas k£ = 1 is
used with revolute, cylindrical and planar joints.
Now, the linearization produces
Dm®) = erD,

where
Dy =W AW —wT. A

and
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Therefore, in the expression for Dm() in (7.9.8), we have

K =0

Kgl)e =W

<0 _ o (7.9.26)

Kgg = —ETWT
7.9.4.3 Reaction Forces from Dampers
The reaction force £(!) on a damper is

) =\ .P-g|, (7.9.27)
where g is the time rate of change of the gap function,

g=v® v (7.9.28)

and P represents a projection as described in Section |7.9.4.1] In particular, P; is used with
spherical and revolute joints; P4 is used with prismatic and cylindrical joints; and P3 is used with
planar joints. The parameter . represents the damping coefficient.

The velocities of the insertion points are given by v = () 4w x z() where w(® is the rigid
body angular velocity. The linearization of f1) is

DEW =¢ (P-Dg+ DP-g) , (7.9.29)
where
ArD
: AgY)
P-Dg=[ -A BY A -BO? ] NCRE (7.9.30)
AG()
with ~
(@) RO (@) () (7:931)
D) _p. (i) T (gl A L (i
B —p <5Atz T (69) + @2 )
Recall that g and ~ are the Newmark parameters, and T (0) is given in (6.3.35). Similarly,
DP.g=V- AW (7.9.32)
where
Vi =0
V=<V, =[nW.g)I+nVegl a® . (7.9.33)
Vs =-— [(n(l) . g) I+n® g] A
Combining these results produces
Kg}r) = —x:A
1 _ (1)
Ky =x: (B +V
10 ( ) (7.9.34)
Kﬁ) = YA
K{) = —x.B?
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7.9.4.4 Reaction Moments from Torsional Dampers

The reaction moment m) arising from a torsional damper is

mM =, P wl, (7.9.35)

where
(7.9.36)

w=w?® _ L0
is the angular velocity of body (2) relative to body (1), and P is the projection used in Sec-
tion[7.9.4.1] In particular, P; is used for joints that cannot undergo relative rotations along any
direction, such as prismatic joints; P- is used for joints that can rotate freely along a single axis,
such as revolute, cylindrical and planar joints; in addition, P = 0 for spherical joints. The lineariza-

tion of m™) is

DmY =y, (P-Dw+ DP - w) , (7.9.37)
where
P -Dw=C?.A0% —cl.AgM) (7.9.38)
with
@O — T p.7T (g® 7
Cl = P T (0 ) : (7.9.39)
and
DP-w=W- AW (7.9.40)
where
W; =0
W=(W, =[n" w)I+nVew  ab . (7.9.41)
Combining these results now produces
Kl =0
1 _ (1)
K, s=x-C7+W
mo =X ( ) (7.9.42)
K =0
Ky = xrC?

7.9.4.5 Summary of Reaction Forces and Moment in Joints

] Joint | Spherical | Revolute | Prismatic | Cylindrical | Planar | Lock |
linear spring P, Q P, Q P>, Qo P2, Q2 P3,Q3 | P1,Q
torsional spring k=0 k=1 k=3 k=1 k=1 k=3
linear damper Pl,Vl Pl,Vl PQ,VQ PQ,VQ P3,V3 Pl,Vl
torsional damper 0,0 Py, W, P, W, Py, W, Py, W, | P, W,
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7.9.5 Prescribed Joint Forces and Moments
7.9.5.1 Prescribed Force at Joint

When a joint has a translational degree of freedom along n("), there may be a need to prescribe
the force f along that direction. This means that the reaction force ') may be supplemented with
the force f n»),

£ = fn® (7.9.43)
and the linearization produces
DFY = — M. AgM) (7.9.44)
Thus,
KE}O) = —fa®], (7.9.45)
and
K§32 _ K;ZT) — K%) =0/ (7.9.46)

7.9.5.2 Prescribed Moment at Joint

When a joint has a rotational degree of freedom along n(!), there may be a need to prescribe the
moment m along that direction. This means that the reaction moment m*) may be supplemented
with the moment m n,

m® =mn® (7.9.47)
and the linearization produces
Dm®W = —ma® . AW . (7.9.48)
Thus,
KU = —mal |, (7.9.49)
and
KU =K® =K% —o0|. (7.9.50)

7.9.6 Prescribed Joint Motion
7.9.6.1 Prescribed Displacement at Joint

When a joint has a translational degree of freedom along n(!), there may be a need to prescribe
the relative displacement d along that direction. This can be achieved by supplementing the joint
reaction force with a force that closes the gap between the current and desired translation,

£ = ¢, [(n(l) ® n(l)) g — dn(l)] = (Pg ‘g — dn(l)) ) (7.9.51)

where P3 is given in (7.9.17). Then,

DfY) = DP; - g + P3- Dg + da . AW (7.9.52)



7.9. RIGID CONNECTORS

Using the results of Section[7.9.4.1], the stiffnesses are supplemented with

K = —c.Ps

K() =« (P3 2+ Q+ dﬁ<1>)
K = c Py '
K = Py 2

7.9.6.2 Prescribed Rotation at Joint

The relative rotation between the rigid bodies is

Q=A% AT = Z e§2) ® egl) .
J
(1)

We want it to be equal to a rotation by x as expressed in the basis e; ",
A =exp[x] .

We enforce this constraint by requiring that
A-QT=1.

We may thus evaluate
R=A. QT )

323

(7.9.53)

(7.9.54)

(7.9.55)

(7.9.56)

(7.9.57)

and expect that R = I when the constraint is enforced. Note that R” - R = I because of the
orthogonality of Q and A, i.e., R is always orthogonal, even when the constraint is not enforced.
The axial vector of R may be denoted by &, i.e., R = exp [£], and the constraint is enforced when

& = 0. Therefore, a moment ¢,.£ needs to be prescribed,

m =&,

(7.9.58)

Since R is orthogonal, we can linearize it along an increment A¢, DR.[A¢] = A€ - R, from

which it follows that A¢ = DR - R” with
DR=A-DQ" = A (Aé(” QT -q”. AAQ)) ,

so that
(1)

Aé=A-20" AT _R. AP .RT.

From this expression we get
AE=A A0 —R- AP |
Thus,
pm® = ¢, (A A0 _R. A9<2>> .

It follows that

Ki =K —o]

and
KU —cA
K% - R/

(7.9.59)

(7.9.60)

(7.9.61)

(7.9.62)

(7.9.63)

(7.9.64)
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7.9.7 Other Rigid Connectors
7.9.7.1 Spring Between Rigid Bodies

Consider a spring between points x(* on rigid bodies (1) and (2). The spring force is oriented
along n, where

x(2) — x(@)
We may write
L= ‘x@) — x|, L= (x@) — X<2>| . (7.9.66)
Then, the spring force acting on body (1) is
£V = k(L - Lo)n =k (x(2) —xM L0n> , (7.9.67)

where & is the spring constant. It is understood that the special case Ly = 0 produces f(!) =
k (x® —xM). We do not need to use the augmented Lagrangian method here, therefore f(!) =
kc, where

(2) (1)

Xnta ~ Xpta
c=xZ —xU - Lot (7.9.68)

Xn+a - xn+a

Since the spring may freely pivot about its insertion point, we let m") = 0. Thus,

2 1
fO — [ x®@ O LOM
n—+o n+o (2) (1)

Xpta ~ Xnta (7.9.69)
m) =0
and the virtual work associated with this spring is
£(1)
PONFIEY
6G = [ or®M swl 1@ §w® ] e . (7.9.70)
_iﬁa ey
The linearization of §G may be expressed as
ArD
(1)
_ DG =[ 6t sw® 5@ w® ][K] if@) , (7.9.71)
A
where the stiffness matrix is
P P2, -P P 2,
5 (1 5(1) 5(1) -(1) 5 (1) 5(2)
[K] = ka zgz-&)-oc P _Z'El-‘rOé P Zpt1 T Zptac P Znta” P- Zpt1 (7 9 72)
S I R
_i£LQJ)ra P igiza ‘P 25114)—1 251424)’06 P _igla P 2;24)—1

with

P = <1 _ Lo >1+ LLO Nyio @ Npia . (7.9.73)
n+oa
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7.9.7.2 Damper Between Rigid Bodies

Consider a damper (e.g., a dashpot) inserted between points on two rigid bodies.

generated by this dashpot is
£ = £cC.

where ¢ is the relative velocity between insertion points,

(2) 1

C=Vyia ~ Vota-

This relative velocity is related to the rigid body degrees of freedom by
Xitka = Thba + Zika
vff) = fg) + wp, X zg)

VS-)',-l = f'SJ)rl +wn41 X Zgzl-)&-l

VS-)HI = O‘VSJ)rl +(1—a)v)
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The force

(7.9.74)

(7.9.75)

(7.9.76)

Since the dashpot may freely rotate about its insertion points, we set m(!) = 0. It follows that

£ = ¢, (Vﬁa - Vq(%lJ)ra)

m =0

and the virtual work resulting from the dashpot is

PONIFIEY
0G = [ ot sw® 6r® §w@ ]| Trte |
_ig-i)-a £
The linearization of §G may be written as
A -BMW —A
S(1) 0 om0
~DsG = [ 6x® w® 5@ 6w® Jeca ZN+_°AA zn]+3a(1)B % A
_ig—i)-a FA 2512-&)-04 -BW 27(12-&)-04 A
where
A -BM —A B®
~(1 A (1 A (1 ~(1
[K] = e Z£L+)Oz A - 7(14)ra B _ngi)*a A Z1(1J)ra -B®
¢ —A B A -B® ’
_i£LQJ)ra A 2(2%)»& -BW 27(12%204 A _igz%)ra B
and ~
A=——1
BAt

(7.9.77)

(7.9.78)

B®
27(11—&)—04 .B®
—B®
;@ B®

n+ao

(7.9.79)

(7.9.80)

(7.9.81)
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7.9.7.3 Contractile Force Between Rigid Bodies

Consider a contractile force between points x(*) on rigid bodies (1) and (2). The force is oriented
along n, where
x(2 — x@)

et (7.9.82)

n

Let L = |x®® —x| and Ly = |X® — X®@)|, so that the contractile force acting on body (1) is
given by

W _pa = oo
£ = fon = (x x ) . (7.9.83)
We do not need to use the augmented Lagrangian method here, thus
2 1
o - =, (7.9.84)
m) =0

where we assume that the contractile force pivots freely at the rigid body insertiones. The virtual
work resulting from this contractile force is thus

£(1)
~(1) 1
% f@)
6G = [ or™M swl 1@ §w® ] n+_af O , (7.9.85)
—iﬁa Cf(D)
and its linearization is
ArD
1)
— DG = [ oM sw® 5r® §w® ] [K] ii)(?) (7.9.86)
AO?
Here, the stiffness matrix is given by
P P2l P P30,
~(1 ~(1 ~(1 A (1 ~(1 ~(2
K fO Z£L+)a P - £LJ)ra P Z7('L-)-1 _Zng)ra P $1+)oz P Zgz—i)-l 7.9.87
K] (1) L(2) . (7.9.87)
Ln-i—a -P P Zn+1 P -P- n+1
_27(7,2—1)—04 P A512—&)—o¢ Pinlj»l 2512—&)—o¢ P _27(12—&)—o¢ P 'i£2+)1
where
P=1I- Nyt & Ny+a- (7988)

7.10 Rigid-Deformable Coupling

In FEBio deformable bodies can be coupled with rigid bodies [88]. At these rigid-deformable
interfaces, the coupling of nodal degrees of freedom of deformable elements that attach to rigid
bodies requires a modification of the global stiffness matrix and residual vector. This section
describes the coupling between rigid and deformable bodies.
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The position of a node shared by any number of deformable finite elements is denoted by x
in the current configuration. If the node belongs to one or more deformable elements but is not
connected to a rigid body, then x is given in terms of the nodal displacement u by x = X +
u; the corresponding nodal virtual velocity is v and the linearization of x along an incremental
displacement is denoted by Au.

The contribution to the virtual work of the nodal force f* at node a is given by

O0G = ov® - £

n+o

(7.10.1)

whera v is the virtual velocity of node a and £, , is the global nodal force, evaluated at the
intermediate time ¢,,, as f7,, = of , + (1 — a)f;. The linearization of this virtual work along

n+o n

the incremental displacement Au® of node b is
DG = —adv® - K . A, (7.10.2)

where K = (8f'“/8xb)n+1 is the contribution to the global stiffness matrix from the interactions
of the degrees of freedom of nodes a and b.

Now we consider the cases when either node a, or node b, or both, are attached to a rigid
body. Our objective is to determine how to modify the global residual vector and stiffness matrix
to account for the coupling of deformable and rigid body degrees of freedom.

When node « is attached to rigid body a, its position is given in terms of that rigid body’s
degrees of freedom by the general relation (6.3.18). The corresponding virtual velocity is given in
(7.9.4), reproduced here as

a __ a ~a
vt =or" —z, .,

- 00°, (7.10.3)
where z;, , = A7, - Z° is the position of node a relative to the center of mass of rigid body a,

at the intermediate time ¢, .. Now, the contribution of the global nodal force £, , to 6G must be
modified from (7.10.1) according to

5G = ove - £0,, = [ 610 667 | [ » fn+;a } . (7.10.4)
n+a " ‘nta

In other words, the displacement degrees of freedom of node a should be eliminated from the
global system of equations and replaced with the translation and rotation degrees of freedom of
rigid body a. The force vector £, , should be made to contribute to the translation degrees of
freedom of the center of mass of rigid body a, whereas the moment z{. , x £, , should contribute
to the rotation degrees of freedom of the rigid body.

When node b is connected to rigid body b, the incremental displacement Au® should be re-

placed with the rigid body incremental motions,
Au’ = Arb - 20 - A6°. (7.10.5)

Now, the contribution K to the global stiffness matrix needs to be modified from (7.10.2) accord-
ing to the three possible cases:

* Node a belongs to rigid body a, node b belongs to flexible elements only,

ab
DSG = —a[ 61 56° | { ” K Kab } [Aub] . (7.10.6)
n+a

* Node b belongs to rigid body b, node a belongs to flexible elements only,

b
DG = —a[5v?) [ K® —Kb.3b | [ igb ] . (7.10.7)
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* Node a belongs to rigid body a, node b belongs to rigid body b,

u u Kab _Kab . il;b Arb

7.11 Nonlinear Constraints

Nonlinear constraints are equations of the form f (x;) = 0, where z; represent nodal degrees of
freedom. These constraints may be enforced using the penalty method, with or without augmented
Lagrangian, or the method of Lagrange multipliers. Each method has its own advantages and
disadvantages.

7.11.1 Penalty Method with Augmented Lagrangian

The penalty method employs the penalty parameter e to add W,, = 1= f? to the total work, where
¢ serves as the ’stiffness’ or spring constant in the 'spring’ whose ’elongation’ is f, such that W,
represents the stored energy in the spring. The contribution to the virtual work for this type of
analysis is 6W, = ef d f, where

5fzzgiaxi (7.11.1)

If we are concerned that the value of £ may become too large to produce good numerical conver-
gence, we may augment this expression by using éW, = (A +¢f)df, where X is the Lagrangian
augmentation parameter, which gets updated at each iteration to help us avoid using a value of
¢ that’s too large. We may let ¢ = X\ + ¢f represent the constraint that needs to be satisfied.
Substituing eq.(7.71.1) into this relation allows us to express 61, in matrix form,

Wy =[bx1 -+ Oy | : =0r-fp. (7.11.2)

The linearization of 61V, along increments Ax; of the degrees of freedom employs

of
Df = Z %jmj (7.11.3)
J
and takes the form
2
of o2 f of Of o f
5(%) T3 COmoan T Cowiday Azq
D§W,, = [ dry - Oy, ] : : = or-K,Ar,
of of 92 f ar \2 |, o°r Ax
on Ozr T COm0m, 5(@) tCoz "

(7.11.4)
The stiffness matrix for the penalty constraint is symmetric.
Lagrangian augmentation is performed after the (quasi-)Newton method has converged. At
that time, the augmented Lagrangians are updated as follows

AEFD ARy o f (7.11.5)
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The penalty method with augmented Lagrangian does not increase the number of equations that
need to be solved globally. However, it does require users to specify the parameter ¢, and to
provide a convergence tolerance for Lagrange augmentation.

Example 1. For linear constraints of the form

f=a0+> ajz;=0 (7.11.6)
J

we find that df = a; and the second derivatives are all zero, so that the constributions to the global
system of equatlons take the form

caq sa% <e- Eaiap

= - | K, =| =« .. | (7.11.7)

canp canal -+ Ea

7.11.2 Method of Lagrange Multipliers

When using the method of Lagrange multipliers we have to include equations that solve for the
multipliers. We let the work done by the constraint be represented by W. = Af, where ) is the
multiplier (if f is a vector equation, we can use W, = X - f). The total work is then W = W + W,
where W is the work of the unconstrained problem (i.e. the contributions from the internal and
external forces.) Then, we evaulate the first varition of 6WW = 6W+6W,. = 0, where §W, = § f+5 A f.
Since 4 f is given as per eq.(7.11.1), §W. may be written in matrix form as

)
Aoy
OWo=[ oz - bmy ON]| i | =dr£. (7.11.8)
AL
Ozn,
f
The linearization of §1V. along increments Ax; and A\ takes the form
DWW, = E)hz AA+§:&QZ:&ha Az +ﬁA§: A%. (7.11.9)
The corresponding stiffness matrix is
[\ O2f o2 f of 7
Aazl T Adacldacn 873{1 Axl
DOW, =[ dzy -+ 6z OA] : - : : D =K AT,
f - /\ﬂ of Az,
0xn 011 ox2 Ozxn,
f af 0 A
L dIl 81'71 .

(7.11.10)
This resulting system of equations requires X to part of the solution, and to be updated at each
iteration & according to A*t1) «— X\(k) - A\, The stiffness matrix is symmetric for this analysis.
The method of Lagrange multipliers increases the number of equations that need to be solved
globally. However, it does not require users to specify additional parameters. Note that the contri-
bution to the stiffness matrix introduces a zero coefficient on the diagonal of the stiffness matrix for
the equation corresponding to A\. This means that these equations can only be solved with linear
solvers that support pivoting. (Most linear solvers in FEBIo, including the default pardiso solver,
can handle zero-diagonal elements.)



330 CHAPTER 7. CONTACT AND COUPLING

Example 2. For linear constraints of the form

f:ao-i-Zaj:Ej:O
J

we find that 57{2- = a; and second derivatives are all zero, so that the contributions to the global
residual and stiffness matrix take the form

Aay 0 -+ 0 a

= ¢ | K.=|: ot (7.11.11)



Chapter 8

Optimization

This chapter describes the theoretical framework of FEBio’s optimization module. This module
can be used to optimize model parameters (like material parameters, or load values) in order to
achieve an objective. The objective is generally the minimization of the objective function, to be
introduced below.

8.1 The Objective Function

The objective function, which is to be minimized, can be defined as follows,

¢(a) = Z lyi — f (zi;2)]°.
=1
Here, the (z;,y;) are user-defined data pairs and f (z; a) is the function that extracts the corre-
sponding data from the model. The optimization module tries to find the model parameters a that
minimize the function . It does this by repeatedly evaluating the function y, which will usually call
FEBio to solve a forward FE problem.

8.2 The Levenberg-Marquardt Method

One of the methods that is currently implemented in FEBio’s optimization method is the con-
strained Levenberg-Marquardt method via the levmar library. (see http://users.ics.forth.gr/
“lourakis/levmar/ for more information on this library.)

The Levenberg-Marquardt method is a numerical algorithm that minimizes a function that is
defined as a sum of squares of nonlinear functions, i.e. the objective function as defined above. It
combines the steepest-descent method with a Gauss-Newton method to find the parameters that
minimize the objective function.

The LM method requires a set of measured values (x;, y;) and an initial guess for the a vector.
It then tries to find a better estimate for a by replacing it with a + 6. The function f(z;;a + d) is
linearly approximated.

f(ri;a+6)~ f(v;a) +J:0

where J;is the Jacobian of f with respect to §. Substituting this in the objective function and
minimizing with respect to § leads to,
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(IT3)6 =" (y — £(a))

where y is the vector of y;,and f is the vector of f(x;;a).
The main idea of the LM method is to replace this linear equation with the following.

(I I+p(I13)i)6 =3 (y — f(a))

Here, pis a damping parameter that is controlled by the algorithm. When pis small, the method
approximates Gauss-Newton, when uis large it is closer to a steepdest-descent method. The
algorithm will modify try to modify usuch that an improvement to the parameter vector a can be
found in each iteration. The method will terminate when the value of the objective function falls
below a user-specified tolerance (the obj _tol parameter in FEBIo).

The evaluation of the Jacobian requires evaluating the derivatives of f with respect to a. These
derivatives are approximated via forward difference formulas. For example, the k-th component of
the gradient is approximated as follows.

0 1
S [ anan B ) = )]

The value for daxis determined from the following formula.
dap =€ (1 + ak)

where, ¢ is the forward difference scale factor (the fdiff_scale option in FEBio). In FEBio, the
initial value for the damping parameter ucan be set with the tau parameter.



Appendix A

Tensor Calculus

A.1 Second-Order Tensors

A.1.1 Definition
Let T be a transformation, which transforms any vector into another vector, e.g.,
T-a=b T-c=d
If T has the following properties,
T-(a+c)=T-a+T-c (A.1.1)

T -(ca) =aT-a (A1.2)

where a and c are arbitrary vectors, and « is an arbitrary scalar, then T is called a linear transfor-
mation, a second-order tensor, or simply a tensor. Vectors are first-order tensors and scalars are
zeroth-order tensors.

A.1.2 Cartesian Components of a Tensor

Let {e1,e2,e3} form an orthonormal basis in a Cartesian coordinate system z1,z2, z3. Then the
Cartesian components of a are

ap = ep - a, ags = ey - a, a3 —esg-a

or equivalently,
aj = e]' ca (A1 3)

(Recall that a = a;e;, thus a - €; = a;e;-e; = aiéij = aj.)

The Cartesian components of a tensor T are obtained as follows. Let T - a = b. The compo-
nents of b are givenby b; =e;-b =e;-T-a. Buta =ajej, S0 b; = aje; - T -e;. Note thate; - T - e;
is the component along e; of the vector T - e;. By convention, we denote this component as

T;j =e;-T-e;| components of tensor T (A.1.4)

components of tensor T.
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Thus, b = T -a = a,;T - e; = bye,. Taking the dot product on both sides with e; yields
a;e; - T. e; = ajTij = bkei -ep = bkdzk =b;, or

b1
by | =
b3

T T2 Tis a

T Toe o3 as
Ty Tzp Ta3 az

The matrix of tensor T with respect to {e;, e2, e3} can also be denoted by [T or [T};]. The columns

of [T] are givenby T - e;, €.9.,

in indicial form. In matrix form,

Ty Tiz Tis 0 Th
[T -es] = [Tjoeg] = | Toy Tro To3 1| = Tx
T31 T30 133 0 T30

This result, when generalized, leads to the useful identity

= Tiie1 + Toes + T3es3 (A.1.5)

Example 3. Scaling transformation
A scaling transformation T with different scale factors along z1, 2, z3 should satisfy the follow-
ing relations by definition:

T-a=sj(a-ej)e;+s2(a-ex)es+s3(a-e3)e;s

Verify that T is a tensor. Also find the matrix of T in {e;, ez, e3}.
Solution. Is T a tensor? Let any a = a;e; and b = b;e;, then

T (ca) =51 (aa-e1)e; + so(aa-ez) ey + s3(aa-e3)e;s
=a(si(a-e1)e;+s2(a-e)ex+s3(a-e3)es)
=aT-a
and
T-(a+b)=s1((a+b)-e)e +s2((a+b)-e)ex+s3((a+b)-e3)es
=s1(a-ej)e;+s2(a-ex)ex+s3(a-ez)es
+ $1 (b-e1)61 + so (b~e2)e2+33 (b-e3)es
=T-a+T-b
Now that we have demonstrated that T is a tensor, its components are given by 7;; = e; - T -e;,
thus

[Tz ] = [ei T e1] = [ei . 8161] = [81(51'1} = 0
L O |
T 0
[Tia] = [ei - T - ea] = [e - spea] = [s20i2] = | 52
L O |
T 0
[Tz ] = [ei -T- 83] = [ei . 8363] = [83(51'3} = 0
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S1 0 0
0 59 0

0 083

Then, the matrix of T is given by

A.1.3 Sum of Tensors

The sum of two tensors T and S is denoted by T + S and defined by

](T+S)-a:T.a+s-a (A.1.6)

for any vector a. Thus T + S is also a tensor, whose components are
(T—FS)Z] :ei-(T—i—S)-ej :ei-T-ej—l—ei-S-ej :Tij—i—Sij
In matrix notation, [T + S| = [T] + [S].

A.1.4 Dyadic Product of Vectors

The dyadic product of two vectors a and b is denoted by a ® b (or ab) and defined as the transfor-
mation which satisfies

’(a@b)n:(b-c)a‘ (A1.7)

For any c, d, o and 3, we have

(a®@b) - (ac+pd)=(b-(ac+pd))a= (b-ac)a+ (b-5d)a
=a(b-c)a+f(b-dJ)a=a(a®b)-c+f(a®b)-d

thus a ® b is a tensor. Its Cartesian components with respect to {e;, e2, e3} are
(a®b),; =e;-(a®b)-e;=e;-(b-ej)a=0bje;-a=apb;
In matrix form,
a1b1 a1b2 a1b3 ay
[a®@b] = | asbi asby asby | = | az | [ b1 b2 by ] =[a][b]"
a3b1 a3b2 a3b3 as

Note that in general, a® b # b ® a, i.e., the dyadic product is not commutative. Also note that
1 0 0 010 0 01
[e1 ® e1] =100 0], [e1 & 62] =100 0], [e1 ® 63] =0 0 O etc.
0 00 0 00 0 00

thus it is possible to represent a second-order tensor in terms of its Cartesian components in
{el,eg,eg} asT="Te;®e; +T2e1 ®ey+Tize; ®es+ ...+ Ti3e3 @ es, Or

’T =Tije; ®e; ‘ (A.1.8)

This turns out to be an important result that can be generalized to higher order tensors, e.g., third-
order tensors can be represented in terms of their Cartesian components as T = T};3e; @ e; ® ey,
and similarly for higher orders.

Example 4. The scaling transformation derived in a previous example can be represented as

T = s1e1 ® e + s2e2 ® ez + s3e3 @ e3



336 APPENDIX A. TENSOR CALCULUS

A.1.5 Trace of a Second-Order Tensor

The trace of any dyad a ® b is defined by
’tr(a@b) :a-b‘

and

‘tr(ca®@b+pfcod) =atr(a@b)+ftr(cad)]
The trace operator yields a scalar function. In component form,

tr (aibj) = a;b;
For any tensor T, we can write T = Tjje; ® e;, thus
tr T =T;tr(e; ®ej) =Tije - e = T30 = Ty = T + Too + T3

The trace of a tensor is the sum of its diagonal components.

A.1.6 Product of Two Tensors

The products of two tensors T and S are denoted by T - S and S - T and defined respectively by
(T-S)-a=T-(S-a)| (A.1.9)

and

(S'T)-a=S-(T-a) (A.1.10)
Clearly, T-S and S - T are tensors as well. Their components in {e;, es, e3} are given by
(T-8),;=e-(T-S)-ej=e;-T-(S-ej) =€ T (Syjex) = Skje; - T - e =TSk,
In matrix form, [T - S| = [T] [S]. Similarly,

(S-T),; = SuTy; and [S-T] = [S][T]
In general, T-S # S - T, however (T-S)-V =T -(S-V), ie., the tensor product is associative

but not commutative.
A.1.7 Identity Tensor and Tensor Inverse

The identity tensor, denoted by I, is defined by

(A.1.11)

for any vector a. The Cartesian components o fI'in {e1, e2, e3} are given by

Iij:ei-I'ej:ei-ej:(Sij

100
010
0 01

Given T, if S exists such that S - T = I, we call S the inverse of T, and S = T~!. The inverse
exists as long as det T # 0. Also note that (T~1) "' = Tand T-'-T = T - T~ = I. Also note
that

or

1] =

(U.-v)yt=v-l.ut.
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A.1.8 Transpose of a Tensor

Given a tensor T, its transpose is denoted by T7 which is defined by

a-(T-b)=b-(T” -a) (A.1.12)

In component form,
15 e 17 ej=e; T e =T,

Also note that

(s-T) =17.87 (A.1.13)

and (S7)" =sand(S +T)" =87 + T7.

A.1.9 Double Product of Tensors

The double product of tensors is analogous to the dot product of vectors. Given two tensors S and
T, the double product (or double contraction) is defined as

S: T=tr(S” T) (A.1.14)

Thus, for any tensor T, tr T =1 : T. In component form,
S:T=58,T;
The double product of second order tensors is commutative.

Example 5. Showthata-T-b=T:(a®b)and (a®b):(c®d)=(a-c)(b-d).
Using indicial notation,

a-T-b:aiTijbj :Ejaibj =T: (a®b) ,
and
(a & b) : (C & d) = aibjcidj = (aici) (bjdj) = (a . C) (b . d) .
A.1.10 Determinant of a Tensor
The determinant of a tensor is equal to the determinant of its components in {e1, ez, es},

T T2 Ti3
Tor Ty o3
T31 T30 133

det T = det [T]ei = = (T e X T - eg) -T - e3 — EijkTﬂTjQTkg (A1 15)

In particular, the determinant of a diagonal matrix is the product of the diagonal components,

1 O 0
det [T]ei = 0 T22 0 = 6123T11T22T33 = T11T22T33 (A1 1 6)
0 0 T3
The determinant satisfies the following relations,
1
detT7! = A.1.17
¢ det T ( )

det (S-T) = (det S) (det T) (A.1.18)
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Figure A.1.1: Orthonormal bases {e;, e, e3} and {e}, €}, e} }.

A.1.11 Orthogonal Tensor

An orthogonal tensor Q is a linear transformation which preserves the length of a vector and the
angle between vectors. Thus, by definition,

IQ-al=]a] and cos(Q-a,Q-b)=cos(a,b)
for any vectors a and b. It follows from this definition and the definition of the dot product of vectors
(a-b=a||b|cos (a,b)), that
(Q-a)- (Q-b)=a-b
But(Q-a)-(Q-b)=b-(Q"-Q)a=a-b=>b-I-a, whichimpliesthatb- (Q7-Q—1I)-a=0.
Since a and b are arbitrary, an orthogonal tensor must satisfy Q” - Q = I. In indicial form,

T Qmj = QmiQm; = 64, and in matrix form, [Q]” [Q] = [I.
Note that Q7 - Q = I implies that Q7 = Q~', i.e., the transpose of an orthogonal tensor is
equal to its inverse, since Q' - Q = Q - Q! = 1. It follows that

Q" Q=Q-Q"'=1 (A.1.19)
The determinant of an orthogonal tensor is given by
detQ=(Q-e1 xQ-e) - Q-e3= (e’l ><e’2) -eg:ieg~eé::|:1

Here, {€}, €,, €5} is the orthonormal basis resulting from the transformation of {e;, e2, e3} by Q. If
Q maintains the handedness of {e1,e2, es} (e.9., if both {e;,es,e3} and {e], &), e;} form a right-
handed basis), then det Q = +1 and Q is called a proper orthogonal transformation (also equiva-
lent to a rigid body rotation). Otherwise, in the case of a reflection which reverses the handedness
of the basis vectors, det Q = —1 and Q is called improper (e.g., €] = e1, €, = —e3, €} = e3).

A.1.12 Transformation Laws for Cartesian Components of Vectors and Tensors

Let {e1, e2,e3} and {e}, €}, €5} be two orthogonal bases in a Cartesian coordinate system. {e1, e2, e3}
could be made to coincide with {€}, e}, €5} through a rigid body rotation (i.e., a transformation that
preserves vector length and angles),

e; = Q c € = Qmiem

where QnmiQm; = QimQjm = dij. SiNCe Qi = e - Q - €; = e, - €] = cos (e, €;), the components
of Q are direction cosines between e,,, and €.
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Figure A.1.2: Rotation about 3.

Example 6. Rotation about z3

cosf@ —sinf 0
Q] = | sinf cosf O

0 0 1
Reflection about z2 — 3 plane, e} = Q-e; = —e;, e, =Q-ex =e2, €5 = Q -e3 = e3.
-1 0 O
Q=0 10
0 0 1

For any vector a, its components with respect to {e;, e2,e3} and {e}, e}, €5} are a; = e; - a and
a; = €} - a, respectively. Using the above relation,

a;:e;'a:a'Q'ei:Qmia'em:Qmiama

or
a; = Qmiam (A.1.20)

In matrix form,

aq Qu Q21 Q3 ai

ay = | Q2 Q2 Q3 as

ag | Qi3 Q23 @33 az |,
or

[a' = [Q" [a] or [al,, =[Q]" [al,

Here [a)’ and [a] are matrices of the same vector, expressed in two different coordinate systems.
This is not the same as a’ = Q' - a, where a’ is the linear transformation of a by Q.

Now consider a tensors T. Its components with respect to {e1,e2,e3} and {e},¢€), €5} are
givenby T;; = e; - T - e; and T}, = e; - T - €}, respectively. Thus, T}, = (Q-e;) - T-(Q-e;) =
Qmiem -T- anen = Qmianem -T-e, = QmianTmna or

Tl = QuiQniTn (A.1.21)
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In matrix form, [T) = [Q]” [T][Q], or

T, Ti, Tis Qi1 Q21 Qs T T2 Tis Qi1 Q12 Qi3
Ty, Ty Ty | = | Qiz Q22 Q32 Tor Thy Tog Q21 Q22 Q23
T3, T3y Tag Q13 Q23 Q33 T31 T3p T33 Q31 Q32 33

Equivalently, we can show that

Tij = QimQjnTry, (A.1.22)

or [T] = [Q] [T]'[Q]”. As for vectors, we note that [T] and [T]’ are the matrices of the same tensor
T, with respect to two different coordinate systems. This is not the sameas T' = Q" - T - Q.

A.1.13 Symmetric and Antisymmetric Tensors

A symmetric tensor T satisfies T = T, i.e., Tj; = T;;, or in matrix form,

Ty T Tis
[T]= | Tha T Tis
Tig To3 Tss
An antisymmetric (or skew-symmetric) tensor Q satisfies Q7 = —Q, i.e., Q;; = —;; and thus

Qq1 = Qo = Q33 = 0,
0 Qp —Q31
Q=] Q2 0 (o3
Q31 —3 0

Any tensor can be written as the sum of a symmetric and antisymmetric tensor,

1 1

T=T°+T* where T°= 5 (T+T") and T = 5 (T=T7)

This is a unique decomposition. It can be checked that T® is symmetric and T4 is antisymmetric.
The dual vector w of an antisymmetric tensor  satisfies

’Q-a:wxa‘ (A.1.23)

for any vector a. Thus Qij =e;- - e =¢€;- (w X ej) = Wke€; - (ek X ej) = Wke€; " €k 1€ = wkskﬂéﬂ or

’Qij — _5ijkwk‘ (A.1.24)
In matrix form,
0 —Ww3 w2
[Q] = w3 0 —Ww1
—wy Wi 0
Conversely, it can also be shown that
1
Ww; = _igijkgjk (A1 25)

As a homework problem, it may be shown that ¢;;, T}, = eijka}g, since aijkTﬁc = 0 for any sym-
metric tensor T?.
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A.1.14 Eigenvalues and Eigenvectors of Real Symmetric Tensors
A second-order tensor T has three pairs of eigenvalues A\ and eigenvectors v that each satisfy
T -v=JAv (A.1.26)

The eigenvalues X are the roots of the characteristic equation of T, which is the cubic polynomial
produced by setting det (T — AI) = 0,

X4+ LN —DLA+I13=0 (A.1.27)
where
I =trT
I, = % (I§ — tr'T?) (A.1.28)
I3 =detT

are called invariants of T.
According to the Cayley-Hamilton theorem, a tensor T satisfies its own characteristic equation,

— T3+ [ T? - LT+ 131=0 (A.1.29)

Therefore, the cubic power of T can be expressed in terms of its lower powers according to
T3 = ;T2 — IL,T + I31. Taking the trace of this equation allows us to solve for I3 as

1
Iy=3 (tr T — L tr T? + L tr T)
. (A.1.30)
=3 (tr T3 — I + 3L I»)

Multiplying eq.(A.1.29) by T~! also produces
LT '=T?-NT+ LI

Using all these relations, we may differentiate the three invariants of T with respect to T to get

ol
oT 1

— _ A.1.31
5T LI-T ( )
813 T
— =I3T
or  °

Theorem. The eigenvalues of real symmetric tensors are real (proof not provided here).

Theorem. If the eigenvalues of a real symmetric tensor are all distinct, the eigenvectors are or-
thogonal to each other.

Proof: Given T -V = )\1V1, T - Vo = )\QVQ, )\1 75 )\2 s then Vo - T -V = )\1V1 D) and
V1‘T'V2:)\2V1'V2:V2'TT'V1:VQ'T'Vl,

:>A1V1'V2:)\2V1‘V2 or ()\1—)\2)V1-V2:0 =vy-vyg=0

When two of the eigenvalues are repeated (a double root of the characteristic equation), the
resulting eigenvectors are not necessarily orthogonal to each other; however, they remain orthog-
onal to the third eigenvector. This means that any vector lying in the plane normal to the third
eigenvector is an eigenvector corresponding to the double root. Similarly, when all three eigenval-
ues are repeated (a triple root), any vector becomes an eigenvector of T.
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Example 7. In hydrostatics the stress tensor is T = —pI, where p is the hydrostatic pressure. In
this case, —p is a triple root of the characteristic equation of T. Any vector v satisfies T -v = —pv,
and is thus an eigenvector of T.

In continuum mechanics the eigenvectors v of a tensor are generally normalized,
4
vl
Thus, we can always find a set of three orthonormal eigenvectors {n;, ny, n3} for any real sym-
metric tensor T, even when the eigenvalues are repeated. Given a tensor T with eigenvalues

A1, A2, A3 and eigenvectors n, ng, n3, the components of T in the orthonormal basis {ni, ny, ns}
can be obtained from

Tii=v;-T-ny =M n;-ny =AMyt Tiz = A20i2T53 = X303

Thus,
A 0 0 7m0 0
[T]ni =1 0 X O |=]0 T, 0
0 0 As 0 0 T3

Since T = T%jni @n; =1;n; ®ng + Tion; ® ng + Ti3n; ® ng, we find that
T = Ain; ®ny + Agns ® ny + A3ng ® ng (A1 32)

This is known as the spectral representation of the tensor T. In particular, since the eigenvalues
of the identity tensor are A\ = A2 = A3 = 1, and since any vector is an eigenvector of I, we can
select the basis vectors eq, ez, e3 so that the spectral representation of I may be given by

I=¢e;®e;—=e1®e; +eaR®ey +e3Reg (A.1.33)

A.1.15 Orthogonal Transformation of Tensors

An orthogonal transformation Q transforms any vector a into the vector Q-a, which we may denote
as
a*=Q-a (A.1.34)

Recall that a tensor T may be expressed in its spectral representation as per eq.(A.1.32). Each
of its eigenvectors n is transformed by Q into n* = Q - n. Since eigenvalues of T are invariant to
orthogonal transformations, it follows that

T* = \in] ® n] + A2nj ® nj + A\3n; @ n3
=M (Q m)®(Q-n1)+ A (Q n2)®(Q nz)+A3(Q n3)®(Q - n3)
= Q- (Min; ®ny + Aony ® Ny + A\3ng @ n3) - Q7
=Q - T-QF

Thus, the transformation of the second-order tensor Tby Qis T* = Q- T - Q7.
A.2 Higher Order Tensors
Notethata - T-b=a®b: T =T :a®b,anda®b :c®d = (a-c)(b-d). Similarly,

(a®b)-(c®d) = (b-c)axd. We will be using generalizations of these relations when examining
higher order tensors.



A.2. HIGHER ORDER TENSORS 343

A.2.1 Third-Order Tensors

A third-order tensor T is a linear transformation that transforms any vector a into a second-order

tensor S,
(A.2.1)

In general, the dyadic product of three vectors is a third-order tensor which satisfies

’(a@b@c)-(au—l—ﬁv):(ac-u—i—ﬁc-v)(a@b)‘ Vu,v. (A.2.2)

Any third-order tensor T can be expressed in terms of its Cartesian components 7;;;, as

’ T = Tijkei Re; e ‘ (A.2.3)

and the Cartesian components of a third-order tensor may be evaluated from

Tijr=2e;- (T -e)-e; (A.2.4)
It follows from Egs.(A.2.2) and that

T-a=Tjr(e;®e;@e) a=Ti(ep-a)(e; ®ej) =Tijrar(e;®e;) =S = S;;(e; @ej)
so that the indicial form of eq.(A.2.1) is

In particular,
T-ep = Tl-jkei X e (A26)

The double dot product of a third-order tensor with a second-order tensor is defined by

(a®boc):(dwe)=(b-d)(c-e)al,

and

(a®b):(codwe)=(a-c)(b-d)e|.

Therefore, the double dot product of a third-order tensor with a second-order tensor is a vector
given by

T:(a®b)= (T b)-a. (A.2.7)

Proof: Using T b = Tj;1bi. (e; ® ), we find that (T - b)-a = Tjib, (e; ® e)-a = Tjjibr (a-ej) e; =
Tz-jkajbkei. Slmllarly, T: (a & b) = T%jk (ei Ke;® ek) : (a & b) = T%jk (Ej . a) (ek . b) e, = Tijkajbkei,
thus completing the proof.

For any second-order tensor S, it also follows that

T:S= Tiijjkei .

Example 8. If we introduce the notation E as the third-order (pseudo-)tensor of Cartesian com-
ponents ¢, the relation between an antisymmetric tensor and its dual vector can also be written
as

=-E-w (A.2.8)

Similarly,

w=—-E:Q (A.2.9)
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A.2.2 Fourth-Order Tensors

The dyadic product of four vectors is a fourth-order tensor a ® b ® ¢ ® d, defined as
(a®@b®ced)-v=(d-v)(a®b®c) (A.2.10)
The Cartesian components of a fourth-order tensor 7 are given by
Tijr = (ei @ ej) : T : (e ® €) (A.2.11)

such that
T =Tijnei®ej e, X e (A.2.12)

Therefore, a fourth-order tensor transforms a vector into a third-order tensor,
T a= (Tijnei e e, Re) a=Tjpue; ®e; e, = Sjjre; Qe Qe =S (A.2.13)

The double dot product of a fourth-order tensor with a second-order tensor is a second-order
tensor defined as

’T:(a@b):(T-b)'a‘ (A.2.14)

from which it can be shown that
T:S= TijmnSmneZ- @ €e; (A215)

or equivalently, (7 : S)ij = Tk Ski-
A fourth-order tensor can exhibit three levels of symmetry, which can be represented using
Cartesian components as
Tijri = Tjire  left minor symmetry
Tijrr = Tijue  right minor symmetry (A.2.16)
Tijkr = Thiij major symmetry

Whereas a general fourth-order tensor may have 81 distinct components, a tensor with one mi-
nor symmetry has 54 distinct components; a tensor with both minor symmetries has 36 distinct
components; and a tensor with minor and major symmetries has 21distinct components. We
may represent the major symmetry of 7 as 7 = 77, whose Cartesian representation is provided
above. It follows from this definition that

S:7=7T:.8
(S:T)i; = SkiThiij = Ty Sk

A.2.3 Additional Tensor Products

Earlier we saw that the dyadic product of vectors can produce tensors. Similarly, we can define
dyadic products of tensors which produce higher-order tensors. In particular, the following prod-
ucts of second-order tensors A and B produce fouth-order tensors, satisfying

(A®B):S=(B:S)A

(ApB):S=A.-S-BT

(AoB):S=A.8T.BT (A.2.17)
(A@B):S:%(A®B+A®B):S:%(A-S-BTJrA-ST-BT)
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where S is any second-order tensor. Using Cartesian components of tensors, the indicial form of

these tensor products are

(A® B)ijkl = A;jBy
(Ao B)ijkl = AiBji
(AO© B)ijkl = AuBijp,
1
(A©B)u =5 (AiBj + AuBji)

(A.2.18)



346 APPENDIX A. TENSOR CALCULUS



Bibliography

[1] G Aguilar, F Gaspar, F Lisbona, and C24558811158 Rodrigo. Numerical stabilization of
biot’s consolidation model by a perturbation on the flow equation. International journal for
numerical methods in engineering, 75(11):1282—1300, 2008.

[2] M. B. Albro, N. O. Chahine, R. Li, K. Yeager, C. T. Hung, and G. A. Ateshian. Dy-
namic loading of deformable porous media can induce active solute transport. J Biomech,
41(15):3152-7, 2008.

[3] M. B. Albro, R. Li, R. E. Banerjee, C. T. Hung, and G. A. Ateshian. Validation of theoretical
framework explaining active solute uptake in dynamically loaded porous media. J Biomech,
43(12):2267-73, 2010.

[4] E.M. Arruda and M.C. Boyce. A three-dimensional constitutive model for the large stretch
behavior of rubber elastic materials. J. Mech. Phys. Solids, 41(2):389—412, 1993.

[5] G. A. Ateshian. Anisotropy of fibrous tissues in relation to the distribution of tensed and
buckled fibers. J Biomech Eng, 129(2):240-9, 2007.

[6] G. A. Ateshian. On the theory of reactive mixtures for modeling biological growth. Biomech
Model Mechanobiol, 6(6):423—-45, 2007.

[7] G. A. Ateshian, M. Likhitpanichkul, and C. T. Hung. A mixture theory analysis for passive
transport in osmotic loading of cells. J Biomech, 39(3):464—75, 2006.

[8] G. A. Ateshian, V. Rajan, N. O. Chahine, C. E. Canal, and C. T. Hung. Modeling the matrix
of articular cartilage using a continuous fiber angular distribution predicts many observed
phenomena. J Biomech Eng, 131(6):061003, 2009.

[9] G. A. Ateshian and T. Ricken. Multigenerational interstitial growth of biological tissues.
Biomech Model Mechanobiol, 9(6):689-702, 2010.

[10] G. A. Ateshian and J. A. Weiss. Anisotropic hydraulic permeability under finite deformation.
Journal of biomechanical engineering, 132(11):111004, 2010.

[11] G.A. Ateshian, M. B. Albro, S.A. Maas, and J.A. Weiss. Finite element implementation of
mechanochemical phenomena in neutral deformable porous media under finite deformation.
Journal of Biomechanical Engineering, 133(8):1005-1017, 2011.

[12] GA Ateshian, SA Maas, and J.A. Weiss. Finite element algorithm for frictionless con-
tact of porous permeable media under finite deformation and sliding. J. Biomech. Engn.,
132(6):1006—-1019, 2010.

347



348 BIBLIOGRAPHY

[13] Gerard A Ateshian. The role of interstitial fluid pressurization in articular cartilage lubrication.
J Biomech, 42(9):1163-76, Jun 2009.

[14] Gerard A Ateshian. Viscoelasticity using reactive constrained solid mixtures. J Biomech,
48(6):941-7, Apr 2015.

[15] Gerard A. Ateshian. Mixture theory for modeling biological tissues: lllustrations from articular
cartilage. In Studies in Mechanobiology, Tissue Engineering and Biomaterials, pages 1-51.
Springer International Publishing, 2016.

[16] Gerard A Ateshian, Benjamin J Ellis, and Jeffrey A Weiss. Equivalence between short-time
biphasic and incompressible elastic material responses. J Biomech Eng, 129(3):405-12,
Jun 2007.

[17] Gerard A Ateshian, Kimberly Kroupa, Courtney A Petersen, Brandon Zimmerman, Steve A
Maas, and Jeffrey A Weiss. Damage mechanics of biological tissues in relation to viscoelas-
ticity. J Biomech Eng, Oct 2022.

[18] Gerard A Ateshian, Steve Maas, and Jeffrey A Weiss. Solute transport across a contact
interface in deformable porous media. J Biomech, 45(6):1023—7, Apr 2012.

[19] Gerard A. Ateshian, Steve Maas, and Jeffrey A. Weiss. Multiphasic finite element framework
for modeling hydrated mixtures with multiple neutral and charged solutes. J. Biomech. Eng.,
135(11), 2013.

[20] Gerard A. Ateshian, Robert J. Nims, Steve Maas, and Jeffrey A. Weiss. Computational mod-
eling of chemical reactions and interstitial growth and remodeling involving charged solutes
and solid-bound molecules. Biomech. Model. Mechanobiol., 13(5):1105-1120, 2014.

[21] Gerard A Ateshian, Courtney A Petersen, Steve A Maas, and Jeffrey A Weiss. A numerical
scheme for anisotropic reactive nonlinear viscoelasticity. J Biomech Eng, 145(1), Jan 2023.

[22] Gerard A Ateshian, Jay J Shim, Steve A Maas, and Jeffrey A Weiss. Finite element frame-
work for computational fluid dynamics in febio. J Biomech Eng, 140(2), Feb 2018.

[23] Gerard A Ateshian and Brandon K Zimmerman. Continuum thermodynamics of constrained
reactive mixtures. J Biomech Eng, 144(4), 04 2022.

[24] Evren U Azeloglu, Michael B Albro, Vikrum A Thimmappa, Gerard A Ateshian, and Kevin D
Costa. Heterogeneous transmural proteoglycan distribution provides a mechanism for reg-
ulating residual stresses in the aorta. Am J Physiol Heart Circ Physiol, 294(3):H1197-205,
Mar 2008.

[25] Klaus-Jirgen Bathe. Finite element procedures in engineering analysis. Prentice-Hall, En-
glewood Cliffs, N.J., 1982.

[26] Klaus-Jurgen Bathe and Eduardo N Dvorkin. A formulation of general shell elements—
the use of mixed interpolation of tensorial components. International journal for numerical
methods in engineering, 22(3):697-722, 1986.

[27] Y Bazilevs, JR Gohean, TJR Hughes, RD Moser, and Y Zhang. Patient-specific isogeo-
metric fluid—structure interaction analysis of thoracic aortic blood flow due to implantation
of the Jarvik 2000 left ventricular assist device. Comput. Methods Appl. Mech. Engrg.,
198(45):3534-3550, 2009.



BIBLIOGRAPHY 349

[28] Yuri Bazilevs, Victor M Calo, Thomas JR Hughes, and Yongjie Zhang. Isogeometric fluid-
structure interaction: theory, algorithms, and computations. Computational mechanics,
43(1):3-37, 2008.

[29] Dimitri P Bertsekas. Constrained optimization and Lagrange multiplier methods. Academic
Press, New York, 1982.

[30] P. Betsch, F. Gruttmann, and Stein E. A 4-node finite shell element for the implementation
of general hyperelastic 3d-elasticity at finite strains. Comput. Methods Appl. Mech. Engrg,
130:57-79, 1996.

[31] P Betsch and E Stein. An assumed strain approach avoiding artificial thickness straining for
a non-linear 4-node shell element. Communications in Numerical Methods in Engineering,
11(11):899-909, 1995.

[32] M Bischoff and E Ramm. Shear deformable shell elements for large strains and rotations.
International Journal for Numerical Methods in Engineering, 40(23):4427—4449, 1997.

[33] Manfred Bischoff, E Ramm, and J Irslinger. Models and finite elements for thin-walled struc-
tures. Encyclopedia of Computational Mechanics Second Edition, pages 1-86, 2018.

[34] David Russell Bland. The theory of linear viscoelasticity. Courier Dover Publications, 2016.

[35] Javier Bonet and Richard D. Wood. Nonlinear continuum mechanics for finite element anal-
ysis. Cambridge University Press, 1997.

[36] Nicola Bonora. A nonlinear cdm model for ductile failure. Engineering fracture mechanics,
58(1-2):11-28, 1997.

[37] Ray M Bowen. The thermochemistry of a reacting mixture of elastic materials with diffusion.
Archive for Rational Mechanics and Analysis, 34:97-127, 1969.

[38] Ray M. Bowen. Incompressible porous media models by use of the theory of mixtures. IntJ
Eng Sci, 18(9):1129-1148, 1980.

[39] R.M. Bowen. Theory of mixtures. Continuum physics, 3(Pt 1), 1976.

[40] Hendrik C Brinkman. A calculation of the viscous force exerted by a flowing fluid on a dense
swarm of particles. Flow, Turbulence and Combustion, 1(1):27-34, 1949.

[41] Jean-Louis Chaboche. Continuous damage mechanics—a tool to describe phenomena
before crack initiation. Nuclear Engineering and Design, 64(2):233—247, 1981.

[42] Y | Cho and K R Kensey. Effects of the non-Newtonian viscosity of blood on flows in a
diseased arterial vessel. Part 1: Steady flows. Biorheology, 28(3-4):241-62, 1991.

[43] Bernard D Coleman and Morton E Gurtin. Thermodynamics with internal state variables. J
Chem Phys, 47(2):597-613, 1967.

[44] Bernard D Coleman and Walter Noll. Foundations of linear viscoelasticity. Reviews of
modern physics, 33(2):239, 1961.

[45] Bernard D Coleman and Walter Noll. The thermodynamics of elastic materials with heat
conduction and viscosity. Arch Ration Mech An, 13(1):167-178, 1963.



350 BIBLIOGRAPHY

[46] John C Criscione, Jay D Humphrey, Andrew S Douglas, and William C Hunter. An invariant
basis for natural strain which yields orthogonal stress response terms in isotropic hypere-
lasticity. J. Mech. Phys. Solids, 48(12):2445—-2465, 2000.

[47] CWA Cryer. A comparison of the three-dimensional consolidation theories of biot and terza-
ghi. The Quarterly Journal of Mechanics and Applied Mathematics, 16(4):401-412, 1963.

[48] A. Curnier, He Qi-Chang, and P. Zysset. Conewise linear elastic materials. J Elasticity,
37(1):1-38, 1994.

[49] Alain Curnier, Qi-Chang He, and Anders Klarbring. Continuum mechanics modelling of large
deformation contact with friction. In Contact mechanics, pages 145-158. Springer, 1995.

[50] C Agelet de Saracibar. A new frictional time integration algorithm for large slip multi-body
frictional contact problems. Computer Methods in Applied Mechanics and Engineering,
142(3-4):303-334, 1997.

[51] Daniel Charles Drucker. Relation of experiments to mathematical theories of plasticity. Jour-
nal of Applied Mechanics, 1949.

[52] A.C. Eringen and J.D. Ingram. Continuum theory of chemically reacting media — 1. Int J Eng
Sci, 3:197 — 212, 1965.

[53] Mahdi Esmaily Moghadam, Yuri Bazilevs, Tain-Yen Hsia, Irene E Vignon-Clementel, and
Alison L Marsden. A comparison of outlet boundary treatments for prevention of backflow
divergence with relevance to blood flow simulations. Comput. Mech., 48(3):277-291, 2011.

[54] James D Foley, Andries van Dam, Steven K Feiner, and John F Hughes. Computer graphics:
Principles and pract edition, 1996.

[55] Y. C Fung. Biomechanics: mechanical properties of living tissues. Springer-Verlag, New
York, 1981.

[56] Y. C. Fung. Biomechanics : mechanical properties of living tissues. Springer-Verlag, New
York, 2nd edition, 1993.

[57] Y. C. Fung, K. Fronek, and P. Patitucci. Pseudoelasticity of arteries and the choice of its
mathematical expression. Am J Physiol, 237(5):H620-31, 1979.

[58] Y. C Fung, Nicholas Perrone, and M Anliker. Biomechanics, its foundations and objectives.
Prentice-Hall, Englewood Cliffs, N.J., 1972.

[59] AE Giannakopoulos. The return mapping method for the integration of friction constitutive
relations. Computers &amp; structures, 32(1):157-167, 1989.

[60] Oscar Gonzalez. Exact energy and momentum conserving algorithms for general mod-
els in nonlinear elasticity. Computer Methods in Applied Mechanics and Engineering,
190(13):1763-1783, 2000.

[61] MS Green and AV Tobolsky. A new approach to the theory of relaxing polymeric media. J
Chem Phys, 14(2):80-92, 1946.



BIBLIOGRAPHY 351

[62] J.M. Guccione and A.D. McCulloch. Mechanics of active contraction in cardiac muscle:
part i - constitutive relations for fiber stress that describe deactivation. J. Biomechanical
Engineering, vol. 115(no. 1):72-83, 1993.

[63] Osman Giltekin, Hisnd Dal, and Gerhard A Holzapfel. On the quasi-incompressible fi-
nite element analysis of anisotropic hyperelastic materials. Computational mechanics,
63(3):443—-453, 2019.

[64] J Helfenstein, M Jabareen, Edoardo Mazza, and S Govindjee. On non-physical response
in models for fiber-reinforced hyperelastic materials. International Journal of Solids and
Structures, 47(16):2056—2061, 2010.

[65] M. H. Holmes and V. C. Mow. The nonlinear characteristics of soft gels and hydrated con-
nective tissues in ultrafiltration. J Biomech, 23(11):1145-56, 1990.

[66] Gerhard A Holzapfel. Nonlinear solid mechanics: a continuum approach for engineering.
Wiley, Chichester, 2000.

[67] Gerhard A Holzapfel and Juan C Simo. A new viscoelastic constitutive model for continuous
media at finite thermomechanical changes. Int J Solids Struct, 33(20):3019-3034, 1996.

[68] A. Horowitz, I. Sheinman, Y. Lanir, M. Perl, and S. Sideman. Nonlinear incompressilbe
finite element for simulating loading of cardiac tissue- part i: two dimensional formulation for
thin myocardial strips. Journal of Biomechanical Engineering, Transactions of the ASME,
110(1):57-61, 1988.

[69] C Hou and G.A. Ateshian. A gauss-kronrod-trapezoidal integration scheme for modeling
biological tissues with continuous fiber distributions. Computer Methods in Biomechanics
and Biomedical Engineering, 19(8):883—-893, 2016.

[70] J SHou, M HHolmes, W M Lai, and V C Mow. Boundary conditions at the cartilage-synovial
fluid interface for joint lubrication and theoretical verifications. J Biomech Eng, 111(1):78-87,
Feb 1989.

[71] J.R. Hughes and Wing Kam Liu. Nonlinear finite element analysis of shells: Part i. three-
dimensional shells. Computer Methods in Applied Mechanics and Engineering, 26:331-362,
1980.

[72] J. D. Humphrey, R. K. Strumpf, and F. C. P. Yin. Determination of a constitutive relation
for passive myocardium. i. a new functional form. Journal of Biomechanical Engineering,
Transactions of the ASME, 112(3):333-339, 1990.

[73] J. D. Humphrey and F. C. P. Yin. On constitutive relations and finite deformations of passive
cardiac tissue: |. a pseudostrain-energy function. Journal of Biomechanical Engineering,
Transactions of the ASME, 109(4):298-304, 1987.

[74] Kenneth E Jansen, Christian H Whiting, and Gregory M Hulbert. A generalized-o method
for integrating the filtered Navier—Stokes equations with a stabilized finite element method.
Comput. Methods Appl. Mech. Engrg., 190(3):305-319, 2000.

[75] Lazar M Kachanov. Rupture time under creep conditions. International Journal of Fracture,
1958.



352 BIBLIOGRAPHY

[76] Aharon Katzir-Katchalsky and Peter F. Curran. Nonequilibrium thermodynamics in bio-
physics. Harvard University Press, Cambridge, 1965.

[77] S Klinkel, F Gruttmann, and W Wagner. A continuum based three-dimensional shell element
for laminated structures. Computers & Structures, 71(1):43—-62, 1999.

[78] W. Michael Lai, David Rubin, and Erhard Krempl. [Introduction to continuum mechanics.
Butterworth-Heinemann/Elsevier, Amsterdam, 4th ed edition, 2010.

[79] Y. Lanir. Constitutive equations for fibrous connective tissues. J Biomech, 16(1):1-12, 1983.

[80] Torvard C. Laurent and Johan Killander. A theory of gel filtration and its experimental verifi-
cation. J Chromatogr, 14:317-330, 1963.

[81] T. A. Laursen and J. C. Simo. Continuum-based finite element formulation for the implicit
solution of multibody, large deformation frictional contact problems. International Journal for
Numerical Methods in Engineering, 36(20):3451-3485, 1993.

[82] Tod A. Laursen. Computational Contact and Impact Mechanics. Springer, 2002.

[83] Jean Lemaitre. How to use damage mechanics. Nuclear engineering and design,
80(2):233—245, 1984.

[84] Jean Lemaitre. A continuous damage mechanics model for ductile fracture. J. Eng. Mater.
Technol., 1985.

[85] Jean Lemaitre and Rodrigue Desmorat. Engineering damage mechanics: ductile, creep,
fatigue and brittle failures. Springer Science & Business Media, 2005.

[86] J Lubliner. A model of rubber viscoelasticity. Mech Res Commun, 12(2):93-99, 1985.

[87] Richard H MacNeal. A simple quadrilateral shell element. Computers & Structures,
8(2):175-183, 1978.

[88] B. N. Maker. Rigid bodies for metal forming analysis with nike3d. University of California,
Lawrence Livermore Lab Rept, UCRL-JC-119862:1-8, 1995.

[89] A Ya Malkin. Continuous relaxation spectrum-its advantages and methods of calculation.
Applied Mechanics and Engineering, 11(2):235, 2006.

[90] J. E. Marsden and T. J. Hughes. Mathematical Foundations of Elasticity. Dover Publications,
1994.

[91] H. Matthies and G. Strang. The solution of nonlinear finite element equations. Intl J Num
Meth Eng, 14:1613-26, 1979.

[92] R. L. Mauck, C. T. Hung, and G. A. Ateshian. Modeling of neutral solute transport in a
dynamically loaded porous permeable gel: implications for articular cartilage biosynthesis
and tissue engineering. J Biomech Eng, 125(5):602—14, 2003.

[93] Alan McNaught. Compendium of chemical terminology : IUPAC recommendations. Black-
well Science, Oxford England Malden, MA, USA, 1997.



BIBLIOGRAPHY 353

[94] V.C. Mow, S.C. Kuei, W.M. Lai, and C.G. Armstrong. Biphasic creep and stress relaxation of
articular cartilage in compression: Theory and experiments. J. Biomech. Eng., 102:73-84,
1980.

[95] M G Mullender, R Huiskes, and H Weinans. A physiological approach to the simulation of
bone remodeling as a self-organizational control process. J Biomech, 27(11):1389-94, Nov
1994.

[96] Robert J Nims and Gerard A Ateshian. Reactive constrained mixtures for modeling the solid
matrix of biological tissues. Journal of Elasticity, 129(1-2):69-105, 2017.

[97] Robert J Nims, Krista M Durney, Alexander D Cigan, Antoine Dusséaux, Clark T Hung,
and Gerard A Ateshian. Continuum theory of fibrous tissue damage mechanics using bond
kinetics: application to cartilage tissue engineering. Interface Focus, 6(1):20150063, Feb
2016.

[98] A. G. Ogston and C. F. Phelps. The partition of solutes between buffer solutions and solu-
tions containing hyaluronic acid. Biochem J, 78:827—-33, 1961.

[99] Ronald L Panton. Incompressible flow. John Wiley &amp; Sons, 2006.

[100] Konstantinos Poulios and Yves Renard. An unconstrained integral approximation of large
sliding frictional contact between deformable solids. Computers &amp; Structures, 153:75—
90, 2015.

[101] M. A. Puso and J. A. Weiss. Finite element implementation of anisotropic quasi-linear vis-
coelasticity using a discrete spectrum approximation. J Biomech Eng, 120(1):62—70, 1998.

[102] Michael Anthony Puso. An energy and momentum conserving method for rigid—flexible body
dynamics. International Journal for numerical methods in engineering, 53(6):1393—-1414,
2002.

[103] K. M. Quapp and J. A. Weiss. Material characterization of human medial collateral ligament.
J Biomech Eng, 120(6):757-63, 1998.

[104] Yu N Rabotnov. Elements of hereditary solid mechanics. MIT Publishers, Moscow, 1980.

[105] J. N. Reddy. An introduction to continuum mechanics : with applications. Cambridge Uni-
versity Press, New York, 2008.

[106] J. N. Reddy and David K. Gartling. The finite element method in heat transfer and fluid
dynamics. CRC Press, Boca Raton, FL, 2nd edition, 2001.

[107] James R Rice and Michael P Cleary. Some basic stress diffusion solutions for fluid-saturated
elastic porous media with compressible constituents. Reviews of Geophysics, 14(2):227—
241, 1976.

[108] Carlo Sansour. On the physical assumptions underlying the volumetric-isochoric split and
the case of anisotropy. European Journal of Mechanics-A/Solids, 27(1):28-39, 2008.

[109] Roger A Sauer and Laura De Lorenzis. An unbiased computational contact formulation for
3d friction. International Journal for Numerical Methods in Engineering, 101(4):251-280,
2015.



354 BIBLIOGRAPHY

[110] Jay J Shim and Gerard A Ateshian. A hybrid biphasic mixture formulation for modeling
dynamics in porous deformable biological tissues. Arch Appl Mech, 92(2):491-511, Feb
2022.

[111] Jay J Shim and Gerard A Ateshian. A hybrid reactive multiphasic mixture with a compress-
ible fluid solvent. J Biomech Eng, 144(1), 01 2022.

[112] Jay J Shim, Steve A Maas, Jeffrey A Weiss, and Gerard A Ateshian. A formulation for fluid
structure-interactions in febio using mixture theory. J Biomech Eng, Mar 2019.

[113] J Ci Simo and TA Laursen. An augmented lagrangian treatment of contact problems involv-
ing friction. Computers &amp; Structures, 42(1):97-116, 1992.

[114] JC Simo. On a fully three-dimensional finite-strain viscoelastic damage model: formulation
and computational aspects. Computer methods in applied mechanics and engineering,
60(2):153—-173, 1987.

[115] J.C. Simo and F. Armero. Geometrically non-linear enhanced strain mixed methods and the
method of incompatible modes. International Journal for Numerical Methods in Engineering,
33:1413-1419, 1992.

[116] JC Simo, F Armero, and RL Taylor. Improved versions of assumed enhanced strain tri-linear
elements for 3d finite deformation problems. Computer methods in applied mechanics and
engineering, 110(3-4):359-386, 1993.

[117] JC Simo and Nils Tarnow. The discrete energy-momentum method. conserving algorithms
for nonlinear elastodynamics. Zeitschrift fir angewandte Mathematik und Physik (ZAMP),
43(5):757-792, 1992.

[118] J.C. Simo and R.L. Taylor. Quasi-incompressible finite elasticity in principal stretches: Con-
tinuum basis and numerical algorithms. Computer Methods in Applied Mechanics and En-
gineering, 85:273-310, 1991.

[119] Juan C Simo and JW Ju. Strain-and stress-based continuum damage models—i. formula-
tion. International journal of solids and structures, 23(7):821-840, 1987.

[120] Juan C Simo and MS10587420724 Rifai. A class of mixed assumed strain methods and the
method of incompatible modes. International journal for numerical methods in engineering,
29(8):1595-1638, 1990.

[121] Anthony James Merril Spencer. Continuum Theory of the Mechanics of Fibre-Reinforced
Composites. Springer-Verlag, New York, 1984.

[122] D. N. Sun, W. Y. Gu, X. E. Guo, W. M. Lai, and V. C. Mow. A mixed finite element formulation
of triphasic mechano-electrochemical theory for charged, hydrated biological soft tissues.
Int J Numer Meth Eng, 45(10):1375—-402, 1999.

[123] I. Tinoco Jr., K. Sauer, and J. C. Wang. Physical chemistry : principles and applications in
biological sciences. Prentice Hall, 1995.

[124] Arthur Victor Tobolsky. Properties and structure of polymers. New York and London.; John
Wiley &; Sons. Inc., 1960.



BIBLIOGRAPHY 355

[125] C. Truesdell and R. Toupin. The classical field theories, volume IlI/1 of Handbuch der physik.
Springer, Heidelberg, 1960.

[126] M Tur, FJ Fuenmayor, and P Wriggers. A mortar-based frictional contact formulation for
large deformations using lagrange multipliers. Computer Methods in Applied Mechanics
and Engineering, 198(37):2860-2873, 2009.

[127] K. Un and R. L. Spilker. A penetration-based finite element method for hyperelastic 3d
biphasic tissues in contact. part ii: finite element simulations. J Biomech Eng, 128(6):934—
42, 2006.

[128] D.R. Veronda and R.A. Westmann. Mechanical characterization of skin - finite deformations.
J. Biomechanics, Vol. 3:111-124, 1970.

[129] Irene E Vignon-Clementel, C Alberto Figueroa, Kenneth E Jansen, and Charles A Taylor.
Outflow boundary conditions for three-dimensional finite element modeling of blood flow and
pressure in arteries. Comput. Methods Appl. Mech. Engrg., 195(29):3776—-3796, 2006.

[130] L Vu-Quoc and XG Tan. Optimal solid shells for non-linear analyses of multilayer compos-
ites. i. statics. Computer methods in applied mechanics and engineering, 192(9-10):975-
1016, 2003.

[131] H Weinans, R Huiskes, and H J Grootenboer. The behavior of adaptive bone-remodeling
simulation models. J Biomech, 25(12):1425—-41, Dec 1992.

[132] J.A. Weiss, B.N. Maker, and S. Govindjee. Finite element implementation of incompressible,
transversely isotropic hyperelasticity. Computer Methods in Applications of Mechanics and
Engineering, 135:107-128, 1996.

[133] P Wriggers. Computational contact mechanics. Springer, Berlin, 2nd ed edition, 2006.

[134] P Wriggers and Tod A Laursen. Computational contact mechanics, volume no. 498 of CISM
courses and lectures. Springer, Wien, 2007.

[135] Peter Wriggers, T Vu Van, and Erwin Stein. Finite element formulation of large deformation
impact-contact problems with friction. Computers &amp; Structures, 37(3):319-331, 1990.

[136] Giorgio Zavarise and Laura De Lorenzis. The node-to-segment algorithm for 2d frictionless
contact: classical formulation and special cases. Computer Methods in Applied Mechanics
and Engineering, 198(41):3428-3451, 2009.

[137] Brandon K Zimmerman and Gerard A Ateshian. A surface-to-surface finite element algo-
rithm for large deformation frictional contact in febio. J Biomech Eng, 140(8), 08 2018.

[138] Brandon K. Zimmerman, David Jiang, Jeffrey A. Weiss, Lucas H. Timmins, and Gerard A.
Ateshian. On the use of constrained reactive mixtures of solids to model finite deformation
isothermal elastoplasticity and elastoplastic damage mechanics. Journal of the Mechanics
and Physics of Solids, page 104534, 2021.

[139] Brandon K Zimmerman, Steve A Maas, Jeffrey A Weiss, and Gerard A Ateshian. A finite el-
ement algorithm for large deformation biphasic frictional contact between porous-permeable
hydrated soft tissues. J Biomech Eng, 144(2), 02 2022.



	Introduction
	Overview of FEBio
	About this document

	Continuum Mechanics
	Vectors and Tensors
	The Directional Derivative
	Cauchy Stress
	Axioms of Conservation
	Axiom of Mass Balance
	Axioms of Momentum Balance
	Axiom of Energy Balance
	Axiom of Entropy Inequality

	Kinematics of the Continuum
	Motion and Path Lines
	Deformation Gradient
	Rate of Deformation
	Volume Deformation
	Area Deformation

	Hyperelasticity
	Constitutive Restrictions
	Other Stress Tensors
	Directional Derivative of the Stress
	Isotropic Hyperelasticity
	Isotropic Elasticity in Principal Directions
	Transversely Isotropic Hyperelasticity
	Incompressibility
	Nearly-Incompressible Hyperelasticity
	Tension-Bearing Fiber Materials

	Biphasic Material
	Governing Equations

	Biphasic-Solute Material
	Governing Equations
	Continuous Variables

	Triphasic and Multiphasic Materials
	Governing Equations

	Constrained Reactive Mixture of Solids
	Mixture Kinematics
	Mixture Composition
	Mixture Free Energy and Stress
	Closed System of Solid Constituents
	Open System of Solid Constituents

	Frame Indifference
	Simple Solid Mixtures
	Multigenerational Interstitial Growth
	Prescribed Pre-Stretch

	Equilibrium Swelling
	Perfect Osmometer
	Cell Growth
	Donnan Equilibrium Swelling

	Chemical Reactions
	Solid Matrix and Solid-Bound Molecular Constituents
	Solutes
	Mixture with Negligible Solute Volume Fraction
	Chemical Kinetics

	Fluid Mechanics
	Mass and Momentum Balance
	Wall Shear Stress
	Energy Balance

	Fluid-Structure Interactions
	FSI Governing Equations

	Hybrid Biphasic Material
	BFSI Governing Equations
	BFSI Continuous Variables

	Fluid-Solutes Analyses
	Governing Equations
	Jump Conditions


	The Nonlinear FE Method
	Weak formulation for Solid Materials
	Linearization
	Discretization

	Weak formulation for biphasic materials
	Linearization
	Stabilization
	Discretization

	Weak Formulation for Biphasic-Solute Materials
	Linearization of Internal Virtual Work
	Linearization along u
	Linearization along 
	Linearization along 

	Linearization of External Virtual Work
	Discretization

	Weak Formulation for Multiphasic Materials
	Linearization along u
	Linearization along 
	Linearization along 
	Linearization of External Virtual Work
	Discretization
	Electric Potential and Partition Coefficient Derivatives
	Chemical Reactions
	Virtual Work and Linearization
	Updating Solid-Bound Molecule Concentrations


	Computational Fluid Dynamics
	Weak Formulation
	Temporal Discretization and Linearization
	Spatial Discretization
	Special Boundary Conditions
	Backflow Stabilization
	Tangential Flow Stabilization
	Flow Resistance


	Weak Formulation for FSI
	General Formulation
	Time Integration
	Discretization
	Linearization of BFSs:GradvsdV
	Linearization of Bbold0mu mumu [JF-T:GradwdV
	Linearization of BwJF-TGradpdV
	Linearization of Bwf[J(+s)+(Gradw+Gradvs)W]dV
	Linearization of BJf[1Jf(Jf+GradJfW)-]dV
	Linearization of -BGradJfWdV
	Body force term bwfbdv
	Fluid traction acting on solid interface
	Special Boundary Conditions
	Backflow Stabilization
	Tangential Stabilization


	Weak Formulation for BFSI
	Virtual Work and Weak Form 
	BFSI Linearization 
	BFSI Spatial Discretization
	BFSI Traction Interface 

	Weak Formulation for Fluid-Solutes Analyses
	Virtual Work and Weak form for Fluid-Solutes
	Linearization for Fluid-Solutes
	Discretization for Fluid-Solutes

	Newton-Raphson Method
	Full Newton Method
	BFGS Method
	Line Search Method
	Conjugate gradient solution method

	Generalized -Method

	Element Library
	Solid Elements
	Hexahedral Elements
	Pentahedral Elements
	Tetrahedral Elements
	Quadratic Tetrahedral Elements

	Shell Elements
	Shell with mid-surface nodal displacements
	Elastic Shell
	Quadrilateral shells
	Triangular shells

	Shells with top and bottom face nodal displacements
	Elastic Shell
	External work of surface forces
	Shell on top of solid element
	Shell sandwiched between solid elements
	Rigid-Shell Interface



	Constitutive Models
	Linear Elasticity
	Compressible Materials 
	Isotropic Elasticity
	Orthotropic Elasticity
	Neo-Hookean Hyperelasticity
	Natural Neo-Hookean
	Ogden Unconstrained
	Holmes-Mow
	Conewise Linear Elasticity
	Donnan Equilibrium Swelling
	Perfect Osmometer Equilibrium Osmotic Pressure
	Large Poisson's Ratio Ligament
	Porous Neo-Hookean Material
	Cell Growth
	Fiber with Exponential Power Law
	Fiber with Natural Neo-Hookean Response
	HGO Unconstrained

	Nearly-Incompressible Materials 
	Mooney-Rivlin Hyperelasticity
	Ogden Hyperelastic
	Veronda-Westmann Hyperelasticity
	Arruda-Boyce Hyperelasticity
	Transversely Isotropic Hyperelastic
	Ellipsoidal Fiber Distribution
	Fiber with Exponential Power Law Uncoupled
	Fung Orthotropic
	Tension-Compression Nonlinear Orthotropic
	Holmes-Mow Uncoupled

	Viscoelasticity
	Internal State Variable Theory
	Strain Energy Density in Standard Solid
	Puso and Weiss Numerical Scheme

	Reactive Viscoelasticity
	Constitutive Model for 
	Reduced Relaxation Functions
	Viscous Friction


	Reactive Damage Mechanics
	Bond-Breaking Reaction
	Strain Energy Density and Stress
	Damage Criterion
	Reaction Kinetics and Thermodynamics
	Constitutive Models for Damage and Yield Criteria
	Strain Energy Density
	Simo Damage Criterion
	Specific Strain Energy
	Von Mises Stress
	Maximum Normal Stress
	Maximum Shear Stress
	Drucker Shear Stress
	Maximum Normal Lagrange Strain
	Octahedral Lagrange Strain


	Reactive Plasticity
	Elastic-Perfectly Plastic Response
	Kinematic ``Hardening'' Response
	Constitutive Modeling of Yield Response

	Reactive Elastoplastic Damage Mechanics
	Theoretical Formulation
	Damage to Intact Bonds
	Damage to Yielded Bonds
	Strain Energy Density, Stress, and Damage
	Damage Measures
	Cumulative Damage Distribution Functions


	Hydraulic Permeability
	Constant Isotropic Permeability
	Exponential Isotropic Permeability
	Holmes-Mow
	Referentially Isotropic Permeability
	Referentially Orthotropic Permeability
	Referentially Transversely Isotropic Permeability

	Solute Diffusivity
	Constant Isotropic Diffusivity
	Constant Orthotropic Diffusivity
	Referentially Isotropic Diffusivity
	Referentially Orthotropic Diffusivity

	Solute Solubility
	Constant Solubility

	Osmotic Coefficient
	Constant Osmotic Coefficient

	Active Contraction Model
	Prescribed Active Contraction
	Uniaxial Active Contraction
	Transversely Isotropic Active Contraction
	Isotropic Active Contraction

	Chemical Reaction Production Rate
	Mass Action Forward
	Mass Action Reversible
	Michaelis-Menten

	Specific Reaction Rate
	Constant Specific Reaction Rate
	Huiskes Remodeling

	Viscous Fluids

	Dynamics
	Newmark Integration
	Elastodynamics
	Governing Equations
	Virtual Work
	Generalized -Method for Elastodynamics
	Linearization
	Internal Work
	External Work

	Discretization
	Energy-Momentum Conservation Scheme
	Energy Balance


	Rigid Body Dynamics
	Rigid Body Rotation
	Exponential Map
	Cayley Transform
	Linearization Along Rotational Increment

	General Rigid Body Motion
	Rigid Body Momentum Balance
	Time Discretization
	Newmark Integration for Rigid Body Dynamics

	Generalized- Method for Rigid Body Dynamics


	Contact and Coupling
	Sliding Interfaces
	Contact Kinematics
	Weak Form of Two Body Contact
	Linearization of the Contact Integral
	Discretization of the Contact Integral
	Discretization of the Contact Stiffness
	Augmented Lagrangian Method
	Automatic Penalty Calculation
	Facet-To-Facet Sliding
	Sliding-Elastic
	Slip Kinematics
	Stick Kinematics
	Velocities
	Coulomb Frictional Contact
	Penalty Scheme
	Augmented Lagrangian Scheme
	Stick-Slip Algorithm
	Linearization
	Discretization
	Frictionless Terms
	Frictional Terms
	Integration Scheme


	Biphasic Contact
	Contact Integral
	Biphasic Friction Formulation
	Contact Kinematics
	Slip Kinematics
	Stick Kinematics
	Velocities

	Penalty Scheme
	Augmented Lagrangian Scheme
	Stick-Slip Algorithm
	Linearization and Discretization Outline
	Definitions and Notation
	Biphasic Stick
	Linearization
	Discretization

	Biphasic Slip
	Linearization
	Discretization


	Biphasic-Solute Contact 
	Contact Integral
	Gap Function
	Penalty Method
	Discretization

	Multiphasic Contact 
	Contact Integral
	Gap Function
	Penalty Method
	Discretization

	Tied Contact
	Gap Function
	Tied Contact Integral
	Linearization of the Contact Integral
	Discretization

	Tied Biphasic Contact 
	Contact Integral
	Gap Function
	Penalty Method
	Discretization

	Tied Multiphasic Contact
	Gap Function
	Penalty Method
	Discretization

	Tied Fluid Interface 
	Contact Integral
	Gap Functions
	Penalty Method
	Discretization

	Rigid Connectors
	Virtual Work
	Joint Axes
	Relative Joint Motion
	Joint Reaction Forces and Moments
	Reaction Forces from Springs
	Reaction Moments from Torsional Springs
	Reaction Forces from Dampers
	Reaction Moments from Torsional Dampers
	Summary of Reaction Forces and Moment in Joints

	Prescribed Joint Forces and Moments
	Prescribed Force at Joint
	Prescribed Moment at Joint

	Prescribed Joint Motion
	Prescribed Displacement at Joint
	Prescribed Rotation at Joint

	Other Rigid Connectors
	Spring Between Rigid Bodies
	Damper Between Rigid Bodies
	Contractile Force Between Rigid Bodies


	Rigid-Deformable Coupling
	Nonlinear Constraints
	Penalty Method with Augmented Lagrangian
	Method of Lagrange Multipliers


	Optimization
	The Objective Function
	The Levenberg-Marquardt Method

	Tensor Calculus
	Second-Order Tensors
	Definition
	Cartesian Components of a Tensor
	Sum of Tensors
	Dyadic Product of Vectors
	Trace of a Second-Order Tensor
	Product of Two Tensors
	Identity Tensor and Tensor Inverse
	Transpose of a Tensor
	Double Product of Tensors
	Determinant of a Tensor
	Orthogonal Tensor
	Transformation Laws for Cartesian Components of Vectors and Tensors
	Symmetric and Antisymmetric Tensors
	Eigenvalues and Eigenvectors of Real Symmetric Tensors
	Orthogonal Transformation of Tensors

	Higher Order Tensors
	Third-Order Tensors
	Fourth-Order Tensors
	Additional Tensor Products


	Bibliography

