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Chapter 1

Introduction

1.1 Overview of FEBio

FEBio is an implicit, nonlinear finite element solver that is specifically designed for applications in
biomechanics. It offers analyses, constitutive models and boundary conditions that are relevant for
this particular field. This section describes briefly the available features of FEBio. A more detailed
overview of features can be found in the FEBio User’s Manual .

FEBio supports two analysis types, namely quasi-static and quasi-static poroelastic. In a
quasi-static analysis the (quasi-) static response of the system is sought; inertial terms are ig-
nored. In a quasi-static poroelastic analysis a coupled solid-fluid problem is solved. The latter
analysis type is useful for modeling tissues that have high water content and the explicit modeling
of fluid movement relative to the solid phase is important.

Several nonlinear constitutive models are available to allow the user to model the often compli-
cated biological tissue behavior. Several isotropic constitutive models are supported such as Neo-
Hookean, Mooney-Rivlin, Veronda-Westmann, Arruda-Boyce and Ogden. These models have a
nonlinear stress-strain response. In addition to the isotropic models, there are several anisotropic
models available. These materials show anisotropic behavior in at least one preferred direction
and are useful for modeling biological tissues such as tendons, muscles and other tissues that
contain fibers. FEBio also contains a rigid body material model, which can be used to model rigid
structures whose deformation is negligible compared to the deformable geometry.

Biological tissues can interact in very complicated ways. Therefore FEBio supports a wide
range of boundary conditions to model these interactions. These include prescribed displace-
ments, nodal forces, and pressure forces. Deformable models can also be connected to rigid
bodies so that the user can model prescribed rotations and torques. Rigid bodies can be con-
nected with rigid joints. Even more complicated interactions can be modeled using FEBio’s con-
tact interfaces. The user can choose between different types of contact interfaces, such as sliding
interfaces, tied interfaces and rigid wall interfaces. A sliding interface is defined between two sur-
faces that are allowed to separate and slide across each other but are not allowed to penetrate.
The rigid wall interface is also similar to the sliding interface, except that one of the contacting
surfaces is a movable rigid wall. As of version 1.2, there is an implementation of a sliding interface
that allows for fluid flow crossing the contact interface. The tied interface is similar to the sliding
interface, but in this case, the surfaces are not allowed to slide or separate. In addition, the user
may specify a body force which can be used to model the effects of gravity or base acceleration.

11
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1.2 About this document

This document is a part of a set of three manuals that accompany FEBio: the FEBio User’s
Manual , describing how to use FEBio, the FEBio Developer’s Manual for users who wish to modify
or add features to the code, and this manual, which describes the theory behind most of the FEBio
algorithms.

The purpose of this manual is to provide theoretical background on many of the algorithms
that are implemented in FEBio. In this way the user can develop a better understanding of how
the program works and how it can be used to create well defined biomechanical simulations. The
authors have tried to be as detailed as possible to make the text coherent and comprehensible,
but due to the complexity of some of the topics, some descriptions only skim the surface. Many
of the theoretical ideas discussed in this manual can and have filled entire bookshelves. The
explanations contained herein should be sufficient to give the reader a basic understanding of
the theoretical developments. References to textbooks and the primary literature are provided for
further reading.

Chapter 2 starts with a brief overview of some of the important concepts in continuum mechan-
ics. Readers who are already familiar with this field can skip this chapter, although the material
may be useful to get familiar with the notation and terminology used in this manual.

Chapter 3 describes the nonlinear finite element method. It also explains the Newton-Raphson
method, which is the basis for most implementations of the nonlinear finite element method. A
more specialized version of this algorithm, the BFGS method, is described as well since it is used
in FEBio.

In Chapter 4 the different element types that are available in FEBio are described in detail.
FEBio currently supports 3D solid elements, such as the linear hexahedral, pentahedral and tetra-
hedral elements, as well as quadrilateral and triangular shell elements.

Chapter 5 contains a detailed description of the material models in FEBio. Most of these mod-
els are based on hyperelasticity, which is introduced in chapter 2. Several transversely isotropic
materials are described as well. This also discusses the biphasic material and its implementation
in FEBio.

Chapter 7 describes the basics of the theory of contact and coupling. In FEBio the user can
connect the different parts of the geometry in a variety of ways. There are rigid interfaces where a
deformable model is attached to a rigid model, rigid joints where two or more rigid bodies connect,
and sliding interfaces where two surfaces are allowed to separate and slide across each other but
are not allowed to penetrate. The various contact and coupling algorithms are discussed as well
together with their implementation in FEBio.

https://febio.org/knowledgebase/
https://febio.org/knowledgebase/
https://febio.org/knowledgebase/


Chapter 2

Continuum Mechanics

This chapter contains an overview of some of the important concepts from continuum mechanics
and establishes some of the notation and terminology that will be used in the rest of this document.
The section begins by introducing the important concepts of deformation, stress and strain. Next
the concept of hyperelasticity is discussed. Finally the concept of virtual work is discussed. This
concept will be used later to derive the nonlinear finite element equations. For a more thorough
introduction to the mathematics needed for continuum mechanics, the user can consult [25].

2.1 Vectors and Tensors

It is assumed that the reader is familiar with the concepts of vectors and tensors. This section
summarizes the notation and some useful relations that will be used throughout the manual.

Vectors are denoted by small, bold letters, e.g. v. Their components will be denoted by vi,
where, unless otherwise stated, Latin under scripts such as ior Iwill range from 1 to 3. In matrix
form a vector will be represented as a column vector and its transpose as a row vector:

v =

 v1

v2

v3

 , vT =
(
v1, v2, v3

)
. (2.1.1)

The following products are defined between vectors. Assume u, v are vectors. Also note that the
Einstein summation convention is used throughout this manual [49].

The dot or scalar product :
u · v = uivi . (2.1.2)

The cross product :

u× v =

 u2v3 − u3v2

u3v1 − u1v3

u1v2 − u2v1

 . (2.1.3)

The vector outer product :
(u⊗ v)ij = uivj . (2.1.4)

Note that vectors are also known as first order tensors. Scalars are known as zero order tensors.
The outer product, defined by equation (2.1.4), is a second order tensor.

Second order tensors are denoted by bold, capital letters, e.g. A. Some exceptions will be
made to remain consistent with the literature. For instance, the Cauchy stress tensor is denoted

13
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by σ. However, the nature of the objects will always be clear from the context. The following
operations on tensors are defined. Assume A and B are second-order tensors.

The double contraction or tensor inner product is defined as:

A : B = AijBij . (2.1.5)

The trace is defined as:
tr A = I : A = Aii . (2.1.6)

Here I is the second order identity tensor with components δij .
In general the components of tensors will change under a change of coordinate system. Nev-

ertheless, certain intrinsic quantities associated with them will remain invariant under such a trans-
formation. The scalar product between two vectors is such an example. The double contraction
between two second-order tensors is another example. The following set of invariants for second-
order tensors is commonly used:

I1 = tr A,

I2 =
1

2

(
(tr A)2 − tr A2

)
I3 = det A.

. (2.1.7)

A tensor S is called symmetric if it is equal to its transpose:

S = ST . (2.1.8)

A tensor W is called anti-symmetric if it is equal to the negative of its transpose:

W = −WT . (2.1.9)

Any second order tensor A can be written as the sum of a symmetric tensor S and an anti-
symmetric tensor W:

A = S + W, (2.1.10)

where
S =

1

2

(
A + AT

)
, and W =

1

2

(
A−AT

)
. (2.1.11)

Also note that for any tensor B the following holds:

B : A = B : S , B : W = 0 . (2.1.12)

With any anti-symmetric tensor a dual vector w can be associated such that,

ŵ · u = w × u , (2.1.13)

where the second order tensor ŵ is defined as,

ŵ =

 0 −w3 w2

w3 0 −w1

−w2 w1 0

 . (2.1.14)

A second order Q tensor is called orthogonal if Q−1 = QT .
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In the implementation of the FE method it is often convenient to write symmetric second-order
tensors using Voigt notation. In this notation the components of a 2nd order symmetric tensor A
are arranged as a column vector:

[A] =



A11

A22

A33

A12

A23

A13

 . (2.1.15)

Higher order tensors will be denoted by bold, capital, script symbols, e.g. A. An example of a third-
order tensor is the permutation tensor Eijk, whose components are 1 for an even permutation of
(1, 2, 3), -1 for an odd permutation of (1, 2, 3) and zero otherwise. The permutation symbol is useful
for expressing the cross-product of two vectors in index notation:

(u× v)i = Eijkujvk . (2.1.16)

An example of a fourth-order tensor is the elasticity tensor C which, in linear elasticity theory,
relates the small strain tensor ε and the Cauchy stress tensor σ = C : ε.

Higher order tensors can be constructed from second order tensors in a similar way as second
order tensors can be constructed from vectors. If A and B are second order tensors, then the
following fourth order tensors can be defind by requiring that the following must hold for any second
order tensor X:

(A⊗B) : X = (B : X) A , (2.1.17)

(A⊗B) : X = A ·X ·BT , (2.1.18)

(A⊗B) : X = A ·XT ·BT , (2.1.19)

(A⊗B) : X =
1

2

(
A ·X ·BT + A ·XT ·BT

)
. (2.1.20)

The Cartesian component forms of the operators ⊗, ⊗, ⊗ and ⊗ are defined as follows:

(A⊗B)ijkl = AijBkl , (2.1.21)

(A⊗B)ijkl = AikBjl , (2.1.22)

(A⊗B)ijkl = AilBjk , (2.1.23)

(A⊗B)ijkl =
1

2
(AikBjl +AilBjk) . (2.1.24)

The fourth order identity tensors are defined as:

A = I : A ,

AT = I : A ,
(2.1.25)

where I = I⊗ I and I = I⊗ I. The components are given by:

Iijkl = δikδjl ,

Iijkl = δilδjk .
(2.1.26)
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2.2 The Directional Derivative

In later sections the nonlinear finite element method will be formulated. Anticipating an iterative
solution method to solve the nonlinear equations, it will be necessary to linearize the quantities
involved. This linearization process will utilize a construction called the directional derivative [25].

The directional derivative of a function f (x) is defined as follows:

Df (x) [u] =
d

dε

∣∣∣∣
ε=0

f (x + εu) . (2.2.1)

The quantity x may be a scalar, a vector or even a vector of unknown functions. For instance,
consider a scalar function f (x), where x is the position vector in R3. In this case the directional
derivative is given by:

Df (x) [u] =
d

dε

∣∣∣∣
ε=0

f (x + εu)

=
∂f

∂xi
ui

= ∇f · u .

(2.2.2)

Here, the symbol ∇(“nabla”) depicts the gradient operator.
The linearization of a function implies that it is approximated by a linear function. Using the

directional derivative, a function f can be linearized as follows:

f (x + u) ∼= f (x) +Df (x) [u] . (2.2.3)

The directional derivative obeys the usual properties for derivatives.

1. sum rule: If f = f1 + f2, then

Df (x) [u] = Df1 (x) [u] +Df2 (x) [u] . (2.2.4)

2. product rule: If f = f1 · f2, then

Df (x) [u] = f1 (x) ·Df2 (x) [u] + f2 ·Df1 (x) [u] . (2.2.5)

3. chain rule: If f = g (h (x)), then

Df (x) [u] = Dg (h (x)) [Dh (x) [u]] . (2.2.6)

2.3 Deformation, Strain and Stress

2.3.1 The deformation gradient tensor

Consider the deformation of an object from an initial or reference configuration to a deformed or
current configuration. The location of the material particles in the reference configuration are de-
noted by X and are known as the material coordinates. Their location in the current configuration
is denoted by x and known as the spatial coordinates. The deformation map ϕ, which is a mapping
from R3toR3, maps the coordinates of a material point to the spatial configuration:

x = ϕ (X) . (2.3.1)
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The deformation map

The displacement map u is defined as the difference between the spatial and material coordi-
nates:

x = X + u (X) . (2.3.2)

The deformation gradient is defined as

F =
∂ϕ

∂X
. (2.3.3)

The deformation gradient relates an infinitesimal vector in the reference configuration dX to the
corresponding vector in the current configuration:

dx = F · dX. (2.3.4)

The determinant of the deformation tensor J = det F is called the volume ratio; it gives the volume
change, or equivalently the change in density:

ρ0 = ρJ . (2.3.5)

Here ρ0 is the density in the reference configuration and ρ is the current density.
When dealing with incompressible and nearly incompressible materials it will prove useful to

separate the volumetric and the deviatoric (distortional) components of the deformation gradient.
Such a separation must ensure that the deviatoric part of the deformation gradient, namely F̃,
does not produce any change in volume. Noting that the determinant of the deformation gradient
gives the volume ratio, the determinant of F̃ must therefore satisfy,

det F̃ = 1 . (2.3.6)

This condition can be achieved by choosing F̃ as,

F̃ = J−1/3F . (2.3.7)

Using the polar decomposition of a second order tensor, the deformation gradient can be written
as a product of a positive definite symmetric tensor V (or U) and a proper orthogonal tensor R:

F = V ·R = R ·U . (2.3.8)

V is called the left stretch tensor, U is called the right stretch tensor and the orthogonal tensor R
is called the rotation.
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2.3.2 Strain

The right Cauchy-Green deformation tensor is defined as follows:

C = FT · F . (2.3.9)

This tensor is an example of a material tensor and is typically expressed a function of the material
coordinates X. The left Cauchy-Green deformation tensor is defined as follows:

b = F · FT . (2.3.10)

This tensor is an example of a spatial tensor and is typically expressed as a function of the spatial
coordinates x. The implementation of the updated Lagrangian finite element method used by
FEBio is described in the spatial configuration.

The left and right deformation tensors can also be split into volumetric and deviatoric compo-
nents. With the use of,(2.3.7) the deviatoric deformation tensors are:

C̃ = F̃T · F̃ = J−2/3C ,

b̃ = F̃ · F̃T = J−2/3b .
(2.3.11)

The deformation tensors defined above are not good candidates for strain measures since in the
absence of strain they become the identity tensor I. However, they can be used to define strain
measures. The Green-Lagrange strain tensor is defined as:

E =
1

2
(C− I) . (2.3.12)

This tensor is a material tensor. Its spatial equivalent is known as the Almansi strain tensor and is
defined as:

e =
1

2

(
I− b−1

)
. (2.3.13)

In the limit of small displacement gradients, the components of both strain tensors are identical,
resulting in the small strain tensor or infinitesimal strain tensor :

ε =
1

2

(
∂u

∂x
+

(
∂u

∂x

)T)
. (2.3.14)

Note that the small strain tensor is also the linearization of the Green Lagrange strain,

DE [u] = FT · ε · F . (2.3.15)

2.3.3 Stress

The traction t on a plane bisecting the body is given by,

t = σ · n, (2.3.16)

where σ is the Cauchy stress tensor and n is the outward unit normal vector to the plane. It can
be shown that by the conservation of angular momentum that this tensor is symmetric (σij = σji)
[78]. The Cauchy stress tensor, a spatial tensor, is the actual physical stress, that is, the force per
unit deformed area. To simplify the equations of continuum mechanics, especially when working
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in the material configuration, several other stress measures are often used. The Kirchhoff stress
tensor is defined as

τ = Jσ . (2.3.17)

The first Piola-Kirchhoff stress tensor is given as

P = Jσ · F−T . (2.3.18)

Note that P, like F, is not symmetric. Also, like F, P is known as a two-point tensor, meaning it
is neither a material nor a spatial tensor. Since we have two strain tensors, one spatial and one
material tensor, it would be useful to have similar stress measures. The Cauchy stress is a spatial
tensor and the second Piola-Kirchhoff (2nd PK) stress tensor, defined as

S = JF−1 · σ · F−T , (2.3.19)

is a material tensor. The inverse relations are:

σ =
1

J
τ , σ =

1

J
P · FT , σ =

1

J
F · S · FT . (2.3.20)

In many practical applications it is physically relevant to separate the hydrostatic stress and the
deviatoric stress σ̃ of the Cauchy stress tensor:

σ = σ̃ + pI . (2.3.21)

Here, the pressure is defined as p = 1
3 trσ. Note that the deviatoric Cauchy stress tensor satisfies

tr σ̃ = 0.
The directional derivative of the 2nd PK stress tensor needs to be calculated for the linearization

of the finite element equations. For a hyperelastic material, a linear relationship between the
directional derivative of S and the linearized strain DE [u] can be obtained:

DS [u] = C : DE [u] . (2.3.22)

Here, C is a fourth-order tensor known as the material elasticity tensor. Its components are given
by,
∑

CIJKL =
∂SIJ
∂EKL

=
4∂2Ψ

∂CIJ∂CKL
, (2.3.23)

where Ψ is the strain-energy density function for the hyperelastic material. The spatial equivalent
– the spatial elasticity tensor C – can be obtained by,

Cijkl =
1

J
FiIFjJFkKFlLCIJKL. (2.3.24)

2.4 Hyperelasticity

When the constitutive behavior is only a function of the current state of deformation, the material
is elastic. In the special case when the work done by the stresses during a deformation is only
dependent on the initial state and the final state, the material is termed hyperelastic and its be-
havior is path-independent. As a consequence of the path-independence a strain energy function
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per unit undeformed volume can be defined as the work done by the stresses from the initial to
the final configuration:

Ψ (F (X) ,X) =

t∫
t0

P (F (X) ,X) : Ḟ dt . (2.4.1)

The rate of change of the potential is then given by

Ψ̇ (F (X) ,X) = P : Ḟ . (2.4.2)

Or alternatively,

PiJ =
3∑

i,J=1

∂Ψ

∂FiJ
ḞiJ . (2.4.3)

Comparing (2.4.2) with (2.4.3) reveals that

P (F (X) ,X) =
∂Ψ (F (X) ,X)

∂F
. (2.4.4)

This general constitutive equation can be further simplified by observing that, as a consequence
of the objectivity requirement, Ψ may only depend on F through the stretch tensor U and must be
independent of the rotation component R. For convenience, however, Ψis often expressed as a
function of C = U2 = FT · F. Noting that 1

2Ċ = Ė is work conjugate to the second Piola-Kirchhoff
stress S, establishes the following general relationships for hyperelastic materials:

Ψ̇ =
∂Ψ

∂C
: Ċ =

1

2
S : Ċ, S (C (X) ,X) = 2

∂Ψ

∂C
=
∂Ψ

∂E
. (2.4.5)

2.4.1 Isotropic Hyperelasticity

The hyperelastic constitutive equations discussed so far are unrestricted in their application. Isotropic
material symmetry is defined by requiring the constitutive behavior to be independent of the ma-
terial axis chosen and, consequently, Ψ must only be a function of the invariants of C,

Ψ (C (X) ,X) = Ψ (I1, I2, I3,X) , (2.4.6)

where the invariants of C are defined here as,

I1 = tr C = C : I, I2 =
1

2

[
(tr C)2 − tr C2

]
, I3 = det C = J2 . (2.4.7)

As a result of the isotropic restriction, the second Piola-Kirchhoff stress tensor can be written as,

S = 2
∂Ψ

∂C
= 2

∂Ψ

∂I1

∂I1

∂C
+ 2

∂Ψ

∂I2

∂I2

∂C
+ 2

∂Ψ

∂I3

∂I3

∂C
. (2.4.8)

The second order tensors formed by the derivatives of the invariants with respect to C can be
evaluated as follows:

∂I1

∂C
= I ,

∂I2

∂C
= I1I−C ,

∂I3

∂C
= I3C

−1 . (2.4.9)

Introducing expressions (2.4.9) into equation (2.4.8) enables the second Piola-Kirchhoff stress to
be evaluated as,

S = 2 {(Ψ1 + I1Ψ2 + I2Ψ3)) I− (Ψ2 + I1Ψ3) C}+ Ψ3C
2 , (2.4.10)
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where ΨI = ∂Ψ/∂I1, Ψ2 = ∂Ψ/∂I2, and Ψ3 = ∂Ψ/∂I3.
The Cauchy stresses can now be obtained from the second Piola-Kirchhoff stresses by using

(2.3.20):

σ =
2

J

{
(Ψ1 + I1Ψ2 + I2Ψ3)) b− (Ψ2 + I1Ψ3) b2

}
+

1

J
Ψ3b

3 . (2.4.11)

Note that in this equation Ψ1, Ψ2, and Ψ3 still involve derivatives with respect to the invariants of
C. However, since the invariants of b are identical to those of C, the quantitiesΨ1, Ψ2 and Ψ3 may
also be considered to be the derivatives with respect to the invariants of b.

2.4.2 Isotropic Elasticity in Principal Directions

For isotropic materials, the principal directions of the strain and stress tensors are the same. Let
the eigenvalues of C be denoted by λ2

i (i = 1, 2, 3), then the strain energy density may be given as
a function of these eigenvalues, Ψ

(
λ2

1, λ
2
2, λ

2
3

)
. To derive the expression for the stress, recognize

that
∂λ2

i

∂C
= Ni ⊗Ni ≡ Ai , (2.4.12)

where the Ni are the eigenvectors of C. It follows that the second Piola-Kirchhoff stress may be
represented as

S =
3∑
i=1

SiAi , (2.4.13)

where
Si = 2

∂Ψ

∂λ2
i

. (2.4.14)

To evaluate the material elasticity tensor, recognize that

∂Ai

∂C
=

1

λ2
i − λ2

j

(Ai⊗Aj + Aj ⊗Ai) +
1

λ2
i − λ2

k

(Ai⊗Ak + Ak⊗Ai) , (2.4.15)

where i, j, k form a permutation over 1, 2, 3. Then it can be shown that the material elasticity tensor
is given by

C =
3∑
i=1

4
∂2Ψ

∂λ2
i ∂λ

2
i

Ai ⊗Ai

+

3∑
i=1

3∑
j=i+1

4
∂2Ψ

∂λ2
i ∂λ

2
j

(Ai ⊗Aj + Aj ⊗Ai)

+
3∑
i=1

3∑
j=i+1

2
Si − Sj
λ2
i − λ2

j

(Ai⊗Aj + Aj ⊗Ai)

. (2.4.16)

When eigenvalues coincide, L’Hospital’s rule may be used to evalue the coefficient in the last term,

lim
λ2j→λ2i

2
Si − Sj
λ2
i − λ2

j

= 4

(
∂2Ψ

∂λ2
j∂λ

2
j

− ∂2Ψ

∂λ2
i ∂λ

2
j

)
. (2.4.17)

The double summations in (2.4.16) are arranged such that the summands represent fourth-order
tensors with major and minor symmetries.
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In the spatial frame, the Cauchy stress is given by

σ =
3∑
i=1

σiai , (2.4.18)

where
ai = ni ⊗ ni , (2.4.19)

and ni = (F ·Ni) /λi are the eigenvectors of b. The principal normal stresses are

σi =
λi
J

∂Ψ

∂λi
. (2.4.20)

The spatial elasticity tensor is given by

C =

3∑
i=1

(
J−1λ2

i

∂2Ψ

∂λ2
i

− σi
)

ai ⊗ ai

+

3∑
i=1

3∑
j=i+1

J−1λiλj
∂2Ψ

∂λi∂λj
(ai ⊗ aj + aj ⊗ ai)

+
3∑
i=1

3∑
j=i+1

2
λ2
jσi − λ2

iσj

λ2
i − λ2

j

(ai⊗aj + aj ⊗ai)

. (2.4.21)

2.4.3 Nearly-Incompressible Hyperelasticity

A material is considered incompressible if it shows no change in volume during deformation, or
otherwise stated, if J = 1 holds throughout the entire body. It can be shown [25] that if the material
is incompressible the hyperelastic constitutive equation becomes

S = 2
∂Ψ̃

∂C
+ pJC−1 , (2.4.22)

where Ψ̃ = Ψ
(
C̃
)

is the deviatoric strain energy function and p is the hydrostatic pressure. The
presence of J may seem unnecessary, but retaining J has the advantage that equation (2.4.22)
remains valid in the nearly incompressible case. Further, in practical terms, a finite element anal-
ysis rarely enforces J = 1 in a pointwise manner, and hence its retention may be important for the
evaluation of stresses.

The process of defining constitutive equations in the case of nearly incompressible hyperelas-
ticity is simplified by adding a volumetric energy component U (J) to the distortional component
Ψ̃ (C):

Ψ (C) = Ψ̃ (C) + U (J) . (2.4.23)

The second Piola-Kirchhoff tensor for a material defined by (2.4.23) is obtained in the standard
manner with the help of equation (2.4.8).

S = 2
∂Ψ

∂C

= 2
∂Ψ̃

∂C
+ 2

dU

dJ

∂J

∂C

= 2
∂Ψ̃

∂C
+ pJC−1

, (2.4.24)
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where the pressure p is defined as

p =
dU

dJ
. (2.4.25)

An example for U that will be used later in the definition of the constitutive models is

U (J) =
1

2
κ (ln J)2 . (2.4.26)

The parameter κ will be used later as a penalty factor that will enforce the (nearly-) incompressible
constraint. However, κ can represent a true material coefficient, namely the bulk modulus, for a
compressible material that happens to have a hyperelastic strain energy function in the form of
(2.4.23). In the case where the dilatational energy is given by (2.4.26), the pressure is

p = κ
ln J

J
. (2.4.27)

Equation (2.4.24) can be further developed by applying the chain rule to the first term:

S = pJC−1 + J−2/3 dev S̃ , (2.4.28)

where the fictitious second Piola-Kirchoff tensor [39] is defined by,

S̃ = 2
∂Ψ̃

∂C̃
, (2.4.29)

and Dev is the deviator operator in the reference frame:

Dev (·) = (·)− 1

3
((·) : C) C−1. (2.4.30)

The Cauchy stress can then be obtained from equation (2.3.20)3:

σ = pI + dev σ̃ , (2.4.31)

where

σ̃ =
2

J
F̃ · ∂Ψ̃

∂C̃
· F̃T . (2.4.32)

The following expression will be useful in the following development.

dC̃IJ
dCKL

= J−2/3

(
1

2
(δIKδJL + δILδJK)− 1

3
C̃IJ C̃

−1
KL

)
. (2.4.33)

Notice that the contraction with a symmetric tensor A results in,

dC̃IJ
dCKL

AIJ = J−2/3 DevAKL . (2.4.34)

The elasticity tensor, defined in (2.3.23), takes on the following form.

CIJKL =

(
J2 dp

dJ
+ Jp

)
C−1
IJ C

−1
KL − 2pJIIJKL

− 2

3
J−2/3

(
Dev S̃IJC

−1
KL + C−1

IJ Dev S̃KL

)
+

2

3
S̃RSC̃RS

(
IIJKL −

1

3
C−1
KLC

−1
IJ

)
+ J−4/3ĈIJKL

, (2.4.35)
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where

ĈIJKL = C̃IJKL−
1

3

(
C̃IJRSC̃RSC̃−1

KL + C̃RSKLCRSC−1
IJ

)
+

1

9
C̃−1
IJ C̃RSC̃RSMN C̃MN C̃

−1
KL . (2.4.36)

The spatial elasticity tensor follows from,

Cijkl =

(
J
dp

dJ
+ p

)
δijδkl − p (δikδjl + δilδjk)

− 2

3
(dev σ̃ijδkl + δij dev σ̃kl)

+
1

3
σ̃rsδrs

(
(δikδjl + δilδjk)−

2

3
δijδkl

)
+ Ĉijkl

, (2.4.37)

where
Ĉijkl =

1

J
F̃iI F̃jJ F̃kK F̃lLĈIJKL . (2.4.38)

2.4.4 Transversely Isotropic Hyperelasticity

Transverse isotropy can be introduced by adding a vector field representing the material preferred
direction explicitly into the strain energy [86]. We require that the strain energy depends on a unit
vector field A, which describes the local fiber direction in the undeformed configuration. When
the material undergoes deformation, the vector A (X) may be described by a unit vector field
a (ϕ (X)). In general, the fibers will also undergo length change. The fiber stretch, λ, can be
determined in terms of the deformation gradient and the fiber direction in the undeformed config-
uration,

λa = F ·A . (2.4.39)

Also, since a is a unit vector,
λ2 = A ·C ·A . (2.4.40)

The strain energy function for a transversely isotropic material, Ψ (C,A,X) is an isotropic function
of C and A⊗A. It can be shown [78] that the following set of invariants are sufficient to describe
the material fully:

I1 = tr C , I2 =
1

2

[
(tr C)2 − tr C2

]
, I3 = detC = J2 , (2.4.41)

I4 = A ·C ·A , I5 = A ·C2 ·A . (2.4.42)

The strain energy function can be written in terms of these invariants such that

Ψ (C,A,X) = Ψ (I1 (C) , I2 (C) , I3 (C) , I4 (C,A) , I5 (C,A)) . (2.4.43)

The second Piola-Kirchhoff can now be obtained in the standard manner:

S = 2
∂Ψ

∂C
= 2

5∑
i=1

∂Ψ

∂Ii

∂Ii
∂C

. (2.4.44)

In the transversely isotropic constitutive models described in Chapter 5 it is further assumed that
the strain energy function can be split into the following terms:

Ψ (C,A) = Ψ1 (I1, I2, I3) + Ψ2 (I4) + Ψ3 (I1, I2, I3I4) . (2.4.45)
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The strain energy function Ψ1 represents the material response of the isotropic ground substance
matrix, Ψ2 represents the contribution from the fiber family (e.g. collagen), and Ψ3 is the con-
tribution from interactions between the fibers and matrix. The form (2.4.45) generalizes many
constitutive equations that have been successfully used in the past to describe biological soft tis-
sues e.g. [40, 43, 44]. While this relation represents a large simplification when compared to
the general case, it also embodies almost all of the material behavior that one would expect from
transversely isotropic, large deformation matrix-fiber composites.
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2.5 Biphasic Material

Biphasic materials may be used to model deformable porous media. A biphasic material repre-
sents a mixture of a porous permeable solid and an interstitial fluid. Each constituent is intrinsically
incompressible, but the mixture may change volume as interstitial fluid is exchanged with the pore
space of the solid. Biphasic materials require the explicit modeling of fluid that permeates the
solid. The biphasic material model is useful to simulate materials that show flow-dependent vis-
coelastic behavior resulting from the frictional interactions of the fluid and solid. Several biological
materials such as cartilage can be described more accurately this way.

2.5.1 Governing Equations

Consider a mixture consisting of a solid constituent and a fluid constituent. Both constituents
are considered to be intrinsically incompressible, but the mixture can change volume when fluid
enters or leaves the porous solid matrix [26, 60]. According to the kinematics of the continuum
[81], each constituent α of a mixture (α = s for the solid and α = w for the fluid) has a separate
motion χα (Xα, t) which places particles of each mixture constituent, originally located at Xα, in
the current configuration x according to

x = χα (Xα, t) . (2.5.1)

For the purpose of finite element analyses, the motion of the solid matrix, α = s, is of particular
interest.

The governing equations that enter into the statement of virtual work are the conservation of
linear momentum and the conservation of mass, for the mixture as a whole. Under quasi-static
conditions, the conservation of momentum reduces to

divσ + ρb = 0 , (2.5.2)

where σ is the Cauchy stress for the mixture, ρ is the mixture density and b is the external mixture
body force per mass. Since the mixture is porous, this stress may also be written as

σ = −pI + σe , (2.5.3)

where p is the fluid pressure and σe is the effective or extra stress, resulting from the deformation
of the solid matrix. Conservation of mass for the mixture requires that

div (vs + w) = 0 , (2.5.4)

where vs = ∂χs/∂t is the solid matrix velocity and w is the flux of the fluid relative to the solid
matrix. Let the solid matrix displacement be denoted by u, then vs = u̇.

To relate the relative fluid flux w to the fluid pressure and solid deformation, it is necessary to
employ the equation of conservation of linear momentum for the fluid,

− ϕw grad p+ ρwbw + p̂wd = 0 , (2.5.5)

where ϕw is the solid matrix porosity, ρw = ϕwρwT is the apparent fluid density and ρwT is the true
fluid density, bw is the external body force per mass acting on the fluid, and p̂wd is the momentum
exchange between the solid and fluid constituents, typically representing the frictional interaction
between these constituents. This equation neglects the viscous stress of the fluid in comparison
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to p̂wd . The most common constitutive relation is p̂wd = −ϕwk−1 · w, where the second order,
symmetric tensor k is the hydraulic permeability of the mixture. When combined with Eq.(2.5.5), it
produces

w = −k · (grad p− ρwTbw) , (2.5.6)

which is equivalent to Darcy’s law. In general, k may be a function of the deformation.
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2.6 Biphasic-Solute Material

A biphasic-solute material is an extension of the biphasic material model that also includes trans-
port and mechano-chemical effects of a neutral solute. Transport of a solute in a porous medium
includes diffusion, resulting from gradients in the solute concentration, and convection of the so-
lute by the solvent, as a result of fluid pressure gradients. Mechano-chemical effects describe
phenomena such as osmotic pressurization and swelling.

2.6.1 Governing Equations

The governing equations adopted in this finite element implementation of neutral solute transport in
deformable porous media are based on the framework of mixture theory [81, 27]. A single solute
is considered in this presentation for notational simplicity, though the extension of equations to
multiple solutes is straightforward. Various forms of the governing equations have been presented
in the prior literature [59, 6], though a presentation that incorporates all the desired features of this
implementation has not been reported previously and is thus detailed here.

The fundamental modeling assumptions adopted in this treatment are quasi-static conditions
for momentum balance (negligible effects of inertia), intrinsic incompressibility of all constituents
(invariant true densities), isothermal conditions, negligible volume fraction of solute relative to
the solid and solvent, and negligible effects of solute and solvent viscosities (friction within con-
stituents) relative to frictional interactions between constituents. These assumptions are often
made in studies of biological tissues and cells. External body forces and chemical reactions are
not considered.

The three constituents of the mixture are the porous-permeable solid matrix (α = s), the solvent
(α = w), and the solute (α = u). The motion of the solid matrix is described by the displacement
vector u, the pressure of the interstitial fluid (solvent+solute) is p, and the solute concentration (on
a solution-volume basis) is c. The total (or mixture) stress may be described by the Cauchy stress
tensor σ = −pI + σe, where I is the identity tensor and σe is the stress arising from the strain in
the porous solid matrix. Because it is porous, the solid matrix is compressible since the volume of
pores changes as interstitial fluid enters or leaves the matrix. Under the conditions outlined above,
the balance of linear momentum for the mixture reduces to

divσ = − grad p+ divσe = 0 . (2.6.1)

Similarly, the equations of balance of linear momentum for the solvent and solute are given by

ρw grad µ̃w + fws · (vs − vw) + fwu · (vu − vw) = 0 ,

−ρu grad µ̃u + fus · (vs − vu) + fuw · (vw − vu) = 0 ,
(2.6.2)

where ρα is the apparent density (mass of α per volume of the mixture), µ̃α is the mechano-
chemical potential and vα is the velocity of constituent α. fαβ is the diffusive drag tensor between
constituents α and β representing momentum exchange via frictional interactions, which satisfies
fβα = fαβ. An important feature of these relations is the incorporation of momentum exchange
term between the solute and solid matrix, fus · (vs − vu), which is often neglected in other treat-
ments but plays an important role for describing solid-solute interactions [59, 1, 2]. These momen-
tum equations show that the driving force for the transport of solvent or solute is the gradient in its
mechano-chemical potential, which is resisted by frictional interactions with other constituents.

The mechano-chemical potential is the sum of the mechanical and chemical potentials. The
chemical potential µα of α represents the rate at which the mixture free energy changes with
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increasing mass of α. The mechanical potential represents the rate at which the mixture free
energy density changes with increasing volumetric strain of α. In a mixture of intrinsically incom-
pressible constituents, where the volumetric strain is idealized to be zero, this potential is given
by (p− p0) /ραT , where ραT is the true density of α (mass of α per volume of α), which is invariant
for incompressible constituents, and p0 is some arbitrarily set reference pressure (e.g., ambient
pressure).

From classical physical chemistry, the general form of a constitutive relation for the chemical
potential is µα = µα0 (θ) + (Rθ/Mα) ln aα [80], where R is the universal gas constant, θ is the
absolute temperature, Mα is the molecular weight (invariant) and aα is the activity of constituent
α (a non-dimensional quantity); µα0 (θ) is the chemical potential at some arbitrary reference state,
at a given temperature. For solutes, physical chemistry treatments let au = γc/c0, where c0 is
the solute concentration in some standard reference state (an invariant, typically c0 = 1 M), and
γ is the non-dimensional activity coefficient, which generally depends on the current state (e.g.,
concentration) but reduces to unity under the assumption of ideal physico-chemical behavior [80].
Since this representation is strictly valid for free solutions only, whereas solutes may be partially
excluded from some of the interstitial space of a porous solid matrix, Mauck et al. [59] extended
this representation of the solute activity to let au = γc/κc0, where the solubility κ represents the
fraction of the pore space which is accessible to the solute (0 < κ 6 1). In this extended form, it
becomes clear that even under ideal behavior (γ = 1), the solute activity may be affected by the
solubility. Indeed, for neutral solutes, the solubility also represents the partition coefficient of the
solute between the tissue and external bath [51, 62].

When accounting for the fact that the solute volume fraction is negligible compared to the
solvent volume fraction [80, 5], the general expressions for µ̃w and µ̃u take the form

µ̃w = µw0 (θ) +
1

ρwT
(p− p0 −RθΦ c) ,

µ̃u = µu0 (θ) +
Rθ

M
ln

γc

κc0
,

(2.6.3)

where Φ is the osmotic coefficient (a non-dimensional function of the state), which deviates from
unity under non-ideal physico-chemical behavior. Therefore, a complete description of the physico-
chemical state of solvent and solute requires constitutive relations for Φ and the effective solubility
κ̃ = κ/γ, which should generally depend on the solid matrix strain and the solute concentration.

It is also necessary to satisfy the balance of mass for each of the constituents. In the absence
of chemical reactions, the statement of balance of mass for constituent α reduces to

∂ρα

∂t
+ div (ραvα) = 0 . (2.6.4)

The apparent density may be related to the true density via ρα = ϕαραT , where ϕα is the volume
fraction of α in the mixture. Due to mixture saturation (no voids), the volume fractions add up to
unity. Since the volume fraction of solute is considered negligible (ϕu � ϕs, ϕw), it follows that∑

α ϕ
α ≈ ϕs + ϕw = 1. Since ραT of an incompressible constituent is invariant in space and time,

these relations may be combined to produce the mixture balance of mass relation,

div (vs + w) = 0, (2.6.5)

where w = ϕw (vw − vs) is the volumetric flux of solvent relative to the solid. The balance of mass
for the solute may also be written as

∂ (ϕwc)

∂t
+ div (j + ϕwcvs) = 0 , (2.6.6)
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where j = ϕwc (vu − vs) is the molar flux of solute relative to the solid. This mass balance relation
is obtained by recognizing that the solute apparent density (mass per mixture volume) is related
to its concentration (moles per solution volume) via ρu = (1− ϕs)Mc ≈ ϕwMc. Finally, it can be
shown via standard arguments that the mass balance for the solid matrix reduces to

ϕs =
ϕsr
J
, (2.6.7)

where ϕsr is the solid volume fraction in the reference state, J = det F and F = I + grad u is the
deformation gradient of the solid matrix.

Inverting the momentum balance equations in (2.6.2), it is now possible to relate the solvent
and solute fluxes to the driving forces according to

w = −k̃ ·
(
ρwT grad µ̃w +Mc

d

d0
grad µ̃u

)
,

j = d ·
(
−M
Rθ

ϕwc grad µ̃u +
c

d0
w

)
,

(2.6.8)

where d is the solute diffusivity tensor in the mixture (solid+solution), d0 is its (isotropic) diffusivity
in free solution; k̃ is the hydraulic permeability tensor of the solution (solvent+solute) through the
porous solid matrix, which depends explicitly on concentration according to

k̃ =

[
k−1 +

Rθc

ϕwd0

(
I− d

d0

)]−1

, (2.6.9)

where k represents the hydraulic permeability tensor of the solvent through the solid matrix. The
permeability and diffusivity tensors are related to the diffusive drag tensors appearing in (2.6.2)
according to

k = (ϕw)2 (fws)−1 ,

d0 = Rθϕwc (fuw)−1 ≡ d0I ,

d = Rθϕwc (fus + fuw)−1 ,

(2.6.10)

though these explicit relationships are not needed here since k, d and d0 may be directly specified
in a particular analysis. Since the axiom of entropy inequality requires that the tensors fαβ be
positive semi-definite (see appendix of [9]), it follows that d0 must be greater than or equal to the
largest eigenvalue of d. Constitutive relations are needed for these transport properties, which
relate them to the solid matrix strain and solute concentration. Note that the relations in (2.6.10)
represent generalizations of Darcy’s law for fluid permeation through porous media, and Fick’s law
for solute diffusion in porous media or free solution.

2.6.2 Continuous Variables

In principle, the objective of the finite element analysis is to solve for the three unknowns, u, p
and c, using the partial differential equations that enforce mixture momentum balance in (2.6.1),
mixture mass balance in (2.6.5), and solute mass balance in (2.6.6). The remaining solvent and
solute momentum balances in (2.6.8), and solid mass balance in (2.6.7), have been reduced to
relations that may be substituted into the three partial differential equations as needed. Solving
these equations requires the application of suitable boundary conditions that are consistent with
mass, momentum and energy balances across boundary surfaces or interfaces. When defining
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boundaries or interfaces on the solid matrix (the conventional approach in solid mechanics), whose
outward unit normal is n, mass and momentum balance relations demonstrate that the mixture
traction t = σ ·n and normal flux components wn = w ·n and jn = j ·n must be continuous across
the interface [5, 32]. Therefore, t, wn and jn may be prescribed as boundary conditions.

Combining momentum and energy balances across an interface also demonstrates that µ̃w

and µ̃u must be continuous [5, 47], implying that these mechano-chemical potentials may be pre-
scribed as boundary conditions. However, because of the arbitrariness of the reference states µw0 ,
µu0 , p0 and c0, and the ill-conditioning of the logarithm function in the limit of small solute concen-
tration, the mechano-chemical potentials do not represent practical choices for primary variables
in a finite element implementation. An examination of (2.6.3) also shows that continuity of these
potentials across an interface does not imply continuity of the fluid pressure p or solute concen-
tration c. Therefore, pressure and concentration are also unsuitable as nodal variables in a finite
element analysis and they must be replaced by alternative choices. Based on the similar reason-
ing presented by Sun et al. [79], an examination of the expressions in (2.6.3) shows that continuity
may be enforced by using

p̃ = p−RθΦ c ,

c̃ =
c

κ̃
,

(2.6.11)

where p̃ is the effective fluid pressure and c̃ is the effective solute concentration in the mixture. Note
that p̃ represents that part of the fluid pressure which does not result from osmotic effects (since
the termRθΦ cmay be viewed as the osmotic pressure contribution to p), and c̃ is a straightforward
measure of the solute activity, since au = c̃/c0. Therefore these alternative variables have clear
physical meanings.

Since the unknowns are now given by u, p̃ and c̃, the governing partial differential equations
may be rewritten in the form

grad (p̃+RθΦ κ̃c̃) + divσe = 0 ,

div (vs + w) = 0 ,

∂ (ϕwκ̃c̃)

∂t
+ div (j + ϕwκ̃c̃vs) = 0 ,

(2.6.12)

where

w = −k̃ ·
(

grad p̃+Rθ
κ̃

d0
d · grad c̃

)
,

j = κ̃d ·
(
−ϕw grad c̃+

c̃

d0
w

)
,

k̃ =

[
k−1 +

Rθ

ϕw
κ̃c̃

d0

(
I− d

d0

)]−1

.

(2.6.13)

Constitutive equations are needed to relate σe, k, d, d0, κ̃ and Φ to the solid matrix strain and
effective solute concentration.

2.7 Triphasic and Multiphasic Materials

Multiphasic materials represent an extension of the biphasic-solute material, where the mixture
may contain a multitude of solutes. These solutes may be either electrically charged (ionized) or
neutral. Similarly, the solid matrix may either carry electrical charge (a fixed charge density) or
be neutral. A triphasic material is a special case of a multiphasic material, having two solutes
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that carry opposite charges. Triphasic and multiphasic materials may be used to model porous
deformable biological tissues whose solid matrix may be charged and whose interstitial fluid may
contain any number of charged or neutral solutes. When mixture constituents are electrically
charged, the response of the tissue to various loading conditions may encompass a range of
mechano-electrochemical phenomena, including permeation, diffusion, osmosis, streaming poten-
tials and streaming currents. To better understand multiphasic materials, the reader is encouraged
to review the descriptions of biphasic (Section 2.5) and biphasic-solute materials (Section 2.6).

2.7.1 Governing Equations

In multiphasic materials the solvent is assumed to be neutral, whereas the solid and solutes may
carry charge. The mixture is isothermal and all constituents are considered to be intrinsically
incompressible. Since the viscosity of the fluid constituents (solvent and solutes) is considered
negligible relative to the frictional interactions among constituents, the stress tensor σ for the
mixture includes only a contribution from the fluid pressure p and the stress σe in the solid,

σ = −pI + σe . (2.7.1)

The mechano-chemical potential of the solvent is given by

µ̃w = µw0 (θ) +
1

ρwT

(
p− p0 −RθΦ

∑
α

cα

)
, (2.7.2)

where µw0 (θ) is the solvent chemical potential in the solvent standard state, θ is the absolute tem-
perature, ρwT is the true density of the solvent (which is invariant since the solvent is assumed
intrinsically incompressible), p is the fluid pressure, p0 is the corresponding pressure in the stan-
dard state, R is the universal gas constant, Φ is the non-dimensional osmotic coefficient, and cα

is the solution volume-based concentration of solute α. The summation is taken over all solutes in
the mixture. The mechano-electrochemical potential of each solute is similarly given by

µ̃α = µα0 (θ) +
Rθ

Mα

(
zαFc
Rθ

(ψ − ψ0) + ln
γαcα

καcα0

)
, (2.7.3)

where Mα is the molar mass of the solute, γα is its activity coefficient, κα is its solubility, zα is its
charge number, and cα0 is its concentration in the solute standard state; Fc is Faraday’s constant,
ψ is the electrical potential of the mixture, and ψ0 is the corresponding potential in the standard
state.

In these relations, Φ and γα are functions of state that describe the deviation of the mixture
from ideal physico-chemical behavior; κα represents the fraction of the pore volume which may be
occupied by solute α. The standard state represents an arbitrary set of reference conditions for
the physico-chemical state of each constituent. Therefore, the values of µw0 (θ), p0, ψ0, µα0 (θ), and
cα0 , remain invariant over the entire domain of definition of an analysis. Since κα and γα appear
together as a ratio, they may be combined into a single material function, κ̂α = κα/γα, called the
effective solubility.

In multiphasic mixtures, it is also assumed that electroneutrality is satisfied at every point in
the continuum. Therefore, the net electrical charge summed over all constituents must reduce to
zero, and no net charge accumulation may occur at any time. Denoting the fixed charge density of
the solid by cF (moles of equivalent charge per solution volume), and recognizing that the solvent
is always considered neutral, the electroneutrality condition may be written as

cF +
∑
α

zαcα = 0 . (2.7.4)
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This condition represents a constraint on a mixture of charged constituents. If none of the con-
stituents are charged (cF = 0 and zα = 0 for all α), the constraint disappears.

Each constituent of the mixture must satisfy the axiom of mass balance. In the absence of
chemical reactions involving constituent α, its mass balance equation is

∂ρα

∂t
+ div (ραvα) = 0 , (2.7.5)

where ρα is the apparent density and vα is the velocity of that constituent. For solutes, the apparent
density is related to the concentration according to ρα = (1− ϕs)Mαcα, where ϕs is the volume
fraction of the solid. When the solute volume fractions are negligible, it follows that 1 − ϕs ≈ ϕw,
where ϕw is the solvent volume fraction. The molar flux of the solute relative to the solid is given
by jα = ϕwcα (vα − vs), where vα is the solute velocity. Using these relations, the mass balance
relation for the solute may be rewritten as

1

J

Ds

Dt
(Jϕwcα) + div jα = 0 , (2.7.6)

where Ds (·) /Dt represents the material time derivative in the spatial frame, following the solid;
J = det F, where F is the deformation gradient of the solid. This form of the mass balance for the
solute is convenient for a finite element formulation where the mesh is defined on the solid matrix.

The volume flux of solvent relative to the solid is given by w = ϕw (vw − vs), where vw is the
solvent velocity. When solute volume fractions are negligible, the mass balance equation for the
mixture reduces to

div (vs + w) = 0 . (2.7.7)

Finally, the mass balance for the solid may be reduced to the form Ds (Jϕs) /Dt = 0, which
may be integrated to produce the algebraic relation ϕs = ϕsr/J , where ϕsr is the solid volume
fraction in the stress-free reference state of the solid.

Differentiating the electroneutrality condition in (2.7.4) using the material time derivative follow-
ing the solid, and substituting the mass balance relations into the resulting expressions, produces
a constraint on the solute fluxes:

div
∑
α 6=s,w

zαjα = 0 . (2.7.8)

Recognizing that Ie = Fc
∑

α 6=s,w z
αjα is the current density in the mixture, with Fc representing

Faraday’s constant, the relation of (2.7.8) reduces to one of the Maxwell’s equation, div Ie = 0, in
the special case when there can be no charge accumulation (electroneutrality).

As described in Section 2.6.2, the fluid pressure p and solute concentrations cα are not con-
tinuous across boundaries of a mixture, whereas µ̃w and µ̃α’s for the solutes do satisfy continuity.
Therefore, in a finite element implementation, the following continuous variables are used as nodal
degrees of freedom:

p̃ = p−RθΦ
∑
α 6=s,w

cα , (2.7.9)

which represents the effective fluid pressure, and

c̃α = cα/κ̃α , (2.7.10)

which represents the effective solute concentration. In the last expression, κ̃α is the partition
coefficient of the solute, which is related to the effective solubility and electric potential according
to

κ̃α = κ̂α exp

(
−z

αFcψ

Rθ

)
. (2.7.11)
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Physically, since RθΦ
∑

α 6=s,w c
α is the osmotic (chemical) contribution to the fluid pressure, p̃ may

be interpreted as that part of the total (mechano-chemical) fluid pressure which does not result
from osmotic effects; thus, it is the mechanical contribution to p. Similarly, the effective solute
concentration c̃α represents the true contribution of the molar solute content to its electrochemical
potential.

When using these variables instead of mechano-electrochemical potentials, the momentum
equations for the solvent and solutes may be inverted to produce the following flux relations:

w = −k̃ ·

gradp̃+Rθ
∑
β 6=s,w

κ̃β

dβ0
dβ · gradc̃β

 , (2.7.12)

and

jα = κ̃αdα ·
(
−ϕwgradc̃α +

c̃α

dα0
w

)
, (2.7.13)

where

k̃ =

k−1 +
Rθ

ϕw

∑
α 6=s,w

cα

dα0

(
I− dα

dα0

)−1

(2.7.14)

is the effective hydraulic permeability of the solution (solvent+solutes) in the mixture. The momen-
tum equation for the mixture is

divσ = 0 . (2.7.15)

2.8 Mixture of Solids

A solid material may consist of a heterogeneous mixture of various solid constituents that are
constrained to move together. If each constituent is denoted by the superscript σ, a constrained
mixture satisfies vσ = vs for all σ, where vs is the velocity of the solid mixture. For example, a
fiber-reinforced material may consist of a mixture of fibers and a ground matrix. In general, the
constitutive relation for such a constrained mixture of solids may be a complex function of the
mass fraction of each constituent as well as the ultrastructure of the constituents and their mutual
interactions. The mass fraction of each constituent may be represented by the apparent density
ρσr , which is the ratio of the mass of σ to the volume of the mixture in the reference configuration, in
an elemental region. In the framework of hyperelasticity, the general representation for the strain
energy density for such a solid mixture may have the form

Ψ = Ψ
(
F(1), · · · ,F(n), ρ(1)

r , · · · , ρ(n)
r

)
, (2.8.1)

where Fσ is the deformation gradient of constituent σ and n is the number of solid constituents
in the mixture. Though the solid constituents are constrained to move together, their deformation
gradients are not necessarily the same, depending on how the various solid constituents of a
constrained mixture were assembled [8].

With no loss of generality, it may be assumed that the strain energy density of the mixture is
the summation of the strain energy densities of all the constituents,

Ψ
(
F(1), · · · ,F(n), ρ(1)

r , · · · , ρ(n)
r

)
=

n∑
σ=1

Ψσ
(
F(1), · · · ,F(n), ρ(1)

r , · · · , ρ(n)
r

)
, (2.8.2)
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where Ψσ is the strain energy density of constituent σ.
Now, as a special case, we may assume that the simplest form of the constitutive relation for a

mixture of constrained solids is

Ψ
(
F(1), · · · ,F(n), ρ(1)

r , · · · , ρ(n)
r

)
=

n∑
σ=1

Ψσ (Fσ, ρσr ) . (2.8.3)

This special form assumes that there are no explicit dependencies among the various solid con-
stituents of the mixture. Thus, Ψσ depends only on the deformation gradient and mass content of
σ.

Furthermore, if we assume that Fσ = F for all σ (implying no residual stresses in the solid
mixture), then the general form for Ψ further reduces to

Ψ =

n∑
σ=1

Ψσ (F, ρσr ) . (2.8.4)

Consequently, the stress tensor for the mixture becomes

σ = J−1∂Ψ

∂F
· FT =

n∑
σ=1

J−1∂Ψσ

∂F
· FT =

n∑
σ=1

σσ . (2.8.5)

In other words, the stress in the solid mixture may be evaluated from the sum of the stresses in
each mixture constituent using the same hyperelasticity relation as for a single, pure solid con-
stituent. The fact that Ψσ also depends on ρσr implies that the material properties appearing in the
constitutive relation for σσ are dependent on the mass content of solid σ in the mixture.

For nearly-incompressible solids, using a reasoning similar to that which led to (2.8.4), the
uncoupled strain energy density for the solid mixture may be of the form

Ψ = U (J) +
n∑
σ=1

Ψ̃σ
(
F̃, ρσr

)
, (2.8.6)

where U (J) is the volumetric energy component, Ψ̃ =
∑

σ Ψ̃σ is the distortional energy compo-
nent, and F̃ is the distortional part of the deformation gradient, as described in Section 2.4.3.
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2.9 Equilibrium Swelling

When the interstitial fluid of a porous medium contains one or more solutes, an osmotic pres-
sure may be produced in the fluid if the osmolarity of the interstitial fluid is non-uniform, or if it is
different from that of the external bathing solution surrounding the porous medium. In general,
since the osmolarity of the interstitial fluid may vary over time in transient problems, the analysis
of such swelling effects may be addressed using, for example, the biphasic-solute material model
described in Section 2.6. However, if we are only interested in the steady-state response for such
types of materials, when solvent and solute fluxes have subsided, the analysis may be simplified
considerably.

The Cauchy stress tensor for a mixture of a porous solid and interstitial fluid is given by

σ = −pI + σe , (2.9.1)

where p is he fluid pressure and σe is the stress in the solid matrix resulting from solid strain.
When steady-state conditions are achieved, the fluid pressure p results exclusively from osmotic
effects and ambient conditions (i.e., it does not depend on the loading history). Thus, in analogy
to (2.6.11), p = p̃ + RθΦc where p̃ is the mechanical pressure resulting from ambient conditions
and RθΦc is the osmotic pressure resulting from the osmolarity c of the solution.

The osmotic pressure p may produce swelling of the solid matrix, which is opposed by the
solid matrix stress. This becomes more apparent when considering, for example, the case of a
traction-free body. The traction is given by t = σ · n, where n is the unit outward normal to the
boundary. When t = 0, the relation of (2.9.1) produces p = n · σe · n, clearly showing that the
osmotic pressure p is balanced by the swelling solid matrix.

The interstitial osmolarity (number of moles of solute per volume of interstitial fluid) may be
related to the solute and solid content according to

c =
cr

J − ϕsr
, (2.9.2)

where cr is the number of moles of solute per volume of the mixture in the reference configuration,
ϕsr is the volume fraction of the solid in the reference configuration, and J = det F is the volume
ratio of the porous solid matrix. Neither cr nor ϕsr depend on the solid matrix deformation, thus
(2.9.2) provides the explicit dependence of c on J . This relation shows that the osmolarity of the
interstitial fluid is dependent on the relative change in volume of the solid matrix with deformation.
Effectively, under equilibrium swelling conditions, the term −pI in (2.9.1) represents an elastic
stress and may be treated in this manner when analyzing equilibrium swelling conditions.

Since p also depends on the osmotic coefficient, if we assume that Φ depends on the solid
strain at most via a dependence on J , we may thus state generically that p = p (J) under equilib-
rium swelling. It follows that the elasticity tensor for σ is

C = −
(
p+ J

dp

dJ

)
I⊗ I + 2pI⊗ I + Ce , (2.9.3)

where Ce is the elasticity tensor of σe.

2.9.1 Perfect Osmometer

Consider a porous medium with an interstitial fluid that consists of a solvent and one or more
solutes, whose boundary is permeable to the solvent but not to the solutes (e.g., a biological cell).
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Since solutes are trapped within such a medium, cr is a constant in this type of problem. Since
the boundary is permeable to the solvent, p̃ must be continuous across the boundary. Assuming
ideal physicochemical conditions, Φ = 1, and zero ambient pressure, this continuity requirement
implies that p = Rθ (c− c∗), where c∗is the osmolarity of the external environment. Using (2.9.2),
it follows that

p = Rθ

(
cr

J − ϕsr
− c∗

)
. (2.9.4)

The reference configuration (the stress-free configuration of the solid) is achieved when J = 1 and
p = 0, from which it follows that cr = (1− ϕsr) c∗0, where c∗0 is the value of c∗ in the reference state.
Therefore (2.9.4) may also be written as

p = Rθc∗
(

1− ϕsr
J − ϕsr

c∗0
c∗
− 1

)
, (2.9.5)

and this expression may be substituted into (2.9.3) to evaluate the corresponding elasticity tensor.
A perfect osmometer is a porous material whose interstitial fluid behaves ideally and whose

solid matrix exhibits negligible resistance to swelling (σe ≈ 0). In that case p = 0 and (2.9.5) may
be rearranged to yield

J = (1− ϕsr)
c∗0
c∗

+ ϕsr. (2.9.6)

This equation is known as the Boyle-van’t Hoff relation for a perfect osmometer. It predicts that
variations in the relative volume of such as medium with changes in external osmolarity c∗ is an
affine function of c∗0/c

∗, with the intercept at the origin representing the solid volume fraction and
the slope representing the fluid volume fraction, in the reference configuration.

FEBio implements the relation of (2.9.5) for the purpose of modeling equilibrium swelling even
when solid matrix stresses are not negligible. The name “perfect osmometer” is adopted for this
model because it reproduces the Boyle-van’t Hoff response in the special case when σe = 0.

2.9.2 Cell Growth

The growth of cells requires the active uptake of soluble mass to provide the building blocks for var-
ious intracellular structures, such as the cytoskeleton or chromosomes, and growth contributes to
the osmolarity of the intracellular space. The resulting mechano-chemical gradient drives solvent
into the cell as well, contributing to its volumetric growth.

Cell growth may be modeled using the “perfect osmometer” framework by simply increasing the
mass of the intracellular solid matrix and membrane-impermeant solute. This is achieved by using
(2.9.4) to model the osmotic pressure and allowing the parameters ϕsr and cr (normally constant)
to increase over time as a result of growth. Since cell growth is often accompanied by cell division,
and since daughter cells typically achieve the same solid and solute content as their parent, it may
be convenient to assume that ϕsr and cr increase proportionally, though this is not an obligatory
relationship. To ensure that the initial configuration is a stress-free reference configuration, let
cr = (1− ϕsr) c∗ in the initial state prior to growth.

2.9.3 Donnan Equilibrium Swelling

Consider a porous medium whose solid matrix holds a fixed electrical charge and whose inter-
stitial fluid consists of a solvent and two monovalent counter-ions (such as Na+ and Cl−). The
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boundaries of the medium are permeable to the solvent and ions. The fixed charge density is de-
noted by cF ; it is a measure of the number of fixed charges per volume of the interstitial fluid in the
current configuration. This charge density may be either negative or positive, thereby producing
an imbalance in the concentration of anions and cations in the interstitial fluid. To determine the
osmolarity of the interstitial fluid, it is necessary to equate the mechano-chemical potential of the
solvent and the mechano-electrochemical potential of the ions between the porous medium and
its surrounding bath. When assuming ideal physicochemical behavior, the interstitial osmolarity
(resulting from the interstitial ions) is given by

c =

√
(cF )2 + (2c∗)2 , (2.9.7)

where c∗ is the salt concentration in the bath. Alternatively, we note that the osmolarity of the bath
is c̄∗ = 2c∗. Though this expression may be equated with (2.9.2), the resulting value of cr is not
constant in this case, since ions may transport into or out of the pore space; therefore that relation
is not useful here.

However, since the number of charges fixed to the solid matrix is invariant, we may manipulate
(2.9.2) to produce a relation between the fixed charge density in the current configuration, cF , and
the corresponding value in the reference configuration,cFr ,

cF =
1− ϕsr
J − ϕsr

cFr . (2.9.8)

Now the osmotic pressure resulting from the difference in osmolarity between the porous medium
and its surrounding bath is given by

p = Rθ

√( 1− ϕsr
J − ϕsr

cFr

)2

+ (c̄∗)2 − c̄∗
 . (2.9.9)

This expression may be substituted into (2.9.3) to evaluate the corresponding elasticity tensor.
When the osmotic pressure results from an imbalance in osmolarity produced by a fixed charge

density, it is called a Donnan osmotic pressure. The analysis associated with this relation is called
Donnan equilibrium.
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2.10 Chemical Reactions

Chemical reactions may be incorportated into a multiphasic mixture by adding a mass supply term
to the equation of mass balance,

∂ρα

∂t
+ div (ραvα) = ρ̂α , (2.10.1)

Where ρ̂α is the volume density of mass supply to α resulting from chemical reactions with all other
mixture constitutents. Since mass must be conserved over all constituents, mass supply terms are
constrained by ∑

α

ρ̂α = 0 . (2.10.2)

In a mixture containing a solid constituent (denoted by α = s ), it is conveniemt to define the mixture
domain (and thus the finite element mesh) on the solid and evaluate mass fluxes of constituents
relative to the solid,

mα = ρα (vα − vs) . (2.10.3)

Substituting (2.10.3) into (2.10.1), the differential form of the mass balance may be rewritten as

Dsραr
Dt

+ J div mα = ρ̂αr , (2.10.4)

Where Ds (·) /Dt represents the material time derivative in the spatial frame, following the solid,
J = det F, where F is the deformation gradient of the solid matrix; ραr is the apparent density and
ρ̂αr is the volume density of mass supply to α normalized to the mixture volume in the reference
configuration,

ραr = Jρα, ρ̂αr = Jρ̂α. (2.10.5)

Since ραr is the mass of α in the current configuration per volume of the mixture in the reference
configuration (an invariant quantity), this parameter represents a direct measure of the mass con-
tent of α in the mixture, which may thus be used as a state variable in a framework that accounts
for chemical reactions. A distinction is now made between solid and solute species in the mixture,
since they are often treated differential in an analysis.

2.10.1 Solid Matrix and Solid-Bound Molecular Constituents

For constituents constrained to move with the solid (denoted generically by α = σ and satisfying
vs = vσ , ∀σ), the statement of mass balance in (2.10.4) reduces to the special form

Dsρσr /Dt = ρ̂σr . (2.10.6)

This representation makes it easy to see that alterations in ρσr can occur only as a result of chemical
reactions (such as synthesis, degradation, or binding). In contrast, as seen in (2.10.4), alterations
in ραr for solutes or solvent (α 6= σ) may also occur as a result of mass transport into or out of the
pore space of the solid matrix. Therefore, ρσr is the natural choice of state variable for describing
the content of solid constituents in a reactive mixture.

When multiple solid species are present, the net solid mass content may be given by ρsr =
∑
σ
ρσr

whereas the net mass supply of solid is ρ̂sr =
∑
σ
ρ̂σr such that Dsρsr/Dt = ρ̂sr. The referential solid

volume fraction, ϕsr, may be evaluated from

ϕsr = ϕs0 +
∑
σ

ρσr /ρ
σ
T , (2.10.7)
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where ρσT is the true density of solid constituent σ (mass of σ per volume of σ) and ϕs0 is the ref-
erential solid volume fraction of solid constituents not explicitly modeled by solid-bound molecules
(a user-defined parameter). According to (2.10.5), it follows that the solid volume fraction in the
current configuration is given by ϕs = ϕsr/J . Note that 0 6 ϕs 6 1 under all circumstances, while
0 6 ϕsr 6 J , implying that ϕsr may exceed unity when solid growth occurs. In this study, it is as-
sumed that all mixture constituents are intrinsically incompressible, implying that their true density
is invariant.

The various constituents of the solid matrix may be electrically charged. Let zσ be the charge
number (equivalent charge per mole) of solid constituent σ, then the net referential fixed charge
density of the solid matrix (equivalent charge per fluid volume in the referential configuration) is
given by

cFr =
1

1− ϕsr

∑
σ

zσρσr
Mσ

, (2.10.8)

where Mσ is the molar mass of σ (an invariant quantity) and 1 − ϕsr represents the referential
volume fraction of all fluid constituents (solvent + solutes) in a saturated mixture. Based on the
kinematics of the continuum, the fixed charge density in the current configuration is

cF =
1− ϕsr
J − ϕsr

cFr . (2.10.9)

2.10.2 Solutes

Solutes are denoted generically by α = ι. In chemistry solute content is often represented in units
of molar concentration (moles per fluid volume). It follows that solute molar concentration cι and
molar supply ĉι are related to ρι and ρ̂ι via

cι =
ρι

(1− ϕs)M ι
, ĉι =

ρ̂ι

(1− ϕs)M ι
. (2.10.10)

The molar flux of constituent ι relative to the solid is given by

jι = (1− ϕs) cι (vι − vs) , (2.10.11)

where it may be noted that mι = M ιjι. Combining these relations with (2.10.4)-(2.10.5) produces
the desired form of the mass balance for the solutes,

1

J

Ds [J (1− ϕs) cι]
Dt

+ divjι = (1− ϕs) ĉι . (2.10.12)

This form is suitable for implementation in a finite element analysis where the mesh is defined on
the solid matrix.

2.10.3 Mixture with Negligible Solute Volume Fraction

The volume fraction of each constituent is given by ϕα = ρα/ραT . In a saturated mixture these
volume fractions satisfy

∑
α
ϕα = 1. Substituting ρα = ϕαραT into (2.10.1), dividing across by ραT (in-

variant for intrinsically incompressible constituents), and taking the sum of the resulting expression
over all constituents produces

div

(∑
α

ϕαvα

)
=
∑
α

ρ̂α

ραT
. (2.10.13)
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This mass balance relation for the mixture expresses the fact that the mixture volume will change
as a result of chemical reactions where the true density of products is different from that of reac-
tants. Indeed, assuming that ραT is the same for all α would nullify the right-hand-side of (2.10.13)
based on (2.10.2). We now adopt the assumption that solutes occupy a negligible volume fraction
of the mixture (ϕι � 1), from which it follows that ϕs + ϕw ≈ 1 and

∑
α
ϕαvα ≈ vs + w, where

w = ϕw (vw − vs) is the volumetrix flux of solvent relative to the solid. Thus, the mixture mass
balance may be reduced to

div (vs + w) =
∑
α

ρ̂α

ραT
. (2.10.14)

In the special case of the solvent (α = w), FEBio uses a solvent supply, ϕ̂w = ρ̂w/ρ̂wT , which may
be incorporated in (2.10.14) as

div (vs + w) = ϕ̂w +
∑
α 6=w

ρ̂α

ραT
. (2.10.15)

2.10.4 Chemical Kinetics

Productions rates are described by constitutive relations which are functions of the state variables.
In a biological mixture under isothermal conditions, the minimum set of state variables needed to
describe reactive mixtures that include a solid matrix are: the (uniform) temperature θ, the solid
matrix deformation gradient F (or related strain measures), and the molar content cα of the various
constituents. This set differs from the classical treatment of chemical kinetics in fluid mixtures by
the inclusion of F and the subset of constituents bound to the solid matrix. To maintain a consistent
notation in this section, solid-bound molecular species are described by their molar concentrations
and molar supplies which may be related to their referential mass density and referential mass
supply according to

cσ =
ρσr

(J − ϕsr)Mσ
, ĉσ =

ρ̂σr
(J − ϕsr)Mσ

. (2.10.16)

Consider a general chemical reaction,∑
α

ναREα →
∑
α

ναPEα , (2.10.17)

where Eα is the chemical species representing constituent α; ναR and ναP represent stoichiometric
coefficients of the reactants and products, respectively. Since the molar supply of reactants and
products is constrained by stoichiometry, it follows that all molar supplies ĉα in a specific chemical
reaction may be related to a production rate ζ̂ according to

ĉα = ναζ̂ , (2.10.18)

where να represents the net stoichiometric coefficient for Eα,

να = ναP − ναR . (2.10.19)

Thus, formulating constitutive relations for ĉα is equivalent to providing a single relation for ζ̂ (θ,F, cα).
When the chemical reaction is reversible,∑

α

ναREα 

∑
α

ναPEα , (2.10.20)
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the relations of (2.10.18)-(2.10.19) still apply but the form of ζ̂ would be different.
Using the relations of (2.10.10), (2.10.16) and (2.10.18), it follows in general that ρ̂α = (1− ϕs)Mαναζ̂,

so that the constraint of (2.10.2) is equivalent to enforcing stoichiometry, namely,∑
α

ναMα = 0 . (2.10.21)

Thus, properly balancing a chemical reaction satisfies this constraint.
The mixture mass balance in (2.10.15) may now be rewritten as

div (vs + ww) = ϕ̂w + (1− ϕs) ζ̂V , (2.10.22)

where V =
∑
α 6=w

ναVα and Vα = Mα/ραT is the molar volume of α. (Currently in FEBio, ϕ̂w is

specified independently of ζ̂, because users may choose to neglect the contribution from V in
(2.10.22); therefore, if one desires to model chemical reactions, (2.10.17) or (2.10.20), that involve
the solvent, it is necessary to explicitly provide a solvent supply function compatible with the above
relations, namely ϕ̂w = (1− ϕs) ζ̂νwVw.) Similarly, the solute mass balance in (2.10.12) becomes

1

J

Ds [J (1− ϕs) cι]
Dt

+ div jι = (1− ϕs) νιζ̂ . (2.10.23)

These mass balance equations reduce to those of non-reactive mixtures when ζ̂ = 0.

2.11 Fluid Mechanics

2.11.1 Mass and Momentum Balance

In a spatial (Eulerian) frame, the momentum balance equation for a continuum is

ρa = divσ + ρb , (2.11.1)

where ρ is the density, σ is the Cauchy stress, b is the body force per mass, and a is the acceler-
ation, given by the material time derivative of the velocity v in the spatial frame,

a = v̇ =
∂v

∂t
+ L · v , (2.11.2)

where L = grad v is the spatial velocity gradient. The mass balance equation is

ρ̇+ ρdiv v = 0 , (2.11.3)

where the material time derivative of the density in the spatial frame is

ρ̇ =
∂ρ

∂t
+ grad ρ · v . (2.11.4)

Let F denote the deformation gradient (the gradient of the motion with respect to the material
coordinate). The material time derivative of F is related to L via

Ḟ = L · F . (2.11.5)
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Let J = det F denote the Jacobian of the motion (the volume ratio, or ratio of current to referential
volume, J > 0); then, the dilatation (relative change in volume between current and reference
configurations) is given by e = J − 1. Using the chain rule, J ’s material time derivative is J̇ =
JF−T : Ḟ which, when combined with eq.(2.11.5), produces a kinematic constraint between J̇ and
div v,

J̇ = J div v . (2.11.6)

Substituting this relation into the mass balance, eq.(2.11.3), produces ˙ρJ = 0, which may be
integrated directly to yield

ρ = ρr/J , (2.11.7)

where ρr is the density in the reference configuration (when J = 1). Since ρr is obtained by
integrating the above material time derivative of ρJ , it is an intrinsic material property that must be
invariant in time and space.

The Cauchy stress is given by
σ = −pI + τ , (2.11.8)

where I is the identity tensor, τ is the viscous stress, p is the pressure arising from the elastic
response,

p = −dΨr (J)

dJ
, (2.11.9)

and Ψr is the free energy density of the fluid (free energy per volume of the continuum in the
reference configuration). The axiom of entropy inequality dictates that Ψr cannot be a function of
the rate of deformation D =

(
L + LT

)
/2. In contrast, the viscous stress τ is generally a function

of J and D.
Boundary conditions may be derived by satisfying mass and momentum balance across a

moving interface Γ. Let Γ divide the material domain V into subdomains V+ and V− and let the
outward normal to V+ on Γ be denoted by n. The jump condition across Γ derived from the axiom
of mass balance requires that

[[ρuΓ]] · n = 0 , (2.11.10)

where uΓ ≡ v− vΓ on Γ and vΓ is the velocity of the interface Γ. Thus, uΓ represents the velocity
of the fluid relative to Γ. The double bracket notation denotes [[f ]] = f+ − f−, where f+ and f−
represent the value of f on Γ in V+ and V−, respectively. This jump condition implies that the mass
flux normal to Γ must be continuous. In particular, if V+ is a fluid domain and V− is a solid domain,
and Γ denotes the solid boundary (e.g., a wall), we use ρ+ = ρ, v+ = v for the fluid, and v− = vΓ

for the solid, such that eq.(2.11.10) reduces to ρ (v − vΓ) ·n = 0. The jump condition derived from
the axiom of linear momentum balance similarly requires that

[[σ − ρuΓ ⊗ uΓ]] · n = 0 . (2.11.11)

This condition implies that the jump in the traction σ · n across Γ must be balanced by the jump
in momentum flux normal to Γ. In addition to jump conditions dictated by axioms of conservation,
viscous fluids require the satisfaction of the no-slip condition,

(I− n⊗ n) · [[uΓ]] = 0 , (2.11.12)

which implies that the velocity component tangential to Γ is continuous across that interface.
In our finite element treatment we use v and J as nodal variables, implying that our for-

mulation automatically enforces continuity of these variables across element boundaries, thus
[[v]] = [[uΓ]] = 0 and [[J ]] = 0. Based on eqs.(2.11.7) and (2.11.9), it follows that the density
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and elastic pressure are continuous across element boundaries in this formulation, [[ρ]] = 0 and
[[p]] = 0. Thus, the mass jump in eq.(2.11.10) is automatically satisfied, and the momentum jump
in eq.(2.11.11) reduces to [[σ]] · n = 0, requiring continuity of the traction, or more specifically ac-
cording to (2.11.8), the continuity of the viscous traction τ · n, since p is automatically continuous.

2.11.2 Energy Balance

The energy balance for a continuum may be written in integral form over a control volume V as

d

dt

∫
V
ρ

(
ε+

1

2
v · v

)
dV = −

∫
S
ρ

(
ε+

1

2
v · v

)
(v · n) dS +

∫
S

t · v dS +

∫
V
ρb · v dV

−
∫
S

q · n dS +

∫
V
ρr dV

,

(2.11.13)
where S is the control surface bounding V , ε is the specific internal energy, q is the heat flux across
S, and r is the heat supply per mass to the material in V resulting from other sources. Bringing
the time derivative inside the integral on the left-hand-side, and using the divergence theorem, this
integral statement of the energy balance may be written as∫

V

[
ρ (ε̇+ v · a) + ρ

(
ε+

1

2
v · v

)(
div v − J̇

J

)]
dV

=

∫
V

[σ : D− div q + ρr + v · (divσ + ρb)] dV

. (2.11.14)

This statement must be valid for arbitrary control volumes and arbitrary processes, from which we
conventionally derive the differential form of the axioms of mass, momentum and energy balance.

For the specialized conditions of a viscous fluid at constant temperature assumed in our treat-
ment, the only state variables for the functions of state ε, σ and q are J and D (i.e., the temperature
is not a state variable since it is assumed constant). Under these conditions the entropy inequality
shows that the specific entropy η and the heat flux q must be zero, and the Cauchy stress σ must
have the form of (2.11.8) where p is given by(2.11.9) as a function of J only, leaving the residual
dissipation statement τ : D ≥ 0 as a constraint that must be satisfied by constitutive relations for τ .
(For a Newtonian fluid, this constraint is satisfied when the viscosities µ and κ are positive.) From
these thermodynamic restrictions we conclude that ε = ψ, where ψ is the specific (Helmholtz) free
energy, with Ψr = ρrψ.

For the conditions adopted here (isothermal viscous fluid), the axiom of energy balance re-
duces to ρψ̇ = σ : D + ρr; since ψ is only a function of J , this expression may be further simplified
using (2.11.6)-(2.11.9) to produce τ : D + ρr = 0. In other words, isothermal conditions may be
maintained only if heat dissipated by the viscous stress is emitted in the form of a heat supply
density ρr = −τ : D (heat leaving the system). Now, the integral form of the energy balance in
(2.11.14) simplifies to∫

V

[
v · (divσ + ρ (b− a)) + ρ

(
ψ +

1

2
v · v

)(
J̇

J
− div v

)]
dV = 0 . (2.11.15)

A comparison of this statement with the statement of virtual work, presented below in (3.5.1),
establishes a clear correspondence between the virtual velocity δv and v, and between the virtual
energy density δJ and ρ

(
ψ + 1

2v · v
)
, with the latter representing the sum of the internal (free) and

kinetic energy densities.



2.12. FLUID-STRUCTURE INTERACTIONS 45

2.12 Fluid-Structure Interactions

We model the fluid domain in an FSI analysis as a mixture of an isothermal compressible vis-
cous fluid and a hyperelastic compressible solid, where the solid has zero apparent density, and
negligible (but non-zero) elasticity [71]. In a mixture framework, all mixture constituents coexist at
every point in the continuum. For our FSI implementation, the finite element mesh is defined on
the solid material, and the negligible (but non-zero) elasticity of the solid is intended to regularize
the mesh deformation. The fluid flows through this mesh, unimpeded by the solid. In particular,
in this FSI model there is no frictional interaction between the fluid and solid materials inside the
mixture domain (i.e., no Darcy-Brinkman type of friction), but the no-slip boundary condition may
be prescribed on boundaries of the mixture domain, where applicable.

2.12.1 FSI Governing Equations

The momentum balance for the fluid is

ρfaf = divσf + ρfb , (2.12.1)

where b is the external body force acting on the FSI domain, af is the fluid acceleration,

af =
∂vf

∂t
+ Lf · vf , (2.12.2)

and Lf = grad vf is the fluid velocity gradient. In principle, the same momentum equation may be
used for the solid (substituting f with s); however, since we opted to let ρs = 0 (no solid mass), the
momentum balance for the solid simply reduces to

divσs = 0 . (2.12.3)

We model the fluid as isothermal and compressible, consistent with our CFD implementation.
Thus, the fluid stress may be separated into the elastic pressure p

(
Jf
)
, which only depends on

the fluid volume ratio Jf , and the viscous stress τ
(
Jf ,Lf

)
, as

σf = −pI + τ . (2.12.4)

Recall that there is no dependence on temperature in an isothermal formulation. As done in our
previous study, we integrate the mass balance for the fluid to produce

ρf =
ρfr
Jf

, (2.12.5)

where ρfr is the fluid density in the reference state (e.g., under ambient pressure) and Jf = det Ff ,
where Ff is the fluid deformation gradient. We also use the kinematic constraint

∂Jf

∂t
+ grad Jf · vf = Jf div vf , (2.12.6)

to relate the fluid volume ratio Jf to its velocity vf , in the spatial frame.
The mesh through which the fluid flows is defined on the solid component of the mixture.

Therefore, we define the relative velocity between the fluid and solid as

w = vf − vs . (2.12.7)
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Since the solid has zero volume fraction, this expression is the same as the flux of fluid relative
to the solid. We choose to define the nodal degrees of freedom in the mixture domain to be the
relative fluid velocity w, the fluid dilatation ef = Jf − 1, and the solid displacement us, which is
related to the solid velocity via vs = u̇s, with the dot operator denoting the material time derivative
following the solid. (For notational convenience, we will continue using Jf in the equations below,
instead of ef ). Now,

vf = w + vs , (2.12.8)

from which it follows that the fluid velocity gradient is

Lf = Lw + Ls , (2.12.9)

where Lw = grad w and Ls = grad vs. The fluid acceleration may now be rewritten in terms of the
FEA degrees of freedom as

af = ẇ + v̇s + (Lw + Ls) ·w , (2.12.10)

where
v̇s =

∂vs

∂t
+ Ls · vs

ẇ =
∂w

∂t
+ Lw · vs

(2.12.11)

are the material time derivatives of the solid and relative fluid velocities, in the frame following the
solid. We conveniently use this material time derivative (instead of the material time derivative
following the fluid) since we define the mixture domain mesh on the solid.

Similarly, the kinematic constraint relating Jf and vf may be rewritten as

J̇f + grad Jf ·w = Jf div (w + vs) , (2.12.12)

where

J̇f =
∂Jf

∂t
+ grad Jf · vs . (2.12.13)

Finally, as done routinely in our studies of biphasic and multiphasic materials, we find it convenient
to substitute the kinematic identity

div vs =
J̇s

Js
, (2.12.14)

where Js = det Fs and Fs = I + Grad us is the solid deformation gradient.
In summary, the governing equations for the FSI mixture domain are

divσs = 0

ρfaf = divσf + ρfb

1

Jf

(
J̇f + grad Jf ·w

)
= div w +

J̇s

Js

(2.12.15)

where af is given in (2.12.10) above.

2.13 Hybrid Biphasic Material

In FEBio, the standard biphasic material consists of a mixture of intrinsically incompressible solid
and fluid constituents, as described in Section 2.5. In this standard material, the solid and fluid
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dynamics are neglected, as well as the fluid viscosity. When a user wishes to consider these
dynamics effects, as well as fluid viscosity, they may use a hybrid biphasic material, as described
in this section. The complete theoretical framework for such materials can be found in [70]. A
hybrid biphasic domain is a mixture of an isothermal compressible viscous fluid and a hyperelastic
compressible porous solid whose solid skeleton is intrinsically incompressible. Unlike the fluid-FSI
material, here the solid has non-negligible mass density and elasticity, and frictional interactions
may occur between the fluid and solid constituents, modeled using a hydraulic permeability (Sec-
tion 5.7). In FEBio, the hybrid biphasic material is called “biphasic-FSI”, since it allows dynamic
fluid-structure interactions between this material and a fluid-FSI material, or a solid material. Here,
we may abbreviate “biphasic-FSI” as BFSI. For BFSI domains, as with standard biphasic domains,
the finite element mesh is defined on the porous solid material. The viscous fluid flows through
this mesh, experiencing frictional drag caused by the porous solid. When two BFSI domains are
interfaced, or when a BFSI domain is interfaced with a fluid-FSI domain, the pseudo-no slip con-
dition [41] is enforced automatically on those interfaces. When a BFSI domain interfaces with a
solid domain, the no-slip boundary condition has to be prescribed explicitly on those interfaces,
where applicable.

2.13.1 BFSI Governing Equations

We model the BFSI domain as an unconstrained mixture of an isothermal, compressible, and
viscous fluid and an isothermal, deformable porous solid whose skeleton material is intrinsically
incompressible. As usual in mixture theory, each constituent α (α = s, f for solid and fluid, respec-
tively) has its own apparent density ρα = dmα/dV , which represents the ratio of the elemental
mass dmα of constituent α in the elemental mixture volume dV . This apparent density is related to
the true density ραT = dmα/dV α (mass of α per volume of α) via ρα = ϕαραT , where ϕα = dV α/dV
is the volume fraction of α in the mixture, satisfying ϕs + ϕf = 1. Since the solid skeleton is in-
trinsically incompressible, ρsT is constant. The boundaries of a biphasic domain are defined on the
porous solid matrix. The deformation gradient of the solid is denoted by Fs and its determinant,
Js = det Fs = dV/dVr, represents the ratio of the mixture elemental volumes in the current (dV )
and reference (dVr) configurations. Thus, since the solid skeleton is intrinsically incompressible, Js

purely represents the compressibility of the pore volume as fluid enters or leaves the pore space,
or as the compressible fluid within the pores changes in volume. The axiom of mass balance for
the solid may be integrated in closed form to produce ρs = ρsr/J

s, where ρsr = dms/dVr is the solid
apparent density in the mixture reference configuration. Therefore, we may define the referential
solid volume fraction as ϕsr = ρsr/ρ

s
T . In the finite element analysis, ϕsr = dV s/dVr and ρsT are

both specified by the user, then ρsr, ρs, ϕs and ϕf are evaluated from the above relations, given a
solution for Fs (and thus, Js). The solution for Fs = I + Grad u is obtained by solving for the nodal
solid displacement vector u, where Grad (·) represents the gradient operator in the material frame.

For the compressible fluid phase of a hybrid biphasic material, the true density ρfT varies with
the intrinsic fluid volumetric strain, or dilatation, ef = Jf − 1, where Jf is the volume ratio of the
fluid in its current and reference configurations, dmf is the element mass of fluid and dV f is the
elemental volume of that fluid in the pores of the mixture, in the current configuration. It follows
from this definition that

Jf =
dV f

dV f
r

=
dV f

dmf

dmf

dV f
r

=
ρfTr

ρfT
, (2.13.1)

where dV f
r is the elemental volume of this same fluid (having the same elemental mass dmf ) in

the fluid’s reference configuration. Thus, ρfTr = dmf/dV f
r is a constant representing the true fluid
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density in its reference configuration, which is specified by the user. Accordingly, Jf = 1 in the
limit when the fluid is idealized to be intrinsically incompressible. This definition of Jf is consistent
with that for a pure fluid, as shown in our earlier formulation of computational fluid dynamics [? ].
As shown above, ρf may be evaluated as ϕfρfT , which now expands into an expression involving
solid and fluid volume ratios,

ρf =

(
1− ϕsr

Js

)
ρfTr
Jf

. (2.13.2)

The limiting case when the fluid within the solid matrix pores has been completely squeezed
out corresponds to ρf = 0 (or dmf = 0). Based on the above relation, this is equivalent to
having the entire mixture volume dV reduce to the solid volume dV s in the current configuration, or
equivalently Js = ϕsr [9]. In this limiting case, the mixture becomes an intrinsically incompressible
solid and the finite element formulation presented in this study no longer applies.

We assume that Fs = I (or equivalently, u = 0) and ef = 0 at the start of a finite element
analysis. The fluid dilatation ef is included as a nodal degree of freedom, implying that it is con-
tinuous across finite element boundaries. This assumption is verified below, when we review the
jump conditions on axioms of mass, momentum and energy balance across interfaces.

Since the axiom of mass balance for the solid has already been solved in closed form, we only
need to be concerned with the axiom of mass balance for the fluid, or alternatively, that of the
mixture, which takes the form

DfJf

Dt
=
Jf

ϕf
div (vs + w) , (2.13.3)

where vs is the solid velocity (the material time derivative of the solid displacement u), and

w = ϕf
(
vf − vs

)
(2.13.4)

is the volumetric flux of the fluid relative to the solid , with vf representing the fluid velocity. Here,
Df (·) /Dt is the material time derivative operator in the spatial frame, following the fluid motion.
Since the finite element mesh is defined on the porous solid matrix of a biphasic mixture, and
since the fluid flows relative to the solid, material time derivatives need to follow the solid motion
in the finite element implementation. A similar scheme was used in our implementations of solute
transport within deformable porous domains (Sections 2.7), to account for the motion of solutes
relative to the porous solid matrix, as well as in our FSI formulation (Section 2.12) [10? ? ]. Thus,
we substitute the following identity,

DfJf

Dt
=
∂Jf

∂t
+ grad Jf · vf

=
DsJf

Dt
+ grad Jf ·

(
vf − vs

) , (2.13.5)

into the axiom of mixture mass balance in (2.13.3) to produce the final form

J̇f +
1

ϕf
grad Jf ·w =

Jf

ϕf
div (vs + w) . (2.13.6)

In this expression, the dot operator in J̇f represents the material time derivative following the
solid motion. In the solid material frame, this material time derivative reduces to the partial time
derivative. Accordingly, we may now write vs = u̇. In the BFSI implementation, the fluid volumetric
flux w relative to the solid is added to the list of nodal DOFs, giving us the complete set

(
u,w, ef

)
.
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This choice implies that w is continuous across finite element boundaries, as justified further below
when we review jump conditions across interfaces.

Based on the constitutive assumptions of our hybrid biphasic formulation [70], the momentum
balance equations for the fluid and solid constituents reduce to

ρfaf = −ϕf grad p+ div τ f + ρfbf − ϕfk−1 ·w , (2.13.7)

and
ρsas = −ϕs grad p+ divσe + ρsbs + ϕfk−1 ·w , (2.13.8)

where aα = Dαvα/Dt is the acceleration, bα is the body force per mass acting on constituent
α, p is the fluid pressure, τ f is the apparent fluid viscous stress, and σe is the apparent solid
elastic stress. These stress tensors are called apparent because their associated traction vectors
represent a force acting on constituent α per elemental mixture area. Here, k is the hydraulic
permeability tensor which regulates frictional drag between the fluid and solid constituents; setting
k−1 to 0 implies that this frictional drag is non-existent. Since the fluid is compressible, its pressure
must be given by a function of state. In the isothermal framework used here, this function only
depends on ef , and its simplest form is

p = −Kef , (2.13.9)

where K is the fluid bulk modulus (a user-specified material property). In the limit when inertia
and body forces are neglected (af = bf = 0), the fluid momentum balance (2.13.7) produces the
classical Darcy-Brinkman relation [? ]. If the fluid viscous stress is also neglected (τ f = 0), we
recover Darcy’s law, w = −k · grad p.

Since the finite element implementation requires all material time derivatives to follow the
motion of the solid, we recognize that as = ü and we evaluate the fluid acceleration as af =
v̇f + grad vf ·

(
vf − vs

)
. However, since vf is not a nodal degree of freedom, we use (2.13.4) to

substitute
vf =

1

ϕf
w + vs (2.13.10)

into this expression. It follows that the fluid velocity gradient Lf = grad vf may be evaluated as

Lf = Ls +
1

ϕf

(
Lw − 1

ϕf
w ⊗ gradϕf

)
, (2.13.11)

where Lw = grad w and Ls = grad vs. Now, the fluid acceleration takes the form

af =
1

ϕf

(
ẇ + φf ü− ϕs

ϕf
J̇s

Js
w + Lf ·w

)
. (2.13.12)

2.13.2 BFSI Continuous Variables

Jump conditions on the axioms of mass, momentum and energy balance are needed to determine
which variables may be selected as nodal DOFs in the finite element implementation, and which
tractions are naturally continuous across an interface. The full set of jump conditions for a hybrid
biphasic material were derived in our recent study for the constitutive assumptions adopted in
this formulation [70]. Here, we summarize the salient results, which apply to an interface defined
on the porous solid matrix of the hybrid biphasic domain, which includes the shared faces of
adjoining biphasic elements. Thus, the velocity of the interface is given by the velocity vs of the
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solid constituent of the hybrid biphasic material. We employ the notation [[f ]] = f+ − f− to denote
the jump in the function f across the interface Γ, with f+ and f− denoting the values of f on either
side of Γ. The unit normal on Γ is n, which points away from the + side. A variable f which is
continuous across Γ satisfies [[f ]] = 0.

Based on the jump condition on the axiom of mass balance, the normal component of the
mass flux of the fluid relative to the solid is continuous across Γ,

[[
ρfTw

]]
· n = 0. Furthermore,

a sufficient condition to satisfy the jump on the axiom of energy balance is to enforce continuity
of the fluid specific free enthalpy (also known as the Gibbs function),

[[
ψf + p/ρfT

]]
= 0, where

ψf is the fluid specific free energy. This jump condition applies only when there is fluid on both
sides of the interface Γ. In an isothermal framework the specific free enthalpy is a function of state
that only depends on Jf , therefore this energy jump condition implies that Jf must be continuous
across Γ, thus [[

Jf
]]

= 0 , (2.13.13)

also implying that [[p]] = 0. Given (2.13.1), it follows that
[[
ρfT

]]
= 0 and the mass balance jump

condition reduces to [[w]] · n = 0, implying that the relative fluid flux component normal to Γ must
be continuous. For the tangential component of w on Γ we appeal to the analysis of Hou et al.
[? ], who showed that a valid pseudo-noslip condition requires this tangential component to be
continuous. Combining these two jump conditions produces

[[w]] = 0 . (2.13.14)

The momentum jump condition requires that the mixture traction be continuous across Γ, thus[[
−pI + σe + τ f

]]
·n = 0. Since [[p]] = 0 based on the energy jump, this mixture momentum jump

condition reduces to [[
σe + τ f

]]
· n = 0 . (2.13.15)

Finally, another relation which is sufficient to satisfy the jump condition on the energy balance is
the continuity of the true fluid traction (force acting on fluid per fluid area),[[

τ f

ϕf

]]
· n = 0 . (2.13.16)

This jump condition (2.13.16), which also applies only if fluid is present on both sides of Γ, is
interesting because it implies that the viscous stress (and thus, the viscosity) of a fluid flowing
in a porous solid matrix scales with the porosity of that medium, such that τ f = φfτ where τ
would be the true fluid viscous stress. Thus, we can use FEBio’s various constitutive relations for
the viscous stress τ of Newtonian or non-Newtonian fluids and adapt those models to a biphasic
mixture where τ f is evaluated as ϕfτ . Accordingly, the contribution of τ f would properly reduce
to zero in the limit as fluid content reduces to zero (ϕf → 0), in which case the mixture momentum
jump in (2.13.15) would reduce to [[−pI + σe]] · n = [[σe]] · n = 0, since [[p]] = 0.

Letting w and Jf be nodal DOFs automatically enforces the jump conditions (2.13.13) and
(2.13.14), acting as essential boundary conditions, along with the solid displacement u. Finally,
subtracting (2.13.16) from (2.13.15), we obtain the momentum jump condition for the solid con-
stituent, [[

−ϕ
s

ϕf
τ f + σe

]]
· n = 0 . (2.13.17)

A BFSI domain may be reduced to a FSI domain by letting ϕsr → 0 and k−1 → 0; the solid
matrix would still be ascribed a material response but its stiffness would need to be negligible.
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The number of nodal DOFs would remain the same. The CFD domain is a special case of the FSI
domain where the mesh displacement is uniformly u = 0.

However, when the biphasic domain interfaces with a non-porous solid domain across Γbs, the
jump conditions (2.13.13) on Jf and (2.13.17) on τ f don’t apply. In that case, the jump condition
(2.13.14) on the relative fluid volumetric flux should reduce to w = 0 for the BFSI domain on Γbs,
although the user would have to enforce this no-slip condition explicitly by prescribing it as an
essential boundary condition. The mixture momentum jump

[[
−pI + σe + τ f

]]
·n = 0 implies that

the mixture traction on the BFSI side of an interface with a solid is equal to the solid traction on
the solid side. This jump condition would also need to be enforced explicitly.
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Chapter 3

The Nonlinear FE Method

This chapter discusses the basic principles of the nonlinear finite element method. The chapter
begins with a short introduction to the weak formulation and the principle of virtual work. Next,
the important concept of linearization is discussed and applied to the principle of virtual work.
Finally the Newton-Raphson procedure and its application to the nonlinear finite element method
are described.

3.1 Weak formulation for Solid Materials

Generally, the finite element formulation is established in terms of a weak form of the differential
equations under consideration. In the context of solid mechanics this implies the use of the virtual
work equation:

δW =

∫
v

σ : δd dv −
∫
v

f · δv dv −
∫
∂v

t · δv da = 0 . (3.1.1)

Here, δv is a virtual velocity and δd is the virtual rate of deformation tensor. This equation is
known as the spatial virtual work equation since it is formulated using spatial quantities only. We
can also define the material virtual work equation by expressing the principle of virtual work using
only material quantities.

δW =

∫
V

S : δĖ dV −
∫
V

f0 · δv dV −
∫
∂V

t0 · δv dA = 0 . (3.1.2)

Here, f0 = Jf is the body force per unit undeformed volume and t0 = t (da/dA) is the traction
vector per unit initial area.

3.1.1 Linearization

Equation (3.1.1) is the starting point for the nonlinear finite element method. It is highly nonlinear
and any method attempting to solve this equation, such as the Newton-Raphson method, neces-
sarily has to be iterative.

To linearize the finite element equations, the directional derivative of the virtual work in equation
(3.1.1) must be calculated. In an iterative procedure, the quantity φ will be approximated by a trial
solution φk. Linearization of the virtual work equation around this trial solution gives

δW (φk, δv) +DδW (φk, δv) [u] = 0 . (3.1.3)

53
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The directional derivative of the virtual work will eventually lead to the definition of the stiffness
matrix. In order to proceed, it is convenient to split the virtual work into an internal and external
virtual work component:

DδW (φ, δv) [u] = DδWint (φ, δv) [u]−DδWext (φ, δv) [u] , (3.1.4)

where
δWint (φ, δv) =

∫
v

σ : δd dv , (3.1.5)

and
δWext (φ, δv) =

∫
v

f · δv dv +

∫
∂v

t · δv da . (3.1.6)

The result is listed here without details of the derivation – see [25] for details. The linearization of
the internal virtual work is given by

DδWint (φ, δv) [u] =

∫
v

δd : C : ε dv +

∫
v

σ :
[
(∇u)T · ∇δv

]
dv . (3.1.7)

Notice that this equation is symmetric in δv and u. This symmetry will, upon discretization, yield a
symmetric tangent matrix.

The external virtual work has contributions from both body forces and surface tractions. The
precise form of the linearized external virtual work depends on the form of these forces. For
surface tractions, normal pressure forces may be represented in FEBio. The linearized external
work for this type of traction is given by

DδW p
ext (φ, δv) [u] =

1

2

∫
Aξ

p
∂x

∂ξ
·
[(

∂u

∂η
× δv

)
+

(
∂δv

∂η
× u

)]
dξ dη

− 1

2

∫
Aξ

p
∂x

∂η
·
[(

∂u

∂ξ
× δv

)
+

(
∂δv

∂ξ
× u

)]
dξ dη .

(3.1.8)

Discretization of this equation will also lead to a symmetric component of the tangent matrix.
FEBio currently supports gravity as a body force, f = ρg. Since this force is independent of

the geometry, the contribution to the linearized external work is zero. Another type of body force
implemented in FEBio is the centrifugal force. For a body rotating with a constant angular speed
ω, about an axis passing through the point c and directed along the unit vector n, the body force
is given by f = ρω2r, where r is the vector distance from a point x to the axis of rotation,

r = (I− n⊗ n) · (x− c) . (3.1.9)
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The resulting linearized external work is given by

DδW f
ext (φ, δv) [u] =

∫
v

ρω2δv · (I− n⊗ n) · u dv, (3.1.10)

which produces a symmetric expression that will yield a symmetric matrix.

3.1.2 Discretization

The basis of the finite element method is that the domain of the problem (that is, the volume of
the object under consideration) is divided into smaller subunits, called finite elements. In the case
of isoparametric elements it is further assumed that each element has a local coordinate system,
named the natural coordinates, and the coordinates and shape of the element are discretized
using the same functions. The discretization process is established by interpolating the geometry
in terms of the coordinates Xa of the nodes that define the geometry of a finite element, and the
shape functions:

X =
n∑
a=1

Na (ξ1, ξ2, ξ3) Xa , (3.1.11)

where n is the number of nodes and ξi are the natural coordinates. Similarly, the motion is de-
scribed in terms of the current position xa (t) of the same particles:

x (t) =

n∑
a=1

Naxa (t) . (3.1.12)

Quantities such as displacement, velocity and virtual velocity can be discretized in a similar way.
In deriving the discretized equilibrium equations, the integrations performed over the entire

volume can be written as a sum of integrations constrained to the volume of an element. For this
reason, the discretized equations are defined in terms of integrations over a particular element e.
The discretized equilibrium equations for this particular element per node is given by

δW (e) (φ, Naδv) = δva ·
(
T(e)
a − F(e)

a

)
, (3.1.13)

where
T (e)
a =

∫
v(e)

σ · ∇Na dv ,

F (e)
a =

∫
v(e)

Naf dv +

∫
∂v(e)

Nat da .

(3.1.14)

The linearization of the internal virtual work can be split into a material and an initial stress com-
ponent [25]:

DδW
(e)
int (φ, δv) [u] =

∫
v(e)

δd : C : ε dv +

∫
v(e)

σ :
[
(∇u)T · ∇δv

]
dv

= DδW (e)
c (φ, δv) [u] +DδW (e)

σ (φ, δv) [u] .

(3.1.15)

The constitutive component can be discretized as follows:

DδW (e)
c (φ, δv) [u] = δva ·

∫
v(e)

BT
aDBb dv

ub . (3.1.16)
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The term in parentheses defines the constitutive component of the tangent matrix relating node
ato node bin element e:

K
(e)
c,ab =

∫
v(e)

BT
aDBb dv . (3.1.17)

Here, the linear strain-displacement matrix B relates the displacements to the small-strain tensor
in Voigt Notation:

ε =

n∑
a=1

Baua . (3.1.18)

Or, written out completely,

Ba =



∂Na/∂x 0 0
0 ∂Na/∂y 0
0 0 ∂Na/∂z

∂Na/∂y ∂Na/∂x 0
0 ∂Na/∂z ∂Na/∂y

∂Na/∂z 0 ∂Na/∂z

 . (3.1.19)

The spatial constitutive matrix D is constructed from the components of the fourth-order tensor C
using the following table; DIJ = Cijklwhere

I/J i/k j/l
1 1 1
2 2 2
3 3 3
4 1 2
5 2 3
6 1 3

The initial stress component can be written as follows:

DδW (e)
σ (φ, Naδv) [Nbub] =

∫
v(e)

(∇Na · σ · ∇Nb) I dv. (3.1.20)

For the pressure component of the external virtual work, we find

DδW (e)
p (φ, Naδva) [Nbub] = δva ·K(e)

p,ab · ub , (3.1.21)

where,
K

(e)
p,ab = Ek(e)

p,ab,

k
(e)
p,ab =

1

2

∫
Aξ

p
∂x

∂ξ

(
∂Na

∂η
Nb −

∂Nb

∂η
Na

)
dξ dη

+
1

2

∫
Aξ

p
∂x

∂η

(
∂Na

∂ξ
Nb −

∂Nb

∂ξ
Na

)
dξ dη .

(3.1.22)
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3.2 Weak formulation for biphasic materials

A weak form of the statement conservation of linear momemtum for the quasi-static case is ob-
tained by using Eqs.(2.5.2) and (2.5.4):

δW =

∫
b
[δvs · (divσ + ρb) + δp div (vs + w)] dv = 0 , (3.2.1)

where b is the domain of interest defined on the solid matrix, δvs is a virtual velocity of the solid
and δp is a virtual pressure of the fluid [82]. dv is an elemental volume of b. Using the divergence
theorem, this expression may be rearranged as

δW =

∫
∂b
δvs · t da+

∫
∂b
δpwn da+

∫
b
δvs · ρb dv

−
∫
b
σ : grad δvs dv −

∫
b
(w · grad δp− δp div vs) dv

, (3.2.2)

where δds =
(
grad δvs + gradT δvs

)
/2 is the virtual rate of deformation tensor, t = σ · n is the

total traction on the surface ∂b, and wn = w ·n is the component of the fluid flux normal to ∂b, with
n representing the unit outward normal to ∂b. da represents an elemental area of ∂b. In this type
of problem, essential boundary conditions are prescribed for u and p, and natural boundary con-
ditions are prescribed for t and wn. In the expression of Eq.(3.2.2), δW (χs, p, δvs, δp) represents
the virtual work.

3.2.1 Linearization

Since the system of equations in Eq.(3.2.2) is highly nonlinear, its solution requires an iterative
scheme such as Newton’s method. This requires the linearization of δW at some trial solution
(χsk, pk), along an increment ∆u in χs and an increment ∆p in p,

δW +DδW [∆u] +DδW [∆p] = 0, (3.2.3)

where Df [∆q] represents the directional derivative of f along ∆q. For convenience, the virtual
work may be separated into its internal and external parts,

δW = δWext − δWint, (3.2.4)

where

δWint =

∫
b
σ : δds dv +

∫
b

(
w · grad δp− δp J̇

J

)
dv, (3.2.5)

where we have substituted div vs = J̇/J , and

δWext =

∫
∂b
δvs · t da+

∫
∂b
δpwn da+

∫
b
δvs · ρb dv . (3.2.6)

The evaluation of the directional derivatives can be performed following a standard approach [25].
In particular, a backward difference scheme is used to evaluate J̇ ≈

(
J − J−∆t

)
/∆t, where J−∆t
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is the value of J at the previous time step. For the internal part of the virtual work, the directional
derivative along ∆u yields

DδWint [∆u] =

∫
b
δds : C : ∆ε dv +

∫
b
σ :
(
gradT ∆u · grad δvs

)
dv

−
∫
b

δp

∆t
div ∆u dv

−
∫
b
grad δp · (K : ∆ε) · (grad p− ρwTbw) dv

+

∫
b
grad δp · k · ρwT

(
gradT ∆u · bw + grad bw ·∆u

)
dv ,

(3.2.7)

where C is the fourth-order spatial elasticity tensor for the mixture and ∆ε =
(
grad ∆u + gradT ∆u

)
/2.

Based on the relation of Eq.(2.5.3), the spatial elasticity tensor may also be expanded as

C = Ce + p (−I⊗ I + 2I⊗ I) , (3.2.8)

where Ce is the spatial elasticity tensor for the solid matrix [31]. It is related to the material elasticity
tensor Ce via

Ce = J−1 (F⊗F) : Ce :
(
FT ⊗FT

)
, (3.2.9)

where F is the deformation gradient of the solid matrix, Ce = ∂Se/∂E where E is the Lagrangian
strain tensor and Se is the second Piola-Kirchhoff stress tensor, related to the Cauchy stress tensor
via σe = J−1F · Se · FT .

Similarly, K is a fourth-order tensor that represents the spatial measure of the rate of change
of permeability with strain. It is related to its material frame equivalent K via

K = J−1 (F⊗F) : K :
(
FT ⊗FT

)
, (3.2.10)

where K = ∂K/∂E and K is the permeability tensor in the material frame, such that k = J−1F ·K ·
FT . Since K and E are symmetric tensors, it follows that K and K exhibit two minor symmetries
(e.g., Kjikl = Kijkl and Kijlk = Kijkl). However, unlike the elasticity tensor, it is not necessary that
these tensors exhibit major symmetry (e.g., Kklij 6= Kijkl in general).

The directional derivative of δWint along ∆p is given by

DδWint [∆p] = −
∫
b
grad δp · k · grad ∆p dv −

∫
b
∆p div δvs dv . (3.2.11)

Note that letting p = 0 and δp = 0 in the above equations recovers the virtual work relations
for nonlinear elasticity of compressible solids. The resulting simplified equation emerging from
Eq.(3.2.7) is symmetric to interchanges of ∆u and δvs, producing a symmetric stiffness matrix in
the finite element formulation [25]. However, the general relations of Eqs.(3.2.7) and (3.2.11) do
not exhibit symmetry to interchanges of (∆u,∆p) and (δvs, δp), implying that the finite element
stiffness matrix for a solid-fluid mixture is not symmetric under general conditions.

The directional derivatives of the external virtual work δWext depend on the type of boundary
conditions being considered. For a prescribed total normal traction tn, where t = tnn,

δW t
ext =

∫
∂b
δvs · tnn da, (3.2.12)
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and

DδW t
ext [∆u] =

∫
∂b
δvs · tn

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
da

|g1 × g2|
,

DδW t
ext [∆p] = 0,

(3.2.13)

where

gα =
∂x

∂ηα
, α = 1, 2 (3.2.14)

are covariant basis (tangent) vectors on ∂b, such that

n =
g1 × g2

|g1 × g2|
. (3.2.15)

For a prescribed normal effective traction ten, where t = (−p+ ten) n and p is not prescribed, then

δW e
ext =

∫
∂b
δvs · (−p+ ten) n da , (3.2.16)

and

DδW e
ext [∆u] =

∫
∂b
δvs · (−p+ ten)

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
da

|g1 × g2|
,

DδW e
ext [∆p] = −

∫
∂b
δvs ·∆pn da .

(3.2.17)

For a prescribed normal fluid flux wn = w · n,

δWw
ext =

∫
∂b
δpwn da , (3.2.18)

and

DδWw
ext [∆u] =

∫
∂b
δpwn n ·

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
da

|g1 × g2|
,

DδWw
ext [∆p] = 0 .

(3.2.19)

Finally, for a prescribed external body force, recognizing that ρb = ρsbs+ρwbw and assuming that
the body forces bs and bw do not depend on p,

D
(
δW b

ext

)
[∆u] =

∫
b
δvs · [(ρsgradbs + ρwgradbw) ·∆u + (div ∆u) ρwTbw] dv ,

D
(
δW b

ext

)
[∆p] = 0 .

(3.2.20)

3.2.2 Discretization

Let

δvs =
m∑
a=1

Naδva , δp =
m∑
a=1

Naδpa ,

∆u =

m∑
b=1

Nb∆ub , ∆p =

m∑
b=1

Nb∆pb ,

(3.2.21)
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where Na represents the interpolation functions over an element, δva, δpa,∆ub and ∆pb respec-
tively represent nodal values of δvs, δp, ∆u and ∆p, and m is the number of nodes in an element.
Then the discretized form of δWint in Eq.(3.2.5) may be written as

δWint =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

[
δva δpa

]
·
[

rua
rpa

]
, (3.2.22)

where ne is the number of elements in b, n(e)

int is the number of integration points in the e−th
element, Wk is the quadrature weight associated with the k−th integration point, and Jη is the
Jacobian of the transformation from the spatial frame to the parametric space of the element. In
the above expression,

rua = σ · ∇Na , rpa = w · ∇Na −Nadivvs , (3.2.23)

and it is understood that Jη, rua and rpa are evaluated at the parametric coordinates of the k−th
integration point.

Similarly, the discretized form of DδWint in Eqs.(3.2.7) and (3.2.11) may be written as

−DδWint =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

[
δva δpa

]
·
m∑
b=1

[
Kuu
ab kupab

kpuab kppab

]
·
[

∆ub
∆pb

]
, (3.2.24)

where
Kuu
ab = ∇Na · C · ∇Nb + (∇Na · σ · ∇Nb) I

−Na [Nb (ρs∇bs + ρw∇bw) + ρwTbw ⊗∇Nb] ,

kupab = −Nb∇Na ,

kpuab = − (∇Na ·K · ∇Nb) · (∇p− ρwTbw)− 1

∆t
Na · ∇Nb

+ ρwT
(
bw ⊗∇Nb +Nb∇Tbw

)
· k · ∇Na ,

kppab = −∇Na · k · ∇Nb,

(3.2.25)

and ∆t is a discrete increment in time. In a numerical implementation, it has been found that
evaluating div vs from J̇/J , where J = det F, yields more accurate solutions than evaluating it
from the trace of grad vs [13].

For the various types of contributions to the external virtual work, a similar discretization pro-
duces

δWext =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

[
δva δpa

]
·
[

rua
rpa

]
, (3.2.26)

and

−DδWext =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

[
δva δpa

]
·
m∑
b=1

[
Kuu
ab kupab

kpuab kppab

]
·
[

∆ub
∆pb

]
, (3.2.27)

where
Jη = |g1 × g2| . (3.2.28)
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In this case, m represents the number of nodes on an element face. For a prescribed normal
traction tn as given in (3.2.12)-(3.2.13),

rua = tnNan , rua = 0 ,

Kuu
ab = tnNa

1

Jη
A
{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
, kupab = 0 ,

kpuab = 0 , kppab = 0 ,

(3.2.29)

where A {v} = −E ·v is the skew-symmetric tensor whose dual vector is v and E is the third-order
permutation pseudo-tensor. For a prescribed traction ten as given in (3.2.16)-(3.2.17),

rua = (−p+ ten)Nan , rua = 0 ,

Kuu
ab = (−p+ ten)Na

1

Jη
A
{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
, kupab = 0 ,

kpuab = 0 , kppab = 0 .

(3.2.30)

For a prescribed normal fluid flux wn as given in (3.2.18)-(3.2.19),

rua = 0 , rua = wnNa ,

Kuu
ab = 0 , kupab = 0 ,

kpuab = wnNa
1

Jη
n×

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
, kppab = 0 .

(3.2.31)

3.3 Weak Formulation for Biphasic-Solute Materials

The virtual work integral for this problem is given by

δW =

∫
b
δv · divσ dv +

∫
b
δp̃ div (vs + w) dv

+

∫
b
δc̃

[
∂ (ϕwκ̃c̃)

∂t
+ div (j + φwκ̃c̃vs)

]
dv ,

(3.3.1)

where δv is the virtual velocity of the solid, δp̃ is the virtual effective fluid pressure, and δc̃ is the
virtual molar energy of the solute. b represents the mixture domain in the spatial frame and dv is
an elemental mixture volume in b. In the last integral of δW , note that

∂ (ϕwκ̃c̃)

∂t
+ div (ϕwκ̃c̃vs) =

1

J

Ds

Dt
(Jϕwκ̃c̃) , (3.3.2)

where Dsf/Dt ≡ ∂f/∂t + vs · grad f is the material time derivative of a scalar function f in the
spatial frame, following the solid. Similarly, note that div vs = J−1 (DsJ/Dt). Using the divergence
theorem, the virtual work integral may be separated into internal and external contributions, δW =
δWext − δWint, where

δWint =

∫
b
σ : δds dv +

∫
b

(
w · grad δp̃− δp̃

J

DsJ

Dt

)
dv

+

∫
b

[
j · grad δc̃− δc̃

J

Ds

Dt
(Jϕwκ̃c̃)

]
dv ,

δWext =

∫
∂b

(δv · t + δp̃ wn + δc̃ jn) da ,

(3.3.3)
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with δWext being evaluated on the domain’s boundary surface ∂b. In the first expression δds =(
grad δv + gradT δv

)
/2 represents the virtual solid rate of deformation.

To solve this nonlinear system using an iterative Newton scheme, the virtual work must be
linearized at trial solutions, along increments in u, p̃ and c̃,

δW +DδW [∆u] +DδW [∆p̃] +DδW [∆c̃] ≈ 0 , (3.3.4)

where, for any function f (q), Df [∆q] represents the directional derivative of f along ∆q [25].
To operate the directional derivative on the integrand of δWint, it is first necessary to convert the
integrals from the spatial to the material domain [25]:

δWint =

∫
B

S : δĖ dV +

∫
B

(
W · grad δp̃− δp̃∂J

∂t

)
dV +

∫
B

[
J · grad δc̃− δc̃ ∂

∂t
(Jϕwκ̃c̃)

]
dV ,

(3.3.5)
where B represents the mixture domain in the material frame, dV is an elemental mixture volume
in B, and

S = J F−1 · σ · F−T ,
δĖ = FT · δds · F ,
W = J F−1 ·w ,

J = J F−1 · j .

(3.3.6)

The second Piola-Kirchhoff stress tensor S, and material flux vectors W and J, are respectively
related to σ, w and j by the Piola transformations for tensors and vectors [25, 57]. Substituting
(3.3.6) into (2.6.13) produces

W = −K̃ ·
(

grad p̃+Rθ
κ̃

d0
J−1C ·D · grad c̃

)
,

J = κ̃D ·
(
−ϕw grad c̃+

c̃

d0
J−1C ·W

)
,

(3.3.7)

where K̃ and D are the material representations of the permeability and diffusivity tensors, related
to k̃ and d via the Piola transformation,

K̃ = J F−1 · k̃ · F−T ,
D = J F−1 · d · F−T .

(3.3.8)

The linearization of δWint is rather involved and a summary of the resulting lengthy expressions is
provided below. In consideration of the dearth of experimental data relating κ̃ and Φ to the com-
plete state of solid matrix strain (such as C), this implementation assumes that the dependence
of these functions on the strain is restricted to a dependence on the volume ratio J = (det C)1/2.
Furthermore, it is assumed that the free solution diffusivity d0 is independent of the strain.

The linearization of δWext is described in Section 3.3.2. Following the linearization procedure,
the resulting expressions may be discretized by nodally interpolating u, p̃ and c̃ over finite ele-
ments, producing a set of equations in matrix form, as described in Section 3.3.2.

The formulation presented in this study is implemented in FEBio by introducing an additional
module dedicated to solute transport in deformable porous media. Classes are implemented to
describe material functions for σe, k, d (and d0), κ̃ and Φ, which allow the formulation of any de-
sired constitutive relation for these functions of C and c̃, along with corresponding derivatives of
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these functions with respect to C and c̃. The implementation accepts essential boundary condi-
tions on u, p̃ and c̃, or natural boundary conditions on t, wn and jn; initial conditions may also be
specified for p̃ and c̃. Analysis results for pressure and concentration may be displayed either as p̃
and c̃, or as p and c by inverting the relations of (2.6.11).

3.3.1 Linearization of Internal Virtual Work

The virtual work integral δWint in (3.3.5) may be linearized term by term along increments in ∆u,
∆p̃ and ∆c̃ using the general form

D

(∫
B
F dV

)
[∆q] =

∫
B
DF [∆q] dV =

∫
b
f dv . (3.3.9)

For notational simplicity, the integral sign is omitted and the linearization of each term is presented
in the form DF [∆q] dV = f dv.

3.3.1.1 Linearization along ∆u

The linearization of the first term in δWint along ∆u yields(
S : δĖ

)
[∆u] dV =

[
δds : C : ∆ε+ σ :

(
gradT ∆u · grad δv

)]
dv , (3.3.10)

where C is the spatial elasticity tensor of the mixture,

C = Ce − (p̃+RθΦκ̃c̃) (I⊗ I− 2I⊗ I)−Rθc̃ J ∂ (Φκ̃)

∂J
I⊗ I , (3.3.11)

and Ce is the spatial elasticity tensor of the solid matrix,

Ce = J−1 (F⊗F) : 2
∂Se

∂C
:
(
FT ⊗FT

)
. (3.3.12)

The linearization of the second term is

D (W ·Grad δp̃) [∆u] dV = grad δp̃ ·w′u dv , (3.3.13)

where

w′u ≡ J−1F ·DW [∆u] = −
(
K̃ : ∆ε

)
·
(

grad p̃+Rθ
κ̃

d0
d · grad c̃

)
− Rθ

d0
k̃ ·

(
J2∂

(
J−1κ̃

)
∂J

(div ∆u) I + 2κ̃∆ε

)
· d · grad c̃− κ̃Rθ

d0
k̃ · (D : ∆ε) · grad c̃ ,

(3.3.14)

with

K̃ = J−1 (F⊗F) : 2
∂K̃

∂C
:
(
FT ⊗FT

)
,

D = J−1 (F⊗F) : 2
∂D

∂C
:
(
FT ⊗FT

)
,

(3.3.15)

representing the spatial tangents, with respect to the strain, of the effective permeability and so-
lute diffusivity, respectively. These fourth-order tensors exhibit minor symmetries but not major
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symmetry, as described recently [9]. Since K̃ is given by substituting (2.6.13)3 into (3.3.8)1, the
evaluation of K̃ is rather involved and it can be shown that

K̃ = 2
(
k̃⊗ I− 2k̃⊗ I

)
−
(
k̃⊗ k̃

)
: G , (3.3.16)

where
G = 2

(
k−1 ⊗ I− 2k−1⊗ I

)
−
(
k−1⊗k−1

)
: K

+
Rθc̃

d0
J
∂

∂J

(
κ̃

ϕw

)(
I− d

d0

)
⊗ I

+
Rθc̃

d0

κ̃

ϕw

(
I⊗ I− 2I⊗ I− 1

d0
D
) (3.3.17)

and
K = J−1 (F⊗F) : 2

∂K

∂C
:
(
FT ⊗FT

)
. (3.3.18)

The next term in δWint linearizes to

−D
(
δp̃
∂J

∂t

)
[∆u] dV = −δp̃ 1

∆t
div ∆u dv , (3.3.19)

where we used a backward difference scheme to approximate the time derivative,

∂J

∂t
≈ 1

∆t

(
J − J−∆t

)
, (3.3.20)

and ∆t represents the time increment relative to the previous time point. The next term is given by

D (J ·Grad δc̃) [∆u] dV = grad δc̃ · j′u dv, (3.3.21)

where

j′u ≡ J−1F ·DJ [∆u] =

(
J
∂κ̃

∂J
(div ∆u) d + κ̃D : ∆ε

)
·
(
−ϕw grad c̃+

c̃

d0
w

)
+ κ̃d ·

(
−ϕs (div ∆u) grad c̃+

c̃

d0
(2∆ε− (div ∆u) I) ·w

)
+ κ̃

c̃

d0
d ·w′u

. (3.3.22)

Using a backward difference scheme for the time derivative, the last term is

D

(
δc̃
∂ (Jϕwκ̃c̃)

∂t

)
[∆u] dV =

δc̃

∆t

∂ (Jϕwκ̃)

∂J
c̃div ∆u dv . (3.3.23)

3.3.1.2 Linearization along ∆p̃

The linearization of the various terms in δWint along ∆p̃ yields

D
(
S : δĖ

)
[∆p̃] dV = −∆p̃ div δv dv , (3.3.24)

D

(
W ·Grad δp̃− δp̃∂J

∂t

)
[∆p̃] dV = − grad δp̃ · k̃ · grad ∆p̃ dv , (3.3.25)

D

(
J ·Grad δc̃− δc̃∂ (Jϕwκ̃c̃)

∂t

)
[∆p̃] dV = − κ̃c̃

d0
grad δc̃ · d · k̃ · grad ∆p̃ dv . (3.3.26)
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3.3.1.3 Linearization along ∆c̃

The linearization of the first term in δWint along ∆c̃ yields

D
(
S : δĖ

)
[∆c̃] dV = ∆c̃

(
σ′c : δd−Rθ∂ (Φκ̃c̃)

∂c̃
div δv

)
dv , (3.3.27)

where

σ′c = J−1F · ∂Se

∂c̃
· FT (3.3.28)

represents the spatial tangent of the stress with respect to the effective concentration. The next
term is

D (W ·Grad δp̃) [∆c̃] dV = grad δp̃ ·w′c dv , (3.3.29)

where

w′c ≡ J−1F ·DW [∆c̃] = −∆c̃ k̃′c ·
(

grad p̃+Rθ
κ̃

d0
d · grad c̃

)
−Rθk̃ ·

[
∆c̃

(
∂

∂c̃

(
κ̃

d0

)
d +

κ̃

d0
d′c

)
· grad c̃+

κ̃

d0
d · grad ∆c̃

]
,

(3.3.30)

and

k̃′c = J−1F · ∂K̃

∂c̃
· FT (3.3.31)

is the spatial tangent of the effective hydraulic permeability with respect to the effective concentra-
tion.

The next term reduces to

−D
(
δp̃
∂J

∂t

)
[∆c̃] dV = 0 . (3.3.32)

The following term is
D (J ·Grad δc̃) [∆c̃] dV = grad δc̃ · j′c dv , (3.3.33)

where
j′c ≡ J−1F ·DJ [∆c̃]

= ∆c̃

(
∂κ̃

∂c̃
d + κ̃d′c

)
·
(
−ϕw grad c̃+

c̃

d0
w

)
− ϕwκ̃d · grad ∆c̃+ κ̃

c̃

d0
d ·w′c ,

(3.3.34)

and

d′c = J−1F · ∂D

∂c̃
· FT (3.3.35)

is the spatial tangent of the diffusivity with respect to the effective concentration.
The last term is

D

(
∂ (Jϕwκ̃c̃)

∂t
δc̃

)
[∆c̃] dV = δc̃

ϕw

∆t

∂ (κ̃c̃)

∂c̃
∆c̃ dv , (3.3.36)

where we similarly used a backward difference scheme to discretize the time derivative.
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3.3.2 Linearization of External Virtual Work

The linearization of δWext in (3.3.3) depends on whether natural boundary conditions are pre-
scribed as area densities or total net values over an area. Thus, in the case when t da (net force),
wnda (net volumetric flow rate), or jnda (net molar flow rate) are prescribed over the elemental area
da, there is no variation in δWext and it follows that DδWext = 0. Alternatively, in the case when
t, wn or jn are prescribed, the linearization may be performed by evaluating the integral in the
parametric space of the boundary surface ∂b, with parametric coordinates

(
η1, η2

)
. Accordingly,

for a point x
(
η1, η2

)
on ∂b, surface tangents (covariant basis vectors) are given by

gα =
∂x

∂ηα
, (α = 1, 2) (3.3.37)

and the outward unit normal is
n =

g1 × g2

|g1 × g2|
. (3.3.38)

The elemental area on ∂b is da = |g1 × g2| dη1dη2. Consequently, the external virtual work integral
may be rewritten as

δWext =

∫
∂b

(δv · t + δp̃ wn + δc̃ jn) |g1 × g2| dη1dη2 . (3.3.39)

The directional derivative of δWext may then be applied directly to its integrand, since the paramet-
ric space is invariant [25].

If we restrict traction boundary conditions to the special case of normal tractions, then t = tnn
where tn is the prescribed normal traction component. Then it can be shown that the linearization
of δWext along ∆u produces

D (δWext) [∆u] =

∫
∂b

(tnδv + wnδp̃n + jnδc̃n) ·
(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 . (3.3.40)

The linearizations along ∆p̃ and ∆c̃ reduce to zero, D (δWext) [∆p̃] = 0 and D (δWext) [∆c̃] = 0.

3.3.3 Discretization

To discretize the virtual work relations, let

δv =

m∑
a=1

Naδva , ∆u =

m∑
b=1

Nb∆ub ,

δp̃ =

m∑
a=1

Naδp̃a , ∆p̃ =

m∑
b=1

Nb∆p̃b ,

δc̃ =

m∑
a=1

Naδc̃a , ∆c̃ =

m∑
b=1

Nb∆c̃b ,

(3.3.41)

where Na represents the interpolation functions over an element, δva, δp̃a, δc̃a, ∆ua, ∆p̃a and ∆c̃a
respectively represent the nodal values of δv, δp̃, δc̃, ∆u, ∆p̃ and ∆c̃; m is the number of nodes in
an element.
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The discretized form of δWint in (3.3.3) may be written as

δWint =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃a

]
·

 rua
rpa
rca

 , (3.3.42)

where ne is the number of elements in b, n(e)
int is the number of integration points in the e−th

element, Wk is the quadrature weight associated with the k−th integration point, and Jη is the
Jacobian of the transformation from the current spatial configuration to the parametric space of
the element. In the above expression,

rua = σ · gradNa ,

rpa = w · gradNa −Na
1

J

∂J

∂t
,

rca = j · gradNa −Na
1

J

∂

∂t
(Jϕwκ̃c̃) ,

(3.3.43)

and it is understood that Jη, rua, rpa and rca are evaluated at the parametric coordinates of the
k−th integration point. Since the parametric space is invariant, time derivatives are evaluated
in a material frame. For example, the time derivative DsJ (x, t) /Dt appearing in (3.3.3) becomes
∂J (ηk, t) /∂t when evaluated at the parametric coordinates ηk =

(
η1
k, η

2
k, η

3
k

)
of the k−th integration

point.
Similarly, the discretized form of DδWint = DδWint [∆u] + DδWint [∆p̃] + DδWint [∆c̃] may be

written as

DδWint =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃a

]
·

 Kuu
ab kupab kucab

kpuab kppab kpcab
kcuab kcpab kccab

 ·
 ∆ub

∆p̃b
∆c̃b

 , (3.3.44)

where the terms in the first column are the discretized form of the linearization along ∆u:

Kuu
ab = gradNa · C · gradNb + (gradNa · σ · gradNb) I , (3.3.45)

kpuab = (wu
b )T · gradNa +Naq

pu
b , (3.3.46)

kcuab = (jub )T · gradNa +Naq
cu
b , (3.3.47)

where

jub = J
∂κ̃

∂J

[
d ·
(
−ϕw grad c̃+

c̃

d0
w

)]
⊗ gradNb + κ̃

(
−ϕw grad c̃+

c̃

d0
w

)
· d · gradNb

+ κ̃

(
−ϕs (d · grad c̃)⊗ gradNb +

c̃

d0
[2 (gradNb ·w) d− (d ·w)⊗ gradNb]

)
+ κ̃

c̃

d0
d ·wu

b ,

(3.3.48)

qpub = − 1

∆t
gradNb, (3.3.49)

qcub = c̃
∂ (Jφwκ̃)

∂J
qpub . (3.3.50)

The terms in the second column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆p̃:

kupab = −Nb gradNa, (3.3.51)
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kppab = − gradNa · k̃ · gradNb, (3.3.52)

kcpab = − κ̃c̃
d0

gradNa · d · k̃ · gradNb. (3.3.53)

The terms in the third column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆c̃:

kucab = Nb

(
σ′c · gradNa −Rθ

∂ (Φκ̃c̃)

∂c̃
gradNa

)
, (3.3.54)

kpcab = gradNa ·wc
b , (3.3.55)

kccab = gradNa · jcb +Naq
c
b , (3.3.56)

where

wc
b = −Nbk̃

′
c ·
(

grad p̃+Rθ
κ̃

d0
d · grad c̃

)
−Rθk̃ ·

[
Nb

(
∂

∂c̃

(
κ̃

d0

)
d +

κ̃

d0
d′c

)
· grad c̃+

κ̃

d0
d · gradNb

]
,

(3.3.57)

jcb = Nb

(
∂κ̃

∂c̃
d + κ̃d′c

)
·
(
−ϕw grad c̃+

c̃

d0
w

)
+ κ̃d ·

(
−ϕw gradNb +

c̃

d0
wc
b

)
, (3.3.58)

qcb = −Nb
φw

∆t

∂ (κ̃c̃)

∂c̃
. (3.3.59)

The discretization of δWext in (3.3.3) has the form

δWext =

ne∑
e=1

n
(e)

int∑
k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃a

]
·

 Natnn
Nawn
Najn

 , (3.3.60)

where Jη = |g1 × g2|. The summation is performed over all surface elements on which these
boundary conditions are prescribed. The discretization of −DδWext has the form

−DδWext =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃a

]
·

 Kuu
ab 0 0

kpuab 0 0
kcuab 0 0

 ·
 ∆ub

∆p̃b
∆c̃b

 , (3.3.61)

where

Kuu
ab = tnNaA

{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
,

kpuab = −wnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n ,

kcuab = −jnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n .

(3.3.62)

In this expression, A {v} is the antisymmetric tensor whose dual vector is v (such that A {v} ·q =
v × q for any vector q).
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3.4 Weak Formulation for Multiphasic Materials

The virtual work integral for a mixture of intrinsically incompressible constituents combines the
balance of momentum for the mixture, the balance of mass for the mixture, and the balance of
mass for each of the solutes. In addition, for charged mixtures, the condition of (2.7.8) may be
enforced as a penalty constraint on each solute mass balance equation:

δW =

∫
b
δv · divσ dv

+

∫
b
δp̃div (vs + w) dv

+
∑
α 6=s,w

∫
b
δc̃α

 1

Js
Ds

Dt
(Jsϕwκ̃αc̃α) + divjα +

∑
β 6=s,w

zβdivjβ

 dv ,
(3.4.1)

where δv is the virtual velocity of the solid, δp̃ is the virtual effective fluid pressure, and δc̃α is the
virtual molar energy of solute α. Here, b represents the mixture domain in the spatial frame and dv
is an elemental volume in b. Applying the divergence theorem, δW may be split into internal and
external contributions to the virtual work, δW = δWext − δWint, where

δWint =

∫
b
σ : δD dv +

∫
b

(
w · gradδp̃− δp̃

Js
DsJs

Dt

)
dv

+
∑
α 6=s,w

∫
b

[
jα · gradδc̃α − δc̃α

Js
Ds

Dt
(Jsϕwκ̃αc̃α)

]
dv

+
∑
α 6=s,w

∫
b
gradδc̃α ·

∑
β 6=s,w

zβjβ dv ,

(3.4.2)

and

δWext =

∫
∂b

δv · t + δp̃ wn +
∑
α 6=s,w

δc̃α

jαn +
∑
β 6=s,w

zβjβn

 da . (3.4.3)

In these expressions, δD =
(

gradδv + gradT δv
)
/2, ∂b is the boundary of b, and da is an ele-

mental area on ∂b. In this finite element formulation, u, p̃ and c̃α are used as nodal variables, and
essential boundary conditions may be prescribed on these variables. Natural boundary conditions
are prescribed to the mixture traction, t = σ · n, normal fluid flux, wn = w · n, and normal solute
flux, jαn = jα · n, where n is the outward unit normal to ∂b. To solve the system δW = 0 for
nodal values of u, p̃ and c̃α, it is necessary to linearize these equations, as shown for example in
Sections 3.3.1-3.3.2 for biphasic-solute materials. If the mixture is charged, it is also necessary to
solve for the electric potential ψ by solving the algebraic relation of the electroneutrality condition
in (2.7.4), which may be rewritten as

cF +
∑
β 6=s,w

zβκ̃β c̃β = 0 . (3.4.4)

In the special case of a triphasic mixture, where solutes consist of two counter-ions (α = +,−),
this equation may be solved in closed form to produce

ψ =
1

zα
Rθ

Fc
ln

 2zακ̂αc̃α

−cF ±
√

(cF )2 + 4 (zα)2 (κ̂+c̃+) (κ̂−c̃−)

 , α = +,−, (3.4.5)
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Only the positive root is valid in the argument of the logarithm function.

3.4.1 Linearization along ∆u

The linearization of the first term in δWint along ∆u yields(
S : δĖ

)
[∆u] dV =

[
δds : C : ∆ε+ σ :

(
gradT ∆u · grad δv

)]
dv , (3.4.6)

where C is the spatial elasticity tensor of the mixture,

C = Ce −

p̃+RθΦ
∑
β

κ̃β c̃β

 (I⊗ I− 2I⊗ I)−Rθ
∑
β

c̃β J
∂
(
Φκ̃β

)
∂J

I⊗ I , (3.4.7)

and Ce is the spatial elasticity tensor of the solid matrix,

Ce = J−1 (F⊗F) : 2
∂Se

∂C
:
(
FT ⊗FT

)
. (3.4.8)

The linearization of the second term is

D (W ·Grad δp̃) [∆u] dV = grad δp̃ ·w′u dv , (3.4.9)

where

w′u ≡ J −
(
K̃ : ∆ε

)
·

grad p̃+Rθ
∑
β

κ̃β

dβ0
dβ · grad c̃β


− k̃ ·Rθ

∑
β

([
J
∂

∂J

(
κ̃β

dβ0

)
− κ̃β

dβ0

]
(div ∆u) dβ +

κ̃β

dβ0

(
2∆ε · dβ + Dβ : ∆ε

))
· grad c̃β

(3.4.10)
with

K̃ = J−1 (F⊗F) : 2
∂K̃

∂C
:
(
FT ⊗FT

)
,

Dα = J−1 (F⊗F) : 2
∂Dα

∂C
:
(
FT ⊗FT

)
,

(3.4.11)

representing the spatial tangents, with respect to the strain, of the effective permeability and so-
lute diffusivity, respectively. These fourth-order tensors exhibit minor symmetries but not major
symmetry, as described recently [9]. Since K̃ is given by substituting (2.6.13)3 into (3.3.8)1, the
evaluation of K̃ is rather involved and it can be shown that

K̃ = 2
(
k̃⊗ I− 2k̃⊗ I

)
−
(
k̃⊗ k̃

)
: G , (3.4.12)

where
G = 2

(
k−1 ⊗ I− 2k−1⊗ I

)
−
(
k−1⊗k−1

)
: K

+Rθ
∑
β

c̃β

dβ0
J
∂

∂J

(
κ̃β

ϕw

)(
I− dβ

dβ0

)
⊗ I

+Rθ
∑
β

c̃β

d0

κ̃β

ϕw

(
I⊗ I− 2I⊗ I− 1

dβ0
Dβ

) (3.4.13)
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and
K = J−1 (F⊗F) : 2

∂K

∂C
:
(
FT ⊗FT

)
. (3.4.14)

The next term in δWint linearizes to

−D
(
δp̃
∂J

∂t

)
[∆u] dV = −δp̃ 1

∆t
div ∆u dv , (3.4.15)

where we used a backward difference scheme to approximate the time derivative,

∂J

∂t
≈ 1

∆t

(
J − J−∆t

)
, (3.4.16)

and ∆t represents the time increment relative to the previous time point. The next term is given by

D (Jα ·Grad δc̃α) [∆u] dV = grad δc̃α · jα′u dv , (3.4.17)

where

jα′u ≡ J−1F ·DJ [∆u] =

(
J
∂κ̃α

∂J
(div ∆u) dα + κ̃αDα : ∆ε

)
· gα

+ κ̃αdα ·
(
−ϕs (div ∆u) grad c̃α + (2∆ε− (div ∆u) I) · c̃

α

dα0
w +

c̃α

dα0
w′u

) . (3.4.18)

where
gα = −ϕw grad c̃α +

c̃α

dα0
w . (3.4.19)

Using a backward difference scheme for the time derivative, the last term is

D

(
δc̃α

∂ (Jϕwκ̃αc̃α)

∂t

)
[∆u] dV =

δc̃α

∆t

∂ (Jϕwκ̃α)

∂J
c̃α div ∆u dv . (3.4.20)

3.4.2 Linearization along ∆p̃

The linearization of the various terms in δWint along ∆p̃ yields

D
(
S : δĖ

)
[∆p̃] dV = −∆p̃ div δv dv , (3.4.21)

D

(
W ·Grad δp̃− δp̃∂J

∂t

)
[∆p̃] dV = − grad δp̃ · k̃ · grad ∆p̃ dv , (3.4.22)

D

(
Jα ·Grad δc̃α − δc̃α∂ (Jϕwκ̃αc̃α)

∂t

)
[∆p̃] dV = − κ̃

αc̃α

dα0
grad δc̃α · dα · k̃ · grad ∆p̃ dv . (3.4.23)

3.4.3 Linearization along ∆c̃γ

The linearization of the first term in δWint along ∆c̃γ yields

D
(
S : δĖ

)
[∆c̃γ ] dV = ∆c̃γ

(
σ′γ : δd−Rθ∂ (Φκ̃αc̃α)

∂c̃γ
div δv

)
dv , (3.4.24)

where
σ′γ = J−1F · ∂Se

∂c̃γ
· FT (3.4.25)
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represents the spatial tangent of the stress with respect to the effective concentration. The next
term is

D (W ·Grad δp̃) [∆c̃γ ] dV = grad δp̃ ·w′γ dv , (3.4.26)

where

w′γ ≡ J−1F ·DW [∆c̃γ ] = −k̃′γ ·

grad p̃+Rθ
∑
β

κ̃β

dβ0
dβ · grad c̃β

∆c̃γ

−Rθk̃ · κ̃
γ

dγ0
dγ · grad ∆c̃γ −∆c̃γRθk̃ ·

∑
β

(
∂

∂c̃γ

(
κ̃β

dβ0

)
dβ +

κ̃β

dβ0
dβ′γ

)
· grad c̃β

(3.4.27)

and

k̃′γ = J−1F · ∂K̃

∂c̃γ
· FT , dβ′γ = J−1F · ∂dβ

∂c̃γ
· FT (3.4.28)

are the spatial tangents of the effective hydraulic permeability and solute diffusivity with respect to
the effective concentration.

The next term reduces to

−D
(
δp̃
∂J

∂t

)
[∆c̃γ ] dV = 0 . (3.4.29)

The following term is
D (Jα ·Grad δc̃α) [∆c̃γ ] dV = grad δc̃α · jα′γ dv , (3.4.30)

where

jα′γ ≡ J−1F ·DJα [∆c̃γ ] = ∆c̃γ
(
∂κ̃α

∂c̃γ
dα + κ̃αdα′γ

)
· gα

+ κ̃αdα ·
(
−ϕwδαγ grad ∆c̃γ +

∆c̃γ

dα0

(
δαγ −

c̃α

dα0

∂dα0
∂c̃γ

)
w +

c̃α

dα0
w′γ

)
.

(3.4.31)

The last term is

D

(
∂ (Jϕwκ̃αc̃α)

∂t
δc̃α
)

[∆c̃γ ] dV = δc̃α
ϕw

∆t

∂ (κ̃αc̃α)

∂c̃γ
∆c̃γ dv , (3.4.32)

where we similarly used a backward difference scheme to discretize the time derivative.

3.4.4 Linearization of External Virtual Work

The linearization of δWext in (3.4.3) depends on whether natural boundary conditions are pre-
scribed as area densities or total net values over an area. Thus, in the case when t da (net force),
wnda (net volumetric flow rate), or j̃αnda (net effective molar flow rate) are prescribed over the el-
emental area da, there is no variation in δWext and it follows that DδWext = 0. Alternatively, in
the case when t, wn or j̃αn are prescribed, the linearization may be performed by evaluating the
integral in the parametric space of the boundary surface ∂b, with parametric coordinates

(
η1, η2

)
.

Accordingly, for a point x
(
η1, η2

)
on ∂b, surface tangents (covariant basis vectors) are given by

gα =
∂x

∂ηα
, (α = 1, 2) (3.4.33)
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and the outward unit normal is
n =

g1 × g2

|g1 × g2|
. (3.4.34)

The elemental area on ∂b is da = |g1 × g2| dη1dη2. Consequently, the external virtual work integral
may be rewritten as

δWext =

∫
∂b

δv · t + δp̃ wn +
∑
α6=s,w

δc̃αj̃αn

 |g1 × g2| dη1dη2 , (3.4.35)

where
j̃αn = jαn +

∑
β 6=s,w

zβjβn . (3.4.36)

The directional derivative of δWext may then be applied directly to its integrand, since the paramet-
ric space is invariant [25].

If we restrict traction boundary conditions to the special case of normal tractions, then t = tnn
where tn is the prescribed normal traction component. Then it can be shown that the linearization
of δWext along ∆u produces

D (δWext) [∆u] =

∫
∂b

tnδv + wnδp̃n +
∑
α 6=s,w

δc̃αj̃αn n

 · (∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 .

(3.4.37)
The linearizations along ∆p̃ and ∆c̃γ reduce to zero, D (δWext) [∆p̃] = 0 and D (δWext) [∆c̃γ ] = 0.

3.4.5 Discretization

To discretize the virtual work relations, let

δv =

m∑
a=1

Naδva , ∆u =

m∑
b=1

Nb∆ub ,

δp̃ =

m∑
a=1

Naδp̃a , ∆p̃ =

m∑
b=1

Nb∆p̃b ,

δc̃α =

m∑
a=1

Naδc̃
α
a , ∆c̃γ =

m∑
b=1

Nb∆c̃
γ
b ,

(3.4.38)

where Na represents the interpolation functions over an element, δva, δp̃a, δc̃αa , ∆ua, ∆p̃a and ∆c̃γa
respectively represent the nodal values of δv, δp̃, δc̃α, ∆u, ∆p̃ and ∆c̃γ ; m is the number of nodes
in an element.

The discretized form of δWint in (3.3.3) may be written as

δWint =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃αa δc̃βa

]
·


rua
rpa
rαa
rβa

 , (3.4.39)

where ne is the number of elements in b, n(e)
int is the number of integration points in the e−th

element, Wk is the quadrature weight associated with the k−th integration point, and Jη is the
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Jacobian of the transformation from the current spatial configuration to the parametric space of
the element. In the above expression,

rua = σ · gradNa ,

rpa = w · gradNa −Na
1

J

∂J

∂t
,

rαa = jα · gradNa −Na
1

J

∂

∂t
(Jϕwκ̃αc̃α) ,

(3.4.40)

and it is understood that Jη, rua, rpa and rαa are evaluated at the parametric coordinates of the
k−th integration point. Since the parametric space is invariant, time derivatives are evaluated
in a material frame. For example, the time derivative DsJ (x, t) /Dt appearing in (3.3.3) becomes
∂J (ηk, t) /∂t when evaluated at the parametric coordinates ηk =

(
η1
k, η

2
k, η

3
k

)
of the k−th integration

point. All time derivatives are discretized using a backward difference scheme.
Similarly, the discretized form of DδWint = DδWint [∆u] + DδWint [∆p̃] +

∑
γ DδWint [∆c̃γ ] may

be written as

DδWint =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃αa δc̃βa

]
·


Kuu
ab kupab kuαab kuβab

kpuab kppab kpαab kpβab
kαuab kαpab kααab kαβab
kβuab kβpab kβαab kββab

 ·


∆ub
∆p̃b
∆c̃αb
∆c̃βb

 ,
(3.4.41)

where the terms in the first column are the discretized form of the linearization along ∆u:

Kuu
ab = gradNa · C · gradNb + (gradNa · σ · gradNb) I , (3.4.42)

kpuab = (wu
b )T · gradNa +Naq

pu
b , (3.4.43)

kαuab =
(
jαub +

∑
β
zβjβub

)T
· gradNa +Naq

αu
b , (3.4.44)

where
jαub = J

∂κ̃α

∂J
dα · gα ⊗ gradNb + κ̃αgα · dα · gradNb

+ κ̃α
dα

dα0
· c̃α (gradNb ⊗w −w ⊗ gradNb + (gradNb ·w) I + wu

b )

− ϕsκ̃αdα · grad c̃α ⊗ gradNb ,

(3.4.45)

qpub = − 1

∆t
gradNb , (3.4.46)

qαub = c̃α
∂ (Jϕwκ̃α)

∂J
qpub . (3.4.47)

The terms in the second column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆p̃:

kupab = −Nb gradNa , (3.4.48)

kppab = − gradNa · k̃ · gradNb , (3.4.49)

kαpab = gradNa ·

jαpb +
∑
β

zβjβpb

 , (3.4.50)
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where

jαpb = − κ̃
αc̃α

dα0
dα · k̃ · gradNb . (3.4.51)

The terms in the third column of the stiffness matrix in (3.3.44) are the discretized form of the
linearization along ∆c̃γ :

kuαab = Nb

σ′α −Rθ
Φκ̃α +

∑
β

(
∂Φ

∂c̃α
κ̃β + Φ

∂κ̃β

∂c̃α

)
c̃β

 I

 · gradNa , (3.4.52)

kpαab = gradNa ·wα
b , (3.4.53)

kαγab = gradNa ·

jαγb +
∑
β

zβjβγb

+Naq
αγ
b , (3.4.54)

where

wγ
b = Nb

k̃′γ · gp −Rθk̃ ·
∑
β

(
∂

∂c̃γ

(
κ̃β

dβ0

)
dβ +

κ̃β

dβ0
dβγc

)
· grad c̃β


−Rθk̃ · κ̃

γ

dγ0
dγ · gradNb ,

(3.4.55)

jαγb = Nb

(
∂κ̃α

∂c̃γ
dα + κ̃αdαγc

)
· gα

+
κ̃α

dα0
dα ·

[
δαγ (Nbw − ϕwdα0 gradNb) + c̃α

(
wγ
b −

Nb

dα0

∂dα0
∂c̃γ

w

)]
,

(3.4.56)

qαγb = −Nb
ϕw

∆t

(
∂κ̃α

∂c̃γ
c̃α + δαγ κ̃

α

)
, (3.4.57)

and

gp = − grad p̃−Rθ
∑
β

κ̃β

dβ0
dβ · grad c̃β . (3.4.58)

The discretization of δWext in (3.4.35) has the form

δWext =

ne∑
e=1

n
(e)
int∑
k=1

WkJη

m∑
a=1

[
δva δp̃a δc̃αa δc̃βa

]
·


Natnn
Nawn
Naj̃

α
n

Naj̃
β
n

 , (3.4.59)

where Jη = |g1 × g2|. The summation is performed over all surface elements on which these
boundary conditions are prescribed. The discretization of −DδWext has the form

−DδWext =

ne∑
e=1

n
(e)

int∑
k=1

WkJη

m∑
a=1

m∑
b=1

[
δva δp̃a δc̃αa δc̃βa

]
·


Kuu
ab 0 0 0

kpuab 0 0 0
kαuab 0 0 0

kβuab 0 0 0

 ·


∆ub
∆p̃b
∆c̃αb
∆c̃βb

 ,
(3.4.60)
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where

Kuu
ab = tnNaA

{
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

}
,

kpuab = −wnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n,

kαuab = −j̃αnNa

(
∂Nb

∂η1
g2 −

∂Nb

∂η2
g1

)
× n.

(3.4.61)

In this expression, A {v} is the antisymmetric tensor whose dual vector is v (such that A {v} ·q =
v × q for any vector q).

3.4.6 Electric Potential and Partition Coefficient Derivatives

When the mixture is charged it is necessary to solve for the electric potential ψ using the elec-
troneutrality condition in (2.7.4). This equation may be rewritted as a polynomial in ζ,

n∑
i=0

aiζ
i , (3.4.62)

where

ζ = exp

(
−Fcψ
Rθ

)
, (3.4.63)

and

ai =

{
zακ̂αc̃α i = zα − zmin

cF i = −zmin
. (3.4.64)

Here, zmin = minα z
α and the polynomial degress is n = zmax − zmin where zmax = maxα z

α.
Since more than one solute may carry the same charge zα, the coefficients ai should be evalu-
ated from the summation of zακ̂αc̃α over all such solutes. Only real positive roots are valid, since
ψ = −Rθ (ln ζ) /Fc according to (3.4.63). Using Descartes’ rule of signs, an inspection of the
coefficients ai shows tht there is only one sign change in the polynomial, regardless of the sign
of cF , implying that there will always be only one positive root ζ, which must thus be real. There-
fore, there cannot be any ambiguity in the calculation of ψ, irrespective of the polynomial degree.
Newton’s method is used to solve for the positive real root when n > 2.

Using the above relations, it follows that κ̃α = κ̂αζz
α
. An examination of the equations resulting

from the linearization of the internal virtual work shows that it is necessary to evaluate derivatives
of κ̃α with respect to J and c̃γ , which are given by

∂κ̃α

∂J
=
∂κ̂α

∂J
ζz

α
+ zακ̃α

1

ζ

∂ζ

∂J

∂κ̃α

∂c̃γ
=
∂κ̂α

∂c̃γ
ζz

α
+ zακ̃α

1

ζ

∂ζ

∂c̃γ

. (3.4.65)

In these expressions, the derivatives of κ̂α are obtained from the user-defined constitutive relations
for the solubility. Derivatives of ζ may be evaluated by differentiating the electroneutrality condition
to produce

1

ζ

∂ζ

∂J
= −

∂cF

∂J +
∑

β z
βζz

β
c̃β ∂κ̂

β

∂J∑
β (zβ)

2
κ̃β c̃β

1

ζ

∂ζ

∂c̃γ
= −

zγ κ̃γ +
∑

β z
βζz

β
c̃β ∂κ̂

β

∂c̃γ∑
β (zβ)

2
κ̃β c̃β

. (3.4.66)
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The derivative ∂cF /∂J may be evaluated from

cF =
1− ϕsr
J − ϕsr

cFr , (3.4.67)

where ϕsr is the referential solid volume fraction (volume of solid in current configuration per vol-
ume of the mixture in the reference configuration) and cFr is the referential fixed charge density
(equivalent charge in current configuration per volume of the mixture in the reference configura-
tion).

3.4.7 Chemical Reactions

3.4.7.1 Virtual Work and Linearization

The contribution to δW due to chemical reactions is given by δG, where

δG =

∫
b
δp̃
[
ϕ̂w + (1− ϕs) ζ̂V

]
dv +

∑
ι

νι
∫
b
δc̃ι (1− ϕs) ζ̂ dv . (3.4.68)

The linearization of δG along a solid displacement increment ∆u is

DδG [∆u] =

∫
b
δp̃ (ϕ̂w div ∆u + ϕ̂wε : ∆ε) dv

+ V
∫
b
δp̃
[
ζ̂ div ∆u + (J − ϕsr) ζ̂ε : ∆ε

]
dv

+
∑
ι

νι
∫
b
δc̃ι
[
ζ̂ div ∆u + (J − ϕsr) ζ̂ε : ∆ε

]
dv

, (3.4.69)

where

ϕ̂wε = F · ∂ϕ̂
w

∂E
· FT , ζ̂ε = J−1F · ∂ζ̂

∂E
· FT . (3.4.70)

Currently, ζ̂ is assumed to be independent of p̃ in FEBio; it follows that the linearization along the
effective fluid pressure increment ∆p̃ is

DδG [∆p̃] =

∫
b
δp̃
∂ϕ̂w

∂p̃
∆p dv . (3.4.71)

Finally, the linearization along a concentration increment ∆c̃ι is

DδG [∆c̃ι] =

∫
b
δp̃
∂ϕ̂w

∂c̃ι
∆c̃ι dv

+ V
∫
b
δp̃ (1− ϕs) ∂ζ̂

∂c̃ι
∆c̃ι dv

+
∑
γ

νγ
∫
b
δc̃γ (1− ϕs) ∂ζ̂

∂c̃ι
∆c̃ι dv

. (3.4.72)

The discretized form of these expressions is given by

δG =
∑
a

δp̃ar
p
a +

∑
γ

∑
a

δc̃γar
γ
a , (3.4.73)
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where

rpa =

∫
b
Na

[
ϕ̂w + (1− ϕs) ζ̂V̄

]
dv

rγa = νγ
∫
b
Na (1− ϕs) ζ̂ dv

. (3.4.74)

Similarly,
DδG [∆u] =

∑
a

δp̃a
∑
b

kpuab ·∆ub

+
∑
γ

∑
a

δc̃γa
∑
b

kγuab ·∆ub
, (3.4.75)

where

kpuab =

∫
b
Na (ϕ̂wI + ϕ̂wε ) · gradNb dv

+ V̄
∫
a
Na

[
ζ̂I + (J − ϕsr) ζ̂ε

]
· gradNb dv

kγuab = νγ
∫
a
Na

[
ζ̂I + (J − ϕsr) ζ̂ε

]
· gradNb dv

. (3.4.76)

Then,
DδG [∆p̃] =

∑
a

δp̃a
∑
b

kppab∆p̃b , (3.4.77)

where

kppab =

∫
b
Na

∂ϕ̂w

∂p̃
Nb dv . (3.4.78)

Finally,
DδG [∆c̃ι] =

∑
a

δp̃a
∑
b

kpιab∆c̃
ι
b

+
∑
γ

∑
a

δc̃γa
∑
b

kγιab∆c̃
ι
b

, (3.4.79)

where

kpιab =

∫
b
NaNb

∂ϕ̂w

∂c̃ι
dv + V̄

∫
b
NaNb (1− ϕs) ∂ζ̂

∂c̃ι
dv

kγιab = νγ
∫
b
NaNb (1− ϕs) ∂ζ̂

∂c̃ι
dv

. (3.4.80)

3.4.7.2 Updating Solid-Bound Molecule Concentrations

The solid-bound molecule concentrations ρσr are evaluated at integration points of each element;
they do not represent nodal degrees of freedom. The values of ρσr are updated at the end of
each iteration in the solution of the nonlinear equations for the nodal degrees of freedom, using
trapezoidal integration on ρ̂σr in (2.10.6). According to (2.10.16) and (2.10.18), we have ρ̂σr =
(J − ϕsr)Mσνσ ζ̂, which is evaluated as the average of values at tn and tn+1, then

(ρσr )n+1 = (ρσr )n + (ρ̂σr )n+ 1
2

∆t (3.4.81)

where ∆t = tn+1 − tn.
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3.5 Computational Fluid Dynamics

A more detailed description of the FEBio fluid solver can be found in [15].

3.5.1 Weak Formulation

The nodal unknowns in this formulation are v and J (or e), which may be solved using the mo-
mentum balance in eq.(2.11.1) and the kinematic constraint between J and v given in eq.(2.11.6).
The virtual work integral for a Galerkin finite element formulation [25] is given by

δW =

∫
Ω
δv · (divσ + ρ (b− a)) dv

+

∫
Ω
δJ

(
J̇

J
− div v

)
dv ,

(3.5.1)

where δv is a virtual velocity and δJ is a virtual energy density; Ω is the fluid finite element domain
and dv is a differential volume in Ω. This virtual work statement may be directly related to the axiom
of energy balance, specialized to conditions of isothermal flow of viscous compressible fluids (see
Section 2.11.2). Using the divergence theorem, we may rewrite the weak form of this integral as
the difference between external and internal virtual work, δW = δWext − δWint, where

δWint =

∫
Ω
τ : grad δv dv +

∫
Ω
δv · (grad p+ ρa) dv

−
∫

Ω

(
δJ
J̇

J
+ grad δJ · v

)
dv ,

(3.5.2)

and
δWext =

∫
∂Ω
δv · tτ da+

∫
Ω
δv · ρb dv −

∫
∂Ω
δJ vn da . (3.5.3)

Here, ∂Ω is the boundary of Ω and da is a differential area on ∂Ω, tτ = τ · n is the viscous
component of the traction t, and vn = v · n is the velocity normal to the boundary ∂Ω, with n
representing the outward normal on ∂Ω. From these expressions, it becomes evident that essential
(Dirichlet) boundary conditions may be prescribed on v and J , while natural (Neumann) boundary
conditions may be prescribed on tτ and vn. The appearance of velocity in both essential and
natural boundary conditions may seem surprising at first. To better understand the nature of
these boundary conditions, it is convenient to separate the velocity into its normal and tangential
components, v = vnn + vt, where vt = (I− n⊗ n) · v. In particular, for inviscid flow, the viscous
stress τ and its corresponding traction tτ are both zero, leaving vn as the sole natural boundary
condition; similarly, J becomes the only essential boundary condition in such flows, since vt is
unknown a priori on a frictionless boundary and must be obtained from the solution of the analysis.

In general, prescribing J is equivalent to prescribing the elastic fluid pressure, since p is only
a function of J . On a boundary where no conditions are prescribed explicitly, we conclude that
vn = 0 and tτ = 0, which represents a frictionless wall. Conversely, it is possible to prescribe
vn and tτ on a boundary to produce a desired inflow or outflow while simultaneously stabilizing
the flow conditions by prescribing a suitable viscous traction. Prescribing essential boundary
conditions vt and J determines the tangential velocity on a boundary as well as the elastic fluid
pressure p, leaving the option to also prescribe the normal component of the viscous traction,
tτn = tτ ·n, to completely determine the normal traction tn = t ·n (or else tτn naturally equals zero).
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Mixed boundary conditions represent common physical features: Prescribing vn and vt completely
determines the velocity v on a boundary; prescribing tτ and J completely determines the traction
t = σ · n on a boundary. Note that vn and J are mutually exclusive boundary conditions, and the
same holds for vt and the tangential component of the viscous traction, tτt = (I− n⊗ n) · tτ .

3.5.2 Temporal Discretization and Linearization

The time derivatives, ∂v/∂t which appears in the expression for a in eq.(2.11.2), and ∂J/∂t which
similarly appears in J̇ , may be discretized upon the choice of a time integration scheme, such as
the generalized-α method [45] (Section 3.9). In this scheme, δW is evaluated at an intermediate
time step tn+α = αtn+1 + (1− α) tn between the current time step tn+1 and previous time step
tn, though different values of α are used for the primary variables and their time derivatives. The
velocity and volume ratio are evaluated as vn+αf and Jn+αf at the intermediate time step tn+αf ,
whereas their time derivatives are evaluated as (∂v/∂t)n+αm

and (∂J/∂t)n+αm
at the intermediate

time step tn+αm . The parameters αf and αm are evaluated from the spectral radius for an infinite
time step, ρ∞, as described in Section 3.9. The solution of the nonlinear equation δW = 0 is
obtained by linearizing this relation as

δW +DδW [∆v] +DδW [∆J ] ≈ 0 , (3.5.4)

where the operatorDδW [·] represents the directional derivative of δW at (v, J) along an increment
∆v of v, or ∆J of J [25]. The aim of this analysis is to solve for the velocity vn+1 and volume ratio
Jn+1 at the current time step tn+1. Using the split form of δW between external and internal work
contributions, this relation may be expanded as

DδWint [∆v] +DδWint [∆J ]−DδWext [∆v]

−DδWext [∆J ] ≈ δWext − δWint .
(3.5.5)

In this framework the finite element mesh is defined on the spatial domain Ω, which is fixed
(time-invariant) in conventional CFD treatments. Thus, we can linearize δWint along increments
∆v in the velocity vn+1 and ∆J in the volume ratio Jn+1, by simply bringing the directional deriva-
tive operator into the integrals of eqs.(3.5.2)-(3.5.3). The linearization of vn+αf and Jn+αf is given
by

Dvn+αf [∆v] = αf∆v

DJn+αf [∆J ] = αf∆J

whereas that of (∂v/∂t)n+αm
and (∂J/∂t)n+αm

is given by

D

(
∂v

dt

)
n+αm

[∆v] =
αm
γ

∆v

∆t
, (3.5.6)

D

(
∂J

∂t

)
n+αm

[∆v] =
αm
γ

∆J

∆t
. (3.5.7)

Here, ∆t is the current time increment and γ is the Newmark integration parameter [45].
The linearization of δWint along an increment ∆v is then

D (δWint) [∆v] = αf

∫
Ω

grad δv : Cτ : grad ∆v dv

+ αf

∫
Ω
δv · ρ

((
αm
αfγ

I

∆t
+ L

)
·∆v + grad ∆v · v

)
dv

− αf
∫

Ω

(
δJ

J
grad J + grad δJ

)
·∆v dv

(3.5.8)
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where we have introduced the fourth-order tensor Cτ representing the tangent of the viscous stress
with respect to the rate of deformation,

Cτ =
∂τ

∂D
. (3.5.9)

Note that Cτ exhibits minor symmetries because of the symmetries of τ and D; in Cartesian
components, we have Cτijkl = Cτjikl and Cτijkl = Cτijlk. In general, Cτ does not exhibit major symmetry
(Cτijkl 6= Cτklij), though the common constitutive relations adopted in fluid mechanics produce such
symmetry as shown below.

The linearization of δWint along an increment ∆J is

D (δWint) [∆J ] = αf

∫
b
∆J τ ′J : grad δv dv − αf

∫
Ω
δv ·∆J ρ

J
a dv

+ αf

∫
Ω
δv ·

(
p′ grad ∆J + ∆J p′′ grad J

)
dv

− αf
∫

Ω

δJ

J

((
αm
αfγ

1

∆t
− J̇

J

)
∆J + grad ∆J · v

)
dv

(3.5.10)

where we have used DJ [∆J ] = ∆J ; p′ and p′′ respectively represent the first and second deriva-
tives of p (J). We have also defined τ ′J as the tangent of the viscous stress τ with respect to
J ,

τ ′J =
∂τ

∂J
. (3.5.11)

For the external work, when tτ , b and vn are prescribed, these linearizations simplify to

D (δWext) [∆v] = 0 , (3.5.12)

and
D (δWext) [∆J ] = −αf

∫
b
δv ·∆J ρ

J
b dv . (3.5.13)

We may define the fluid dilatation e = J − 1 as an alternative essential variable, since initial
and boundary conditions e = 0 are more convenient to handle in a numerical scheme than J = 1.
It follows that grad J = grad e and ∂J/∂t = ∂e/∂t. Therefore the changes to the above equations
are minimal, simply requiring the substitution J = 1 + e and ∆J = ∆e. Steady-state analyses may
be obtained by setting the terms involving ∆t−1 to zero in eqs.(3.5.6)-(3.5.7), (3.5.8) and (3.5.10).

3.5.3 Spatial Discretization

The velocity v (x, t) and Jacobian J (x, t) are spatially interpolated over the domain Ω using the
same interpolation functionsNa (x), with a = 1 to n where n is the number of nodes in an element),

v (x, t) =
n∑
a=1

Na (x) va , J (x, t) =
n∑
a=1

Na (x) Ja . (3.5.14)

Here, va and Ja are nodal values of v and J that evolve with time. In contrast to classical mixed
formulations for incompressible flow [69], which solve for the pressure p using div v = 0 instead of
eq.(2.11.6), equal order interpolation is acceptable in this formulation since the governing equa-
tions for v and J involve spatial derivatives of both variables (grad v and grad J). The expressions
of eq.(3.5.14) may be used to evaluate L, div v, a, grad J , J̇ , etc. Similar interpolations are used
for virtual increments δv and δJ , as well as real increments ∆v and ∆J .
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When substituted into eq.(4.2.32), we find that the discretized form of δWint may be written as

δWint =
∑
a

δva · (fσa + fρa ) + fJa δJa , (3.5.15)

where

fσa =

∫
Ω

(τ · gradNa +Na grad p) dv ,

fρa =

∫
Ω
Naρa dv ,

fJa =

∫
Ω
−

(
Na

J̇

J
+ gradNa · v

)
dv .

(3.5.16)

Similarly, the discretized form of DδWint [∆v] in eq.(3.5.8) becomes

D (δWint) [∆v] =
∑
a

δva ·
∑
b

(Kvv
ab + Mvv

ab) ·∆vb

+
∑
a

δJa
∑
b

kJvab ·∆vb ,
(3.5.17)

where

Kvv
ab = αf

∫
Ω

gradNa · Cv · gradNb dv ,

Mvv
ab = αf

∫
Ω
Naρ

(
Nb

(
αm
αfγ

I

∆t
+ grad v

)
+ (gradNb · v) I

)
dv ,

kJvab = −αf
∫

Ω

(
Na

J
grad J + gradNa

)
Nb dv ,

(3.5.18)

whereas that of DδWint [∆J ] in eq.(3.5.10) becomes

D (δWint) [∆J ] =
∑
a

δva ·
∑
b

(
kvJab + mvJ

ab

)
∆Jb

+
∑
a

δJa
∑
b

kJJab ∆Jb
(3.5.19)

where

kvJab = αf

∫
Ω

[
Nbτ

′
J · gradNa +Na

(
p′ gradNb +Nbp

′′ grad J
)]
dv ,

mvJ
ab = −αf

∫
Ω
NaNb

ρ

J
a dv ,

kJJab = −αf
∫

Ω

Na

J

((
αm
αfγ

1

∆t
− J̇

J

)
Nb + gradNb · v

)
dv .

(3.5.20)

For the external work in eq.(4.2.34), its discretized form is

δWext =
∑
a

δva ·
(
f t
a + fb

a

)
+ δJaf

v
a , (3.5.21)
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where
f t
a =

∫
∂Ω
Nat

τ da ,

fb
a =

∫
Ω
Naρb dv ,

fva = −
∫

Ω
Navn da .

(3.5.22)

The discretized form of D (δWext) [∆J ] in eq.(3.5.13) is

D (δWext) [∆J ] =
∑
a

δva ·
∑
b

kb
ab ∆Jb , (3.5.23)

where
kb
ab = −αf

∫
Ω
NaNb

ρ

J
b dv . (3.5.24)

3.5.4 Special Boundary Conditions

3.5.4.1 Backflow Stabilization

For arterial blood flow, backflow stabilization has been proposed previously to deal with truncated
domains where the entire artery is not modeled explicitly [19, 33]; for these types of problems,
letting t = 0 or prescribing a constant pressure at the outflow boundary may not prevent flow re-
versals that compromise convergence of an analysis. Instead, these authors proposed a velocity-
dependent traction boundary condition, t = βρ (v ⊗ v) · n with a tensile normal component, that
counters the backflow (only when vn < 0). Here, β is a non-dimensional user-defined parameter;
a value of β = 0 turns off this feature, while a value of β = 1 generally shows good numerical
performance. We adapt this previously proposed formulation by letting the normal component of
the viscous traction be given by

tτn =

{
βρrv

2
n vn < 0

0 vn ≥ 0
. (3.5.25)

The choice of ρr in lieu of ρ is for convenience, to avoid the dependence of ρ on J (which is
negligible for nearly incompressible flow). Then, the contribution of this traction to the virtual
external work δWext is

δG =

∫
∂Ω
δv · tτnn da . (3.5.26)

The linearization of δG along an increment ∆v in the velocity is given by

DδG [∆v] =

∫
∂Ω
δv ·Kn ·∆v da , (3.5.27)

where

Kn =

{
2βρrvn (n⊗ n) vn < 0

0 vn ≥ 0
. (3.5.28)

The discretized form of δG is

δG =
∑
a

δva · fna , fna =

∫
∂Ω
Nat

τ
nn da , (3.5.29)
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whereas the discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δva ·
∑
b

Kn
ab ·∆vb , Kn

ab =

∫
∂Ω
NaNbKn da . (3.5.30)

A (viscous) tangential traction is implemented as a separate flow stabilization method in the
next section, applicable to inlet or outlet surfaces, without a conditional requirement based on the
sign of vn.

3.5.4.2 Tangential Flow Stabilization

For certain outlet conditions, using the natural boundary condition tτt = 0 may lead to flow insta-
bilities. It is possible to minimize these effects by prescribing a tangential viscous traction onto the
boundary surface, which opposes this tangential flow. Optionally, this condition may be combined
with the backflow stabilization described above.

Similar to the previous section, we introduce a non-dimensional parameter β, with the tangen-
tial traction given by

tτt = −βρr |vt|vt . (3.5.31)

This form shows that tτt opposes tangential flow. The external virtual work for this traction is

δG =

∫
∂Ω
δv · tτt da . (3.5.32)

Its linearization along an increment ∆v is

DδG [∆v] =

∫
∂Ω
δv ·Kt ·∆v da , (3.5.33)

where it can be shown that

Kt = −βρr |vt|
(

I− n⊗ n +
vt
|vt|
⊗ vt
|vt|

)
. (3.5.34)

The discretized form of δG is

δG =
∑
a

δva · f τa , f τa =

∫
∂Ω
Nat

τ
t da . (3.5.35)

The discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δva ·
∑
b

Kt
ab ·∆vb , Kt

ab =

∫
∂Ω
NaNbKt da . (3.5.36)

3.5.4.3 Flow Resistance

Flow resistance is typically implemented when modeling arterial flow, where the finite element
domain only describes a portion of an arterial network [84]. A flow resistance may be imposed
on downstream boundaries to simulate the resistance produced by the vascular network with its
branches and bifurcations. The resistance is equivalent to a mean pressure which is proportional
to the volumetric flow rate Q,

p = RQ , Q =

∫
∂Ω
vn da ,

where R is the resistance. Using the pressure-dilatation relation (5.15.5), equivalent to p = −K ·e,
this pressure may be prescribed as an essential boundary condition on the dilatation e.



3.6. WEAK FORMULATION FOR FSI 85

3.6 Weak Formulation for FSI

3.6.1 General Formulation

The strong form of the virtual work statement is δW = 0 where

δW =

∫
b
δvs · divσs dv

+

∫
b
δw ·

[
divσf + ρf

(
b− af

)]
dv

−
∫
b
δJf

[
1

Jf

(
J̇f + grad Jf ·w

)
− div w − J̇s

Js

]
dv

. (3.6.1)

Here, b is the mixture domain (whose boundaries are defined on the solid), δvs is the virtual solid
velocity, δw is the virtual relative fluid velocity, and δJf is the virtual energy density. The weak form
of this statement may be written as the difference δW = δWext − δWint between external virtual
work δWext and internal virtual work δWint, where

δWint =

∫
b
σs : grad δvs dv

+

∫
b
τ : grad δw dv +

∫
b
δw ·

(
grad p+ ρfaf

)
dv

+

∫
b
δJf

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇s

Js

]
dv

+

∫
b
w · grad δJf dv

, (3.6.2)

and

δWext =

∫
∂b
δvs · ts da

+

∫
∂b
δw · tτ da+

∫
b
δw · ρfb dv

+

∫
∂b
δJfwn da

. (3.6.3)

Here, ts = σs · n is the solid traction, tτ = τ · n is the fluid viscous traction, and wn = wn · n is the
normal component of the relative fluid velocity on the boundary ∂b, whose outward unit normal is
n. In practice, both σs and ts should contribute negligibly to δW , but they cannot be set exactly to
zero since we need some small elasticity to regularize the deforming mixture mesh.
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3.6.2 Time Integration

In the generalized α−method we evaluate displacements and velocities at the intermediate time
tn+αf = tn + αf (tn+1 − tn), such that

χsn+αf
= (1− αf )χsn + αfχ

s
n+1

usn+αf
= (1− αf ) usn + αfu

s
n+1

vsn+αf
= (1− αf ) vsn + αfv

s
n+1

wn+αf = (1− αf ) wn + αfwn+1

Jfn+αf
= (1− αf ) Jfn + αfJ

f
n+1

In particular, it follows that

Fs
n+αf

=
∂χsn+αf

∂X
= (1− αf ) Fs

n + αfF
s
n+1

Jsn+αf
= det Fs

n+αf

J̇sn+αf
= Jsn+αf

F−Tn+αf
: Grad vsn+αf

Lsn+αf
= Grad vsn+αf

· F−1
n+αf

In practice however, we get better numerical results when using

J̇sn+αf
=
Jsn+1 − Jsn

∆t

Lsn+αf
=

Fn+1 − Fn

∆t
· F−1

n+αf

Similarly, we evaluate velocity derivatives at the intermediate time tn+αm = tn + αm (tn+1 − tn),
such that

v̇sn+αm = (1− αm) v̇sn + αmv̇sn+1

ẇn+αm = (1− αm) ẇn + αmẇn+1

J̇fn+αm = (1− αm) J̇fn + αmJ̇
f
n+1

The parameters αf and αm are evaluated from a single parameter ρ∞ using

αf =
1

1 + ρ∞
, αm =

1

2

3− ρ∞
1 + ρ∞

, (3.6.4)

for first-order systems, or

αf =
1

1 + ρ∞
, αm =

2− ρ∞
1 + ρ∞

, (3.6.5)

for second-order systems, where 0 ≤ ρ∞ ≤ 1. This parameter is the spectral radius for an infinite
time step, which controls the amount of damping of high frequencies; a value of zero produces the
greatest amount of damping, anihilating the highest frequency in one step, whereas a value of one
preserves the highest frequency. Since the solid motion is governed by a second-order differential
equation in time, we adopt the formulas for second-order systems.
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To complete the integration scheme, we evaluate

β =
1

4
(1 + αm − αf )2

γ =
1

2
+ αm − αf

then
vsn+1 = vsn + ∆t

[
(1− γ) v̇sn + γv̇sn+1

]
usn+1 = usn + ∆tvsn +

∆t2

2

[
(1− 2β) v̇sn + 2βv̇sn+1

]
wn+1 = wn + ∆t [(1− γ) ẇn + γẇn+1]

Jfn+1 = Jfn + ∆t
[
(1− γ) J̇fn + γJ̇fn+1

]
Thus,

v̇sn+1 =
1

β∆t

(
usn+1 − usn

∆t
− vsn

)
+

(
1− 1

2β

)
v̇sn

ẇn+1 =
wn+1 −wn

γ∆t
+

(
1− 1

γ

)
ẇn =

wn+αf −wn

αfγ∆t
−
(

1

γ
− 1

)
ẇn

J̇fn+1 =
Jfn+1 − J

f
n

γ∆t
+

(
1− 1

γ

)
J̇fn =

Jfn+αf
− Jfn

αfγ∆t
−
(

1

γ
− 1

)
J̇fn

According to this method [45], the virtual work is evaluated using intermediate time step values, at
tn+αf for all parameters except v̇s, ẇ, and J̇f , which are evaluated at tn+αm .

3.6.3 Discretization

The discretization of the internal work produces

δWint =
∑
a

δvsa ·
∫
b
fua dv + δwa ·

∫
b
fwa dv + δJfa

∫
b
fJa dv (3.6.6)

δWint =
∑
a

δvsa ·
∫
b
σs · gradNa dv

+
∑
a

δwa ·
∫
b
τ · gradNa dv +

∑
a

δwa ·
∫
b
Na

(
grad p+ ρfaf

)
dv

+
∑
a

δJfa

∫
b
Na

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇s

Js

]
dv

+
∑
a

δJfa

∫
b
w · gradNa dv

where
fua = σs · gradNa

fwa = τ · gradNa +Na

(
grad p+ ρfaf

)
fJa = Na

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇s

Js

]
+ w · gradNa

(3.6.7)
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We used the following interpolations:

δvs =
∑
a

Naδv
s
a ∆u =

∑
b

Nb∆ub

grad δvs =
∑
a

δvsa ⊗ gradNa grad ∆u =
∑
b

∆ub ⊗ gradNb

div δvs =
∑
a

δvsa · gradNa div ∆u =
∑
b

∆ub · gradNb

δw =
∑
a

Naδwa ∆w =
∑
b

Nb∆wb

grad δw =
∑
a

δwa ⊗ gradNa grad ∆w =
∑
b

∆wb ⊗ gradNb

δJf =
∑
a

NaδJ
f
a ∆Jf =

∑
b

Nb∆J
f
b

grad δJf =
∑
a

δJfa gradNa grad ∆Jf =
∑
b

∆Jfb gradNb

(3.6.8)

Note that the grad ≡ ∂
∂x operator should be evaluated using xn+αf .

The solution of the nonlinear equation δW = 0 is obtained by linearizing this relation as

δW +DδW [∆u] +DδW [∆w] +DδW
[
∆Jf

]
≈ 0 , (3.6.9)

where the operator DδW [·] represents the directional derivative of δW at
(
us,w, Jf

)
along an

increment ∆u of us, ∆w of w, or ∆Jf of Jf .
To linearize the virtual work, we need to express the integrals appearing in δWint and δWext

over the material frame of the finite element solid domain. For notational convenience, we let
J ≡ Js and F ≡ Fs. Thus,∫

b
σs : grad δvs dv =

∫
B

F · Ss : Grad δvs dV , (3.6.10)

where Ss = J · F−1 · σs · F−T is the second Piola-Kirchhoff stress for the solid material. Similarly,∫
b
τ : grad δw dv =

∫
B
τ · JF−T : Grad δw dV . (3.6.11)

Next, ∫
b
δw ·

(
grad p+ ρfaf

)
dv

=

∫
B
δw ·

(
JF−T ·Grad p+ Jρf (ẇ + v̇s) + ρf (Grad w + Grad vs) ·W

)
dV

(3.6.12)

∫
b
δJf

[
1

Jf

(
J̇f + grad Jf ·w

)
− J̇

J

]
dv =

∫
B
δJf

[
1

Jf

(
JJ̇f + Grad Jf ·W

)
− J̇

]
dV (3.6.13)

∫
b
w · grad δJf dv =

∫
B

Grad δJf ·W dV (3.6.14)

where W = JF−1 ·w.
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Keep in mind that we are solving for the motions χιn+1 at tn+1. Therefore,

Dus [∆u] = αf∆u

DF [∆u] = αf Grad ∆u

DJ [∆u] = αfJ (div ∆u)

DJ̇ [∆u] = D
(
JF−T : Grad vs

)
[∆u]

= αfJ

[(
div vs +

γ

β∆t

)
(div ∆u)− (grad ∆u)T : Ls

]
Dvs [∆u] =

αfγ

β∆t
∆u

Dw [∆w] = αf∆w

DJf
[
∆Jf

]
= αf∆Jf

Dρf
[
∆Jf

]
= −αf

ρf

Jf
∆Jf

In general, σs (and thus, Ss) is only a function of the solid strain, such as the right Cauchy-Green
tensor C = FT · F or the Green-Lagrange strain E = (C− I) /2.

DE [∆u] =
αf
2

(
GradT ∆u · F + FT ·Grad ∆u

)
Therefore, following the standard approach in solid mechanics, the linearization of Ss is

DSs = DSs [∆u] =
∂Ss

∂E
: DE [∆u]

= αfCs :
1

2

(
GradT ∆u · F + FT ·Grad ∆u

)
= αfCs :

(
FT ⊗FT

)
: ∆ε

(3.6.15)

In general, τ is a function of the fluid volume ratio Jf and the rate of deformation of the
fluid, Df = 1

2

(
Lf +

(
Lf
)T). However, since vf is not a degree of freedom, we need to let

Df = Dw + Ds, where Dw = 1
2

(
Lw + (Lw)T

)
and Ds = 1

2

(
Ls + (Ls)T

)
. Thus,

Dτ = Cτ :
(
DDf [∆w] +DDf [∆u]

)
+

∂τ

∂Jf
DJf

[
∆Jf

]
(3.6.16)

where
Cτ =

∂τ

∂Df
(3.6.17)

3.6.4 Linearization of
∫
B
F · Ss : Grad δvs dV

D

(∫
B

F · Ss : Grad δvs dV

)
[∆u]

=

∫
b
αf
(
σs : gradT ∆u · grad δvs + grad δvs : Cs : ∆ε

)
dv

(3.6.18)

where
Cs = J−1 (F⊗F) : Cs :

(
FT ⊗FT

)
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Similarly,

D

(∫
B

F · Ss : Grad δvs dV

)
[∆w] = 0 (3.6.19)

and

D

(∫
B

F · Ss : Grad δvs dV

)[
∆Jf

]
= 0 (3.6.20)

The discretized version produces∫
b
αf
(
σs : gradT ∆u · grad δvs + grad δvs : Cs : ∆ε

)
dv

=
∑
a

δvsa ·
∑
b

∫
b
Kuu
ab dv ·∆ub

where
Kuu
ab = αf ((gradNa · σs · gradNb) I + (gradNa · Cs · gradNb)) (3.6.21)

Kuw
ab = 0 (3.6.22)

kuJab = 0 (3.6.23)

3.6.5 Linearization of
∫
B
τ · JF−T : Grad δw dV

D

(∫
B
τ · JF−T : Grad δw dV

)
[∆u]

=

∫
b
αf (τ : grad δw ·∆G + grad δw : Cτ : M · grad ∆u) dv

(3.6.24)

D

(∫
B
τ · JF−T : Grad δw dV

)
[∆u] =

∫
B
D
(
τ · JF−T

)
[∆u] : Grad δw dV

=

∫
B

(
Dτ [∆u] · JF−T + τ ·D

(
JF−T

)
[∆u]

)
: Grad δw dV

where we used
Cτ =

∂τ

∂Df
.

Similarly,

D

(∫
B
τ · JF−T : Grad δw dV

)
[∆w] =

∫
b
αf grad δw : Cτ : grad ∆w dv (3.6.25)

D

(∫
B
τ · JF−T : Grad δw dV

)[
∆Jf

]
=

∫
b
αf∆Jfτ ′J : grad δw dv (3.6.26)

where
τ ′J =

∂τ

∂Jf

The discretized version produces∫
b
αf (τ : grad δw ·∆G + grad δw : Cτ : M · grad ∆u) dv

=
∑
a

δwa ·
∑
b

∫
b
Kwu
ab dv ·∆ub



3.6. WEAK FORMULATION FOR FSI 91

where

Kwu
ab = αfτ · (gradNa ⊗ gradNb − gradNb ⊗ gradNa) + (gradNa · Cτ · gradNb) ·M (3.6.27)∫

b
αf grad δw : Cτ : grad ∆w dv =

∑
a

δwa ·
∑
b

∫
b
Kww
ab dv ·∆wb

where
Kww
ab = αf gradNa · Cτ · gradNb (3.6.28)∫

b
αf∆Jfτ ′J : grad δw dv =

∑
a

δwa ·
∑
b

∫
b
kwJab dv∆Jfb

where
kwJab = αfNbτ

′
J · gradNa (3.6.29)

3.6.6 Linearization of
∫
B
δw · JF−T ·Grad p dV

D

(∫
B
δw · JF−T ·Grad p dV

)
[∆u]

=

∫
b
αfδw ·∆GT · grad p dv

(3.6.30)

D

(∫
B
δw · JF−T ·Grad p dV

)
[∆w] = 0 (3.6.31)

D

(∫
B
δw · JF−T ·Grad p dV

)[
∆Jf

]
=

∫
b
αfδw ·

(
∆Jfp′′

(
Jf
)

grad Jf + p′
(
Jf
)

grad ∆Jf
)
dv

(3.6.32)

The discretization of these terms produces∫
b
αfδw ·∆GT · grad p dv =

∑
a

δwa ·
∑
b

∫
b
Kwu
ab dv ·∆ub

where
Kwu
ab = αfNa (grad p⊗ gradNb − gradNb ⊗ grad p) (3.6.33)

Kww
ab = 0 (3.6.34)∫

b
αfδw ·

(
∆Jfp′′

(
Jf
)

grad Jf + p′
(
Jf
)

grad ∆Jf
)
dv =

∑
a

δwa ·
∑
b

∫
b
kwJab dv∆Jfb

kwJab = αfNa

(
Nbp

′′
(
Jf
)

grad Jf + p′
(
Jf
)

gradNb

)
(3.6.35)
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3.6.7 Linearization of
∫
B
δw · ρf [J (ẇ + v̇s) + (Gradw + Gradvs) ·W] dV∫

B
δw · ρf [J (ẇ + v̇s) + (Grad w + Grad vs) ·W] dV

D

(∫
B
δw · ρf [J (ẇ + v̇s) + (Grad w + Grad vs) ·W] dV

)
[∆u]

=

∫
b
δw · αfρf

[
(div ∆u) (ẇ + v̇s) +

γ

β∆t
grad ∆u ·w +

αm
αfβ∆t2

∆u

]
dv

+

∫
b
δw · αfρfLf ·∆G ·w dv

(3.6.36)

D

(∫
B
δw · ρf [J (ẇ + v̇s) + (Grad w + Grad vs) ·W] dV

)
[∆w]

=

∫
b
δw · αfρf

[(
αm

αfγ∆t
I + Lf

)
·∆w + grad ∆w ·w

]
dv

(3.6.37)

D

(∫
B
δw · ρf [J (ẇ + v̇s) + (Grad w + Grad vs) ·W] dV

)[
∆Jf

]
= −

∫
b
δw · αf

ρf

Jf
∆Jfaf dv

(3.6.38)

The discretized version is given by∫
b
δw · αfρf

[
(div ∆u) (ẇ + v̇s) +

γ

β∆t
grad ∆u ·w +

αm
αfβ∆t2

∆u

]
dv

+

∫
b
δw · αfρfLf ·∆G ·w dv

=
∑
a

δwa ·
∑
b

∫
b
Kwu
ab dv ·∆ub

where

Kwu
ab = αfNaρ

f

[
af ⊗ gradNb − (gradNb ·w) Lf +

(
γ

β∆t
(gradNb ·w) +

αm
αfβ∆t2

Nb

)
I

]
(3.6.39)∫

b
δw · αfρf

[(
αm

αfγ∆t
I + Lf

)
·∆w + grad ∆w ·w

]
dv

=
∑
a

δwa ·
∑
b

∫
b
Kww
ab dv ·∆wb

where

Kww
ab = αfNaρ

f

[
Nb

(
αm

αfγ∆t
I + Lf

)
+ (gradNb ·w) I

]
(3.6.40)

−
∫
B
δw · αf

ρf

Jf
∆Jfaf dv =

∑
a

δwa ·
∑
b

∫
b
kwJab dv∆Jfb
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where

kwJab = −αfNaNb
ρf

Jf
af (3.6.41)

3.6.8 Linearization of
∫
B
δJf

[
1
Jf

(
JJ̇f + Grad Jf ·W

)
− J̇

]
dV∫

B
δJf

[
1

Jf

(
JJ̇f + Grad Jf ·W

)
− J̇

]
dV

D

(∫
B
δJf

[
1

Jf

(
JJ̇f + Grad Jf ·W

)
− J̇

]
dV

)
[∆u]

=

∫
B
δJf

[
1

Jf

(
DJ [∆u] J̇f + Grad Jf ·DW [∆u]

)
−DJ̇ [∆u]

]
dV

=

∫
b
δJfαf

[(
J̇f

Jf
− div vs − γ

β∆t

)
(div ∆u) + w ·

[
(div ∆u) I− gradT ∆u

]
· grad Jf

Jf
+ (grad ∆u)T : Ls

]
dv

D

(∫
B
δJf

[
1

Jf

(
JJ̇f + Grad Jf ·W

)
− J̇

]
dV

)
[∆u]

=

∫
b
δJfαf

[(
J̇f

Jf
− div vs − γ

β∆t

)
(div ∆u) + w ·∆GT · grad Jf

Jf
+ (grad ∆u)T : Ls

]
dv

(3.6.42)

D

(∫
B
δJf

[
1

Jf

(
JJ̇f + Grad Jf ·W

)
− J̇

]
dV

)
[∆w]

=

∫
b
δJfαf

1

Jf
∆w · grad Jf dv

(3.6.43)

D

(∫
B
δJf

[
1

Jf

(
JJ̇f + Grad Jf ·W

)
− J̇

]
dV

)[
∆Jf

]
=

∫
b
δJfαf

1

Jf

([
αm

αfγ∆t
− 1

Jf

(
J̇f + w · grad Jf

)]
∆Jf + w · grad ∆Jf

)
dv

(3.6.44)

The discretization of these terms produces∫
b
δJfαf

[(
J̇f

Jf
− div vs − γ

β∆t

)
(div ∆u) + w ·∆GT · grad Jf

Jf
+ (grad ∆u)T : Ls

]
dv

=
∑
a

δJfa
∑
b

∫
b
kJuab dv ·∆ub

where

kJuab = αfNa

[(
J̇f

Jf
− div vs − γ

β∆t

)
gradNb +

(
gradNb ⊗

grad Jf

Jf
− grad Jf

Jf
⊗ gradNb

)
·w + (Ls)T · gradNb

]
(3.6.45)∫

b
δJfαf

1

Jf
∆w · grad Jf dv =

∑
a

δJfa
∑
b

∫
b
kJwab dv ·∆wb
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where

kJwab = αf
NaNb

Jf
grad Jf (3.6.46)∫

b
δJfαf

1

Jf

([
αm

αfγ∆t
− 1

Jf

(
J̇f + w · grad Jf

)]
∆Jf + w · grad ∆Jf

)
dv

=
∑
a

δJfa
∑
b

∫
b
kJJab dv∆Jfb

where

kJJab = αfNa
1

Jf

(
Nb

[
αm

αfγ∆t
− 1

Jf

(
J̇f + w · grad Jf

)]
+ w · gradNb

)
(3.6.47)

3.6.9 Linearization of −
∫
B

Grad δJf ·W dV

−
∫
B

Grad δJf ·W dV

D

(∫
B

Grad δJf ·W dV

)
[∆u] =

∫
b
αfw ·∆GT · grad δJf dv (3.6.48)

D

(∫
B

Grad δJf ·W dV

)
[∆u]

=

∫
B

Grad δJf ·DW [∆w] dV

=

∫
B
αf∆w · grad δJf dv

D

(∫
B

Grad δJf ·W dV

)
[∆w] =

∫
B
αf∆w · grad δJf dv (3.6.49)

D

(∫
B

Grad δJf ·W dV

)[
∆Jf

]
= 0 (3.6.50)

The discretization of these terms produces∫
b
αfw ·∆GT · grad δJf dv =

∑
a

δJfa
∑
b

∫
v
kJuab dv ·∆ub

where
kJuab = αf (gradNb ⊗ gradNa − gradNa ⊗ gradNb) ·w (3.6.51)∫
B
αf∆w · grad δJf dv =

∑
a

δJfa
∑
b

∫
b
kJwab dv ·∆wb

where
kJwab = αfNb gradNa (3.6.52)

kJJab = 0 (3.6.53)
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3.6.10 Body force term
∫
b
δw · ρfb dv

The body force term may be discretized as∫
b
δw · ρfb dv =

∑
a

δwa ·
∫
b
Naρ

fb dv

To linearizes this expression, we first evaluate it in the material domain,∫
b
δw · ρfb dv =

∫
B
δw · ρfJb dV

Now,

D

(∫
B
δw · ρfJb dV

)
[∆u] =

∫
b
αfρ

f (div ∆u) δw · b dv (3.6.54)

D

(∫
B
δw · ρfJb dV

)
[∆w] = 0 (3.6.55)

D

(∫
B
δw · ρfJb dV

)[
∆Jf

]
= −

∫
b
∆Jf

αfρ
f

Jf
δw · b dv (3.6.56)

The discrete forms of these expressions are given by∫
b
αfρ

f (div ∆u) δw · b dv =
∑
a

δwa ·
∑
b

∫
b
Kwu
ab dv ·∆ub

where
Kwu
ab = αfρ

fNab⊗ gradNb (3.6.57)

Kww
ab = 0 (3.6.58)

−
∫
b
∆Jf

αfρ
f

Jf
δw · b dv =

∑
a

δwa ·
∑
b

∫
b
kwJab dv∆Jfb

where

kwJab = −αfNaNb
ρf

Jf
b (3.6.59)

3.6.11 Fluid traction acting on solid interface

At a fluid-solid interface Γ, the fluid traction tf = σf · n acts on the solid surface, ts = −tf , where
n is the outward normal to the fluid surface. The resulting virtual work on the solid domain is

δG =

∫
Γ
δvs · tsn+αf

da =

∫
Γ
−δvs · σf · n da =

∫
Γη

−δvs · σf · (g1 × g2) dη1dη2

The linearization of this work is given by

DδG [∆u] =

∫
Γη

−δvs·αf
[
(Cv : M · grad ∆u) · (g1 × g2) + σf ·

(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)]
dη1dη2
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where
gα =

∂x

∂ηα

are covariant basis vectors on Γ. Similarly,

DδG [∆w] =

∫
Γη

−δvs · αf [(Cv : grad ∆w) · (g1 × g2)] dη1dη2

and
DδG

[
∆Jf

]
=

∫
Γη

−∆Jfδvs · αf
[(
−p′

(
Jf
)

+ τ ′J

)
· (g1 × g2)

]
dη1dη2

The discretized form of these equations is

δG =
∑
a

δvsa ·
∫

Γ
fa dη

1dη2

where
fa = −Naσ

f · (g1 × g2) (3.6.60)

DδG [∆u] =
∑
a

δvsa ·
∑
b

∫
Γη

Kuu
ab dη

1dη2 ·∆ub

where

Kuu
ab = −αfNa

(
[(g1 × g2) · Cv · gradNb] ·M + σf ·A

{
∂Nb

∂η2
g1 −

∂Nb

∂η1
g2

})
(3.6.61)

and
DδG [∆w] =

∑
a

δvsa ·
∑
b

∫
Γη

Kuw
ab dη

1dη2 ·∆wb

where
Kuw
ab = −αfNa (g1 × g2) · Cv · gradNb (3.6.62)

DδG
[
∆Jf

]
=
∑
a

δvsa ·
∑
b

∫
Γη

kuJab dη
1dη2 ∆Jfb

where

kuJab = −αfNaNb

(
−p′

(
Jf
)

+ τ ′J

)
· (g1 × g2) (3.6.63)

3.6.12 Special Boundary Conditions

3.6.12.1 Backflow Stabilization

Let the normal component of the viscous traction be given by

tτn =

{
βρrw

2
n wn < 0

0 wn ≥ 0
. (3.6.64)

Then, the contribution of this traction to the virtual external work δWext is

δG =

∫
∂Ω
δw · tτnn da . (3.6.65)
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The linearization of δG along an increment ∆w in the relative velocity is given by

DδG [∆w] =

∫
∂Ω
δw · αfKn ·∆w da , (3.6.66)

where

Kn =

{
2βρrwn (n⊗ n) vn < 0

0 vn ≥ 0
. (3.6.67)

Similarly,

DδG [∆u] =

∫
∂Ωη

δw · αf tτn
(

g1 ×
∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
dη1dη2

The discretized form of δG is

δG =
∑
a

δwa ·
∫
∂Ωη

fna dη
1dη2, fna = Nat

τ
n (g1 × g2) , (3.6.68)

whereas the discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δwa ·
∑
b

(∫
∂Ωη

Kwu
ab dη

1dη2 ·∆u +

∫
∂Ωη

Kww
ab dη1dη2 ·∆wb

)
, (3.6.69)

with
Kww
ab = αfNaNb |g1 × g2|Kn , (3.6.70)

and

Kwu
ab = αfNat

τ
nA

{
∂Nb

∂η2
g1 −

∂Nb

∂η1
g2

}
(3.6.71)

3.6.12.2 Tangential Stabilization

The tangential traction given by
tτt = −βρr |wt|wt . (3.6.72)

This form shows that tτt opposes tangential flow. The external virtual work for this traction is

δG =

∫
∂Ω
δw · tτt da . (3.6.73)

Its linearization along an increment ∆w is

DδG [∆w] =

∫
∂Ω
δw · αfKt ·∆w da , (3.6.74)

where it can be shown that

Kt = −βρr |wt|
(

I− n⊗ n +
wt

|wt|
⊗ wt

|wt|

)
. (3.6.75)

Similarly,

DδG [∆u] =

∫
∂Ωη

δw · αf (tτt ⊗ n) ·
(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 .



98 CHAPTER 3. THE NONLINEAR FE METHOD

The discretized form of δG is

δG =
∑
a

δva ·
∫
∂Ω

f τa dη
1dη2 , f τa = Nat

τ
t |g1 × g2| . (3.6.76)

The discretized form of DδG [∆v] is

DδG [∆v] =
∑
a

δwa ·
∑
b

∫
∂Ωη

(Kwu
ab ·∆ub + Kww

ab ·∆wb) dη
1dη2 , (3.6.77)

where
Kww
ab = αfNaNb |g1 × g2|Kt , (3.6.78)

and

Kwu
ab = αfNa (tτt ⊗ n) ·A

{
∂Nb

∂η2
g1 −

∂Nb

∂η1
g2

}
. (3.6.79)

3.7 Weak Formulation for BFSI

3.7.1 Virtual Work and Weak Form

The virtual work statement is used to enforce the three governing equations needed to solve for
the nodal DOFs u, w and ef , namely the mixture mass balance (2.13.6), the fluid momentum
balance (2.13.7), and the solid momentum balance (2.13.8). We may rewrite the momentum
balance equations to facilitate the enforcement of natural traction boundary conditions given in
(2.13.16) and (2.13.17). Using τ f = ϕfτ , these become

ϕs
(
−ρfTaf + ρsTas

)
=− ϕs

2

ϕf
τ · grad

ϕf

ϕs
+ div (−ϕsτ + σe)

+ ϕs
(
−ρfTbf + ρsTbs

)
+ k−1 ·w ,

ρfTaf =− grad p+
1

φf
τ · gradϕf + div τ

+ ρfTbf − k−1 ·w .

(3.7.1)

The virtual work statement for a Galerkin finite element formulation [25] is δW = 0, where

δW =

∫
Ωb
δvs ·

[
div (−ϕsτ + σe)− ϕs

2

ϕf
τ · grad

ϕf

ϕs
+ k−1 ·w

]
dv

+

∫
Ωb
δvs · ϕs

(
−ρfT

(
bf − af

)
+ ρsT (bs − as)

)
dv

+

∫
Ωb
δw ·

[
div τ − grad p+

1

ϕf
τ · gradφf − k−1 ·w

]
dv

+

∫
Ωb
δw · ρfT

(
bf − af

)
dv

+

∫
Ωb
δJf

[
div w +

J̇s

Js
− 1

Jf

(
ϕf J̇f + grad Jf ·w

)]
dv .

(3.7.2)
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These integrals are evaluated in the current configuration of Ωb. Here, δvs is the virtual solid
velocity, δw is the virtual relative fluid volumetric flux, and δJf is the virtual fluid energy density.
Integrating by parts and using the divergence theorem, the weak form of this statement may be
written as δW = δWext − δWint where the internal virtual work is

δWint =

∫
Ωb

[
(−ϕsτ + σe) : grad δvs − δvs · k−1 ·w

]
dv

+

∫
Ωb
δvs · ϕs

(
ϕs

ϕf
τ · grad

ϕf

ϕs
− ρfTaf + ρsTas

)
dv

+

∫
Ωb
τ : grad δw dv

+

∫
Ωb
δw ·

(
grad p+ k−1 ·w

)
dv

+

∫
Ωb
δw ·

(
ρfTaf − 1

ϕf
τ · gradϕf

)
dv

+

∫
Ωb

w · grad δJf dv ,

+

∫
Ωb
δJf

[
1

Jf

(
ϕf J̇f + grad Jf ·w

)
− J̇s

Js

]
dv

(3.7.3)

and the external part is

δWext =

∫
∂Ωb

δvs · tσ da

+

∫
Ωb
δvs · ϕs

(
−ρfTbf + ρsTbs

)
dv

+

∫
∂Ωb

δw · tτ da+

∫
Ωf
δw · ρfTbf dv

+

∫
∂Ωb

δJfwn da .

(3.7.4)

where
tσ = −φstτ + te . (3.7.5)

Here, te = σe ·n is the elastic traction, tτ = τ ·n is the true fluid viscous traction, and wn = wn ·n
is the normal component of the relative fluid flux on the boundary ∂Ωb, whose outward unit normal
is n. The traction tσ emerges from the jump condition in (2.13.17). The integrands of the surface
integrals represent the natural boundary conditions for this formulation. If boundary conditions are
not set explicitly on ∂Ωb, the natural boundary conditions are tσ = 0, tτ = 0, and wn = 0. These
natural boundary conditions are consistent with the jump conditions presented above. Essential
boundary conditions are prescribed on the solid displacement u, relative volumetric fluid flux w,
and fluid dilatation ef , which are also consistent with the above jump conditions. In particular, an
essential no-slip boundary condition may be prescribed on Γbs by setting w = 0. A symmetry
plane may be prescribed with the essential boundary condition un ≡ u · n = 0 and the natural
boundary conditions tτ = 0 and wn = 0.

In this formulation, the mixture traction is defined as t = −pn + te + φftτ , which may also
be written as t = −pn + tσ + tτ . Because of the way we chose to split the internal and external
virtual work in (3.7.3)-(3.7.4), t is not a natural boundary condition in this formulation. In this
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expression for t, tσ, and tτ may be prescribed as natural boundary conditions, whereas p may
be prescribed as an essential boundary condition on ef , using (2.13.9). However, there are two
general scenarios where t needs to be prescribed on a region of the boundary ∂Ωb with incomplete
prior knowledge of p, tσ, or tτ : (1) When a BFSI boundary Γb represents a free surface (such as
the fluid surface in channel flow), the mixture traction boundary condition requires that t = 0, in
which case it is necessary to explicitly enforce −pn + tσ + tτ = 0 as a constraint equation on that
boundary, to impart the free surface Γb its natural shape. (2) At a biphasic-solid interface Γbs, t
must balance the traction acting on the adjoining solid domain. Since u is continuous across Γbs

due to shared nodes, the solid natural boundary condition tσ of t is already accounted for by the
deformation, so that it is only necessary to prescribe the portion −pn+tτ of t on the solid domain,
thus −pn + tτ + ts = 0 where ts is the (equal and opposite) traction acting on the solid domain.
In both cases, the form of this traction boundary condition is the same, with te and ts representing
the tractions acting on Γb and Γbs, respectively.

For both of these cases, the resulting virtual work on the free surface Γb or the interface Γbs

takes the form
δF = −

∫
Γ
δvs · (−pn + tτ ) da , (3.7.6)

where the elemental area da on Γ may be evaluated from the covariant basis vectors gα (α = 1, 2),

da = |g1 × g2| dη1dη2 , (3.7.7)

where

gα =
∂x
(
η1, η2

)
∂ηα

, (3.7.8)

and x
(
η1, η2

)
is the parametric representation of Γ, defined on the solid constituent. The outward

normal n to Ωb on Γ is evaluated from

n =
g1 × g2

|g1 × g2|
. (3.7.9)

As a result, the virtual work can be rewritten as

δF = −
∫

Γ
δvs · (−pI + τ ) · (g1 × g2) dη1dη2 . (3.7.10)

In FEBio this boundary condition is called BFSI traction, which the user must explicitly prescribe
on free surfaces Γb and deformable interfaces Γbs. The code automatically determines which of
these two types of interfaces is being considered.

3.7.2 BFSI Linearization

Using the virtual work integral δW such that

δW +DδW [∆u] +DδW [∆w] +DδW
[
∆Jf

]
≈ 0 , (3.7.11)

it may be expanded as

DδWint [∆u] +DδWint [∆w] +DδWint

[
∆Jf

]
−DδWext [∆u]−DδWext [∆w]−DδWext

[
∆Jf

]
≈ δWext − δWint .

(3.7.12)
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The linearizations of integrals are performed in the material frame of the solid domain of Ωb,
allowing us to linearize δWint along increments ∆u, ∆w, or ∆Jf by simply bringing the directional
derivative operator inside the integrals of Eqs. (3.7.3)-(3.7.4). For notational convenience, we let
J ≡ Js and F ≡ Fs. Thus, the conversion of the internal virtual work to the material frame of the
solid produces

δWint =

∫
Ωb

(
−ϕsrTd + F · σe · FT

)
: Grad δv · F−1dV

+

∫
Ωb
δv · ϕsr

(
ϕs

ϕf
τ · F−T ·Grad

(
ϕf

ϕs

)
− ρfTaf + ρsT v̇s

)
dV

+

∫
Ωb
δv · −J2F−T ·K−1 · F−1 ·wdV

+

∫
Ωb
δw · J

(
ρfTaf + F−T ·Grad p

)
dV

+

∫
Ωb
δw · J

(
− 1

ϕf
τ · F−T ·Gradϕf + JF−T ·K−1 · F−1 ·w

)
dV

+

∫
Ωb
Jτ : Grad δw · F−1dV

+

∫
Ωb
J Grad δJf · F−1 ·w + δJf

(
J
ϕf

Jf
DfJf

Dt
− J̇s

)
dV ,

(3.7.13)

where S = J F−1 · σe · F−T is the second Piola-Kirchhoff stress for the solid constituent of the
mixture, W = JF−1 ·w is the Piola transformation of w, and dV = J−1dv is an elemental volume
of Ωf in its material frame [25]. In addition, K−1 = J−1FT ·k−1 ·F is the inverse of the permeability
tensor in the material frame. Note that in the material frame, the fluid acceleration af is

af =
1

ϕf

(
ẇ + ϕf v̇s − ϕs

ϕf
J̇

J
w +

1

J

(
1

ϕf
Grad w + Grad vs − 1

ϕf2
w ⊗Gradϕf

)
·W

)
. (3.7.14)

The linearization of δWint is then performed along an increment ∆u, and the integral is reverted
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back to the spatial frame, yielding for the displacement equations

DδWint [∆u] =

∫
Ωb
αf (grad ∆u · σe : grad δv + grad δv : C : grad ∆u) dv

+

∫
Ωb
αfϕ

sτ : grad δv ·
(

grad ∆u +
ϕs

ϕf
div ∆uI

)
dv

+

∫
Ωb
−αfϕs grad δv : Cτ :

(
− ϕs

ϕf2
(div ∆u) Dw + M · grad ∆u

)
dv

+

∫
Ωb
−αfϕs grad δv :

1

ϕf2
Cτ : 2

ϕs

ϕf
(div ∆u) w ⊗ gradϕfdv

+

∫
Ωb
αfϕ

s grad δv :
1

ϕf2
Cτ : w ⊗

(
− gradT ∆u · gradϕf

)
dv

+

∫
Ωb
αfϕ

s grad δv :
1

ϕf2
Cτ : w ⊗

(
− (div ∆u) gradϕf + ϕs grad (div ∆u)

)
dv

+

∫
Ωb
δv · −αf

ϕs
2

ϕf
τ ·
(

2
ϕs

ϕf
div ∆u + gradT ∆u

)
· grad

ϕf

ϕs
dv

+

∫
Ωb
δv · αf

ϕs
2

ϕf
τ · 1

ϕs
grad (div ∆u) dv

+

∫
Ωb
δv · αf

ϕs
2

ϕf
Cτ :

(
− ϕs

ϕf2
(div ∆u) Dw + M · grad ∆u

)
· grad

ϕf

ϕs
dv

+

∫
Ωb
δv · αf

ϕs
2

ϕf3
Cτ : 2

ϕs

ϕf
(div ∆u) w ⊗ gradϕf · grad

ϕf

ϕs
dv

+

∫
Ωb
δv · −αf

ϕs
2

ϕf3
Cτ : w ⊗

(
− gradT ∆u · gradϕf

)
· grad

ϕf

ϕs
dv

+

∫
Ωb
δv · −αf

ϕs
2

ϕf3
Cτ : w ⊗

(
−div ∆u gradϕf + ϕs grad (div ∆u)

)
· grad

ϕf

ϕs
dv

+

∫
Ωb
δv · −αfϕs

ρfT
ϕf

(
ϕs (div ∆u) v̇s + ϕf

αm
αfβ∆t2

∆u

)
dv

+

∫
Ωb
δv · αfϕs

ρfT
ϕf

(
ϕs

ϕf

[((
− 1

ϕf

)
J̇

J
+

γ

β∆t

)
div ∆u− gradT ∆u : Ls

]
w

)
dv

+

∫
Ωb
δv · −αfϕs

ρfT
ϕf

(
− ϕs

ϕf2
div ∆u grad w +

γ

β∆t
grad ∆u

)
·wdv

+

∫
Ωb
δv · −αfϕs

ρfT
ϕf3

[(
(ϕs + 1)

1

ϕf
gradϕf div ∆u− ϕs grad (div ∆u)

)
·w
]

wdv

(3.7.15)

+

∫
Ωb
δv · αfϕs

ρfT
ϕf

(
Lf · grad ∆u ·w + ϕs (div ∆u) af

)
dv

+

∫
Ωb
δv · αfρs

αm
αfβ∆t2

∆udv

+

∫
Ωb
δv · αf

(
−2 (div ∆u) k−1 + gradT ∆u · k−1

)
·wdv

+

∫
Ωb
δv · αf

(
k−1 · grad ∆u +

(
k−1⊗k−1

)
: k : grad ∆u

)
·wdv ,
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for the fluid flux equations

DδWint [∆u] =

∫
Ωb
δw · αf

ρfT
ϕf

(
−ϕ

s

ϕf

[(
− 1

ϕf
J̇

J
+

γ

β∆t

)
div ∆u− gradT ∆u : Ls

]
w

)
dv

+

∫
Ωb
δw · αf

ρfT
ϕf

(
ϕs (div ∆u) v̇s + ϕf

αm
αfβ∆t2

∆u

)
dv

+

∫
Ωb
δw · αf

ρfT
ϕf

(
− ϕs

ϕf2
div ∆u grad w +

γ

β∆t
grad ∆u

)
·wdv

+

∫
Ωb
δw · αf

ρfT
ϕf

1

ϕf2

[(
(ϕs + 1)

1

ϕf
gradϕf (div ∆u)− ϕs grad (div ∆u)

)
·w
]

wdv

+

∫
Ωb
δw · −αf

ρfT
ϕf

Lf · grad ∆u ·wdv

+

∫
Ωb
δw · αf

(
1− ϕs

ϕf

)
(div ∆u) ρfTafdv

+

∫
Ωb
δw · αf

(
(div ∆u) I− gradT ∆u

)
· grad pdv

+

∫
Ωb
δw · αf

(
2 (div ∆u) k−1 − gradT ∆u · k−1

)
·wdv

+

∫
Ωb
δw · −αf

(
k−1 · grad ∆u +

(
k−1⊗k−1

)
: k : grad ∆u

)
·wdv

+

∫
Ωb
δw · αf

1

ϕf
τ ·
(

2
ϕs

ϕf
(div ∆u) I + gradT ∆u

)
· gradϕfdv

+

∫
Ωb
δw · −αf

ϕs

ϕf
τ · grad (div ∆u) dv

+

∫
Ωb
δw · −αf

1

ϕf
Cτ :

(
− ϕs

ϕf2
(div ∆u) Dw + M · grad ∆u

)
· gradϕfdv

+

∫
Ωb
δw · −αf

1

ϕf3
Cτ : 2

ϕs

ϕf
(div ∆u) w ⊗ gradϕf · gradϕfdv

+

∫
Ωb
δw · αf

1

ϕf3
Cτ : w ⊗

(
− gradT ∆u · gradϕf

)
· gradϕfdv

+

∫
Ωb
δw · αf

1

ϕf3
Cτ : w ⊗

(
− (div ∆u) gradϕf + ϕs grad (div ∆u)

)
· gradϕfdv

+

∫
Ωb
αfτ : grad δw ·

((
1− ϕs

ϕf

)
(div ∆u) I− grad ∆u

)
dv

(3.7.16)

+

∫
Ωb
αf grad δw : Cτ :

(
− ϕs

ϕf2
(div ∆u) Dw + M · grad ∆u

)
dv

+

∫
Ωb
αf grad δw : Cτ : 2

ϕs

ϕf3
(div ∆u) w ⊗ gradϕfdv

+

∫
Ωb
−αf grad δw : Cτ :

1

ϕf2
w ⊗

(
− gradT ∆u · gradϕf

)
dv

+

∫
Ωb
−αf grad δw : Cτ :

1

ϕf2
w ⊗

(
− (div ∆u) gradϕf + ϕs grad (div ∆u)

)
dv ,



104 CHAPTER 3. THE NONLINEAR FE METHOD

and for the fluid dilatation equations

DδWint [∆u] =

∫
Ωb
αf grad δJf · (div ∆uI− grad ∆u) ·wdv

+

∫
Ωb
δJfαf

1

Jf

(
J̇f div ∆u + grad Jf · ((div ∆u) I− grad ∆u) ·w

)
dv

+

∫
Ωb
−δJfαf

(
div vs +

γ

β∆t

)
div ∆u + gradT ∆u : Lsdv ,

(3.7.17)

where M = γ
β∆tI − Ls, and C is the fourth-order spatial elasticity tensor associated with σe [25].

As done in the CFD formulation (Section 3.5.2) [? ], we have introduced the fourth-order tensor
Cτ representing the tangent of the viscous stress with respect to the rate of deformation,

Cτ =
∂τ

∂Df
, (3.7.18)

where Df is the fluid rate of deformation tensor (the symmetric part of Lf ). The tensors Cd
and C depend on the choice of constitutive relations for the fluid and solid constituents of Ωf ,
respectively. In addition, k is the spatial fourth order permeability tensor with respect to right
Cauchy-Green tensor C. The linearized equations include the generalized-α parameters because
the virtual work is evaluated at the intermediate time step, while the increment itself (∆u in this
case) is at the current time step [? ].

Following the same procedure, the linearizations of δWint along an increment ∆w is given by

DδWint [∆w] =

∫
Ωb
−αf

ϕs

ϕf
grad δv : Cτ :

(
grad ∆w − 1

ϕf
∆w ⊗ gradϕf

)
dv

+

∫
Ωb
δv · −αfϕs

ρfT
ϕf

((
αm

γαf∆t
− ϕs

ϕf
J̇

J
− 1

ϕf2

(
gradϕf ·w

))
I + Lf

)
·∆wdv

+

∫
Ωb
δv · −αfϕs

ρfT
ϕf2

grad ∆w ·wdv

+

∫
Ωb
δv · αf

(ϕs)2

(ϕf )
2C

τ :

(
grad ∆w − 1

ϕf
∆w ⊗ gradϕf

)
· grad

(
ϕf

ϕs

)
dv

+

∫
Ωb
δv · −αfk−1 ·∆wdv

+

∫
Ωb
δw · αf

ρfT
ϕf

((
αm

γαf∆t
− ϕs

ϕf
J̇

J
− 1

ϕf2

(
gradϕf ·w

))
I + Lf

)
·∆wdv

+

∫
Ωb
δw · αf

ρfT
ϕf2

grad ∆w ·wdv

+

∫
Ωb
δw · αfk−1 ·∆wdv

+

∫
Ωb
δw · αf

1

ϕf2
Cτ :

(
1

ϕf
∆w ⊗ gradϕf − grad ∆w

)
· gradϕfdv

+

∫
Ωb
αf

1

ϕf
grad δw : Cτ :

(
grad ∆w − 1

ϕf
∆w ⊗ gradϕf

)
dv

+

∫
Ωb
αf grad δJf ·∆w + δJfαf

1

Jf
grad Jf ·∆wdv ,

(3.7.19)
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whereas the linearizations of δWint along an increment ∆Jf is

DδWint

[
∆Jf

]
=

∫
Ωb
−αfϕsτ ′J : grad δv∆Jfdv

+

∫
Ωb
δv · αfϕs

(
ϕs

ϕf
τ ′J · grad

ϕf

ϕs
+
ρfT
Jf

af

)
∆Jfdv

+

∫
Ωb
δw · αf

(
p′′ grad Jf∆Jf + p′ grad ∆Jf

)
dv

+

∫
Ωb
δw · −αf

(
ρfT
Jf

af∆Jf +
1

ϕf
τ ′J∆Jf · gradϕf

)
dv

+

∫
Ωb
αfτ

′
J : grad δw∆Jfdv

+

∫
Ωb
δJfαf

1

Jf

(
ϕf

αm
γαf∆t

− 1

Jf

(
ϕf J̇f + grad Jf ·w

))
∆Jfdv

+

∫
Ωb
δJfαf

1

Jf
grad ∆Jf ·wdv .

(3.7.20)

Here, p′ and p′′ respectively represent the first and second derivatives of p
(
Jf
)
. We have also

defined τ ′J as the tangent of the viscous stress τ with respect to Jf ,

τ ′J =
∂τ

∂Jf
. (3.7.21)

For the external work, when tσ, tτ , all b and wn are prescribed, the linearizations simplify to

DδWext [∆u] =

∫
Ωb
δw · αf div ∆uρfTbfdv , (3.7.22)

DδWext [∆w] = 0 , (3.7.23)

DδWext

[
∆Jf

]
=

∫
Ωb
δw · −αf

ρfT
Jf

bf∆Jfdv

+

∫
Ωb
δv · αfϕs

ρfT
Jf

bf∆Jfdv .

(3.7.24)

As discussed in Section ??, we define the fluid dilatation ef = Jf−1 as an alternative essential
variable, since initial and boundary conditions ef = 0 are more convenient to handle in a numerical
scheme than Jf = 1. It follows that grad Jf = grad ef and J̇f = ėf . Therefore the changes to the
above equations are minimal, simply requiring the substitution Jf = 1 + ef and ∆Jf = ∆ef .

3.7.3 BFSI Spatial Discretization

The degrees of freedom u (x, t), w (x, t), Jf (x, t) are spatially interpolated over the domain Ωf

using the same interpolation functions Na (x), with a = 1 to n, where n is the number of nodes in
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an element,

u (x, t) =

n∑
a=1

Na (x) ua ,

w (x, t) =
n∑
a=1

Na (x) wa ,

Jf (x, t) =
n∑
a=1

Na (x) Jfa .

(3.7.25)

Here, ua, wa, and Jfa are the nodal values of the degrees of freedom that evolve over time. These
relations may be used to evaluate Ls, Lw, div w, ẇ, grad Jf , J̇f , etc. Similar interpolations are
used for virtual increments δv, δw and δJf , as well as real increments ∆u, ∆w and ∆Jf . In
practice, interpolations Na are performed in the parametric space of each finite element, which is
a material frame.

Now, the discretized form of δWint, using Eq. (??), may be written as

δWint =
∑
a

δva · fua

+
∑
a

δwa · fwa

+
∑
a

δJfa f
J
a ,

(3.7.26)

where

fua =

∫
Ωb

(−ϕsτ + σe) · gradNadv

+

∫
Ωb
Na

(
ϕs
(
ϕs

ϕf
τ · grad

ϕf

ϕs
− ρfTaf + ρsT v̇s

)
− k−1 ·w

)
dv ,

fwa =

∫
Ωb
τ · gradNa +Na

(
ρfTaf + grad p− 1

ϕf
τ · gradϕf + k−1 ·w

)
dv ,

fJa =

∫
Ωb

gradNa ·w +Na

(
ϕf

Jf
DfJf

Dt
− J̇s

Js

)
dv .

(3.7.27)

The discretized form of DδWint [∆u] becomes

DδWint [∆u] =
∑
a

δva ·
∑
b

Kuu
ab ·∆ub

+
∑
a

δwa ·
∑
b

Kwu
ab ·∆ub

+
∑
a

δJfa
∑
b

kJuab ·∆ub ,

(3.7.28)
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where

Kuu
ab =

∫
Ωb
αf ((σe : gradNb ⊗ gradNa) I + gradNa · C · gradNb) dv

+

∫
Ωb
αfϕ

sτ ·
(
ϕs

ϕf
gradNa ⊗ gradNb + gradNb ⊗ gradNa

)
dv

+

∫
Ωb
−αfϕs gradNa · Cτ · gradNb ·

(
− ϕs

ϕf2
Dw + M

)
dv

+

∫
Ωb
−αf

ϕs

ϕf2
gradNa · Cτ ·w ·

(
2
ϕs

ϕf
gradϕf ⊗ gradNb

)
dv

+

∫
Ωb
−αf

ϕs

ϕf2
gradNa · Cτ ·w ·

(
gradNb ⊗ gradϕf

)
dv

+

∫
Ωb
αf

ϕs

ϕf2
gradNa · Cτ ·w ·

(
− gradϕf ⊗ gradNb + ϕs grad gradNb

)
dv

+

∫
Ωb
−αfNa

ϕs
2

ϕf
τ ·
(

2
ϕs

ϕf
grad

ϕf

ϕs
⊗ gradNb + gradNb ⊗ grad

ϕf

ϕs

)
dv

+

∫
Ωb
αfNa

ϕs
2

ϕf
τ · 1

ϕs
grad gradNbdv

+

∫
Ωb
αfNa

ϕs
2

ϕf
grad

ϕf

ϕs
· Cτ · gradNb ·

(
− ϕs

ϕf2
Dw + M

)
dv

+

∫
Ωb
αfNa

ϕs
2

ϕf3
grad

ϕf

ϕs
· Cτ ·w ·

(
2
ϕs

ϕf
gradϕf ⊗ gradNb

)
dv

+

∫
Ωb
αfNa

ϕs
2

ϕf3
grad

ϕf

ϕs
· Cτ ·w ·

(
gradNb ⊗ gradϕf

)
dv

+

∫
Ωb
−αfNa

ϕs
2

ϕf3
grad

ϕf

ϕs
· Cτ ·w ·

(
− gradϕf ⊗ gradNb + ϕs grad gradNb

)
dv

+

∫
Ωb
−αf

ϕs

ϕf
ρfTNa

(
ϕsv̇s ⊗ gradNb + ϕf

αm
αfβ∆t2

NbI

)
dv

+

∫
Ωb
αfρ

f
TNa

ϕs
2

ϕf2

[((
− 1

ϕf

)
J̇

J
+

γ

β∆t

)
w ⊗ gradNb −w ⊗

(
Ls

T · gradNb

)]
dv

+

∫
Ωb
−αfNaϕ

s ρ
f
T

ϕf

(
− ϕs

ϕf2
Lw ·w ⊗ gradNb +

γ

β∆t
(gradNb ·w) I

)
dv

+

∫
Ωb
−αfNaρ

f
T

ϕs

ϕf4
(ϕs + 1)

(
gradϕf ·w

)
w ⊗ gradNbdv

(3.7.29)
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+

∫
Ωb
αfNaρ

f
T

ϕs
2

ϕf3
w ⊗ grad gradT Nb ·wdv

+

∫
Ωb
αf
ϕs

ϕf
ρfTNa

(
Lf (gradNb ·w) + ϕsaf ⊗ gradNb

)
dv

+

∫
Ωb
αfNa

αm
αfβ∆t2

ρsNbIdv

+

∫
Ωb
αfNa

(
−2
(
k−1 ·w

)
⊗ gradNb + gradNb ⊗

(
k−1 ·w

))
dv

+

∫
Ωb
αfNa

(
(gradNb ·w) k−1 +

(
k−1⊗k−1

)
: k : (gradNb ·w) I

)
dv ,

Kwu
ab =

∫
Ωb
αf
ρfT
ϕf
Na

(
ϕsv̇s ⊗ gradNb + ϕf

αm
αfβ∆t2

NbI

)
dv

+

∫
Ωb
−αf

ρfT
ϕf
Na

ϕs

ϕf

(
− 1

ϕf
J̇

J
+

γ

β∆t

)
w ⊗ gradNbdv

+

∫
Ωb
αf
ρfT
ϕf
Na

ϕs

ϕf
w ⊗

(
Ls

T · gradNb

)
dv

+

∫
Ωb
αfNa

ρfT
ϕf

(
− ϕs

ϕf2
(Lw ·w)⊗ gradNb +

γ

β∆t
(gradNb ·w) I

)
dv

+

∫
Ωb
αfNa

ρfT
ϕf4

(ϕs + 1)
(

gradϕf ·w
)

w ⊗ gradNbdv

+

∫
Ωb
−αfNa

ρfT
ϕf3

ϕsw ⊗
(
grad gradT Nb ·w

)
dv

+

∫
Ωb
−αf

ρfT
ϕf
NaL

f (gradNb ·w) dv

+

∫
Ωb
αfNa

(
1− ϕs

ϕf

)
ρfTaf ⊗ gradNbdv

+

∫
Ωb
αfNa (grad p⊗ gradNb − gradNb ⊗ grad p) dv

+

∫
Ωb
αfNa

(
2
(
k−1 ·w

)
⊗ gradNb − gradNb ⊗

(
k−1 ·w

))
dv

+

∫
Ωb
−αfNa

(
(gradNb ·w) k−1 +

(
k−1⊗k−1

)
: k : (gradNb ·w) I

)
dv

+

∫
Ωb
αfNa

1

ϕf
τ ·
(

2
ϕs

ϕf
gradϕf ⊗ gradNb + gradNb ⊗ gradϕf

)
dv

+

∫
Ωb
−αfNa

1

ϕf
τ · ϕs grad gradNbdv

+

∫
Ωb
−αfNa

1

ϕf
gradϕf · Cτ · gradNb ·

(
− ϕs

ϕf2
Dw + M

)
dv

+

∫
Ωb
−αfNa

1

ϕf3
gradϕf · Cτ ·w ·

(
2
ϕs

ϕf
gradϕf ⊗ gradNb

)
dv

+

∫
Ωb
−αfNa

1

ϕf3
gradϕf · Cτ ·w ·

(
gradNb ⊗ gradϕf

)
dv

(3.7.30)
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+

∫
Ωb
αfNa

1

ϕf3
gradϕf · Cτ ·w ·

(
− gradϕf ⊗ gradNb + ϕs grad gradNb

)
dv

+

∫
Ωb
αfτ ·

((
1− ϕs

ϕf

)
gradNa ⊗ gradNb − gradNb ⊗ gradNa

)
dv

+

∫
Ωb
αf gradNa · Cτ · gradNb ·

(
− ϕs

ϕf2
Dw + M

)
dv

+

∫
Ωb
αf

1

ϕf2
gradNa · Cτ ·w ·

(
2
ϕs

ϕf
gradϕf ⊗ gradNb

)
dv

+

∫
Ωb
αf

1

ϕf2
gradNa · Cτ ·w ·

(
gradNb ⊗ gradϕf

)
dv

+

∫
Ωb
−αf

1

ϕf2
gradNa · Cτ ·w ·

(
− gradϕf ⊗ gradNb + ϕs grad gradNb

)
dv ,

kJuab =

∫
Ωb
αf (gradNb ⊗w − (gradNb ·w) I) · gradNadv

+

∫
Ωb
αfNa

1

Jf

(
J̇f gradNb + (gradNb ⊗w − gradNb ·wI) · grad Jf

)
dv

+

∫
Ωb
−αfNa

(
J̇

J
+

γ

β∆t

)
gradNb + Ls

T · gradNbdv ,

(3.7.31)

whereas that of DδWint [∆w] becomes

DδWint [∆w] =
∑
a

δva ·
∑
b

Kuw
ab ·∆wb

+
∑
a

δwa ·
∑
b

Kww
ab ·∆wb

+
∑
a

δJfa
∑
b

kJwab ·∆wb ,

(3.7.32)
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where

Kuw
ab =

∫
Ωb
αf
ϕs

ϕf
gradNa · Cτ ·

(
1

ϕf
Nb gradϕf − gradNb

)
dv

+

∫
Ωb
−αfϕs

ρfT
ϕf
Na

((
αm

γαf∆t
− ϕs

ϕf
J̇

J
− 1

ϕf2

(
gradϕf ·w

))
I + Lf

)
Nbdv

+

∫
Ωb
−αfϕs

ρfT
ϕf2

Na (gradNb ·w) Idv

+

∫
Ωb
αfNa

(ϕs)2

(ϕf )
2 grad

ϕf

ϕs
· Cd ·

(
− 1

ϕf
Nb gradϕf + gradNb

)
dv

+

∫
Ωb
−αfNaNbk

−1dv ,

Kww
ab =

∫
Ωb
αfNa

ρfT
ϕf

((
αm

γαf∆t
− ϕs

ϕf
J̇

J
− 1

ϕf2

(
gradϕf ·w

))
I + Lf

)
Nbdv

+

∫
Ωb
αfNa

ρfT
ϕf2

(gradNb ·w) Idv

+

∫
Ωb
αfNa

(
1

ϕf2
gradϕf · Cτ ·

(
1

ϕf
Nb gradϕf − gradNb

)
+Nbk

−1

)
dv

+

∫
Ωb
αf

1

ϕf
gradNa · Cτ ·

(
− 1

ϕf
Nb gradϕf + gradNb

)
dv ,

kJwab =

∫
Ωb
αfNb

(
gradNa +Na

1

Jf
grad Jf

)
dv ,

(3.7.33)

and finally, for DδWint

[
∆Jf

]
the equations become

DδWint

[
∆Jf

]
=
∑
a

δva ·
∑
b

kuJab ∆Jfb

+
∑
a

δwa ·
∑
b

kwJab ∆Jfb

+
∑
a

δJfa
∑
b

kJJab ∆Jfb ,

(3.7.34)

where

kuJab =

∫
Ωb
αfϕ

sNaNb

(
ϕs

ϕf
τ ′J · grad

ϕf

ϕs
+
ρfT
Jf

af

)
dv

+

∫
Ωb
−αfNbϕ

sτ ′J · gradNadv ,

kwJab =

∫
Ωb
αfNa

(
p′ gradNb +Nb

(
p′′ grad Jf −

ρfT
Jf

af − 1

ϕf
τ ′J · gradϕf

))
dv∆Jfb

+

∫
Ωb
αfNbτ

′
J · gradNadv ,

kJJab =

∫
Ωb
αfNa

1

Jf

((
ϕf

αm
γαf∆t

− 1

Jf

(
ϕf J̇f + grad Jf ·w

))
Nb + gradNb ·w

)
dv ,

(3.7.35)
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for external virtual work in Eq. (??), the discretized equations are

δWext =
∑
a

δva · fua

+
∑
a

δwa · fwa

+
∑
a

δJfa f
J
a ,

(3.7.36)

where

fua,ext =

∫
∂Ωb

Nat
σda+

∫
Ωb
Naϕ

s
(
−ρfTbf + ρsTbs

)
dv ,

fwa,ext =

∫
∂Ωb

Nat
τda+

∫
Ωb
ρfTNab

fdv ,

fJa,ext =

∫
∂Ωb

Nawnda ,

(3.7.37)

and the discretized forms of the linearized external virtual work are

DδWext [∆u] =
∑
a

δwa ·
∑
b

Kwu
ab ·∆ub ,

DδWext

[
∆Jf

]
=
∑
a

δva ·
∑
b

kuJab ∆Jfb +
∑
a

δwa ·
∑
b

kwJab ∆Jfb ,
(3.7.38)

where

Kwu
ab,ext =

∫
Ωb
αfNaρ

f
Tbf ⊗ gradNbdv ,

kuJab,ext =−
∫

Ωb
αfϕ

s ρ
f
T

Jf
NaNbb

fdv ,

kwJab,ext =−
∫

Ωb
αf
ρfT
Jf
NaNbb

fdv .

(3.7.39)

Combining these results, from the linearized virtual work equation of (3.5.5) we can represent
the system of equations in a compact matrix form as

 Kuu
ab Kuw

ab kuJab − kuJab,ext
Kwu
ab −Kwu

ab,ext Kww
ab kwJab − kwJab,ext

kJuab kJwab kJJab

 ∆u
∆w
∆Jf

 =

 fua,ext − fua
fwa,ext − fwa
fJa,ext − fJa

 . (3.7.40)
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3.7.4 BFSI Traction Interface

The virtual work δF on a biphasic-FSI interface was given in Eq. (3.7.10). The linearizations of δF
are given by

DδF [∆u] =

∫
∂Ωb

δv · αf
ϕs

ϕf
(div ∆u) Td · (g1 × g2) dη1dη2

+

∫
∂Ωb
−δv · Cτ : αf

(
− ϕs

ϕf2
(div ∆u) Dw + M · grad ∆u

)
· (g1 × g2) dη1dη2

+

∫
∂Ωb
−δv · Cτ : αf

(
2
ϕs

ϕf3
(div ∆u) w ⊗ gradϕf

)
· (g1 × g2) dη1dη2

+

∫
∂Ωb
−δv · Cτ : αf

(
− 1

ϕf2
w ⊗

(
− gradT ∆u · gradϕf

))
· (g1 × g2) dη1dη2

+

∫
∂Ωb

δv · Cτ : αf

(
ϕs

ϕf2
w ⊗

(
− 1

J
(div ∆u) gradJ + grad (div ∆u)

))
· (g1 × g2) dη1dη2

+

∫
∂Ωb
−δv · αfτ ·

(
∂∆u

∂η1
× g2 + g1 ×

∂∆u

∂η2

)
dη1dη2 ,

DδF [∆w] =

∫
∂Ωb
−δv · αfCτ :

(
1

ϕf
grad ∆w − 1

ϕf2
∆w ⊗ gradϕf

)
· (g1 × g2) dη1dη2 ,

DδF
[
∆Jf

]
=

∫
∂Ωb
−δv · αf

(
−p′I + τ ′J

)
· (g1 × g2) ∆Jf dη1dη2 .

(3.7.41)
The discretized forms of this virtual work is

δF =
∑
a

δva · fa , (3.7.42)

where

fa =

∫
∂Ωb
−Na (−pI + τ ) · (g1 × g2) dη1dη2 . (3.7.43)

The discretized forms of the linearizations are

DδF [∆u] =
∑
a

δva ·
∑
b

Kuu
ab ·∆ub ,

DδF [∆w] =
∑
a

δva ·
∑
b

Kuw
ab ·∆wb ,

DδF
[
∆Jf

]
=
∑
a

δva ·
∑
b

kuJab ∆Jfb ,

(3.7.44)
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where

Kuu
ab =

∫
∂Ωb

αfNa
ϕs

ϕf
(τ · (g1 × g2))⊗ gradNb dη

1dη2

+

∫
∂Ωb
−αfNa (g1 × g2) · Cd · gradNb ·

(
− ϕs

ϕf2
Dw + M

)
dη1dη2

+

∫
∂Ωb
−αfNa (g1 × g2) · Cτ ·w ·

(
2
ϕs

ϕf3
gradϕf ⊗ gradNb

)
dη1dη2

+

∫
∂Ωb
−αfNa (g1 × g2) · Cτ ·w ·

(
1

ϕf2
gradNb ⊗ gradϕf

)
dη1dη2

+

∫
∂Ωb

αfNa (g1 × g2) · Cτ ·w · ϕ
s

ϕf2

(
− 1

J
grad J ⊗ gradNb + grad gradNb

)
dη1dη2

+

∫
∂Ωb
−αfNa (−pI + τ ) ·A

{
−g2

∂Nb

∂η1
+ g1

∂Nb

∂η2

}
dη1dη2 ,

Kuw
ab =

∫
∂Ωb
−αfNa (g1 × g2) · Cd ·

1

ϕf

(
gradNb −

1

ϕf
Nb gradϕf

)
dη1dη2 ,

kuJab =

∫
∂Ωb
−αfNaNb

(
−p′I + τ ′J

)
· (g1 × g2) dη1dη2 .

(3.7.45)
Note that A {·} represents the skew-symmetric tensor form of the bracketed vector.

3.8 Newton-Raphson Method

The Newton-Raphson method (also known as “Newton’s method”, “Full Newton method” or “the
Newton method”) is the basis for solving the nonlinear finite element equations. This section
will describe the Full Newton method and the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
[58]. The latter variation is actually a quasi-Newton method. It is important since it provides several
advantages over the full Newton method and it is this method that is implemented in FEBio [58].

3.8.1 Full Newton Method

The Newton-Raphson equation (3.1.3) can be written in terms of the discretized equilibrium equa-
tions that were derived in the previous section as follows:

δvT ·K · u = −δvT ·R. (3.8.1)

Since the virtual velocities δvare arbitrary, a discretized Newton-Raphson scheme can be formu-
lated as follows:

K (xk) · u = −R (xk) ; xk+1 = xk + u . (3.8.2)

This is the basis of the Newton-Raphson method. For each iteration k, both the stiffness matrix
and the residual vector are re-evaluated and a displacement increment u is calculated by pre-
multiplying both sides of the above equation by K−1. This procedure is repeated until some
convergence criteria are satisfied.

The formation of the stiffness matrix and, especially, calculation of its inverse, are computation-
ally expensive. Quasi-Newton methods do not require the reevaluation of the stiffness matrix for
every iteration. Instead, a quick update is calculated. One particular method that has been quite
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successful in the field of computational solid mechanics is the BFGS method, which is described
in the next section.

3.8.2 BFGS Method

The BFGS method updates the stiffness matrix (or rather its inverse) to provide an approximation
to the exact matrix. A displacement increment is defined as

dk = xk − xk−1 , (3.8.3)

and an increment in the residual is defined as

Gk = Rk−1 −Rk . (3.8.4)

The updated matrix Kk should satisfy the quasi-Newton equation:

Kkdk = Gk . (3.8.5)

In order to calculate this update, as displacement increment is first calculated:

u = K−1
k−1Rk−1 . (3.8.6)

This displacement vector defines a “direction” for the actual displacement increment. A line search
(see next section) can now be applied to determine the optimal displacement increment:

xk = xk−1 + su , (3.8.7)

where sis determined from the line search. With the updated position calculated, Rkcan be eval-
uated. Also, using equations (3.8.3) and (3.8.4), dk and Gk can be evaluted. The stiffness update
can now be expressed as

K−1
k = AT

kK−1
k−1Ak , (3.8.8)

where the matrix A is an n× n matrix of the simple form:

Ak = 1 + vkw
T
k . (3.8.9)

The vectors v and w are given by

vk = −
(

dTkGk

dTkKk−1dk

)1/2

Kk−1dk −Gk , (3.8.10)

wk =
dk

dTkGk
. (3.8.11)

The vector Kk−1dk is equal to sRk−1 and has already been calculated.
To avoid numerically dangerous updates, the condition number c of the updating matrix A is

calculated:

c =

(
dTkGk

dTkKk−1dk

)1/2

. (3.8.12)

The update is not performed when this number exceeds a preset tolerance.
Considering the actual computations involved, it should be noted that using the matrix updates

defined above, the calculation of the search direction in (3.8.6) can be rewritten as,

u =
(
1 + wk−1v

T
k−1

)
· · ·
(
1 + w1v

T
1

)
K−1

0

(
1 + v1w

T
1

)
· · ·
(
1 + vk−1w

T
k−1

)
Rk−1 . (3.8.13)

Hence, the search direction can be computed without explicitly calculating the updated matrices
or performing any additional costly matrix factorizations as required in the full Newton-Raphson
method.
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3.8.3 Line Search Method

A powerful technique often used to improve the convergence rate of Newton based methods is the
line search method. In this method, the direction of the displacement vector u is considered as
optimal, but the magnitude is controlled by a parameter s:

xk+1 = xk + su . (3.8.14)

The value of sis usually chosen so that the total potential energy W (s) = W (xk + su)at the end
of the iteration is minimized in the direction of u. This is equivalent to the requirement that the
residual force R (xk + su)at the end of the iteration is orthogonal to u:

R (s) = uTR (xk + su) = 0 . (3.8.15)

However, in practice it is sufficient to obtain a value of ssuch that,

|R (s)| < ρ |R (0)| , (3.8.16)

where typically a value of ρ = 0.9 is used. Under normal conditions the value s = 1 automatically
satisfies equation (3.8.16) and therefore few extra operations are involved. However, when this is
not the case, a more suitable value for sneeds to be obtained. For this reason it is convenient to
approximate R (s)as a quadratic in s:

R (s) ≈ (1− s)R (0) +R (1) s2 = 0 , (3.8.17)

which yields a value for sas

s =
r

2
±
√(r

2

)2
− r , r =

R (0)

R (1)
. (3.8.18)

If r < 0, the square root is positive and a first improved value for sis obtained:

s1 =
r

2
+

√(r
2

)2
− r . (3.8.19)

If r > 0 the scan be obtained by using the value that minimizes the quadratic function, that is,
s1 = r/2. This procedure is now repeated with R (1) replaced by R (s1) until equation (3.8.16) is
satisfied.

3.9 Generalized α−Method

The generalized α−method is used for temporal discretization of governing equations in fluid me-
chanics. For this method we combine the degrees of freedom into Yn = {v, J}n, where the
subscript n denotes time tn; similarly, we let Ẏn =

{
∂v
∂t ,

∂J
∂t

}
n
. According to this method [45], the

virtual work is evaluated at δW
(
Ẏn+αm ,Yn+αf

)
, where tn+α = tn + α∆t and ∆t = tn+1 − tn.

Here,
Yn+αf = αfYn+1 + (1− αf ) Yn

Ẏn+αm = αmẎn+1 + (1− αm) Ẏn

. (3.9.1)
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The parameters αf and αm are evaluated from a single parameter ρ∞ using

αf =
1

1 + ρ∞
, αm =

1

2

3− ρ∞
1 + ρ∞

, (3.9.2)

where 0 ≤ ρ∞ ≤ 1. This parameter is the spectral radius for an infinite time step, which controls
the amount of damping of high frequencies; a value of zero produces the greatest amount of
damping, anihilating the highest frequency in one step, whereas a value of one preserves the
highest frequency.

The linearization of δW
(
Ẏn+αm ,Yn+αf

)
reported in Section 3.5.2 is effectively performed

along an increment ∆Y of Yn+1 so that the solution to δW = 0 produces Yn+1. Based on
Newmark integration, we have

Ẏn+1 =
Yn+1 −Yn

γ∆t
−
(

1

γ
− 1

)
Ẏn . (3.9.3)

where, according to the generalized α−method,

γ =
1

2
+ αm − αf . (3.9.4)

Therefore, in this scheme, Ẏn+αm is evaluated from

Ẏn+αm =

(
1− αm

γ

)
Ẏn +

ξ

∆t

(
Yn+αf −Yn

)
, ξ ≡ αm

αfγ
. (3.9.5)

Using (3.9.1) and (3.9.5), we find that

DYn+αf [∆Y] = αf∆Y

DẎn+αm [∆Y] =
αm
γ

∆Y

∆t

(3.9.6)

Given the solution
(
Ẏn+αm ,Yn+αf

)
, the solution at tn+1 is evaluated from

Yn+1 = Yn +
Yn+αf −Yn

αf
,

Ẏn+1 = Ẏn +
Ẏn+αm − Ẏn

αm
.

(3.9.7)

Four different options are presented in [45] for initializing Yn+1 and Ẏn+1 at the beginning of time
step tn+1; the first three of these have been implemented in FEBio. For steady flows these authors
recommend disregarding ρ∞ and setting αf = αm = γ = 1 to recover the backward Euler scheme.



Chapter 4

Element Library

FEBio provides several element types for finite element discretization. This chapter describes
these elements in more detail.

4.1 Solid Elements

The 3D solid elements available in FEBio are isoparametric elements. All of the solid elements
are formulated in a global Cartesian coordinate system. For all these elements, a local coordinate
system (so-called isoparametric coordinates) is defined as well. The global position vector x can
be written as a function of the isoparametric coordinates in the following sense:

x (r, s, t) =
n∑
i=1

Ni (r, s, t) xi. (4.1.1)

Here, n is the number of nodes, r, s and t are the isoparametric coordinates, Ni are the element
shape functions and xi are the spatial coordinates of the element nodes. The same parametric
interpolation is used for the interpolation of other scalar and vector quantities.

All elements in FEBio are integrated numerically. This implies that integrals over the volume of
the element ve are approximated by a sum:∫

ve

f (x) dv =

∫
2e

f (r) J(r)d2 ∼=
m∑
i=1

f (ri) Jiwi . (4.1.2)

Here, 2 is the biunit cube, m is the number of integration points, riare the location of the integration
points in isoparametric coordinates, J is the Jacobian of the transformation x = x (r, s, t), and wi
is a weight associated with the integration point. The integration is performed over the element’s
volume in the natural coordinate system.

Most fully integrated solid elements are unsuitable for the analysis of (nearly-) incompressible
material behavior. To deal with this type of deformation, a three-field element implementation is
available in FEBio [75].

4.1.1 Hexahedral Elements

FEBio implements an 8-node trilinear hexahedral element. This element is also known as a brick
element. The shape functions for these elements are defined in function of the isoparametric

117
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coordinates r, s and t, and are given below.

N1 =
1

8
(1− r) (1− s) (1− t)

N2 =
1

8
(1 + r) (1− s) (1− t)

N3 =
1

8
(1 + r) (1 + s) (1− t)

N4 =
1

8
(1− r) (1 + s) (1− t)

N5 =
1

8
(1− r) (1− s) (1 + t)

N6 =
1

8
(1 + r) (1− s) (1 + t)

N7 =
1

8
(1 + r) (1 + s) (1 + t)

N8 =
1

8
(1− r) (1 + s) (1 + t)

. (4.1.3)

The following integration rule is implemented for this element type.

8-point Gauss rule
r s t w
-0.577350269 -0.577350269 -0.577350269 1
0.577350269 -0.577350269 -0.577350269 1
0.577350269 0.577350269 -0.577350269 1
-0.577350269 0.577350269 -0.577350269 1
-0.577350269 -0.577350269 0.577350269 1
0.577350269 -0.577350269 0.577350269 1
0.577350269 0.577350269 0.577350269 1
-0.577350269 0.577350269 0.577350269 1

4.1.2 Pentahedral Elements

Pentahedral elements (also knows as “wedge” elements) consist of six nodes and five faces. Their
shape functions are defined in function of the isoparametric coordinates r, s and t and are given
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as follows.
N1 =

1

2
(1− r − s) (1− t)

N2 =
1

2
r (1− t)

N3 =
1

2
s (1− t)

N4 =
1

2
(1− r − s) (1 + t)

N5 =
1

2
r (1 + t)

N6 =
1

2
s (1 + t)

. (4.1.4)

The following integration rule is implemented for this element type.

6-point Gauss rule
r s t w
0.166666667 0.166666667 -0.577350269 0.166666667
0.666666667 0.166666667 -0.577350269 0.166666667
0.166666667 0.666666667 -0.577350269 0.166666667
0.166666667 0.166666667 0.577350269 0.166666667
0.666666667 0.166666667 0.577350269 0.166666667
0.166666667 0.666666667 0.577350269 0.166666667

4.1.3 Tetrahedral Elements

Linear 4-node tetrahedral elements are also available in FEBio. Their shape functions are defined
in function of the isoparametric coordinates r, s and t.

N1 = 1− r − s− t
N2 = r

N3 = s

N4 = t

. (4.1.5)

The following integration rules are implemented for this element type.

1-point Gauss rule
r s t w
0.25 0.25 0.25 0.166666667

4-point Gauss rule
r s t w
0.13819660 0.13819660 0.13819660 0.041666667
0.58541020 0.13819660 0.13819660 0.041666667
0.13819660 0.58541020 0.13819660 0.041666667
0.13819660 0.13819660 0.58541020 0.041666667



120 CHAPTER 4. ELEMENT LIBRARY

Different solid element types that are available in FEBio

4.1.4 Quadratic Tetrahedral Elements

FEBio implements a 10-node quadratic tetrahedral element. It has four corner nodes and six
nodes located at the midpoint of the edges. The shape functions in terms area coordinates are
given below. The area coordinates relate to the isoparametric coordinates as follows.

t1 = 1− r − s− t
t2 = r

t3 = s

t4 = t

. (4.1.6)

The shape functions follow.
Hi = ti (2ti − 1) , i = 1 · · · 4
H5 = 4t1t2

H6 = 4t2t3

H7 = 4t3t1

H8 = 4t1t4

H9 = 4t2t4

H10 = 4t3t4

. (4.1.7)

The following integration rules are implemented for this element type.

4-point Gauss rule
r s t w
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0.58541020 0.13819660 0.13819660 0.041666667
0.13819660 0.58541020 0.13819660 0.041666667
0.13819660 0.13819660 0.58541020 0.041666667
0.13819660 0.13819660 0.13819660 0.041666667

8-point Gauss rule
r s t w
0.01583591 0.328054697 0.328054697 0.023087995
0.328054697 0.01583591 0.328054697 0.023087995
0.328054697 0.328054697 0.01583591 0.023087995
0.328054697 0.328054697 0.328054697 0.023087995
0.679143178 0.106952274 0.106952274 0.018578672
0.106952274 0.679143178 0.106952274 0.018578672
0.106952274 0.106952274 0.679143178 0.018578672
0.106952274 0.106952274 0.106952274 0.018578672

11-point Gauss-Lobatto rule
r s t w
0 0 0 0.002777778
1 0 0 0.002777778
0 1 0 0.002777778
0 0 1 0.002777778
0.5 0 0 0.011111111
0.5 0.5 0 0.011111111
0 0.5 0 0.011111111
0 0 0.5 0.011111111
0.5 0 0.5 0.011111111
0 0.5 0.5 0.011111111
0.25 0.25 0.25 0.088888889

FEBio also implements a 15-node quadratic tetrahedral element.



122 CHAPTER 4. ELEMENT LIBRARY

Quadratic tetrahedral elements available in FEBio. Left, a 10-node quadratic tet. Right, a
15-node quadratic tet.

The following integration rules are implemented for this element type.

8-point Gauss rule1

r s t w
0.0158359099 0.3280546970 0.3280546970 0.138527967
0.3280546970 0.0158359099 0.3280546970 0.138527967
0.3280546970 0.3280546970 0.0158359099 0.138527967
0.3280546970 0.3280546970 0.3280546970 0.138527967
0.6791431780 0.1069522740 0.1069522740 0.111472033
0.1069522740 0.6791431780 0.1069522740 0.111472033
0.1069522740 0.1069522740 0.6791431780 0.111472033
0.1069522740 0.1069522740 0.1069522740 0.111472033

11-point Gauss rule
r s t w
0.25 0.25 0.25 -0.01315555556
0.071428571428571 0.071428571428571 0.071428571428571 0.007622222222
0.785714285714286 0.071428571428571 0.071428571428571 0.007622222222
0.071428571428571 0.785714285714286 0.071428571428571 0.007622222222
0.071428571428571 0.071428571428571 0.785714285714286 0.007622222222
0.399403576166799 0.100596423833201 0.100596423833201 0.024888888889
0.100596423833201 0.399403576166799 0.100596423833201 0.024888888889
0.100596423833201 0.100596423833201 0.399403576166799 0.024888888889
0.399403576166799 0.399403576166799 0.100596423833201 0.024888888889
0.399403576166799 0.100596423833201 0.399403576166799 0.024888888889
0.100596423833201 0.399403576166799 0.399403576166799 0.024888888889

1Note that weights sum up to one and not to the volume of the tet in the natural coordinate system (i.e. 1/6).
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15-point Gauss rule
r s t w
0.25 0.25 0.25 0.030283678097089
0.333333333333333 0.333333333333333 0.333333333333333 0.006026785714286
0.000000000000000 0.333333333333333 0.333333333333333 0.006026785714286
0.333333333333333 0.000000000000000 0.333333333333333 0.006026785714286
0.333333333333333 0.333333333333333 0.000000000000000 0.006026785714286
0.090909090909091 0.090909090909091 0.090909090909091 0.011645249086029
0.727272727272727 0.090909090909091 0.090909090909091 0.011645249086029
0.090909090909091 0.727272727272727 0.090909090909091 0.011645249086029
0.090909090909091 0.090909090909091 0.727272727272727 0.011645249086029
0.433449846426336 0.066550153573664 0.066550153573664 0.010949141561386
0.066550153573664 0.433449846426336 0.066550153573664 0.010949141561386
0.066550153573664 0.066550153573664 0.433449846426336 0.010949141561386
0.066550153573664 0.433449846426336 0.433449846426336 0.010949141561386
0.433449846426336 0.066550153573664 0.433449846426336 0.010949141561386
0.433449846426336 0.433449846426336 0.066550153573664 0.010949141561386

4.2 Shell Elements

Historically, shells have been formulated using two different approaches [42]. The difference be-
tween these approaches lies in the way the rotational degrees of freedom are defined. In the first
approach, the rotational degrees of freedom are defined as angles. In addition, the plane stress
condition needs to be enforced to take thickness variations into account. This approach is very
useful for infinitesimal strains, but becomes very difficult to pursue in finite deformation due to
the fact that finite rotations do not commute. Another disadvantage of this approach is that it re-
quires a modification to the material formulation to enforce the plane stress condition. For complex
materials this modification is very difficult or even impossible to obtain.

The alternative approach is to use an extensible director to describe the rotational degrees of
freedom. With this approach it is not necessary to enforce the plane-stress condition and the full
3D constitutive relations can be employed. This approach is adapted in FEBio as described here.

The shell formulation implemented in FEBio is still a work in progress. The goal is to implement
an extensible director formulation with strain enhancements to deal with the well-known locking
effect in incompressible and bending problems [21]. With the current state of the implementation,
it is advised to use quadratic elements in such problems.

Starting with FEBio 2.6, two shell formulations have become available: The original formula-
tion, where nodes are located at the mid-surface through the thickness of the shell, and a new
formulation where nodes are located on the front face of the shell. The original formulation uses
nodal displacements and directors as degrees of freedom; the new formulation uses front and
back face nodal displacements. The new formulation is designed to properly accommodate shells
attached to the surface of a solid element, or shells sandwiched between two solid elements, with
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minimal alterations to the rest of the code. The original formulation does not strictly enforce conti-
nuity of all the relevant degrees of freedom in those situations. However, this original formulation
is maintained in the code for backward compatibility.

Most of the shell elements available in FEBio use a compatible strain formulation, where the
calculation of strain components is based only on nodal displacements, similar to hexahedral or
pentrahedral elements. Users should be aware that this compatible strain formulation is very
susceptible to element locking when the shell thickness is much smaller than the shell size (e.g.,
when the aspect ratio is less than 0.01). Therefore, these shell formulations should be used with
caution, keeping in mind this important constraint. Conversely, these shell elements perform very
well when they are attached to solid elements (e.g., skin over muscle), or sandwiched between
shell elements (e.g., cell membrane separating cytoplasm from extra-cellular matrix).

The element-locking limitation of compatible strain shell formulations has motivated the devel-
opment of specialized shell formulations that attempt to overcome locking. The FE literature on
this subject is rather extensive and we refer the reader to the excellent review chapter by Bischoff
et al. [24] on this topic. Methods for overcoming locking include the assumed natural strain (ANS)
formulation for transverse shear strains [55, 18] and transverse normal strains [22, 23]. The ANS
formulation may be supplemented with the enhanced assumed strain (EAS) method [77] and ex-
tended to large deformations [48, 85, 73]. FEBio includes the ANS (q4ans) and EAS (q4eas)
quadrilateral shell element formulations of Vu-Quoc and Tan [85], using a seven-parameter EAS
interpolation, which is otherwise substantially similar to the five-parameter interpolation presented
in an earlier study by Klinkel et al. [48]. These shell elements are not suitable for attachment
to a solid element, nor sandwiching between two solid elements. Since they don’t experience
element locking, they should be loaded more slowly than compatible strain shell elements. The
formulations presented below are for the compatible strain shell elements.

4.2.1 Shell with mid-surface nodal displacements

We create a shell formulation by reducing a solid element interpolation which is linear along the
parametric coordinate ξ3. We start with the general interpolation for a solid element,

x (ξi) =
n∑
a=1

Na (ξi) xa , (4.2.1)

where i = 1, 2, 3 and n is the number of nodes, and specialize it to the case of a shell as

Na (ξi) =

{
1−ξ3

2 Ma (ξα) 1 6 a 6 m
1+ξ3

2 Ma (ξα) m+ 1 6 a 6 n
, (4.2.2)

where α = 1, 2, m = n/2 is the number of shell element nodes, and Ma (ξα) are the interpolation
functions within the mid-shell surface. The description of the mid-shell surface is thus given by

x̂ (ξα) =

n∑
a=1

Na (ξ1, ξ2, 0) xa ≡
m∑
b=1

Mb (ξα) x̂b , (4.2.3)

where
x̂b =

1

2
(xb + xb+m) (4.2.4)

are the nodal positions for the mid-shell surface.
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Example of shell elements with four mid-surface nodal positions x̂b and directors db
(b = 1− 4), reduced from a solid element.

We also define the director across the shell surface as

d (ξα) = x (ξ1, ξ2, 1)− x (ξ1, ξ2,−1) =
m∑
b=1

Mb (ξα) db , (4.2.5)

where
db = xb+m − xb, b = 1−m (4.2.6)

are the nodal directors. Note that the magnitude of the nodal director represents the shell thick-
ness, h (ξα) = ‖d (ξα)‖ and the shell thicknesses at the nodes are hb = ‖db‖. With these definitions
we find that the interpolation across the parametric space of the shell element is

x (ξi) = x̂ (ξα) +
1

2
ξ3d (ξα) =

m∑
b=1

Mb (ξα)

(
x̂b +

1

2
ξ3db

)
. (4.2.7)

From this relation we can obtain the covariant basis vectors as

gα (ξi) =
∂x

∂ξα
=

m∑
b=1

∂Mb

∂ξα

(
x̂b +

1

2
ξ3db

)

g3 (ξi) =
∂x

∂ξ3
=

1

2

m∑
b=1

Mb (ξα) db

, (4.2.8)

from which we may evaluate the contravariant basis vectors gj using the identity gi ·gj = δji . Then,
the gradients of the shape functions are given by

gradMb =
∂Mb

∂ξα
gα, grad

(
1

2
ξ3Mb

)
=

1

2

(
ξ3 gradMb +Mbg

3
)
. (4.2.9)

It follows from (4.2.7) that the virtual displacement is

δu (ξi) =
m∑
a=1

Ma (ξα)

(
δûa +

1

2
ξ3δda

)
, (4.2.10)
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and the incremental displacement is

∆u (ξi) =
m∑
b=1

Mb (ξα)

(
∆ûb +

1

2
ξ3∆db

)
. (4.2.11)

In FEBio, for historical reasons, the nodal director db is currently called rotation. This is a
misnomer and users should treat this rotation as the vector da whose components have units of
length. Thus, fixing or prescribing rotation components in the input file effectively places these
constraints on the components of the nodal director; similarly, requesting rotation in the output
files will produce the components of the director.

When this type of shell is connected face-to-face with a solid element, the nodes located at
x̂b automatically share their displacement degrees of freedom ub with the corresponding nodes
from the face of the solid element. However, no continuity is enforced between the directors db
and the solid element deformation. One consequence of this condition is that a shell sandwiched
between two solid elements will not detect out-of-plane shear and normal stresses transmitted
by the solid element(s). Another consequence is that bending of the solid element(s) will not
produce a bending moment in the shell. Therefore, these shell elements are best used as shell-
only structures.

4.2.1.1 Elastic Shell

For an elastic shell, the internal virtual work becomes

δW e
int =

∫
Ωe

σ : grad δu dv =
n∑
a=1

[
δûa δda

]
·
[

fua
fda

]
, (4.2.12)

where

fua =

∫
Ωe

σ · gradMa dv, fda =

∫
Ωe

σ · grad

(
1

2
ξ3Ma

)
dv . (4.2.13)

The linearization of the internal virtual work is

D
(
δW e

int

)
[∆u] =

∫
Ωe

tr
(
grad ∆u · σ · gradT δu

)
dv

+
∫

Ωe
grad δu : C : gradT ∆u dv

. (4.2.14)

The first of these integrals may be discretized as

∫
Ωe

tr
(
grad ∆u · σ · gradT δu

)
dv =

m∑
a=1

m∑
b=1

[
δûa δda

] [ Kuu
ab Kud

ab

Kdu
ab Kdd

ab

] [
∆ûb
∆db

]
, (4.2.15)
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where

Kuu
ab =

∫
Ωe

(gradMa · σ · gradMb) I dv

Kud
ab =

∫
Ωe

(
gradMa · σ · grad

(
1

2
ξ3Mb

))
I dv

Kdu
ab =

∫
Ωe

(
grad

(
1

2
ξ3Ma

)
· σ · gradMb

)
I dv

Kdd
ab =

∫
Ωe

(
grad

(
1

2
ξ3Ma

)
· σ · grad

(
1

2
ξ3Mb

))
I dv

. (4.2.16)

The second integral in (4.2.14) becomes

∫
Ωe

grad δu : C : gradT ∆u dv =

m∑
a=1

m∑
b=1

[
δûa δda

] [ Kuu
ab Kud

ab

Kdu
ab Kdd

ab

] [
∆ûb
∆db

]
, (4.2.17)

where

Kuu
ab =

∫
Ωe

gradMa · C · gradMb dv

Kud
ab =

∫
Ωe

gradMa · C · grad

(
1

2
ξ3Mb

)
dv

Kdu
ab =

∫
Ωe

grad

(
1

2
ξ3Ma

)
· C · gradMb dv

Kdd
ab =

∫
Ωe

grad

(
1

2
ξ3Ma

)
· C · grad

(
1

2
ξ3Mb

)
dv

. (4.2.18)

Similar expressions may be derived for the external work and inertia forces.
In FEBio a 3-point Gaussian quadrature rule is used for the through-the-thickness integration.

FEBio currently supports four- and eight-node quadrilateral and three- and six-node triangular
shell elements.

4.2.1.2 Quadrilateral shells

For four-node quadrilateral shells, the shape functions are given by

M1 =
1

4
(1− r) (1− s)

M2 =
1

4
(1 + r) (1− s)

M3 =
1

4
(1 + r) (1 + s)

M4 =
1

4
(1− r) (1 + s)

. (4.2.19)
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For eight-node quadrilateral shells the shape functions are

M1 =
1

4
(1− r) (1− s)− 1

2
(M8 +M5) M5 =

1

2

(
1− r2

)
(1− s)

M2 =
1

4
(1 + r) (1− s)− 1

2
(M5 +M6) M6 =

1

2

(
1− s2

)
(1 + r)

M3 =
1

4
(1 + r) (1 + s)− 1

2
(M6 +M7) M7 =

1

2

(
1− r2

)
(1 + s)

M4 =
1

4
(1− r) (1 + s)− 1

2
(M7 +M8) M8 =

1

2

(
1− s2

)
(1− r)

. (4.2.20)

4.2.1.3 Triangular shells

For three-node triangular shell elements, the shape functions are given by

M1 = 1− r − s
M2 = r

M3 = s

. (4.2.21)

For six-node triangular shell elements they are

M1 = r1 (2r1 − 1) M4 = 4r1r2

M2 = r2 (2r2 − 1) M5 = 4r2r3

M3 = r3 (2r3 − 1) M6 = 4r3r1

r1 = 1− r − s r2 = r r3 = s

. (4.2.22)

Different shell elements available in FEBio.
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4.2.2 Shells with front and back face nodal displacements

We create a shell formulation by reducing a 3D element interpolation which is linear along ξ3. The
nodal positions at the back of the shell (ξ3 = −1) are denoted by ya and those on the front of the
shell (ξ3 = +1) are denoted by xa, thus

x (ξi) =
∑
a

Ma (ξ1, ξ2)

(
1 + ξ3

2
xa +

1− ξ3

2
ya

)
=
∑
a

Ma (ξ1, ξ2)

(
xa −

1− ξ3

2
da

)
(4.2.23)

The vector from ya to xa is the director, da,

da = xa − ya

From this relation we can get the shell covariant basis vectors,

gα (ξi) =
∂x

∂ξα
=
∑
a

∂Ma

∂ξα

(
1 + ξ3

2
xa +

1− ξ3

2
ya

)
=
∑
a

∂Ma

∂ξα

(
xa −

1− ξ3

2
da

)
g3 (ξi) =

∂x

∂ξ3
=
∑
a

1

2
Ma (ξ1, ξ2) (xa − ya) =

∑
a

1

2
Ma (ξ1, ξ2) da

(4.2.24)

from which we may evaluate the contravariant basis vectors gi. Let the front-face and back-face
displacements be denoted by u and w, respectively. It follows that xa = Xa+ua and ya = Ya+wa,
where Xa represents the shell nodal positions in the reference configuration, provided as nodal
coordinates in the input file, and Ya = Xa − Da is evaluated from the user-defined referential
shell thickness, and the surface surface normals evaluated at each node. If the shell surface is not
planar in the reference configuration, users must be careful to select shell thicknesses that don’t
produce inverted elements (negative Jacobians) as a result of this extrapolation.

Example of shell element with front-face nodal positions xb and back-face nodal positions
yb (b = 1− 4), reduced from a solid element.

It follows that the virtual displacement is

δu (ξi) =
∑
a

Ma

(
1 + ξ3

2
δua +

1− ξ3

2
δwa

)
, (4.2.25)
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and the incremental displacement is

∆u (ξi) =
∑
b

Mb

(
1 + ξ3

2
∆ub +

1− ξ3

2
∆wb

)
, (4.2.26)

so that

grad δu =
∑
a

δua ⊗ grad

(
1 + ξ3

2
Ma

)
+ δwa ⊗ grad

(
1− ξ3

2
Ma

)
, (4.2.27)

and

grad ∆u =
∑
b

∆ub ⊗ grad

(
1 + ξ3

2
Mb

)
+ ∆wb ⊗ grad

(
1− ξ3

2
Mb

)
(4.2.28)

Note that

gradMb =
∂Mb

∂ξα
gα , (4.2.29)

so that

grad

(
1 + ξ3

2
Mb

)
=

1

2

(
(1 + ξ3) gradMb +Mbg

3
)

(4.2.30)

and

grad

(
1− ξ3

2
Mb

)
=

1

2

(
(1− ξ3) gradMb −Mbg

3
)

(4.2.31)

To evaluate the deformation gradient in this shell element, we use

F = Grad x =
∑
b

ub ⊗Grad

(
1 + ξ3

2
Mb

)
+ wb ⊗ grad

(
1− ξ3

2
Mb

)

For this formulation, when a shell element is connected face-to-face with a solid element,
the nodal displacements of the solid element face are set to coincide with the back-face nodal
displacements wb of the shell. When a user prescribes displacement components on that shared
face, they apply to the front-face displacements ub. Similarly, prescribed pressures and contact
pressures act on the shell front face.

When a shell element is sandwiched between two solid elements, the nodal displacements
of the solid element facing the shell back face are set to coincide with the shell back-face nodal
displacements wb, whereas the nodal displacements of the solid element facing the shell front face
are set to coincide with the shell front-face nodal displacements ua. If the shell thickness exceeds
the thickness of the solid element connected to its back face, results become unpredictable.

4.2.2.1 Elastic Shell

For an elastic solid, the internal virtual work is

δWint =

∫
v
σ : grad δu dv

=
∑
a

[
δua δwa

] [ fua
fwa

] , (4.2.32)
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where

fua =

∫
v
σ · grad

(
1 + ξ3

2
Ma

)
dv

fwa =

∫
v
σ · grad

(
1− ξ3

2
Ma

)
dv

. (4.2.33)

For the external work of body forces,

δWext =

∫
v
δu · ρb dv

=
m∑
a=1

δua · fua + δwa · fwa
, (4.2.34)

where

fua =

∫
v

1 + ξ3

2
Maρb dv

fwa =

∫
v

1− ξ3

2
Maρb dv

. (4.2.35)

The linearization of the internal virtual work is

D (δWint) [∆u] =

∫
v

tr
(
grad ∆u · σ · gradT δu

)
dv

+

∫
v

grad δu : C : gradT ∆u dv

. (4.2.36)

So ∫
v

tr
(
grad ∆u · σ · gradT δu

)
dv =

∑
a

∑
b

[
δua δwa

] [ Kuu
ab Kuw

ab

Kwu
ab Kww

ab

] [
∆ub
∆wb

]
, (4.2.37)

where

Kuu
ab =

∫
v

(
grad

(
1 + ξ3

2
Ma

)
· σ · grad

(
1 + ξ3

2
Mb

))
I dv

Kuw
ab =

∫
v

(
grad

(
1 + ξ3

2
Ma

)
· σ · grad

(
1− ξ3

2
Mb

))
I dv

Kwu
ab =

∫
v

(
grad

(
1− ξ3

2
Ma

)
· σ · grad

(
1 + ξ3

2
Mb

))
I dv

Kww
ab =

∫
v

(
grad

(
1− ξ3

2
Ma

)
· σ · grad

(
1− ξ3

2
Mb

))
I dv

. (4.2.38)

Similarly,

∫
v

grad δu : C : gradT ∆u dv =
∑
a

∑
b

[
δua δwa

] [ Kuu
ab Kuw

ab

Kwu
ab Kww

ab

] [
∆ub
∆wb

]
, (4.2.39)
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where

Kuu
ab =

∫
v

grad

(
1 + ξ3

2
Ma

)
· C · grad

(
1 + ξ3

2
Mb

)
dv

Kuw
ab =

∫
v

grad

(
1 + ξ3

2
Ma

)
· C · grad

(
1− ξ3

2
Mb

)
dv

Kwu
ab =

∫
v

grad

(
1− ξ3

2
Ma

)
· C · grad

(
1 + ξ3

2
Mb

)
dv

Kww
ab =

∫
v

grad

(
1− ξ3

2
Ma

)
· C · grad

(
1− ξ3

2
Mb

)
dv

. (4.2.40)

The linearization of the external work is

D (δWext) =
m∑
a=1

m∑
b=1

∫
v

(
1 + ξ3

2
Maδua +

1− ξ3

2
Maδwa

)
· ρ grad b ·

(
1 + ξ3

2
∆ub +

1− ξ3

2
Mb∆wb

)
dv

=
∑
a

∑
b

[
δua δwa

] [ Kuu
ab Kuw

ab

Kwu
ab Kww

ab

] [
∆ub
∆wb

] ,

(4.2.41)
where

Kuu
ab =

∫
V

(
1 + ξ3

2

)2

MaMbρ0 grad b dV

Kuw
ab =

∫
V

(
1 + ξ3

2

)(
1− ξ3

2

)
MaMbρ0 grad b dV

Kwu
ab =

∫
V

(
1 + ξ3

2

)(
1− ξ3

2

)
MaMbρ0 grad b dV

Kww
ab =

∫
V

(
1− ξ3

2

)2

MaMbρ0 grad b dV

. (4.2.42)

4.2.2.2 External work of surface forces

We assume that surface forces are applied on the shell front face (ξ3 = +1). Therefore, the
external work of surface forces has the form

δWext =

∫
∂v
δu (ξ1, ξ2,+1) · t da =

∑
a

δua ·
∫
∂v
Ma (ξ1, ξ2) t da (4.2.43)

In other words, the treatment of surface forces on a shell becomes identical to the treatment of
surface forces on the face of a solid. No special treatment is needed.

4.2.2.3 Shell on top of solid element

When a shell is coincident with the face of a solid element, we assume that the face of the solid
element coincides with the back face (ξ3 = −1) of the shell element. This means that the solid
element nodal displacements ub on that face coincide with the shell nodal displacements wb.
Therefore, when we use UnpackLM for those solid elements, we should reassign the DOF ID’s of
the ub displacements to those of the wb displacements stored in that same node.
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4.2.2.4 Shell sandwiched between solid elements

When a shell is sandwiched between two solid elements, we reassign the DOF ID’s of the the
solid ub displacements facing the back of the shell to those of the shell wb displacements stored
in that same node. The DOF ID’s of solid ub displacements facing the front of the shell remain
unchanged; they will coincide with those of the corresponding solid element nodes.

4.2.2.5 Rigid-Shell Interface

When the node of a deformable shell belongs to a rigid body, we need to substitute the nodal
degrees of freedom with the rigid body degrees of freedom. The positions of the shell front face
and back face nodes are

xb = r + Λ · (Xb −R) ≡ r + ab

yb = r + Λ · (Yb −R) ≡ r + bb
, (4.2.44)

where r is the current position of the rigid body center of mass and R is its initial position; Λ is the
rotation tensor for the rigid body. We assume that xb and yb are connected to the same rigid body.
From these relations it follows that virtual displacements are

δua = δr− âa · δθ
δwb = δr− b̂a · δθ

, (4.2.45)

and incremental displacements are

∆ub = ∆r− âb ·∆θ
∆wb = ∆r− b̂b ·∆θ

, (4.2.46)

where â is the skew-symmetric tensor whose dual vector is a, such that â ·v = a×v for any vector
v. When nodes are flexible (when they do not belong to any rigid body), the virtual work has the
general form

δW =

m∑
a=1

δua · fua + δwa · fwa + δpa f
p
a =

m∑
a=1

[
δva δwa δpa

]  fua
fwa
fpa

 , (4.2.47)

where p denotes any additional degree-of-freedom at that node. If node a is rigid we get

[
δua δwa δpa

]
=
[
δr δθ δpa

]  I I 0

âa b̂a 0
0 0 1

 . (4.2.48)

If node b is rigid we get  ∆ub
∆wb

∆pb

 =

 I −âb 0

I −b̂b 0
0 0 1

 ∆r
∆θ
∆pb

 . (4.2.49)

When node a belongs to a rigid body, the expression for δW must be substituted with

δW =

m∑
a=1

[
δua δwa δpa

]  fua
fwa
fpa


=

m∑
a=1

[
δr δω δpa

]  fua + fwa
ân+α
a · fua + b̂n+α

a · fwa
fpa

 . (4.2.50)
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Similarly, the linearized virtual work has the general form

DδW =
∑
a

∑
b

[
δua δwa δpa

]  Kuu
ab Kuw

ab kupab
Kwu
ab Kww

ab kwpab
kpuab kpwab kppab

 ∆ub
∆wb

∆pb

 . (4.2.51)

When node a is rigid but node b is not,

DδW =
∑
a

∑
b

[
δr δθ δpa

]
× Kuu

ab + Kwu
ab Kuw

ab + Kww
ab kupab + kwpab

âa ·Kuu
ab + b̂a ·Kwu

ab âa ·Kuw
ab + b̂a ·Kww

ab âa · kupab + b̂a · kwpab
kpuab kpwab kppab


×

 ∆ub
∆wb

∆pb


. (4.2.52)

If nodes a and b are both rigid,

DδW =
∑
a

∑
b

[
δr δθ δpa

]
×


Kuu
ab + Kwu

ab + Kuw
ab + Kww

ab

(
− (Kuu

ab + Kwu
ab ) · âb

− (Kuw
ab + Kww

ab ) · b̂b

)
kupab + kwpab(

âa · (Kuu
ab + Kuw

ab )

+b̂a · (Kwu
ab + Kww

ab )

)  −(âa ·Kuu
ab + b̂a ·Kwu

ab

)
· âb

−
(
âa ·Kuw

ab + b̂a ·Kww
ab

)
· b̂b

 âa · kupab + b̂a · kwpab

kpuab + kpwab âb · kpuab + b̂b · kpwab kppab


×

 ∆r
∆θ
∆pb



.

(4.2.53)
If node a is not rigid and node b is rigid,

DδW =
∑
a

∑
b

[
δua δwa δpa

]
×

 Kuu
ab + Kwu

ab −Kuu
ab · âb −Kuw

ab · b̂b kupab
Kwu
ab + Kww

ab −Kwu
ab · âb −Kww

ab · b̂b kwpab
kpuab + kpwab âb · kpuab + b̂b · kpwab kppab

 ∆r
∆θ
∆pb

 . (4.2.54)



Chapter 5

Constitutive Models

This chapter describes the theoretical background behind the constitutive models that are available
in FEBio. Most materials are derived from a hyperelastic strain-energy function. Please consult
Section 2.4 for more background information on this class of materials.

5.1 Linear Elasticity

In the theory of linear elasticity the Cauchy stress tensor is a linear function of the small strain
tensor ε:

σ = C : ε . (5.1.1)

Here, C is the fourth-order elasticity tensor that contains the material properties. In the most
general case this tensor has 21 independent parameters. However, in the presence of material
symmetry the number of independent parameters is greatly reduced. For example, in the case
of isotropic linear elasticity only two independent parameters remain. In this case, the elasticity
tensor is given by C = λI⊗ I + 2µI⊗ I, or equivalently,

Cijkl = λδijδkl + µ (δikδjl + δilδjk) . (5.1.2)

The material coefficients λ and µ are known as the Lamé parameters. Using this equation, the
stress-strain relationship can be written as

σij = λεkkδij + 2µεij . (5.1.3)

If the stress and strain are represented inVoigt notation, the constitutive equation can be rewritten
in matrix form as 

σ11

σ22

σ33

σ12

σ23

σ13

 =



λ+ 2µ λ λ 0 0 0
λ λ+ 2µ λ 0 0 0
λ λ λ+ 2µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ





ε11

ε22

ε33

γ12

γ23

γ13

 . (5.1.4)

The shear strain measures γij = 2εij are called the engineering strains.
The following table relates the Lamé parameters to the more familiar Young’s modulus E and

Poisson’s ratio ν or to the bulk modulus K and shear modulus G.
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E, ν λ, µ K,G

E, ν
E = µ

λ+µ (2µ+ 3λ)

ν = λ
2(λ+µ)

E = 9KG
3K+G

ν = 3K−2G
6K+2G

λ, µ
λ = νE

(1+ν)(1−2ν)

µ = E
2(1+ν)

λ = K − 2
3G

µ = G

K,G
K = E

3(1−2v)

G = E
2(1+v)

K = λ+ 2
3µ

G = µ

The theoretical range of the Young’s modulus and Poisson’s ratio for an isotropic material have
the ranges

0 < E <∞ , (5.1.5)

− 1 6 ν < 0.5 . (5.1.6)

Materials with Poisson’s ratio (close to) 0.5 are known as (nearly-) incompressible materials. For
these materials, the bulk modulus approaches infinity. Most materials have a positive Poisson’s
ratio. However there do exist some materials with a negative ratio. These materials are known as
auxetic materials and they have the remarkable property that they expand under tension.

The linear stress-strain relationship can also be derived from a strain-energy function such as
in the case of hyperelastic materials. In this case the linear strain-energy is given by

W =
1

2
ε : C : ε . (5.1.7)

The stress is then similarly derived from σ = ∂W
∂ε . In the case of isotropic elasticity, (5.1.7) can be

simplified:

W =
1

2
λ (tr ε)2 + µε : ε . (5.1.8)

The Cauchy stress is now given in tensor form by

σ = λ (tr ε) I + 2µε . (5.1.9)
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5.2 Compressible Materials

5.2.1 Isotropic Elasticity

The linear elastic material model as described in Section 5.1 is only valid for small strains and
small rotations. A first modification to this model to the range of nonlinear deformations is given
by the St. Venant-Kirchhoff model [25], which in FEBio is referred to as isotropic elasticity. This
model is objective for large strains and rotations. For the isotropic case it can be derived from the
following hyperelastic strain-energy function:

W =
1

2
λ (tr E)2 + µE : E . (5.2.1)

The second Piola-Kirchhoff stress can be derived from this:

S =
∂W

∂E
= λ (tr E) I + 2µE . (5.2.2)

Note that these equations are similar to the corresponding equations in the linear elastic case,
except that the small strain tensor is replaced by the Green-Lagrange elasticity tensor E. The
material elasticity tensor is then given by,

C =
∂S

∂E
= λI⊗ I + 2µI⊗ I . (5.2.3)

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response can be somewhat strange if not completely unrealistic. For exam-
ple, it can be shown that under uni-axial tension the stress becomes infinite and the volume tends
to zero for finite strains. Therefore, for large strains it is highly recommended to avoid this material
and instead use one of the other non-linear material models described below. The Cauchy stress
is

σ =
1

J
(λ tr E− µ) b +

µ

J
b2 , (5.2.4)

where tr E = (tr b− 3) /2 , whereas the spatial elasticity tensor is

C =
λ

J
b⊗ b +

2

J
µb⊗b . (5.2.5)

5.2.2 Orthotropic Elasticity

An extension of the St. Venant-Kirchhoff model [25] to orthotropic symmetry is provided in FEBio,
referred to as orthotropic elasticity. This model is objective for large strains and rotations. It can
be derived from the following hyperelastic strain-energy function:

W =

3∑
a=1

µaA
0
a : E2 +

1

2

3∑
b=1

λab
(
A0
a : E

) (
A0
b : E

)
, (5.2.6)

where A0
a = a0

a ⊗ a0
a is the structural tensor corresponding to one of the three mutually orthogonal

planes of symmetry whose unit outward normal is a0
a (a0

a · a0
b = δab). The material constants are
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the three shear moduli µa and six moduli λab, where λba = λab. They may be related to the Young’s
moduli Ea, shear moduli Gab and Poisson’s ratios νab via

λ11 + 2µ1 λ12 λ13 0 0 0
λ12 λ22 + 2µ2 λ23 0 0 0
λ13 λ23 λ33 + 2µ3 0 0 0
0 0 0 (µ1 + µ2) /2 0 0
0 0 0 0 (µ2 + µ3) /2 0
0 0 0 0 0 (µ3 + µ1) /2



−1

=



1/E1 −ν12/E1 −ν13/E1 0 0 0
−ν21/E2 1/E2 −ν23/E2 0 0 0
−ν31/E3 −ν32/E3 1/E3 0 0 0

0 0 0 1/G12 0 0
0 0 0 0 1/G23 0
0 0 0 0 0 1/G31

 .
(5.2.7)

The second Piola-Kirchhoff stress can be derived from this strain energy density function:

S =
∂W

∂E
=

3∑
a=1

µa
(
A0
a ·E + E ·A0

a

)
+

1

2

3∑
b=1

λab
[(

A0
a : E

)
A0
b +

(
A0
b : E

)
A0
a

]
.

(5.2.8)

Note that these equations are similar to the corresponding equations in the linear orthotropic
elastic case, except that the small strain tensor is replaced by the Green-Lagrange elasticity tensor
E. The material elasticity tensor is then given by,

C =
∂S

∂E
=

3∑
a=1

µa
(
A0
a⊗ I + I⊗A0

a

)
+

1

2

3∑
b=1

λab
(
A0
a ⊗A0

b + A0
b ⊗A0

a

)
. (5.2.9)

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response can be somewhat strange if not completely unrealistic. For exam-
ple, it can be shown that under uni-axial tension the stress becomes infinite and the volume tends
to zero for finite strains. Therefore, for large strains it is highly recommended to avoid this material
and instead use one of the other non-linear material models described below. The Cauchy stress
is

σ =

3∑
a=1

µa
2J

(Aa · (b− I) + (b− I) ·Aa)

+
1

2

3∑
b=1

λab
2J

[(Aa : I− 1) Ab + (Ab : I− 1) Aa] ,

(5.2.10)

where Aa = F ·A0
a · FT and the spatial elasticity tensor is

C =

3∑
a=1

µa
J

(Aa⊗b + b⊗Aa) +
1

2

3∑
b=1

λab
J

(Aa ⊗Ab + Ab ⊗Aa) . (5.2.11)
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5.2.3 Neo-Hookean Hyperelasticity

This is a compressible neo-Hookean material. It is derived from the following hyperelastic strain
energy function [25]:

W =
µ

2
(I1 − 3)− µ ln J +

λ

2
(ln J)2 . (5.2.12)

The parameters µ and λ are the Lamé parameters from linear elasticity. This model reduces to
the isotropic linear elastic model for small strains and rotations.

The Cauchy stress is given by,

σ =
µ

J
(b− I) +

λ

J
(ln J) I , (5.2.13)

and the spatial elasticity tensor is given by

C =
λ

J
I⊗ I +

2

J
(µ− λ ln J) I⊗ I . (5.2.14)

The neo-Hookean material is an extension of Hooke’s law for the case of large deformations. It
is useable for certain plastics and rubber-like substances. A generalization of this model is the
Mooney-Rivlin material, which is often used to describe the elastic response of biological tissue.

In FEBio this constitutive model uses a standard displacement-based element formulation
and a "coupled" strain energy, so care must be taken when modeling materials with nearly-
incompressible material behavior to avoid element locking.

5.2.4 Natural Neo-Hookean

This is a compressible isotropic neo-Hookean material that uses the natural (Hencky) strain ten-
sor invariants to formulate its strain energy density. These invariants are reviewed in [30]. The left
Hencky strain is evaluated from η = ln V where V is the left stretch tensor in the polar decompo-
sition of the deformation gradient F = V ·R. To evaluate η we first evaluate the left Cauchy-Green
tensor b = V2 from F as in eq.(2.3.10) and get its eigenvalues λ2

i and eigenvectors ni. Then

η =
3∑
i=1

(lnλi) ni ⊗ ni . (5.2.15)

The invariants Ki of the natural strain tensor are

K1 = trη = lnJ amount of dilatation

K2 = |dev η| =
√

dev η : dev η amount of distortion

K3 = 3
√

6 det Φ mode of distortion

(5.2.16)

where J = det F as usual, and

Φ =
1

K2
dev η . (5.2.17)

It can be shown that
η =

1

3
K1I +K2Φ . (5.2.18)

Note that K2Φ → 0 as K2 → 0. It also follows that η : η = 1
3K

2
1 +K2

2 . As explained in [30], K1 ∈
(−∞,∞) with positive K1 implying expansion and negative K1 implying contraction. Similarly,
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K2 ∈ [0,∞), with K2 = 0 implying no distortion. Finally, K3 ∈ [−1, 1] with K3 = 1 representing
uniaxial extension, K3 = −1 representing uniaxial contraction and K3 = 0 representing pure
shear.

For the natural neo-Hookean material the strain energy density is

W =
κ

2
K2

1 + µK2
2 (5.2.19)

where κ is the material’s bulk modulus and µ is its shear modulus. To evaluate the Cauchy stress
σ and spatial elasticity tensor C, we use the framework of isotropic elasticity in principal directions
(Section 2.4.2). This requires us to express K1 and K2 in terms of the eigenvalues λi,

K1 = ln (λ1λ2λ3)

K2 =
1

3

√(
ln

λ2
1

λ2λ3

)2

+

(
ln

λ2
2

λ3λ1

)2

+

(
ln

λ2
3

λ1λ2

)2 . (5.2.20)

Now the stress σ is given by eq.(2.4.18) where, based on eq.(2.4.20), the principal normal stresses
are evaluated as

σi =
1

3J
[(3κ+ 4µ) lnλi + (3κ− 2µ) (lnλj + lnλk)] , (5.2.21)

with i, j, k forming a permutation over 1, 2, 3. Similarly, the spatial elasticity tensor C is given by
eq.(2.4.21) where we substitute

J−1λ2
i

∂2W

∂λ2
i

− σi =
1

3J
[(3κ+ 4µ) (1− 2 lnλi)− 2 (3κ− 2µ) (lnλj + lnλk)] (5.2.22)

and

J−1λjλk
∂2W

∂λj∂λk
=

3κ− 2µ

3J
. (5.2.23)

Finally, in the limiting case when pairs of eigenvalues are repeated, we substitute

lim
λ2k→λ

2
j

2
λ2
kσj − λ2

jσk

λ2
j − λ2

k

=
2µ

J
− 4 (3κ+ µ) lnλj + 2 (3κ− 2µ) lnλi

3J
. (5.2.24)

5.2.5 Ogden Unconstrained

The Ogden unconstrained material is defined using the following hyperelastic strain energy func-
tion:

W (λ1, λ2, λ3) =
1

2
cp (J − 1)2 +

N∑
k=1

ck
m2
k

(λmk1 + λmk2 + λmk3 − 3−mk ln J) . (5.2.25)

Here, λi are the principal stretches and cp, ck and mk are material parameters.
The Cauchy stress tensor for this material may be obtained using the general formula for

isotropic elasticity in principal directions given in (2.4.18), with

σi = cp (J − 1) +
N∑
k=1

1

J

ck
mk

(λmki − 1) . (5.2.26)
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Similarly, the spatial elasticity tensor is given by

C =

3∑
i=1

(
cp +

N∑
k=1

1

J

ck
mk

[(mk − 2)λmki + 2]

)
ai ⊗ ai

+
3∑
i=1

3∑
j=i+1

cp (2J − 1) (ai ⊗ aj + aj ⊗ ai)

+
3∑
i=1

3∑
j=i+1

2
λ2
jσi − λ2

iσj

λ2
i − λ2

j

(ai⊗aj + aj ⊗ai) ,

(5.2.27)

where ai = ni ⊗ ni and ni are the eigenvectors of b. In the limit when eigenvalues coincide,

lim
λj→λi

2
σiλ

2
j − σjλ2

i

λ2
i − λ2

j

= 2cp (1− J) +
N∑
k=1

1

J

ck
mk

[2 + (mk − 2)λmki ] . (5.2.28)

In the reference configuration the elasticity tensor reduces to

C|b=I = cpI⊗ I +

(
N∑
k=1

ck

)
I⊗ I , (5.2.29)

which has the form of Hooke’s law for infinitesimal isotropic elasticity (see Section 5.1), with equiv-
alent Lamé coefficients cp ≡ λ and 2µ ≡

∑N
k=1 ck.

5.2.6 Holmes-Mow

The coupled hyperelastic strain-energy function for this material is given by [38],

Ψ (I1, I2, J) =
1

2
c
(
eQ − 1

)
, (5.2.30)

where I1and I2are the first and second invariants of the right Cauchy-Green tensor and J the
jacobian of the deformation. Furthermore,

Q =
β

λ+ 2µ

[
(2µ− λ) (I1 − 3) + λ (I2 − 3)− (λ+ 2µ) lnJ2

]
,

c =
λ+ 2µ

2β
,

(5.2.31)

and λ and µ are the Lamé parameters. The corresponding Cauchy stress tensor is

σ =
1

2J
eQ
(
[2µ+ λ (I1 − 1)] b− λb2 − (λ+ 2µ) I

)
, (5.2.32)

and the spatial elasticity tensor is

C =
4β

λ+ 2µ
Je−Qσ ⊗ σ + J−1eQ [λ (b⊗ b− b⊗b) + (λ+ 2µ) I⊗ I] . (5.2.33)
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5.2.7 Conewise Linear Elasticity

Curnier et al. [31] formulated a model for describing bimodular elastic solids exhibiting orthotropic
material symmetry. This can be derived from the following hyperelastic strain-energy function:

W =

3∑
a=1

µaA
0
a : E2 +

1

2
λaa

[
A0
a : E

] (
A0
a : E

)
+

3∑
b=1, b 6=a

1

2
λab
(
A0
a : E

) (
A0
b : E

)
, (5.2.34)

where A0
a = a0

a ⊗ a0
a is the structural tensor corresponding to one of the three mutually orthogonal

planes of symmetry whose unit outward normal is a0
a (a0

a · a0
b = δab). The bimodular response is

described by

λaa
[
A0
a : E

]
=

{
λ+aa A0

a : E > 0

λ−aa A0
a : E < 0

. (5.2.35)

The material constants are the three shear moduli µa, three tensile moduli λ+aa, three compressive
moduli λ−aa, and three moduli λab (b 6= a), where λba = λab. The second Piola-Kirchhoff stress
can be derived from this strain energy density function:

S =
∂W

∂E
=

3∑
a=1

µa
(
A0
a ·E + E ·A0

a

)
+ λaa

[
A0
a : E

] (
A0
a : E

)
A0
a +

3∑
b=1, b 6=a

λab
(
A0
a : E

)
A0
b .

(5.2.36)

The material elasticity tensor is then given by,

C =
∂S

∂E
=

3∑
a=1

µa
(
A0
a⊗ I + I⊗A0

a

)
+ λaa

[
A0
a : E

]
A0
a ⊗A0

a +
3∑

b=1, b 6=a
λabA

0
a ⊗A0

b

. (5.2.37)

It is important to note that although this model is objective, it should only be used for small strains.
For large strains, the response may be unrealistic. The Cauchy stress is

σ = J−1

(
3∑

a=1

µa
2

(Aa · (b− I) + (b− I) ·Aa)

+λaa [Ka]KaAa +
3∑

b=1, b 6=a
λabKaAb

 ,

(5.2.38)

where Aa = F ·A0
a · FT and Ka = 1

2 (Aa : I− 1). The spatial elasticity tensor is

C = J−1

 3∑
a=1

µa (Aa⊗b + b⊗Aa) + λaa [Ka] Aa ⊗Aa +

3∑
b=1, b 6=a

λabAa ⊗Ab

 . (5.2.39)

In the special case of cubic symmetry the number of material constants reduces to four,

λ+11 = λ+22 = λ+33 ≡ λ+1

λ−11 = λ−22 = λ−33 ≡ λ−1

λ12 = λ23 = λ31 ≡ λ2

µ1 = µ2 = µ3 ≡ µ

. (5.2.40)
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5.2.8 Donnan Equilibrium Swelling

The swelling pressure is described by the equations for ideal Donnan equilibrium, assuming that
the material is porous, with a charged solid matrix, and the external bathing environment consists
of a salt solution of monovalent counter-ions. Since osmotic swelling must be resisted by a solid
material, this material is not stable on its own. It must be combined with an elastic material that
resists the swelling.

The Cauchy stress for this material is the stress from the Donnan equilibrium response [7]:

σ = −π I , (5.2.41)

where π is the osmotic pressure, given by

π = Rθ

(√
(cF )2 + (c̄∗)2 − c̄∗

)
, (5.2.42)

c̄∗ is the bath osmolarity (twice the concentration) and cF is the fixed charge density in the current
configuration, related to the reference configuration via,

cF =
ϕw0

J − 1 + ϕw0
cF0 , (5.2.43)

where J = det F is the relative volume, R is the universal gas constant and θ is the absolute
temperature.

Note that cF0 may be negative or positive. The gel porosity ϕw0 is unitless and must be in the
range 0 < ϕw0 < 1. The corresponding spatial elasticity tensor is [16]

C =
RθJ

(
cF
)2

(J − 1 + ϕw0 )

√
(cF )2 + (c̄∗)2

I⊗ I

+Rθ

[√
(cF )2 + (c̄∗)2 − c̄∗

]
(2I⊗ I− I⊗ I) .

(5.2.44)

5.2.9 Perfect Osmometer Equilibrium Osmotic Pressure

The swelling pressure is described by the equations for a perfect osmometer, assuming that the
material is porous, containing an interstitial solution whose solutes cannot be exchanged with the
external bathing environment. Similarly, solutes in the external bathing solution cannot be ex-
changed with the interstitial fluid of the porous material. Therefore, osmotic pressurization occurs
when there is an imbalance between the interstitial and bathing solution osmolarities. Since os-
motic swelling must be resisted by a solid matrix, this material is not stable on its own. It must be
combined with an elastic material that resists the swelling.

The Cauchy stress for this material is the stress from the perfect osmometer equilibrium re-
sponse [6]:

σ = −π I , (5.2.45)

where π is the osmotic pressure, given by

π = Rθ (c̄− c̄∗) . (5.2.46)
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Here, R is the universal gas constant and θ is the absolute temperature, c̄∗ is the external bath os-
molarity and c̄ is the interstitial fluid osmolarity in the current configuration, related to the reference
configuration osmolarity c̄0 via,

c̄ =
ϕw0

J − 1 + ϕw0
c̄0 . (5.2.47)

Though this material is porous, this is not a full-fledged poroelastic material. The behavior
described by this material is strictly valid only after the transient response of interstitial fluid and
solute fluxes has subsided. The corresponding spatial elasticity tensor is

C = Rθ

[
J c̄

J − 1 + ϕw0
I⊗ I + (c̄− c̄∗) (2I⊗ I− I⊗ I)

]
. (5.2.48)

5.2.10 Large Poisson’s Ratio Ligament

This material captures the transversely isotropic behavior of tendon and ligaments while enforcing
a large Poisson’s ratio. The material utilizes a three part strain energy equation:

W = Wfiber +Wmatrix +Wvol ,

where:
Wfiber =

1

2

c1

c2

(
ec2(λ−1)2−1

)
,

Wmatrix =
µ

2
(I1 − 3)− µ ln

(√
I3

)
,

Wvol =
κ

2

(
ln

(
I5 − I1I4 + I2

I
2(m−v0)
4 e−4m(λ−1)

))2

.

The transversely isotropic strain energy Wfiber takes into account the behavior of the collagen
fibers. The isotropic strain energy Wmatrix takes into account the mechanical contribution of the
extrafibrillar matrix and provides the majority of support when loaded transverse to the fiber direc-
tion. The variables c1, c2 and µ are material parameters controlling the stress-strain response of
the material.

The volumetric strain energy Wvol acts as a penalty term which enforces a Poisson’s ratio
based on user selection of the parameters m and v0. The variable κ acts as a penalty parameter.
Raising κ will cause the prescribed Poisson’s ratio to be enforced. The Poisson’s ratio in question
is given by the following function:

vapparent = −λ
m−v0e−m(λ−1) − 1

λ− 1
.

5.2.11 Porous Neo-Hookean Material

Consider a porous neo-Hookean material with referential porosity ϕwr . The pores are compressible
but the skeleton is intrinsically incompressible. Thus, upon pore closure, the material behavior
needs to switch from compressible to incompressible.

In the current configuration, the porosity is given by

ϕw =
J − 1 + ϕwr

J
.
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We may define a new variable,

J̄ ≡ J − 1 + ϕwr
ϕwr

=
J − ϕsr
1− ϕsr

,

which represents the pore volume ratio. It is equal to 1 when J = 1 and is equal to J when ϕwr = 1
(or ϕsr = 1− ϕwr = 0). Now,

ϕw = ϕwr
J̄

J
,

and
∂J̄

∂J
=

1

ϕwr
.

Pore closure occurs when ϕw = 0, which corresponds to J = ϕsr and J̄ = 0.
Let us also define a modified deformation gradient,

F̄ =

(
J̄

J

)1/3

F ,

such that det F̄ = J̄ . Let the corresponding modified right Cauchy-Green tensor be given by

C̄ = F̄T · F̄ =

(
J̄

J

)2/3

C ,

so that
∂C̄

∂C
=

(
J̄

J

)2/3(
ϕsr

3 (J − ϕsr)
C⊗C−1 + I⊗ I

)
.

The constitutive relation for the strain energy density of the compressible porous neo-Hookean
material may be given by

Ψr =
µ

2

(
Ī1 − 3

)
− µ ln J̄ ,

where Ī1 = trC̄. This relation shows that the material develops an infinite strain energy density as
J̄ approaches zero. From this expression, the 2nd Piola-Kirchhoff stress is given by

S = 2
∂Ψr

∂C
= µ

[(
J̄

J

)2/3

I +
1

J − ϕsr

(
ϕsr

(
J̄

J

)2/3
I1

3
− J

)
C−1

]
.

When C = I we can verify that S = 0. The corresponding Cauchy stress is

σ =
µ

J

[(
J̄

J

)2/3

b +
1

J − ϕsr

(
ϕsr

(
J̄

J

)2/3
I1

3
− J

)
I

]
,

where b is the left Cauchy-Green tensor.
The material elasticity tensor is given by

C = 2
∂S

∂C

=
2

3
g (J)

(
I⊗C−1 + C−1 ⊗ I

)
+

(
J
dg

dJ

I1

3
+ J

dh

dJ

)
C−1 ⊗C−1

− 2

[
g (J)

I1

3
+ h (J)

]
C−1⊗C−1

,
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where

f (J) = µ

(
J̄

J

)2/3

g (J) =
ϕsr

J − ϕsr
f (J)

h (J) = −µ J

J − ϕsr

,

and

J
dg

dJ
= µ

(2ϕsr − 3J)ϕsr

3 (J − ϕsr)
2

(
J̄

J

)2/3

J
dh

dJ
= µ

Jϕsr

(J − ϕsr)
2

.

Then, the spatial elasticity tensor may be evaluated as

C = J−1

[
2

3
g (J) (b⊗ I + I⊗ b) +

(
J
dg

dJ

I1

3
+ J

dh

dJ

)
I⊗ I− 2

[
g (J)

I1

3
+ h (J)

]
I⊗ I

]
.

In the limit of infinitesimal strains and rotations, when b = I and J = 1, we find that

f (1) = µ J
dg

dJ
= µ

(2ϕsr − 3)ϕsr

3 (1− ϕsr)
2

g (J) = µ
ϕsr

1− ϕsr
J
dh

dJ
= µ

ϕsr

(1− ϕsr)
2

h (J) = −µ 1

1− ϕsr
µ

and

C =
2µ

3

(
1

(ϕwr )2 − 1

)
I⊗ I + 2µI⊗ I .

Thus, by comparison to a standard neo-Hookean material, this porous neo-Hookean material has
an effective Young’s modulus equal to

E =
3µ

1 + 1
2 (ϕwr )2 ,

and an effective Poisson’s ratio equal to

ν =
1− (ϕwr )2

2 + (ϕwr )2 .

The two material properties that need to be provided are E and the referential porosity ϕwr (or
referential solid volume fraction ϕsr = 1 − ϕwr ). Poisson’s ratio in the limit of infinitesimal strains
is dictated by the porosity according to the above formula. In particular, a highly porous material
(ϕwr → 1) has an effective (infinitesimal strain) Poisson ratio that approaches zero (ν → 0) and
E → 2µ. A low porosity material (ϕwr → 0) has ν → 1

2 and E → 3µ, which is the expected
behavior of an incompressible neo-Hookean solid. Note that setting ϕwr = 0 would not produce
good numerical behavior, since the Cauchy stress in an incompressible material would need to
be supplemented by a pressure term (a Lagrange multiplier that enforces the incompressibility
constraint). Nevertheless, this compressible porous neo-Hookean material behaves well even for
values of ϕw as low as ∼ 0.015.



5.3. NEARLY-INCOMPRESSIBLE MATERIALS 147

5.2.12 Cell Growth

The cell growth material implements a swelling pressure π such that the Cauchy stress is given by

σ = −πI ,

where

π = RT

(
cr

J − ϕsr
− ce

)
.

Here, cr represents the referential molar concentration of intracellular solutes (moles of solutes
per mixture volume in the reference configuration), ϕsr is the referential intracellular solid volume
fraction, and J = det F is the determinant of the deformation gradient, representing the volume ra-
tio in the current configuration. The extracellular osmolarity is ce. This model assumes that neither
intracellular solutes nor extracellular solutes may transport across the cell membrane passively.
When a cell divides, it must use active transport mechanisms to bring in membrane-impermeant
extracellular solutes inside, some of which are converted into intracellular solid matrix (e.g., cy-
toskeletal structures). As the intracellular osmolarity increases, water is transported into the cell,
thus causing it to swell. The process of cell division is not modeled explicitly in this continuum
representation, though the net effect is that cell proliferation leads to an increase in intracellular
osmotic pressure, which generally translates into an increase in volume (unless the cell growth
is constrained significantly). In a cell growth model, the initial condition (when J = 1) should be
selected for cr and ϕsr such that π = 0, thus

cr
1− ϕsr

= ce initial condition .

The spatial elasticity tensor associated with this osmotic pressure is

Π = −
(
π + J

∂π

∂J

)
I⊗ I + 2πI⊗ I ,

where
J
∂π

∂J
= −RT J

(J − ϕsr)
2 cr .

This elasticity tensor has the same form as that of an isotropic elastic material whose effective
Young’s modulus EY and Poisson’s ratio ν are given by

EY = π

(
π + 3J ∂π∂J

)
J ∂π∂J

ν =
π + J ∂π∂J

2J ∂π∂J

.

In the reference configuration, when π = 0, it follows that EY = 0 and ν = 1
2 .

5.3 Nearly-Incompressible Materials

5.3.1 Mooney-Rivlin Hyperelasticity

This material model is a hyperelastic Mooney-Rivlin type with uncoupled deviatoric and volumetric
behavior. The uncoupled strain energy W is given by:

W = c1

(
Ĩ1 − 3

)
+ c2

(
Ĩ2 − 3

)
+

1

2
K (ln J)2 . (5.3.1)
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Here, c1 and c2 are the Mooney-Rivlin material coefficients, Ĩ1 and Ĩ2 are the invariants of the
deviatoric part of the right Cauchy-Green deformation tensor, C̃ = F̃T · F̃, where F̃ = J−1/3F, F
is the deformation gradient and J = det F is the Jacobian of the deformation. When c2 = 0, this
model reduces to an uncoupled version of the incompressible neo-Hookean constitutive model.

The Cauchy stress is given by

σ = pI +
2

J

[(
c1 + c2Ĩ1

)
b̃− c2b̃

2 − 1

3

(
c1Ĩ1 + 2c2Ĩ2

)
I

]
. (5.3.2)

The spatial elasticity tensor is given by

C = p (I⊗ I− 2I⊗ I)− 2

3
(devσ ⊗ I + I⊗ devσ) + Cw , (5.3.3)

where,

Cw =
4

3J

(
c1Ĩ1 + 2c2Ĩ2

)(
I⊗ I− 1

3
I⊗ I

)
+

4c2

J

(
b̃⊗ b̃− b̃⊗ b̃

)
− 4c2

3J

[(
Ĩ1b̃− b̃2

)
⊗ I + I⊗

(
Ĩ1b̃− b̃2

)]
+

8c2Ĩ2

9J
I⊗ I .

(5.3.4)

This material model uses a three-field element formulation, interpolating displacements as linear
field variables and pressure and volume ratio as piecewise constant in each element [75].

5.3.2 Ogden Hyperelastic

The Ogden material is defined using the following hyperelastic strain energy function:

W (λ1, λ2, λ3, J) =
N∑
i=1

ci
m2
i

(
λ̃mi1 + λ̃mi2 + λ̃mi3 − 3

)
+ U (J) . (5.3.5)

Here, λ̃i are the deviatoric principal stretches and ci and mi are material parameters. The term
U (J) is the volumetric component and J is the determinant of the deformation gradient.

Note that the neo-Hookean and Mooney-Rivlin models can also be obtained from the general
Ogden strain energy function using special choices for ci and mi.

5.3.3 Veronda-Westmann Hyperelasticity

This model is similar to the Mooney-Rivlin model in that it also uses an uncoupled strain energy.
However, in this case the strain energy is given by an exponential form:

W = C1

[
e(C2(Ĩ1−3)) − 1

]
− C1C2

2

(
Ĩ2 − 3

)
+ U (J) . (5.3.6)

The dilatational term U is identical to the Mooney-Rivlin model.
The Cauchy stress σ is found from

σ = pI + dev σ̃ , (5.3.7)

where
σ̃ =

2

J

[
(W1 + I1W2) b̃−W2b̃

2
]
. (5.3.8)
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The strain energy derivatives are given by

W1 = C1C2e
C2(I1−3) , (5.3.9)

W2 = −C1C2

2
. (5.3.10)

This material model was the result from the research of the elastic response of skin tissue [83].

5.3.4 Arruda-Boyce Hyperelasticity

Arruda and Boyce proposed a model for the deformation of rubber materials [3]. Their main moti-
vation was to develop a model that accurately captures the behavior of rubbers in different loading
scenarios and that can be described with a limited number of physically motivated parameters.
Their model is based on the Langevin chain statistics, which models a rubber chain segment be-
tween chemical crosslinks as a number N of rigid links of equal length l. The parameter N is
related to the locking stretch λL, the stretch at which the chains reach their full extended state,
λL =

√
N .

Their proposed strain-energy is a truncated Taylor series of the inverse Langevin function. A
formulation that retains the first five terms of this function takes on the following form:

W̃ = µ
5∑
i=1

αi
N i−1

(
Ĩi1 − 3i

)
+ U (J) , (5.3.11)

where µ is a shear-modulus like parameter and the coefficients αi are

α1 =
1

2
, α2 =

1

20
, α3 =

11

1050
, α4 =

19

7000
, α5 =

519

673750
. (5.3.12)

The Cauchy stress is given by

σ = pI +
2

J
dev

(
W1b̃

)
= pI +

2W1

J

(
b̃− 1

3
Ĩ1I

)
, (5.3.13)

where,

W1 =
∂W̃

∂Ĩ1

= µ

5∑
i=1

αii

(
Ĩ1

N

)i−1

. (5.3.14)

5.3.5 Transversely Isotropic Hyperelastic

This constitutive model can be used to represent a material that has a single preferred fiber di-
rection and was developed for application to biological soft tissues [86, 64, 66]. It can be used
to model tissues such as tendons, ligaments and muscle. The elastic response of the tissue is
assumed to arise from the resistance of the fiber family and an isotropic matrix. It is assumed that
the strain energy function can be written as follows:

W = F1

(
Ĩ1, Ĩ2

)
+ F2

(
λ̃
)

+
K

2
[ln (J)]2 . (5.3.15)

Here, Ĩ1 and Ĩ2 are the first and second invariants of the deviatoric version of the right Cauchy
Green deformation tensor C̃ and λ̃ is the deviatoric part of the stretch along the fiber direction
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(λ̃2 = A · C̃ · A, where A is the initial fiber direction). The function F1 represents the material
response of the isotropic ground substance matrix, while F2represents the contribution from the
fiber family. The strain energy of the fiber family is as follows:

λ̃
∂F2

∂λ̃
=


0 λ̃ 6 1

C3

(
eC4(λ̃−1) − 1

)
1 < λ̃ < λm

C5 + C6λ̃ λ̃ > λm

. (5.3.16)

Here, λm is the stretch at which the fibers are straightened, C3 scales the exponential stresses,
C4 is the rate of uncrimping of the fibers, and C5 is the modulus of the straightened fibers. C6 is
determined from the requirement that the stress is continuous at λm,

C6 =
1

λm

[
C3

(
eC4(λm−1) − 1

)
− C5

]
. (5.3.17)

It also follows that

F2

(
λ̃
)

=


0 λ̃ 6 1

C3

(
e−C4

[
Ei
(
C4λ̃

)
− Ei (C4)

]
− ln λ̃

)
1 < λ̃ < λm(

C5 + C6
2 λ̃
)
λ̃+ C7 λ̃ > λm

, (5.3.18)

where

C7 = C3

(
e−C4 [Ei (C4λm)− Ei (C4)]− lnλm

)
−
(
C5 +

C6

2
λm

)
λm . (5.3.19)

This material model uses a three-field element formulation, interpolating displacements as
linear field variables and pressure and volume ratio as piecewise constant on each element [75].

5.3.6 Ellipsoidal Fiber Distribution

This constitutive model describes a material that is composed of an ellipsoidal continuous fiber
distribution in an uncoupled formulation. The deviatoric part of the stress is given by [7, 4, 50],

σ̃ =

∫ 2π

0

∫ π

0
H
(
Ĩn − 1

)
σ̃n (n) sinϕdϕdθ , (5.3.20)

and the corresponding elasticity tensor is

C̃ =

∫ 2π

0

∫ π

0
H
(
Ĩn − 1

)
C̃n (n) sinφdφ dθ . (5.3.21)

Ĩn = λ̃2
n = N · C̃ ·N is the square of the fiber stretch F, N is the unit vector along the fiber direction

(in the reference configuration), which in spherical angles is directed along (θ, ϕ), n = F̃ ·N/λ̃n
and H (·) is the unit step function that enforces the tension-only contribution. The fiber stress is
determined from a fiber strain energy function in the usual manner:

σ̃n (n) = 2J−1Ĩn
∂Ψ̃

∂Ĩn
n⊗ n , (5.3.22)

whereas the fiber elasticity tensor is

C̃n (n) = 4J−1Ĩ2
n

∂2Ψ̃

∂Ĩ2
n

n⊗ n⊗ n⊗ n , (5.3.23)
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where in this material

Ψ̃
(
n, Ĩn

)
= ξ (n)

(
Ĩn − 1

)β(n)
. (5.3.24)

The materials parameters β and ξ are determined from:

ξ (n) =

(
cos2 θ sin2 ϕ

ξ2
1

+
sin2 θ sin2 ϕ

ξ2
2

+
cos2 ϕ

ξ2
3

)−1/2

,

β (n) =

(
cos2 θ sin2 ϕ

β2
1

+
sin2 θ sin2 ϕ

β2
2

+
cos2 ϕ

β2
3

)−1/2

.

(5.3.25)

Since fibers can only sustain tension, this material is not stable on its own. It must be combined
with a material that acts as the ground matrix. The total stress is then given by the sum of the fiber
stress and the ground matrix stress:

σ̃ = σ̃m + σ̃f . (5.3.26)

5.3.7 Fiber with Exponential Power law

This material model describes a constitutive model for fibers, where a single fiber family follows an
exponential power law strain energy function. The deviatoric part of the Cauchy stress is given by:

σ̃ = 2J−1H
(
Ĩn − 1

)
Ĩn
∂Ψ̃

∂Ĩn
n⊗ n , (5.3.27)

and the corresponding spatial elasticity tensor is

C̃ = 4J−1H
(
Ĩn − 1

)
Ĩ2
n

∂2Ψ̃

∂Ĩ2
n

n⊗ n⊗ n⊗ n , (5.3.28)

where Ĩn = λ̃2
n = N · C̃ · N is the square of the fiber stretch, N is the fiber orientation in the

reference configuration,

N = sinϕ cos θ e1 + sinϕ sin θ e2 + cosϕ e3 , (5.3.29)

and n = F̃ ·N/λ̃n and H (·) is the unit step function that enforces the tension-only contribution.
The fiber strain energy density is given by

Ψ̃ =
ξ

αβ

(
exp

[
α
(
Ĩn − 1

)β]
− 1

)
, (5.3.30)

where ξ > 0, α > 0and β > 2.
Note: In the limit when α→ 0, this expression produces a power law,

lim
α→0

Ψ̃ =
ξ

β

(
Ĩn − 1

)β
. (5.3.31)

Note: When β > 2, the fiber modulus is zero at the strain origin (Ĩn = 1). Therefore, use β > 2when
a smooth transition in the stress is desired from compression to tension.
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5.3.8 Fung Orthotropic

The hyperelastic strain energy function for a Fung Orthotropic material is given by [34, 35]

Ψ̃ =
1

2
c
(
eQ̃ − 1

)
+ U (J) , (5.3.32)

where

Q̃ = c−1
3∑

a=1

[
2µaMa : Ẽ2 +

3∑
b=1

λab

(
Ma : Ẽ

)(
Mb : Ẽ

)]
. (5.3.33)

Here, Ẽ = 1
2

(
C̃− I

)
and Ma = Aa ⊗ Aa, where Aa are orthonormal vectors that define the

initial direction of material axes. The orthotropic Lamé coefficients should be chosen such that the
stiffness matrix,

λ11 + 2µ1 λ12 λ13 0 0 0
λ12 λ22 + 2µ2 λ23 0 0 0
λ13 λ23 λ33 + 2µ3 0 0 0
0 0 0 1

2 (µ1 + µ2) 0 0
0 0 0 0 1

2 (µ2 + µ3) 0
0 0 0 0 0 1

2 (µ1 + µ3)

 (5.3.34)

is positive definite.

5.3.9 Tension-Compression Nonlinear Orthotropic

This material model is based on the following uncoupled hyperelastic strain energy function [13]:

Ψ (C, λ1, λ2, λ3) = Ψ̃iso

(
C̃
)

+

3∑
i=1

Ψ̃TC
i

(
λ̃i

)
+ U (J) . (5.3.35)

The isotropic strain energy Ψ̃iso and the dilatational energy U are the same as for the Mooney-
Rivlin material (Section 5.3.1). The tension-compression term is defined as follows:

Ψ̃TC
i

(
λ̃i

)
=

ξi
(
λ̃i − 1

)βi
λ̃i > 1

0 λ̃i 6 1
, ξi > 0 (no sum over i). (5.3.36)

The λ̃i parameters are the deviatoric fiber stretches of the local material fibers,

λ̃i =
(
Ai · C̃ ·Ai

)1/2
. (5.3.37)

The local material fibers are defined (in the reference frame) as an orthonormal set of vectors Ai.
The corresponding deviatoric part of the Cauchy stress is

σ̃ = J−1
3∑
i=1

1

λ̃i

∂Ψ̃

∂λ̃i
ai ⊗ ai , (5.3.38)

and the spatial elasticity tensor is

C̃ = J−1
3∑
i=1

1

λ̃i

∂

∂λ̃i

(
1

λ̃i

∂Ψ̃

∂λ̃i

)
ai ⊗ ai ⊗ ai ⊗ ai , (5.3.39)

where ai = F̃ ·Ai.
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5.4 Viscoelasticity

For a viscoelastic material the second Piola Kirchhoff stress can be written as follows [64]:

S (t) =

t∫
−∞

G (t− s) dS
e

ds
ds , (5.4.1)

where Se is the elastic stress and G(t) is the relaxation function. Here we consider the special
case where the relaxation function is given by

G (t) = γ0 +

N∑
i=1

γi exp (−t/τi) . (5.4.2)

With this function chosen for the relaxation function, we can write the total stress as

S (t) =

t∫
−∞

(
γ0 +

N∑
i=1

γi exp ((−t+ s) /τi)
dSe

ds

)
ds . (5.4.3)

Introducing the internal variables,

H(i) (t) =

t∫
−∞

exp [− (t− s) /τi]
dSe

ds
ds , (5.4.4)

we can rewrite (5.4.3) as follows,

S (t) = γ0S
e (t) +

N∑
i=1

γiH
(i) (t) . (5.4.5)

In FEBio, γ0 = 1, so Se is the long-term elastic response of the material.
The question now remains how to evaluate the internal variables. From equation (5.4.4) it

appears that we have to integrate over the entire time domain. However, we can find a recurrence
relationship that will allow us to evaluate the internal variables at a time t+ ∆t given the values at
time t.

H(i) (t+ ∆t) =

t+∆t∫
−∞

exp [− (t+ ∆t− s) /τi]
dSe

ds
ds

= exp (−∆t/τi)

t∫
−∞

exp [− (t− s) /τi]
dSe

ds
ds+

t+∆t∫
t

exp [− (t+ ∆t− s) /τi]
dSe

ds
ds

= exp (−∆t/τi) H(i) (t) +

t+∆t∫
t

exp [− (t+ ∆t− s) /τi]
dSe

ds
ds .

(5.4.6)
The last term can now be simplified using the midpoint rule to approximate the derivate. In that
case we find the recurrence relation:

H(i) (t+ ∆t) = exp (−∆t/τi) H(i) (t) +
1− exp (−∆t/τi)

∆t/τi
(Se (t+ ∆t)− Se (t)) . (5.4.7)



154 CHAPTER 5. CONSTITUTIVE MODELS

The following procedure can now be applied to calculate the new stress. Given Sen and H
(i)
n

corresponding to time t, find Sen+1 and H
(i)
n+1 corresponding to time t+ ∆t:

1. calculate elastic stress:
Sen+1 =

∂W e

∂Cn+1
,

2. evaluate internal variables:

Hi
n+1 = exp (−∆t/τi) Hi

n +
1− exp (−∆t/τi)

∆t/τi

(
Sen+1 − Sen

)
,

3. find the total stress:

Sn+1 = γ0S
e
n+1 +

N∑
i=1

γiH
i
n+1 .
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5.5 Reactive Viscoelasticity

Reactive viscoelasticity models a material as a mixture of strong bonds, which are permanent,
and weak bonds, which break and reform in response to loading [12]. Strong bonds produce
the equilibrium elastic response, whereas weak bonds produce the transient viscous response.
Strong bonds are in a stress-free state when in their reference configuration X. Their deformation
gradient is defined as usual, F (X, t) = ∂χ (X, t) /∂X. When weak bonds break in response to
loading at some time u, they reform instantaneously in a stress-free configuration Xu that coincides
with the current configuration at time u, thus, Xu = χ (X, u). Therefore, a reaction transforms
intact loaded bonds into reformed unloaded bonds. Weak bonds that reform at time u may be
called u−generation bonds. The deformation gradient of u−generation weak bonds relative to
their reference configuration Xu is denoted by Fu (X, t), which may be evaluated from the chain
rule,

F (X, t) = Fu (X, t) · F (X, u) . (5.5.1)

The strain energy density Ψr in a reactive viscoelastic material is given by

Ψr (F) = Ψe
r (F) +

∑
u

wuΨb
0 (Fu) , (5.5.2)

where Ψe
r is the strain energy density of strong bonds and Ψb

0 is the strain energy density of weak
bonds, when they all belong to the same generation. In this expression, wu (X, t) is the mass
fraction of u−generation weak bonds, which evolves over time as described below. The summation
is taken over all generations u that were created prior to the current time t. The Cauchy stress σ
in a reactive viscoelastic material is similarly given by

σ (F) = σe (F) +
∑
u

wuσb (Fu) , (5.5.3)

where σe is the stress in the strong bonds and σb is the stress in the weak bonds. These stresses
are related to the respective strain energy densities of strong and weak bonds according to

σe (F) =
1

J

∂Ψe
r (F)

∂F
· FT , σb (Fu) =

1

J

∂Ψb
0 (Fu)

∂Fu
· (Fu)T . (5.5.4)

The mass fractions wu (X, t) are obtained by solving the equation of mass balance for reactive
constrained mixtures,

∂wu

∂t
= ŵu (F, wγ) , (5.5.5)

where the mass fraction supply ŵu must be specified as a constitutive function of the deformation
gradient F and the mass fractions wγ from all generations. Since mass must be conserved over
all generations, it follows that ∑

u

ŵu = 0,
∑
u

wu = 1 . (5.5.6)

Any number of valid solutions may exist for wu, based on constitutive assumptions for ŵu. For
example, for u−generation bonds reforming in an unloaded state during the time interval u 6 t < v,
and subsequently breaking in response to loading at t = v, Type I bond kinetics provides a solution
of the form

wu (X, t) =


0 t < u

fu (X, t) u 6 t < v

fu (X, v) g (Fu (v) ; X, t− v) v 6 t

, (5.5.7)
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where
fu (X, t) = 1−

∑
γ<u

wγ (X, t) , (5.5.8)

and g (Fu (v) ; X, t− v) is a reduced relaxation function which may assume any number of valid
forms. (A reduced relaxation function g (t) satisfies g (0) = 1 and g (t→∞) = 0, and decreases
monotonically with t.) In particular, g may depend on the strain at time v relative to the reference
configuration of the u−generation. In the recursive expression of (5.5.7), the earliest generation
u = −∞, which is initially at rest, produces wu (t) = 1 for t < v and wu (t) = g (Fu (v) ; X, t− v) for
t > v; this latter expression seeds the recursion for subsequent generations. Therefore, providing
a functional form for g suffices to produce the solution for all bond generations u.

For Type II bond kinetics, the solution for the mass fractions is given by

wu (t) =


0 t < u

1− g (t− u) u 6 t < v

g (t− v)− g (t− u) v 6 t

. (5.5.9)

For this type of bond kinetics, the reduced relaxation function g cannot depend on the magnitude
of the strain, because strain-dependence might violate the constraint 0 6 wu 6 1.

For all bond kinetics, it is also possible to constrain the occurrence of the breaking-and-
reforming reaction to specific forms of the strain. For example, the reaction may be allowed to
proceed only in the case of dilatational strain, or only in the case of distortional strain.

The finite element implementation of reactive viscoelasticity stores the value of F−1 (X, u) ev-
ery time that a bond-breaking deformation is detected; this value can be used to evaluate Fu (X, t)
using (5.5.1). It also stores wu (X, v) = fu (X, v), where v is the time step immediately following
u, which is then used for evaluating wu for subsequent time steps t > v when using Type I bond
kinetics, using the expressions of (5.5.7) and (5.5.8). These measures are then used to evaluate
the stress from (5.5.3), with the summation taken over the time steps that correspond to bond-
reforming generations.
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5.6 Reactive Damage Mechanics

5.6.1 Bond-Breaking Reaction

The reactive damage mechanics framework was first described in [61]. It is used to model damage
in an elastic solid as a reaction that transforms intact (elastic) bonds into broken bonds,

E i → Eb . (5.6.1)

Here, Eα is the material associated with bonds α (α = i for intact bonds and α = b for broken
bonds). The material is modeled as a constrained mixture of these two constituents α. Whereas
intact bonds may store free energy, broken bond sustain none. This framework assumes that
isothermal conditions prevail. Thus, any heat generated by the dissipative damage reaction must
be radiated from the continuum to preserve a constant temperature. In an isothermal framework,
the free energy density is also equal to the strain energy density.

The referential mass density of the solid mixture is ρr (mass of solid per volume in its refer-
ential, stress-free configuration), which remains constant throughout an analysis. The material
associated with intact bonds has an apparent mass density ρir while that associated with broken
bonds is ρbr,such that the mixture mass balance is satisfied by

ρr = ρir + ρbr . (5.6.2)

5.6.2 Free Energy Density and Stress

Let the specific free energy stored in intact bonds be represented by ψ (F); that of broken bonds
is zero. Therefore, the free energy density of the mixture is

Ψr (F) = ρirψ (F) . (5.6.3)

We may define the mass fraction wα of bond species α as

wα =
ραr
ρr
. (5.6.4)

Now, the mixture mass balance in Eq.(5.6.2) may be rewritten as
∑

αw
α = 1, or more specifically,

wi + wb = 1 . (5.6.5)

We may also rewrite the mixture free energy density in Eq.(5.6.3) as

Ψr (F) = wiρrψ (F) =
(

1− wb
)
ρrψ (F) , (5.6.6)

where we have made use of Eq.(5.6.5). The corresponding Cauchy stress may be evaluated using
the standard hyperelasticity formula,

σ = J−1∂Ψr

∂F
· FT =

(
1− wb

) ρr
J

∂ψ

∂F
· FT . (5.6.7)

These relation show that the free energy density and stress of a damaged material are scaled by
the mass fraction wi = 1 − wb of remaining intact bonds. Comparing these formulas to those of
classical damage mechanics [46, 67, 28, 53, 54, 76], it becomes immediately apparent that the
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classical damage variable D appearing in those theories is equivalent to the mass fraction wb of
broken bonds,

D ≡ wb. (5.6.8)

To further clarify this equivalence, we may let Ψ0 ≡ ρrψ represent the free energy density of an
intact elastic solid, such that Eq.(5.6.6) may be rewritten as Ψr = (1−D) Ψ0. Similarly, Eq.(5.6.7)
may be rewritten as σ = (1−D)σ0, where σ0 is the stress in the intact elastic solid, derived from
the hyperelasticity relation σ0 = J−1 (∂Ψ0/∂F) · FT .

5.6.3 Damage Criterion

At each material point X in the continuum, damage occurs when a scalar damage (or failure)
measure Ξ (F) achieves a critical value Ξm over the loading history,

Ξm (X) = max
−∞<s≤t

Ξ (F (X, s)) . (5.6.9)

The scalar damage measure Ξ (F) must be invariant to orthogonal transformations Q that pre-
serve material symmetry, or else the damage formulation would not be observer-independent. For
example, for isotropic materials, Ξ (F) must be an isotropic function of the deformation, in which
case it should be expressed as Ξ (U) or Ξ (E), where U is the right stretch tensor in the polar
decomposition F = R ·U of the deformation gradient, and

E =
1

2

(
FT · F− I

)
=

1

2

(
U2 − I

)
(5.6.10)

is the Green-Lagrange strain tensor. It follows that(
∂E

∂U

)
ijmn

=
1

2

(
1

2
(δimUnj + δinUmj) +

1

2
(Uimδjn + Uinδjm)

)
.

For anisotropic materials where a is the unit normal to a symmetry plane and A = a ⊗ a, the
damage measure Ξ must satisfy

Ξ (U,A) = Ξ
(
Q ·U ·QT ,Q ·A ·QT

)
, (5.6.11)

for transformations Q that satisfy Q ·A ·QT = A (or Q · a = a). We may replace U with E in the
above expression.

We assume that the amount of damage (the fractionD of broken bonds) is given by the function
of state

D = F (Ξm) , (5.6.12)

where 0 ≤ F (Ξm) ≤ 1. As shown in [61], the Clausius-Duhem inequality imposes the constraint
that F (Ξm) must be a monotonically increasing function of its argument. Therefore, we may un-
derstand F to represent a cumulative density function (CDF), whose derivative f (Ξm) = F ′ (Ξm)
is a probability distribution function (PDF) that describes the probability of bonds breaking at the
specific threshold Ξm.
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5.6.4 Reaction Kinetics and Thermodynamics

The axiom of mass balance in a reactive constrained mixture reduces to

ρ̇αr = ρ̂αr , (5.6.13)

where ρ̇αr is the material time derivative of ραr and ρ̂αr is a function of state representing the ref-
erential mass supply density to constituent α due to reactions with all other constituents. In the
damage framework, the above relations show that

ρir = ρr (1− F (Ξm))

ρbr = ρrF (Ξm)
. (5.6.14)

Substituting these expressions into Eq.(5.6.13) shows that the referential mass density supplies
are given by

ρ̂ir = −ρrḞ (Ξm)

ρ̂br = ρrḞ (Ξm)
, (5.6.15)

where

Ḟ (Ξm) =

f (Ξ) Ξ̇
∣∣∣
Ξm

advancing damage

0 otherwise
. (5.6.16)

In these expressions, the damage is advancing when Ξm increases over two consecutive time
points. In this expression for Ḟ we need to evaluate

Ξ̇ (U) =
∂Ξ

∂U
: U̇ = N : U̇ , (5.6.17)

where we defined

N ≡ ∂Ξ

∂U
(5.6.18)

to represent the tensorial normal to the damage hypersurface, which needs to be evaluated at Ξm.
In this isothermal damage framework it can be shown from the energy balance that a heat sup-

ply density ρrr must radiate the bond-breaking energy out of the continuum to maintain isothermal
conditions, where

ρrr = ρ̂irψ (F) = −ρrḞ (Ξm)ψ (F) . (5.6.19)

Since F is a monotonically increasing function of Ξm, its material time derivative Ḟ is always
positive when the damage is increasing, and zero otherwise as per Eq.(5.6.17). Since the specific
strain energy ψ (F) is always positive, it follows that the specific heat supply r = −Ḟ (Ξm)ψ (F)
in Eq.(5.6.19) is negative or zero, consistent with the expectation that heat needs to leave the
continuum to maintain isothermal conditions.

5.6.5 Constitutive Models

Constitutive models for the damage measure Ξ (U) may be derived from energy-based poten-
tials or strain measures. A summary of constitutive models currently implemented in FEBio is
presented below.
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5.6.5.1 Strain Energy Density

It may be assumed that damage occurs when the strain energy density Ψr achieves a certain
threshold Ψm. In that case, the constitutive model for the damage measure is

Ξ (U) = Ψr (U) . (5.6.20)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
Ψr must satisfy the frame-invariance of Eq.158 by construction. The resulting damage surface
normal is

N =
∂Ψr

∂U
=

1

2
(S ·U + U · S) , (5.6.21)

where S = ∂Ψr/∂E = JF−1 · σ · F−T is the second Piola-Kirchhoff stress associated with the
material.

5.6.5.2 Simo Damage Criterion

Simo [72, 76] proposed a damage criterion related to the strain energy density,

Ξ (U) =
√

2Ψr (U) . (5.6.22)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
Ψr must satisfy the frame-invariance of Eq.158 by construction. Its resulting damage surface
normal is

N =
1√
2Ψr

1

2
(S ·U + U · S) , (5.6.23)

where we have used the result of Eq.(5.6.21). The normal reduces to the null tensor in the limit
when Ψr and σ tend to zero.

5.6.5.3 Specific Strain Energy

It may be assumed that damage occurs when the specific strain energy Ψr/ρr achieves a certain
threshold ψm. In that case, the constitutive model for the damage measure is

Ξ (U) =
1

ρr
Ψr (U) . (5.6.24)

This damage measure is valid for isotropic or anisotropic materials, since the strain energy density
Ψr must satisfy the frame-invariance of Eq.158 by construction. The resulting damage surface
normal is

N =
1

ρr

∂Ψr

∂U
=

1

2ρr
(S ·U + U · S) , (5.6.25)

where we have used the result of Eq.(5.6.21).

5.6.5.4 Von Mises Stress

For this criterion it is assumed that damage is initiated by increases in the von Mises (or effective)
stress, σY . Thus,

Ξ (U) = σY (U) =

√
3

2
devσ : devσ , (5.6.26)
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where devσ is the deviatoric part of σ. To evaluate the damage surface normal in this case, we
must use the chain rule,

N =
∂Ξ

∂σ
:
∂σ

∂F
:
∂F

∂U
. (5.6.27)

From the hyperelasticity relation in Eq.(5.6.7) it can be shown that

∂σ

∂F
= (C + I⊗σ + σ⊗I− σ ⊗ I) · F−T , (5.6.28)

where C is the fourth-order spatial elasticity tensor associated with the strain energy density Ψr.
Then, it can be shown that

N =
1

2
RT ·M ·R ·U−1 +

1

2
U−1 ·RT ·MT ·R , (5.6.29)

where

M =
∂Ξ

∂σ
: C + 2

∂Ξ

∂σ
· σ −

(
∂Ξ

∂σ
: σ

)
I . (5.6.30)

From the von Mises criterion in Eq.(5.6.26), it can be shown that

∂Ξ

∂σ
=

3

2σY
devσ . (5.6.31)

Substituting Eqs.(5.6.30)-(5.6.31) into Eq.(5.6.29) provides the surface normal N.

5.6.5.5 Maximum Normal Stress

For this criterion, the damage measure takes the form

Ξ (U) = σ1 , (5.6.32)

where σ1 is the maximum principal stress (under the assumption that the three principal stresses
of σ are ordered such that σ1 ≥ σ2 ≥ σ3). To evaluate the damage surface normal, we may use
Eqs.(5.6.29)-(5.6.30) where

∂Ξ

∂σ
=
∂σ1

∂σ
= n1 ⊗ n1 . (5.6.33)

Here, n1 is a unit vector along the principal direction of maximum normal stress (the eigenvector
of σ corresponding to the eigenvalue σ1).

5.6.5.6 Maximum Shear Stress

For this criterion, the damage measure takes the form

Ξ (U) =
σ1 − σ3

2
, (5.6.34)

where σ1 and σ3 are the maximum and minimum principal normal stresses (under the assumption
that the three principal stresses of σ are ordered such that σ1 ≥ σ2 ≥ σ3). To evaluate the damage
surface normal, we may use Eqs.(5.6.29)-(5.6.30) where

∂Ξ

∂σ
=

1

2
(n1 ⊗ n1 − n3 ⊗ n3) . (5.6.35)

Here, n1 and n3 are unit vectors along the principal directions of maximum and minimum normal
stress, respectively.
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5.6.5.7 Maximum Normal Lagrange Strain

The Lagrange strain tensor E is related to F via Eq.(5.6.10). Its maximum principal value is
denoted by E1. For this criterion, we let

Ξ (U) = E1 . (5.6.36)

Then, the damage surface normal is given by

N =
∂E1

∂U
=
√

1 + 2E1n1 ⊗ n1 , (5.6.37)

where n1 is a unit vector along the principal direction of normal strain.

5.6.5.8 Octahedral Lagrange Strain

The octahedral Lagrange strain is given by

e (U) =

√
2

3
dev E : dev E , (5.6.38)

where dev E is the deviatoric part of the Lagrange strain tensor,

dev E = E− 1

3
tr (E) I , (5.6.39)

and E is given in Eq.(5.6.10). For this damage measure we let

Ξ (U) = e (U) . (5.6.40)

The damage surface normal can be evaluated from

N =
∂e

∂E
:
∂E

∂U
=

1

3e
(dev E ·U + U · dev E) , (5.6.41)

where we used
∂e

∂E
=

2

3e
dev E (5.6.42)

and
∂E

∂U
=

1

2

∂U2

∂U
=

1

2
(I⊗U + U⊗ I) . (5.6.43)
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5.7 Hydraulic Permeability

Hydraulic permeability is a material function needed for biphasic and multiphasic materials.

5.7.1 Constant Isotropic Permeability

When the permeability is isotropic,
k = k I . (5.7.1)

For this material model, k is constant. Generally, this assumption is only reasonable when strains
are small.

5.7.2 Exponential Isotropic Permeability

This isotropic material has a permeability that varies as a function of the determinant J of the
deformation gradient. Its general form is

k = k (J) I , (5.7.2)

where,

k (J) = k0 exp

(
M

J − 1

J − ϕ0

)
. (5.7.3)

Pore closure occurs as J approaches ϕ0 from above, in which case the permeability reduces to
zero,

lim
J→ϕ0

k (J) = 0 . (5.7.4)

In the special case when M = 0, the permeability becomes constant. In the limit of infinitesimal
strains, the permeability has the form

k (J) = k0

(
1 +

M

1− ϕ0
(J − 1) +O

(
(J − 1)2

))
. (5.7.5)

For the type of isotropic permeability given in (5.7.2), the spatial permeability tangent K with
respect to the solid matrix strain has the general form

K =
(
k + Jk′

)
I⊗ I− 2kI� I , (5.7.6)

where
k′ (J) = M

1− ϕ0

(J − ϕ0)2k (J) (5.7.7)

in this case.

5.7.3 Holmes-Mow

This isotropic material uses a strain-dependent permeability tensor as formulated by [38]:

k = k (J) I , (5.7.8)

where,

k (J) = k0

(
J − ϕ0

1− ϕ0

)α
e

1
2
M(J2−1) . (5.7.9)
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When α > 0, pore closure occurs as J → ϕ0 from above, in which case k reduces to 0. Setting
α = 0 and M = 0 produces a constant permeability. In the limit of infinitesimal strains,

k (J) = k0

(
1 +

(
M +

α

1− ϕ0

)
(J − 1) +O

(
(J − 1)2

))
. (5.7.10)

The spatial tangent of the permeability tensor with respect to strain may be evaluated from
(5.7.6) using

k′ (J) =

(
J M +

α

J − ϕ0

)
k (J) . (5.7.11)

5.7.4 Referentially Isotropic Permeability

This material uses a strain-dependent permeability tensor that accommodates strain-induced
anisotropy [9]:

k =

(
k0rI +

k1r

J2
b +

k2r

J4
b2

)(
J − ϕsr
1− ϕsr

)
eM(J2−1)/2 , (5.7.12)

Note that the permeability in the reference state (F = I) is isotropic and given by k = (k0r + k1r + k2r) I.

5.7.5 Referentially Orthotropic Permeability

This material uses a strain-dependent permeability tensor that is orthotropic in the reference con-
figuration, and accommodates strain-induced anisotropy [9]:

k = k0I +
3∑

a=1

ka1ma + ka2 (ma · b + b ·ma) , (5.7.13)

where,

k0 = k0r

(
J − ϕsr
1− ϕsr

)α0

eM0(J2−1)/2 ,

ka1 =
ka1r
J2

(
J − ϕsr
1− ϕsr

)αa
eMa(J2−1)/2 ,

ka2 =
ka2r
2J4

(
J − ϕsr
1− ϕsr

)αa
eMa(J2−1)/2 .

a = 1, 2, 3 (5.7.14)

Here, ma are second order tensors representing the spatial structural tensors describing the or-
thogonal planes of symmetry, given by

ma = F · (Va ⊗Va) · FT , a = 1− 3, (5.7.15)

where Va are orthonormal vectors normal to the planes of symmetry. Note that the permeability

in the reference state (F = I) is given by k = k0rI +
3∑

a=1
(ka1r + ka2r) Va ⊗Va.
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5.7.6 Referentially Transversely Isotropic Permeability

This material uses a strain-dependent permeability tensor that is transversely isotropic in the ref-
erence configuration, and accommodates strain-induced anisotropy [9]:

k = k0r

(
J − ϕsr
1− ϕsr

)α0

eM0(J2−1)/2I

+

(
kT1r
J2

(b−m) +
kT2r
2J4

[
2b2 − (m · b + b ·m)

])(J − ϕsr
1− ϕsr

)αT
eMT (J2−1)/2

+

(
1

J2
kA1rm +

1

2J4
kA2r (m · b + b ·m)

)(
J − ϕsr
1− ϕsr

)αA
eMA(J2−1)/2 ,

(5.7.16)

where m is a second order tensor representing the spatial structural tensor describing the axial
direction, given by

m = F · (V ⊗V) · FT , (5.7.17)

and V is a unit vector along the axial direction. Note that the permeability in the reference state
(F = I) is given by k =

(
k0r + kT1r + kT2r

)
I +

(
kA1r − kT1r + kA2r − kT2r

)
(V ⊗V).
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5.8 Solute Diffusivity

Diffusivity materials provide a constitutive relation for the solute diffusivity in a biphasic-solute
material. In general, the diffusivity tensor d may be a function of strain and solute concentration.

5.8.1 Constant Isotropic Diffusivity

When the permeability is isotropic,
d = d I . (5.8.1)

For this material model, d is constant. This assumption is only true when strains are small. Note
that the user must specify d 6 d0, where d0 is the solute diffusivity in free solution, since a solute
cannot diffuse through the biphasic-solute mixture faster than in free solution.

5.8.2 Constant Orthotropic Diffusivity

When the permeability is orthotropic,

d =
3∑

a=1

daVa ⊗Va , (5.8.2)

where Va are orthonormal vectors normal to the planes of symmetry. For this material model, the
da are constant. Therefore this model should be used only when strains are small. Note that the
user must specify da 6 d0, where d0 is the solute diffusivity in free solution, since a solute cannot
diffuse through the biphasic-solute mixture faster than in free solution.

5.8.3 Referentially Isotropic Diffusivity

This material uses a strain-dependent diffusivity tensor that is isotropic in the reference configura-
tion and accommodates strain-induced anisotropy:

d =

(
d0rI +

d1r

J2
b +

d2r

J4
b2

)(
J − ϕsr
1− ϕsr

)
eM(J2−1)/2, (5.8.3)

where J is the jacobian of the deformation, i.e. J = det F where F is the deformation gradient,
and b = F · FT is the left Cauchy-Green tensor. Note that the diffusivity in the reference state
(F = I) is isotropic and given by d = (d0r + d1r + d2r) I.

5.8.4 Referentially Orthotropic Diffusivity

This material uses a strain-dependent diffusivity tensor that is orthotropic in the reference config-
uration and accommodates strain-induced anisotropy:

d = d0I +
3∑

a=1

da1ma + da2 (ma · b + b ·ma) , (5.8.4)



5.8. SOLUTE DIFFUSIVITY 167

where

d0 = d0r

(
J − ϕsr
1− ϕsr

)α0

eM0(J2−1)/2 ,

da1 =
da1r
J2

(
J − ϕsr
1− ϕsr

)αa
eMa(J2−1)/2 ,

da2 =
da2r
2J4

(
J − ϕsr
1− ϕsr

)αa
eMa(J2−1)/2 .

a = 1, 2, 3 (5.8.5)

Here, J is the Jacobian of the deformation, i.e. J = det F where F is the deformation gradient.
ma are second order tensor representing the spatial structural tensors describing the orthogonal
planes of symmetry, given by

ma = F · (Va ⊗Va) · FT , a = 1− 3 , (5.8.6)

where Va are orthonormal vectors normal to the planes of symmetry. Note that the permeability

in the reference state (F = I) is given by k = k0rI +
3∑

a=1
(ka1r + ka2r) Va ⊗Va.
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5.9 Solute Solubility

Solubility constitutive equations provide a relation for κ̃ as a function of solid matrix strain and
effective solute concentrations.

5.9.1 Constant Solubility

For this material model, κ̃ is constant.
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5.10 Osmotic Coefficient

Osmotic coefficient constitutive equations provide a relation for Φ as a function of solid matrix
strain and effective solute concentrations.

5.10.1 Constant Osmotic Coefficient

For this material model, Φ is constant.
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5.11 Active Contraction Model

A time varying “elastance” active contraction model [37] was added to the transversely isotropic
materials. When active contraction is activated, the total Cauchy stress σis defined as the sum of
the active stress tensor σa = T aa⊗ a and the passive stress tensor σp:

σ = σp + σa, (5.11.1)

where a is the deformed fiber vector (unit length), defined as λa = F · a. The time varying
elastance model is a modification of the standard Hill equation that scales the standard equation
by an activation curve C (t). The active fiber stress T a is defined as:

T a = Tmax
Ca2

0

Ca2
0 + ECa2

50

C (t) , (5.11.2)

where Tmax = 135.7 kPa is the isometric tension under maximal activation at the peak intracellular
calcium concentration of Ca0 = 4.35µM. The length dependent calcium sensitivity is governed by
the following equation:

ECa50 =
(Ca0)max√

exp [B(l − l0)]− 1
, (5.11.3)

where (Ca0)max = 4.35µM is the maximum peak intracellular calcium concentration,B = 4.75µm−1

governs the shape of the peak isometric tension-sarcomere length relation, l0 = 1.58µm is the
sarcomere length at which no active tension develops, and l is the sarcomere length which is the
product of the fiber stretch λ and the sarcomere unloaded length lr = 2.04µm.
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5.12 Prescribed Active Contraction

Prescribed active contraction models allow the user to directly specify the time history of the active
contractile stress.

5.12.1 Uniaxial Active Contraction

For this model, the active stress is acting along a prescribed direction given by the unit vector ar
in the reference configuration. The 2nd Piola-Kirchhoff stress is

Sa = T aar ⊗ ar , (5.12.1)

and the Cauchy stress is
σa = J−1T aa⊗ a , (5.12.2)

where T a is the prescribed contractile stress and a = F ·ar. Since Sa is not a function of deforma-
tion, the material and spatial tangents are both zero.

5.12.2 Transversely Isotropic Active Contraction

In this case, the active stress is isotropic in a plane transverse to the direction ar,

Sa = T a (I− ar ⊗ ar) , (5.12.3)

and the corresponding Cauchy stress is

σa = J−1T a (B− a⊗ a) , (5.12.4)

where B = F · FT is the left Cauchy-Green tensor. The material and spatial tangents are zero.

5.12.3 Isotropic Active Contraction

An isotropic active contractile stress is given by

Sa = T aI (5.12.5)

and the corresponding Cauchy stress is

σa = J−1T aB . (5.12.6)

The material and spatial tangents are zero.
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5.13 Chemical Reaction Production Rate

Production rate constitutive equations provide a relation for ζ̂ as a function of solid matrix strain,
solute concentrations, and the concentrations of solid-bound molecular species.

5.13.1 Mass Action Forward

According to the law of mass action for forward reactions,

ζ̂ = k (θ,F, ρσr )
∏
α

(cα)ν
α
R . (5.13.1)

A constitutive relation for the specific reaction rate k (θ,F, ρσr ) must also be provided.

5.13.2 Mass Action Reversible

According to the law of mass action for reversible reactions,

ζ̂F = kF (θ,F, ρσr )
∏
α

(cα)ν
α
R

ζ̂R = kR (θ,F, ρσr )
∏
α

(cα)ν
α
P

ζ̂ = ζ̂F − ζ̂R = ζ̂F

[
1−Kc (θ,F, ρσr )

∏
α

(cα)ν
α

]
,

(5.13.2)

where Kc = kR/kF is a function that reduces to the equilibrium constant of the reversible reaction
at chemical equilibrium (when ζ̂ = 0). Constitutive relations for the specific forward and reverse
reaction rates, kF (θ,F, ρσr ) and kR (θ,F, ρσr ) respectively, must also be provided.

5.13.3 Michaelis-Menten

Michaelis-Menten is a model for enzyme kinetics as represented by the reactions

Ee + Es 
 Ees → Ee + Ep , (5.13.3)

where Ee is the enzyme, Es is the substrate, Ees is the enzyme-substrate complex, and Ep is the
product. The molar mass supply ĉp producing Ep is related to the concentration of the substrate
Es via

ĉp =
Vmaxc

s

Km + cs
, (5.13.4)

where Vmax is the maximum rate achieved by the system, at maximum (saturating) substrate
concentrations. Km is the substrate concentration at which the reaction rate is half of Vmax.

This relation may be derived by applying the law of mass action to the two reactions in (5.13.3).
under the simplifying assumption that the reversible reaction between the enzyme and substrate
reaches steady state much faster than the subsequent forward reaction forming the product. If the
first and second reactions are denoted by subscripts 1 and 2, respectively, the law of mass action
for the first (reversible) and second (forwar) reaction produces

ζ̂1 = kF1c
ecs − kR1c

es, ζ̂2 = kF2c
es ,

ĉs = −ζ̂1, ĉp = ζ̂2, ĉes = ζ̂1 − ζ̂2 .
(5.13.5)



5.14. SPECIFIC REACTION RATE 173

The total enzyme concentration remains constant at ce0 = ce+ces, so thatζ̂1 = kF1c
e
0c
s−(kF1c

s + kR1) ces.
Assuming that the first reaction equilibrates much faster than the second is equivalent to letting
ζ̂1 ≈ 0, in which case

ces ≈ ce0c
s

cs +Km
, (5.13.6)

where Km = kR1/kF1. Then,

ζ̂2 =
Vmaxc

s

cs +Km
,

where Vmax = kF2c
e
0 represents the maximum value of ζ̂2, when Km � cs. In practice, choosing

kF1 � kF2 can produce the desired effect.

5.14 Specific Reaction Rate

Specific reaction rate constitutive equations provide a relation for k as a function of solid matrix
strain and the concentrations of solid-bound molecular species.

5.14.1 Constant Specific Reaction Rate

For this material model, k is constant.

5.14.2 Huiskes Remodeling

For this material, the specific reaction rate depends on the deviation of the specific strain energy
from a threshold value,

k (F, ρsr) =
B

(J − ϕsr)M s

(
Ψr

ρsr
− ψ0

)
, , (5.14.1)

where B is a constant, Ψr is the strain energy density of the solid, ρsr is the referential mass density
of the solid, ψ0 is the threshold value for the specific strain energy. In this relation, J = det F is
evaluated from the solid deformation and ϕsr is evaluated from (2.10.7).

5.15 Viscous Fluids

The most common family of constitutive relations employed for viscous fluids, including Newtonian
fluids, is given by

τ (J,D) =

(
κ− 2

3
µ

)
(tr D) I + 2µD , (5.15.1)

where µ and κ are, respectively, the dynamic shear and bulk viscosity coefficients (both posi-
tive), which may generally depend on J and, for non-Newtonian fluids, on invariants of D. In
practice, most constitutive models for non-Newtonian viscous fluids only use a dependence on
γ̇ =
√

2D : D, since it is the only non-zero invariant in viscometric flows [68]. In this case, substi-
tuting eq.(5.15.1) into eq.(3.5.9) produces

Cτ =

(
κ− 2

3
µ

)
I⊗ I +

2

γ̇

(
∂κ

∂γ̇
− 2

3

∂µ

∂γ̇

)
(tr D) I⊗D

+ 2

(
2

γ̇

∂µ

∂γ̇
D⊗D + µ I⊗ I

)
.

(5.15.2)
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The term containing I ⊗ D is the only one that does not exhibit major symmetry. In Newtonian
fluids, µ and κ are independent of D; in incompressible fluids they are independent of J (since
J = 1 remains constant and tr D = 0). Thus, for both of these cases the term containing I ⊗D
drops out and Cτ exhibits major symmetry.

Similarly, using eq.(5.15.1), the tangent τ ′J in eq.(3.5.11) reduces to

τ ′J =

(
∂κ

∂J
− 2

3

∂µ

∂J

)
(tr D) I + 2

∂µ

∂J
D . (5.15.3)

Explicit forms for the dependence of µ or κ on J are not illustrated here, since viscosity generally
shows negligible dependence on pressure (thus J) over typical ranges of pressures in fluids, hence
τ ′J ≈ 0 in most analyses.

Many fluid mechanics textbooks employ Stoke’s condition (κ = 0) for the purpose of equating
the elastic pressure p with the mean normal stress −1

3 trσ [63]; in FEBio, κ is kept as a user-
defined material property, which may be set to zero if desired. A common example of a non-
Newtonian fluid is the Carreau model, where τ = 2µ (γ̇) D, which is a special case of eq.(5.15.1),
with κ = 2µ/3 and

µ = µ∞ + (µ0 − µ∞)
(

1 + (λγ̇)2
)(n−1)/2

, (5.15.4)

where λ is a time constant, n is a parameter governing the power-law response, µ0 is the viscosity
when γ̇ = 0 and µ∞ is the viscosity as γ̇ →∞. Other common models of non-Newtonian viscous
fluids are summarized in [29], though it should be noted that some of these models produce
infinite values when evaluating γ̇−1∂µ/∂γ̇ as γ̇ → 0, which is problematic in the evaluation of Cτ in
eq.(5.15.2).

For nearly incompressible fluids, a simple constitutive relation may be adopted for the pressure,

p (J) = K (1− J) , (5.15.5)

where K is the bulk modulus of the fluid in the limit when J = 1. It follows that p′ (J) = −K
and p′′ (J) = 0 in eq.(3.5.10). This constitutive relation is adopted for nearly-incompressible CFD
analyses in FEBio, though alternative formulations may be easily implemented.



Chapter 6

Dynamics

FEBio can perform a nonlinear dynamic analysis by iteratively solving the following nonlinear semi-
discrete finite element equations [17].

Md̈
k
n+1 + K∆dk = Tk

n+1 − Fn+1

dkn+1 = dk−1
n+1 + ∆dk

. (6.0.1)

Here, M is the mass matrix, K the stiffness matrix, T the internal force (stress) vector and F
the externally applied loads. The upperscript index k refers to the iteration number, the subscript
nrefers to the time increment. The trapezoidal (or midpoint) rule is used to perform the time
integration. This results in the following approximations for the displacement and velocity updates.

dn+1 = dn +
h

2

(
ḋn + ḋn+1

)
ḋn+1 = ḋn +

h

2

(
d̈n + d̈n+1

) . (6.0.2)

Using (6.0.2) we can solve for d̈n+1,

d̈kn+1 =
4

h2

(
dk−1
n+1 − dn + ∆dk

)
− 4

h
ḋn − d̈n . (6.0.3)

Substituting this into equation (6.0.1) results in the following linear system of equations.(
4

h2
M + K

)
∆dk = Tk

n+1 − Fn+1 −M

(
4

h2

(
dk−1
n+1 − dn

)
− 4

h
ḋn − d̈n

)
. (6.0.4)

Solving this equation for ∆dk and using (6.0.1) gives the new displacement vector dkn+1 . The
acceleration vector d̈kn+1 can then be found from (6.0.3) and the velocity vector ḋkn+1 from(6.0.3).
This algorithm is repeated until convergence is reached.

6.1 Newmark Integration

To solve a differential equation which is second-order in time, we need to perform a numerical
integration in the time domain. Let θ (t) denote the function of interest and let tn and tn+1 represent
consecutive time steps such that ∆t = tn+1 − tn. The function θ (t) may be represented at each
time point as θn = θ (tn) and θn+1 = θ (tn+1). The Newmark integration formulas are used to
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evaluate θn+1 and θ̇n+1 at time θn+1, assuming that they can be integrated from a judiciously
selected θ̈ (tn+γ) in the time interval [tn, tn+1]. Using the mean value theorem for definite integrals,
we know that an exact solution may be found for the integral according to∫ tn+1

tn

θ̈ (t) dt = θ̇n+1 − θ̇n ≡ θ̈ (tn+γ) ∆t , (6.1.1)

where γ is generally unknown a priori. In the Newmark integration scheme we let

θ̈ (tn+γ) = γθ̈n+1 + (1− γ) θ̈n , (6.1.2)

where γ is a user-selected parameter in the range 0 to 1. It follows that

θ̇n+1 = θ̇n + ∆t
[
γθ̈n+1 + (1− γ) θ̈n

]
. (6.1.3)

We can similarly integrate this function twice to obtain θn+1,∫ tn+1

tn

∫ t

tn

θ̈ (τ) dτ dt =

∫ tn+1

tn

(
θ̇ (t)− θ̇n

)
dt = θn+1 − θn − θ̇n∆t ≡ θ̈ (tn+2β)

∆t2

2

where we let
θ̈ (tn+2β) = 2βθ̈n+1 + (1− 2β) θ̈n .

Here, β represents a parameter that varies from 0 to 1
2 . It follows that

θn+1 = θn + θ̇n∆t+
∆t2

2

[
2βθ̈n+1 + (1− 2β) θ̈n

]
, (6.1.4)

or alternatively,

θ̈n+1 =
1

β∆t2

(
θn+1 − θn − θ̇n∆t

)
−
(

1

2β
− 1

)
θ̈n , (6.1.5)

from which we may re-evaluate (6.1.3) as

θ̇n+1 = θ̇n + ∆t

[
γ

β∆t2

(
θn+1 − θn − θ̇n∆t

)
+

(
1− γ

2β

)
θ̈n

]
. (6.1.6)

Stability of this integration scheme is guaranteed when

γ ≥ 1

2
, β ≥

(
γ + 1

2

)2
4

. (6.1.7)

6.2 Elastodynamics

6.2.1 Governing Equations

The linear momentum balance for elastodynamics is

ρa = divσ + ρb , (6.2.1)

where ρ is the density, a is the acceleration, σ is the Cauchy stress, and b is the body force per
mass. The angular momentum balance is satisfied by letting σT = σ. The integrated form of the
mass balance equations yields

ρ =
ρr
J
, (6.2.2)

where ρr is the density in the reference configuration and J = det F, where F is the deformation
gradient. The acceleration is given by the material time derivative of the velocity v, evaluated
either in a spatial or a material frame,

a = v̇ (6.2.3)
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6.2.2 Virtual Work

The virtual work for the domain b is given by

δW =

∫
b
δv · (divσ + ρ (b− a)) dv , (6.2.4)

where δv is the virtual velocity. Using the divergence theorem, this virtual work may be expressed
as the difference δW = δWext − δWint between external virtual work δWext and internal virtual
work δWint, where

δWint =

∫
b
σ : grad δv dv +

∫
b
δv · ρa dv ,

δWext =

∫
∂b
δv · t da+

∫
b
δv · ρb dv ,

(6.2.5)

where t = σ · n is the traction on the boundary ∂b.

6.2.3 Generalized α−Method for Elastodynamics

In the generalized α−method, we evaluate displacements and velocities at the intermediate time
tn+αf = tn + αf (tn+1 − tn), where αf is a user-defined parameter (0 < αf ≤ 1), such that

χn+αf
= (1− αf )χn + αfχn+1 ,

un+αf = (1− αf ) un + αfun+1 ,

vn+αf = (1− αf ) vn + αfvn+1 ,

(6.2.6)

where χ is the motion and u is the displacement. In particular, it follows that the deformation
gradient and its determinant are given at the intermediate time by

Fn+αf =
∂χn+αf

∂X
= (1− αf ) Fn + αfFn+1 , (6.2.7)

and
Jn+αf = det Fn+αf . (6.2.8)

The material time derivative of Jn+αf , and the velocity gradient Ln+αf are normally evaluated as

J̇n+αf = Jn+αfF
−T
n+αf

: Grad vn+αf , (6.2.9)

and
Ln+αf = Grad vn+αf · F

−1
n+αf

. (6.2.10)

In practice however, we get better numerical results when using

J̇n+αf =
Jn+1 − Jn

∆t
, (6.2.11)

and
Ln+αf =

Fn+1 − Fn

∆t
· F−1

n+αf
. (6.2.12)

According to the generalized−α method, we evaluate the velocity derivative at a different inter-
mediate time tn+αm = tn + αm (tn+1 − tn), such that

v̇n+αm = (1− αm) v̇n + αmv̇n+1 . (6.2.13)
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Since elastodynamics represent a second-order system of equations in time, the parameters αf
and αm are evaluated from a single parameter ρ∞ using [20]

αf =
1

1 + ρ∞
, αm =

2− ρ∞
1 + ρ∞

, (6.2.14)

where 0 ≤ ρ∞ ≤ 1. This parameter is the spectral radius for an infinite time step, which controls
the amount of damping of high frequencies; a value of zero produces the greatest amount of
damping, anihilating the highest frequency in one step, whereas a value of one preserves the
highest frequency.

To complete the integration scheme [45], we evaluate

β =
1

4
(1 + αm − αf )2

γ =
1

2
+ αm − αf

, (6.2.15)

then we use the Newmark integration formulas (Section 6.1),

vn+1 = vn + ∆t [(1− γ) v̇n + γv̇n+1]

un+1 = un + ∆tvn +
∆t2

2
[(1− 2β) v̇n + 2βv̇n+1]

v̇n+1 =
1

β∆t

(
un+1 − un

∆t
− vn

)
+

(
1− 1

2β

)
v̇n

. (6.2.16)

At the start of each time step, we initialize the variables as follows:

un+1 = un

v̇n+1 =

(
1− 1

2β

)
v̇n −

1

β∆t
vn

vn+1 =

(
1− γ

β

)
vn + ∆t

(
1− γ

2β

)
v̇n

. (6.2.17)

6.2.4 Linearization

The solution of the nonlinear equation δW = 0 is obtained by linearizing this relation as

δW +DδW [∆u] ≈ 0 , (6.2.18)

where the operator DδW [·] represents the directional derivative of δW at u along an increment
∆u of un+1 [25]. According to the generalized−α method [45], the virtual work is evaluated using
intermediate time step values, at tn+αf for all parameters except v̇, which is evaluated at tn+αm . It
follows from these definitions that the linearizations of critical variables are given by

Du [∆u] = αf∆u

DF [∆u] = αf Grad ∆u

DJ [∆u] = αfJ (div ∆u)

DJ̇ [∆u] = D
(
JF−T : Grad v

)
[∆u]

= αfJ

[(
div v +

γ

β∆t

)
(div ∆u)− (grad ∆u)T : L

]
Dv [∆u] =

αfγ

β∆t
∆u

Dv̇ [∆u] =
αm
β∆t2

∆u

. (6.2.19)
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To linearize the virtual work, we need to express the integrals appearing in δWint and δWext over
the material frame of the finite element solid domain.

6.2.4.1 Internal Work

The first term in the internal work becomes∫
b
σ : grad δv dv =

∫
B

F · S : Grad δv dV , (6.2.20)

where S = J ·F−1 ·σ ·F−T is the second Piola-Kirchhoff stress for the solid material. In general, σ
(and thus, S) is only a function of the solid strain, such as the right Cauchy-Green tensor C = FT ·F
or the Green-Lagrange strain E = (C− I) /2.

DE [∆u] =
αf
2

(
GradT ∆u · F + FT ·Grad ∆u

)
. (6.2.21)

Therefore, following the standard approach in solid mechanics, the linearization of S is

DS [∆u] =
∂S

∂E
: DE [∆u]

= αfC :
1

2

(
GradT ∆u · F + FT ·Grad ∆u

)
= αfC :

(
FT ⊗FT

)
: ∆ε

, (6.2.22)

where C is the material elasticity tensor. Now, the linearization of the first term in δWint is

D

(∫
B

F · S : Grad δv dV

)
[∆u]

=

∫
v
αf (grad δv : grad ∆u · σ + grad δv : C : grad ∆u) dv

. (6.2.23)

where C is the spatial elasticity tensor. Similarly, the second term in δWint produces

D

(∫
B
δv · ρra dV

)
[∆u] =

∫
b
δv · αm

β∆t2
ρ∆u dv . (6.2.24)

6.2.4.2 External Work

The linearization of the body force term is

D

(∫
B
δv · ρrb dV

)
[∆u] =

∫
b
δv · αfρ grad b ·∆u dv . (6.2.25)

The linearization of the traction force term is

D

(∫
Γη

δv · t |g1 × g2| dη1dη2

)
[∆u]

=

∫
Γη

αfδv · (t⊗ n) ·
(

g1 ×
∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
dη1dη2

+

∫
Γη

δv ·Dt [∆u] |g1 × g2| dη1dη2

. (6.2.26)
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Note that Dt [∆u] depends on the nature of the surface traction. For a prescribed traction we have
Dt [∆u] = 0. A contact analysis needs more elaborate derivations (not yet implemented as of
FEBio 2.7). In the above expression we used

D |g1 × g2| [∆u] = n ·D (g1 × g2) [∆u]

= αfn ·
(

g1 ×
∂∆u

∂η2
− g2 ×

∂∆u

∂η1

) (6.2.27)

where the unit outward normal is evaluated as

n =
g1 × g2

|g1 × g2|
. (6.2.28)

6.2.5 Discretization

We use the following interpolations:

δv =
∑
a

Naδva ∆u =
∑
b

Nb∆ub

grad δv =
∑
a

δva ⊗ gradNa grad ∆u =
∑
b

∆ub ⊗ gradNb

div δv =
∑
a

δva · gradNa div ∆u =
∑
b

∆ub · gradNb

, (6.2.29)

where Na

(
η1, η2, η3

)
are shape functions of the element parametric coordinates

(
η1, η2, η3

)
. Note

that the grad ≡ ∂
∂x operator should be evaluated at tn+αf , using xn+αf . For example, in the case

of a scalar function f ,

grad f =
∂f

∂xn+αf

=
∂f

∂ηi
gin+αf

gin+αf
=

∂ηi

∂xn+αf

,

where the contravariant basis vectors gin+αf
may be evaluated from the covariant basis vectors

g
n+αf
i =

∂xn+αf

∂ηi
= (1− αf )

∂xn
∂ηi

+ αf
∂xn+1

∂ηi

using g
n+αf
i · gjn+αf

= δji .
The discretization of the internal work produces

δWint =
∑
a

δva ·
∫
b
(fua + fρa ) dv , (6.2.30)

where
fua = σ · gradNa

fρa = Naρa
. (6.2.31)

The discretization of the stress and elasticity terms in the internal work is∫
v
αf (grad δv : grad ∆u · σ + grad δv : C : grad ∆u) dv

=
∑
a

δva ·
∑
b

∫
v
Kab dv ·∆ub

,
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where
Kab = αf ((gradNa · σ · gradNb) I + gradNa · C · gradNb) . (6.2.32)

The discretization of the mass term in the internal work is∫
b
δv · αm

β∆t2
ρ∆u dv =

∑
a

δva ·
∑
b

∫
b
Mab dv ·∆ub ,

where
Mab =

αm
β∆t2

ρNaNbI . (6.2.33)

For the external work of body forces,∫
b
δv · ρb dv =

∑
a

δva ·
∫
b
fba dv

where
fba = Naρ

sb , (6.2.34)

and ∫
b
δvs · αfρs grad b ·∆u dv =

∑
a

δvsa ·
∑
b

∫
b
Kb
ab dv ·∆ub

where
Kb
ab = αfNaNbρ

s grad b . (6.2.35)

For prescribed tractions, ∫
∂b
δvs · ts da =

∑
a

δvsa ·
∫

Γη

f ta dη
1dη2

where
f ta = Nat

s |g1 × g2| , (6.2.36)

and ∫
Γη

αfδv
s · (ts ⊗ n) ·

(
g1 ×

∂∆u

∂η2
− g2 ×

∂∆u

∂η1

)
dη1dη2

=
∑
a

δvsa ·
∑
b

∫
Γη

Kt
ab dη

1dη2 ·∆ub

where

Kt
ab = αfNa (ts ⊗ n) ·

(
∂Nb

∂η2
ĝ1 −

∂Nb

∂η1
ĝ2

)
, (6.2.37)

where ĝ is the skew-symmetric tensor whose dual vector is g.

6.2.6 Energy-Momentum Conservation Scheme

The time discretization scheme may be selected in a manner that enforces linear and angular
momentum, and energy conservation over consecutive time steps tn and tn+1, when boundary
conditions and external loads are time-independent. Based on the prior literature [74, 36, 65],
this momentum and energy conservation may be achieved by using the midpoint rule (ρ∞ = 1,
leading to αf = αm = 1

2 ), and evaluating the virtual work at tn+ 1
2
. However, since the virtual work

strictly enforces momentum balance only, there is no guarantee that energy conservation will be
satisfied as a result of time discretization. Therefore, we need to enforce a specific scheme to
satisfy energy balance.
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6.2.6.1 Energy Balance

For an elastic solid, in the absence of heat exchanges (i.e., in elastodynamics), the equation of
energy balance reduces

ρε̇ = σ : D , (6.2.38)

where ε is the specific internal energy and D is the rate of deformation tensor. Recall that ε =
ψ + θη, where ψ is the specific free energy, θ is the absolute temperature and η is the specific
entropy. Since η = 0 in elasticity (due to the temperature remaining constant), the above energy
balance may be combined with the mass balance (6.2.2) as

ρψ̇ =
ρr
J
ψ̇ = σ : D , (6.2.39)

or
Ψ̇r = Jσ : D , (6.2.40)

where Ψr = ρrψ is the free energy density (per volume of the material in the reference configura-
tion).

In our time integration scheme, to satisfy energy balance, this equation needs to be evaluated
at tn+αf , thus (

Ψ̇r

)
n+αf

= Jn+αfσn+αf : Dn+αf . (6.2.41)

However, the solution for σn+αf ≡ σ
(
Fn+αf

)
obtained from the momentum balance may not

necessarity satisfy this equation. Thus, to satisfy energy balance over consecutive time steps, we
want to evaluate an effective stress σ̃n+αf such that

Jn+αf σ̃n+αf : Dn+αf =
(Ψr)n+1 − (Ψr)n

∆t
. (6.2.42)

To find a solution for σ̃n+αf , we follow the procedure of Gonzalez [36] and let

σ̃n+αf = σn+αf + fDn+αf , (6.2.43)

where f is some scalar function to be determined. Substituting this relation, (6.2.43), into the
previous equation, (6.2.42), produces

f =

(
(Ψr)n+1 − (Ψr)n

Jsn+αf
∆t

− σn+αf : Dn+αf

)
1

Dn+αf : Dn+αf

. (6.2.44)

Hence, the equation for an effective stress needed to satisfy energy balance between consecutive
time steps is

σ̃n+αf = σn+αf +

(
(Ψr)n+1 − (Ψr)n

Jn+αf∆t
− σn+αf : Dn+αf

)
Dn+αf

Dn+αf : Dn+αf

. (6.2.45)

In the limit when Dn+αf : Dn+αf = 0, we use σ̃n+αf = σn+αf . Recall that this scheme produces
conservation of linear and angular momentum and total energy only with ρ∞ = 1, or equivalently,
αf = αm = 1

2 , β = 1
2 and γ = 1. Therefore, this effective stress calculation is only applied when

the user employs ρ∞ = 1.
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6.3 Rigid Body Dynamics

6.3.1 Rigid Body Rotation

6.3.1.1 Exponential Map

Conventionally, the rigid body rotation tensor Λ corresponding to a rotation of angle χ about the
unit vector n may be expressed in terms of the vector χ = χn as

Λ (χ) = cosχ I− sinχE · n + (1− cosχ) n⊗ n (6.3.1)

where E is the third-order permutation pseudo-tensor with Cartesian components εijk. Making
use of the trigonometric identity,

cosχ = 1− 2 sin2 1

2
χ , (6.3.2)

this expression may be rearranged as

Λ (χ) = I− sinχ

χ
E · χ+

2

χ2
sin2 1

2
χ (E · χ)2 , (6.3.3)

where we have made use of the identity

(E · χ)2 = χ⊗ χ− χ2I . (6.3.4)

Letting
χ̂ = −E · χ (6.3.5)

represent the antisymmetric tensor with axial vector χ, Λ (χ) may now be represented as

Λ (χ) ≡ exp [χ̂] = I +
sinχ

χ
χ̂+

2

χ2
sin2

(
1

2
χ

)
χ̂2 , (6.3.6)

where exp [χ̂] is known as the exponential map. Thus, the exponential map provides the rotation
tensor for a rotation χ about the unit vector n. Note that Λ · χ = χ, since χ̂ · χ = χ× χ = 0.

Let Q be any orthogonal transformation, then

Q · exp [χ̂] ·QT = I +
sinχ

χ
Q · χ̂ ·QT +

2

χ2
sin2 1

2
χ
(
Q · χ̂ ·QT

)2
= exp

[
Q · χ̂ ·QT

]
≡ exp

[
θ̂
] (6.3.7)

where θ̂ = Q · χ̂ ·QT and its corresponding axial vector is θ = Q · χ, implying that θ = χ. This
property of the exponential map is used in the next derivation.

Consider a vector Z in the reference configuration of a rigid body. Upon rigid body rotation, this
vector is currently at

z (t) = Λ (t) · Z . (6.3.8)

The corresponding axial vector of Λ (t) is χ (t). At a subsequent time t′, we would similarly have

z
(
t′
)

= Λ
(
t′
)
· Z = exp

[
θ̂
]
·Λ (t) · Z , (6.3.9)

where here, θ is the incremental (finite) rotation from t to t′. Alternatively, we may choose to write

z
(
t′
)

= Λ
(
t′
)
· Z = Λ (t) · exp

[
Θ̂
]
· Z , (6.3.10)



184 CHAPTER 6. DYNAMICS

such that
Λ
(
t′
)

= exp
[
θ̂
]
·Λ (t)

= Λ (t) · exp
[
Θ̂
] , (6.3.11)

implying that
exp

[
θ̂
]

= exp
[
Λ (t) · Θ̂ ·ΛT (t)

]
θ = Λ (t) ·Θ

. (6.3.12)

Note from these relations that θ = Θ. Thus, Θ is the material representation of the incremental
rotation from t to t′, while θ is the corresponding spatial representation.

6.3.1.2 Cayley Transform

An alternative to the exponential map is the Cayley transform,

Λ (χ) = cay [χ̂] = I +
2

1 +
(

1
2χ
)2 (1

2
χ̂+

1

4
χ̂2

)
(6.3.13)

which is a second order approximation to the exponential map. This formula is a correction to that
appearing in [65] (which has 1

2χ
2 in the denominator). According to Puso [65], the Cayley transform

must be used to enforce conservation of momentum and energy in a midpoint rule discretization
scheme, whenever the rigid body is connected to a deformable body, or whenever two rigid bodies
are connected by a joint. Comparing the above expression to the exponential map exp

[
θ̂
]

using
(6.3.6), we find that χ and θ are related via

χ = 2 tan
θ

2
n . (6.3.14)

6.3.1.3 Linearization Along Rotational Increment

Let θ represent a spatial rotational increment, such that a rotation tensor compounded by an
infinitesimal incremental rotation is given by

Λε = cay
[
εθ̂
]
·Λ . (6.3.15)

Using the Cayley transform for illustration, the linearization of Λ along the increment θ is obtained
from

DΛ [θ] =
d

dε

∣∣∣∣
ε=0

cay
[
εθ̂
]
·Λ

=
d

dε

∣∣∣∣
ε=0

(
I +

2

1 + 1
4ε

2θ2

(
1

2
εθ̂ +

1

4
ε2θ̂

2
))
·Λ

= θ̂ ·Λ

. (6.3.16)

The same result may be obtained with the exponential map. Similarly, using an infinitesimal mate-
rial rotational increment such that Λε = Λ · cay

[
εΘ̂
]
, we may find

DΛ [Θ] = Λ · Θ̂ . (6.3.17)
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6.3.2 General Rigid Body Motion

If the point x is connected to a rigid body, its motion is given by

x = r (t) + Λ (t) · Z = r (t) + z (t) (6.3.18)

where r (t) is the position of the rigid body center of mass and Λ (t) is the body’s rotation tensor,
which satisfies Λ (t0) = I at the initial time t0; here, z (t) = Λ (t) · Z is the distance of the point
from the body’s center of mass, and X = r (t0) + Z is the initial position. The velocity of that point
is

ẋ = ṙ (t) + Λ̇ (t) · Z , (6.3.19)

where
Λ̇ (t) = ω̂ (t) ·Λ (t) = Λ (t) · Ŵ (t) . (6.3.20)

Here, ω̂ is an antisymmetric tensor with axial vector ω which represents the spatial angular velocity
vector; similarly, Ŵ is an antisymmetric tensor with axial vector W (the material angular velocity),
such that ω = Λ ·W and

ω̂ = Λ · Ŵ ·ΛT . (6.3.21)

We may now rewrite
ẋ = ṙ (t) + ω̂ (t) · z (t)

= ṙ (t) + Λ (t) · Ŵ (t) · Z
, (6.3.22)

so that the acceleration of the point is

ẍ = r̈ (t) +
(
α̂ (t) + ω̂2 (t)

)
· z

= r̈ (t) + Λ (t) ·
(
Â (t) + Ŵ2 (t)

)
· Z

, (6.3.23)

where α = ω̇ = Λ ·A is the spatial angular acceleration vector, A = Ẇ is the material angular
acceleration vector. As shown below, the time discretization is performed in the material frame.

6.3.3 Rigid Body Momentum Balance

For a rigid body, the conservation of linear momentum is given by

d

dt
(mṙ) = ṗ = f ext (t) (6.3.24)

where m is the mass of the rigid body, ṙ is the velocity of the center of mass, p = mṙ is the linear
momentum, and f ext (t) represents the sum of external forces acting on the body. Here, m is con-
stant for a rigid body. There are typically four contributions to f ext (t): Body forces f extb (t) = mb (t)
(where b represents the body force per mass, such as gravitational acceleration), other user-
prescribed forces f extp (t) (which act at the center of mass), forces f extc (t) produced by rigid body
connectors (such as revolute and prismatic joints, or contact forces), and forces f extf (t) produced
by rigid-flexible connections (where deformable materials interface with the rigid body), in which
case f extf is evaluated from the traction t = σ ·n over that interface, with σ representing the stress
in the deformable material.

The conservation of angular momentum is similarly given by

d

dt
(J · ω) = ḣ = ω × h + J ·α = mext (t) (6.3.25)
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where J is the rigid body mass moment of inertia about its center of mass, ω is its angular velocity,
h = J · ω is its angular momentum, α = ω̇ is the rigid body angular acceleration, and mext (t)
is the sum of moments acting on the rigid body. External moments include contributions from
user-prescribed moments/torques mext

p (t), from rigid body connectors, mext
c (t) = zc (t) × f extc (t)

where zc (t) is the connector insertion relative to the rigid body center of mass, and rigid-flexible
interfaces, mext

f (t) = zf (t) × f extf (t) where zf (t) is the position of the interface point relative to
the rigid body center of mass. Since body forces f extb and user-prescribed forces f extp act at the
center of mass, they do not contribute to mext (t). Note that

J (t) = Λ (t) · Jr ·ΛT (t) , (6.3.26)

where Jr is the mass moment of inertia about the center of mass in the reference configuration
and Λ (t) is the rotation tensor representing the orientation of the rigid body at time t, with Λ = I
in the reference configuration.

The virtual work statement is given by

δW = δr ·
(
f ext (t)− ṗ

)
+ δθ ·

(
mext (t)− ḣ

)
, (6.3.27)

where δr is the virtual velocity of the center of mass and δθ is the virtual angular velocity of the
rigid body.

6.3.4 Time Discretization

6.3.4.1 Newmark Integration for Rigid Body Dynamics

Let tn and tn+1 represent consecutive time points. According to the Newmark integration scheme,
the rigid body center of mass velocity and acceleration at tn+1 may be expressed in terms of their
values at tn as

ṙn+1 = ṙn + ∆t [(1− γ) r̈n + γr̈n+1]

r̈n+1 =
1

β∆t

[
1

∆t
(rn+1 − rn)− ṙn

]
+

(
1− 1

2β

)
r̈n
, (6.3.28)

where β and γ are Newmark parameters that satisfy 0 ≤ 2β ≤ 1 and 0 ≤ γ ≤ 1.
Let the rigid body rotation tensor Λ (t) be expressed as Λ (t) = exp [ξ (t)], and ξ (t) is the

material rotation of the rigid body from its reference configuration. Thus, Λn = exp [ξn] and Λn+1 =
exp

[
ξn+1

]
respectively represent the rigid body rotation tensors at tn and tn+1. (In practice, ξ is

stored as a quaternion to facilitate the multiplication of rotation tensors.) These tensors are related
by the incremental spatial rotation θ or material rotation Θ from tn to tn+1 according to

Λn+1 = cay [θ] ·Λn = Λn · cay [Θ] . (6.3.29)

Here, it should be understood that the material frame for this incremental rotation is the config-
uration at time tn, while the spatial frame is the configuration at tn+1. For rotational motion, the
Newmark scheme is applied in the material frame as

Wn+1 =
γ

β∆t
Θ−Wn +

(
2− γ

β

)(
Wn +

∆t

2
An

)
An+1 =

1

γ∆t
(Wn+1 −Wn) +

(
1− 1

γ

)
An

=
1

β∆t

(
1

∆t
Θ−Wn

)
+

(
1− 1

2β

)
An

. (6.3.30)
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Then, using the relations ω = Λ ·W and α = Λ ·A at tn and tn+1, along with (6.3.29), we may
express these relations in the spatial frame as

ωn+1 = cay [θ] ·
(

γ

β∆t
θ − ωn +

(
2− γ

β

)(
ωn +

∆t

2
αn

))
αn+1 = cay [θ] ·

(
1

β∆t

(
1

∆t
θ − ωn

)
+

(
1− 1

2β

)
αn

) . (6.3.31)

In a nonlinear solution scheme we solve for Θ incrementally. According to (6.3.17), the lin-
earization of cay [Θ] along an increment ∆Θ is given by

D (cay [Θ]) [∆Θ] = cay [Θ] · ∆̂Θ , (6.3.32)

so that
DΛn+1 [∆Θ] = Λn+1 · ∆̂Θ . (6.3.33)

The linearizations of Wn+1 and An+1, as given in (6.3.30), along an increment ∆Θ requires us to
first evaluate DΘ [∆Θ]. According to Puso [65],

DΘ [∆Θ] = T (Θ) ·∆Θ , (6.3.34)

where
T (Θ) = I +

1

2
Θ̂ +

1

4
Θ⊗Θ . (6.3.35)

Thus,
DWn+1 [∆Θ] =

γ

β∆t
T (Θ) ·∆Θ

DAn+1 [∆Θ] =
1

β∆t2
T (Θ) ·∆Θ

. (6.3.36)

6.3.5 Generalized-α Method for Rigid Body Dynamics

In the generalized-α method, we evaluate forces and moments at time tn+αf = (1− αf ) tn +
αf tn+1 and the time rate of change of linear and angular momenta at time tn+αm = (1− αm) tn +
αmtn+1, where αf and αm may be evaluated from the spectral radius for an infinite time step, ρ∞
(Section 3.9). For second-order systems these parameters may be evaluated from [? ]

αf =
1

1 + ρ∞
, αm =

2− ρ∞
1 + ρ∞

, (6.3.37)

Then, the Newmark parameters are given by

β =
1

4
(1 + αm − αf )2 ,

γ =
1

2
+ αm − αf .

(6.3.38)

Accordingly, to solve numerically for δW = 0 over the time domain, we express (6.3.27) in the
discretized time domain as

δr ·
(
f extn+αf

− ṗn+αm

)
+ δθ ·

(
mext
n+αf

− ḣn+αm

)
= 0 , (6.3.39)
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or equivalently, [
δr δθ

]
·

[
f extn+αf

− ṗn+αm

mext
n+αf

− ḣn+αm

]
= 0 , (6.3.40)

Thus, the residual vector is given by

[R] =

[
f extn+αf

mext
n+αf

]
−
[

ṗn+αm

ḣn+αm

]
(6.3.41)

where
ṗn+αm = (1− αm) ṗn + αmṗn+1

ḣn+αm = (1− αm) ḣn + αmḣn+1

. (6.3.42)

According to the Newmark integration scheme,

ṗn+1 =
pn+1 − pn

γ∆t
+

(
1− 1

γ

)
ṗn

ḣn+1 =
hn+1 − hn

γ∆t
+

(
1− 1

γ

)
ḣn

, (6.3.43)

where pn+1 = mṙn+1 and hn+1 = Jn+1 · ωn+1.
The nonlinear system R = 0 is solved using a Newton scheme that requires linearizing R

along increments ∆r and ∆θ. Thus,

R +DR [∆r] +DR [∆θ] ≈ 0 . (6.3.44)

The increments ∆r and ∆θ are evaluated at tn+1 and the iterative Newton scheme requires up-
dates of the form

rj+1
n+1 = rjn+1 + ∆r

cay
[
θj+1

]
= cay [∆θ] · cay

[
θj
] , (6.3.45)

where j represents the Newton iteration. At each Newton iteration, the current value of cay
[
θj+1

]
is used to perform the update

Λj+1
n+1 = cay

[
θj+1

]
·Λn , (6.3.46)

until convergence is achieved.
In practice, it is convenient to store θ and ∆θ in quaternions, recognizing that

cay [θn] = exp

[(
2 tan−1 θ

2

)
n

]
,

where n is the unit vector along θ and θ = ‖θ‖. Thus, it is
(
2 tan−1 θ

2

)
n which is stored in the

quaternion, instead of θn.
In the linearization of R, the contributions from the rate of change of linear momentum ṗn+αm

reduce to
Dṗn+αm [∆r] =

αm
β∆t2

m∆r

Dṗn+αm [∆θ] = 0
.

To evaluate the contributions from the rate of change of angular momentum ḣn+αm , we start from
Dḣn+αm = αmDḣn+1. Then, it becomes necessary to transform the variables to the material
frame,

ḣn+1 = ωn+1 × hn+1 + Jn+1 ·αn+1

= Λn+1 ·
(
Ŵn+1 · Jr ·Wn+1 + Jr ·An+1

) .
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It follows that
Dḣn+αm [∆r] = 0 .

Then, using the relations in Section 6.3.4.1, it can be shown that

Dḣn+αm [∆Θ] = αm

[
1

β∆t

((
γω̂n+1 +

1

∆t
I

)
· Jn+1 − γĥn+1

)
·T (θ)− ˆ̇

hn+1

]
·∆θ ≡ αmK ·∆θ .

Alternatively, we may use the discretization in (6.3.43) to produce

Dḣn+αm [∆Θ] =
αm
γ∆t

Dhn+1 [∆Θ]

where

Dhn+1 [∆Θ] =

(
γ

β∆t
Jn+1 ·T (θ)− ĥn+1

)
·∆θ

so that

Dḣn+αm [∆Θ] =
αm
∆t

(
1

β∆t
Jn+1 ·T (θ)− 1

γ
ĥn+1

)
·∆θ ≡ αmK ·∆θ

Therefore, the contribution toDR from the linear and angular momenta produces a stiffness matrix
called the mass matrix,

D

[
ṗn+αm

ḣn+αm

]
= αm

[ m
β∆t2

I 0

0 K

] [
∆r
∆θ

]
.

Consider that the moments mext
n+αf

about the rigid body center of mass are produced by the
forces f extn+αf

according to

mext
n+αf

= zn+αf × f extn+αf
= ẑn+αf · f

ext
n+αf

,

where zn+αf is the moment arm at tn+αf ,

zn+αf = (1− αf ) zn + αfzn+1

= [(1− αf ) Λn + αfΛn+1] · Z
≡ Λn+αf · Z

where Z is the moment arm in the reference configuration. Note that

Dzn+αf [∆r] = 0

Dzn+αf [∆θ] = αfDΛn+1 [∆θ] · Z = −αf ẑn+1 ·∆θ

Thus, [
Df extn+αf

[∆r]

Dmext
n+αf

[∆r]

]
=

[
Df extn+αf

[∆r]

zn+αf ×Df extn+αf
[∆r]

]
and [

Df extn+αf
[∆θ]

Dmext
n+αf

[∆θ]

]
=

[
Df extn+αf

[∆θ]

zn+αf ×Df extn+αf
[∆θ]− (αf ẑn+1 ·∆θ)× f extn+αf

]
.
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Chapter 7

Contact and Coupling

FEBio allows the user to connect the different parts of the model in various ways. Deformable
parts can be connected to rigid bodies. Deformable objects can be brought in contact with each
other. Rigid bodies can be connected with rigid joints. This chapter describes the different ways
to couple parts together.

7.1 Sliding Interfaces

This section summarizes the theoretical developments of the two body contact problem. After in-
troducing some notation and terminology, the contact integral is presented, which contains the
contribution to the virtual work equation from the contact tractions. Since the nonlinear con-
tact problem is solved using a Newton based iterative method, the contact integral is linearized.
Next, anticipating a finite element implementation, the contact integral and its linearization are dis-
cretized using a standard finite element approach. Finally the augmented Lagrangian method for
enforcing the contact constraints is described.

7.1.1 Contact Kinematics

For the most part the notation of this section follows [52], with a few simplifications here and
there since the implementation in FEBio is currently for quasi-static, frictionless, two body contact
problem.

The volume occupied by body i in the reference configuration is denoted by Ω(i) ⊂ R3where
i = 1, 2. The boundary of body i is denoted by Γ(i) and is divided into three regions Γ(i) =

Γ
(i)
σ ∪ Γ

(i)
u ∪ Γ

(i)
c , where Γ

(i)
σ is the boundary where tractions are applied, Γ

(i)
u the boundary where

the solution is prescribed and Γ
(i)
c the part of the boundary that will be in contact with the other

body. It is assumed that Γ
(i)
σ ∩ Γ

(i)
u ∩ Γ

(i)
c = ∅.

The deformation of body i is defined by ϕ(i). The boundary of the deformed body i, that is the
boundary of ϕ(i)

(
Ω(i)

)
is denoted by γ(i) = γ

(i)
σ ∪γ(i)

u ∪γ(i)
c where γ(i)

σ = ϕ(i)
(

Γ
(i)
σ

)
is the boundary

in the current configuration where the tractions are applied and similar definitions for γ(i)
u and γ(i)

c .
See the figure below for a graphical illustration of the defined regions.

191
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The two-body contact problem.
Points in body 1 are denoted by X in the reference configuration and x in the current config-

uration. For body 2 these points are denoted by Y and y. To define contact, the location where
the two bodies are in contact with each other must be established. If body 1 is the slave body and
body 2 is the master body, then for a given point X on the slave reference contact surface there is
a point Ȳ (X) on the master contact surface that is in some sense closest to point X. This closest
point is defined in a closest point projection sense:

Ȳ (X) = arg min
Y∈Γ

(2)
c

∥∥∥ϕ(1) (X)−ϕ(2) (Y)
∥∥∥ . (7.1.1)

With the definition of Ȳ (X) established the gap function can be defined, which is a measure for
the distance between X and Ȳ (X),

g (X) = −ν ·
(
ϕ(1) (X)−ϕ(2)

(
Ȳ (X)

))
, (7.1.2)

where ν is the local surface normal of surface γ(2)
c evaluated at ȳ = ϕ(2)

(
Ȳ (X)

)
. Note that g > 0

when X has penetrated body 2, so that the constraint condition to be satisfied at all time is g 6 0.

7.1.2 Weak Form of Two Body Contact

The balance of linear momentum can be written for each of the two bodies in the reference con-
figuration,

G(i)
(
ϕ(i),w(i)

)
=

∫
Ω(i)

Grad w(i) : P(i) dΩ−
∫

Ω(i)

w(i) ·F(i) dΩ−
∫

Γ
(i)
s

w(i) ·T(i) dΓ−
∫

Γ
(i)
c

w(i) ·T(i) dΓ = 0 ,

(7.1.3)
where w(i) is a weighting function and P is the 1st Piola-Kirchhoff stress tensor. The last term
corresponds to the virtual work of the contact tractions on body i. For notational convenience, the
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notations ϕand w are introduced to denote the collection of the respective mappings ϕ(i) and w(i)

(for i =1,2). In other words,
ϕ : Ω̄(1) ∪ Ω̄(2) → R3 ,

w : Ω̄(1) ∪ Ω̄(2) → R3 .
(7.1.4)

The variational principle for the two body system is the sum of (7.1.3) for body 1 and 2 and can be
expressed as,

G (ϕ,w) :=
2∑
i=1

G(i)
(
ϕ(i),w(i)

)

=
2∑
i=1


∫

Ω(i)

Grad w(i) : P(i) dΩ−
∫

Ω(i)

w(i) · F(i) dΩ−
∫

Γ
(i)
s

w(i) ·T(i) dΓ

︸ ︷︷ ︸
Gint,ext(ϕ,w)

−
2∑
i=1

∫
Γ
(i)
c

w(i) ·T(i) dΓ

︸ ︷︷ ︸
Gc(ϕ,w)

.

(7.1.5)

Or in short,
G (ϕ,w) = Gint,ext (ϕ,w) +Gc (ϕ,w) . (7.1.6)

Note that the minus sign is included in the definition of the contact integral Gc. The contact integral
can be written as an integration over the contact surface of body 1 by balancing linear momentum
across the contact surface:

t(2) (ȳ (x)) dΓ(2) = −t(1) (x) dΓ(1) . (7.1.7)

The contact integral can now be rewritten over the contact surface of body 1:

Gc = −
∫

Γ
(1)
c

t(1) (x) ·
[
w(1) (x)−w(2) (ȳ (x))

]
dΓ . (7.1.8)

In the case of frictionless contact, the contact traction is taken as perpendicular to surface 2 and
therefore can be written as, t(1) = tNν where ν is the (outward) surface normal and tN is to be
determined from the solution strategy. For example in a Lagrange multiplier method the tN ’s would
be the Lagrange multipliers.

By noting that the variation of the gap function is given by

δg = −ν ·
(
w(1) (x)−w(2) (ȳ (x))

)
, (7.1.9)

equation (7.1.8) can be simplified as,

Gc =

∫
Γ
(1)
c

tNδg dΓ . (7.1.10)
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7.1.3 Linearization of the Contact Integral

In a Newton-Raphson implementation the contact integral must be linearized with respect to the
current configuration:

∆Gc (ϕ,w) =

∫
Γ
(1)
c

∆ (tNδg) dΓ . (7.1.11)

Examining the normal contact term first, the directional derivative of tN is given (for the case of
the penalty regularization) by:

∆tN = ∆ {εN 〈g〉}
= H (g) εN∆g

, (7.1.12)

where εN is the penalty factor and H (g) is the Heaviside function. The quantity ∆ (δg) is given by

∆ (δg) = g
[
ν · δϕ(2)

,γ

(
Ȳ (X)

)
+ καγ

(
Ȳ (X)

)
δξ̄α

]
mγβ[

ν ·∆ϕ(2)
,β

(
Ȳ (X)

)
+ καβ

(
Ȳ (X)

)
∆ξ̄α

]
+ δξ̄βν ·

[
∆ϕ

(2)
,β

(
Ȳ (X)

)]
+ ∆ξ̄βν ·

[
δϕ

(2)
,β

(
Ȳ (X)

)]
+ καβ

(
Ȳ (X)

)
δξ̄β∆ξ̄α .

(7.1.13)

7.1.4 Discretization of the Contact Integral

The contact integral, which is repeated here,

Gc (ϕ,w) =

∫
Γ(1)

tNδg dΓ , (7.1.14)

will now be discretized using a standard finite element procedure. First it is noted that the integra-
tion can be written as a sum over the surface element areas:

Gc (ϕ,w) =

Nsel∑
e=1

∫
Γ(1)e

tNδg dΓ , (7.1.15)

where Nsel is the number of surface elements. The integration can be approximated using a
quadrature rule,

Gc (ϕ,w) ∼=
Nsel∑
e=1


Ne
int∑
i=1

wij (ξi) tN (ξi) δg (ξi)

 , (7.1.16)

where N e
int are the number of integration points for element e. It is now assumed that the inte-

gration points coincide with the element’s nodes (e.g. for a quadrilateral surface element we have
ξ1 = (−1,−1), ξ2 = (1,−1), ξ3 = (1, 1) and ξ4 = (−1, 1)). With this quadrature rule, we have

w(1) (ξi) = c
(1)
i

w(2)
(
ξ̄i
)

=

n∑
j=1

Nj

(
ξ̄i
)
c

(2)
j

, (7.1.17)
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so that,

δg (ξi) = −ν ·

c
(1)
i −

n∑
j=1

N
(2)
j

(
ξ̄i
)
c

(2)
j

 . (7.1.18)

If the following vectors are defined,

δΦT =
[

c
(1)
i c

(2)
1 · · · c

(2)
n

]
NT =

[
ν −νN (2)

1 · · · −νN (2)
n

] , (7.1.19)

equation (7.1.16) can then be rewritten as follows,

Gc (ϕ,w) ∼=
Nsel∑
e=1


Ne
int∑
i=1

wij (ξi) tN (ξi) δΦ
TNT

 . (7.1.20)

The specific form for tNwill depend on the method employed for enforcing the contact constraint.

7.1.5 Discretization of the Contact Stiffness

A similar procedure can now be used to calculate the discretized contact stiffness matrix. The
linearization of the contact integral is repeated here:

∆Gc (ϕ,w) =

Nsel∑
e=1

∫
Γ(1)e

∆ (tNδg) dΓ

=

Nsel∑
e=1

Ne
int∑
i=1

wij (ξi) ∆ (tNδg) (ξi)

. (7.1.21)

Using matrix notation we can rewrite equation (7.1.21) as,

∆W c (ϕ,w) =

Nsel∑
e=1

Ne
int∑
i

wij (ξi) δΦ · kc∆Φ , (7.1.22)

where δΦ is as above and ∆Φ similar to δΦ with δ replaced with ∆, and kc is

kc = εNH
(
λkN + εNg

)
NNT + tN

{
g
[
m11N̄1N̄

T
1

+m12
(
N̄1N̄

T
2 + N̄2N̄

T
1

)
+ m22N̄2N̄

T
2

]
−D1N

T
1

−D2N
T
2 −N1D

T
1 −N2D

T
2 + κ12

(
D1D

T
2 + D2D

T
1

)} , (7.1.23)

where,

N =


ν

−N1

(
ξ̄
)
ν

...
−N4

(
ξ̄
)
ν

 , Tα =


τα

−N1

(
ξ̄
)
τα

...
−N4

(
ξ̄
)
τα

 , Nα =


0

−N1,α

(
ξ̄
)
ν

...
−N4,α

(
ξ̄
)
ν

 . (7.1.24)
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The following vectors are also defined which depend on the vectors of (7.1.24):

D1 =
1

det A
[A22 (T1 + gN1)−A12 (T2 + gN2)]

D2 =
1

det A
[A11 (T2 + gN2)−A12 (T1 + gN1)]

N̄1 = N1 − κ12D2

N̄2 = N2 − κ12D1

, (7.1.25)

where the matrix A is defined as,
Aij = mij + gκij . (7.1.26)

Here, mij = τ i · τ j is the surface metric tensor and κij = ν ·ϕ(2)
t,ij

(
Ȳ
)

denotes the components of
the surface curvature at ξ̄.

7.1.6 Augmented Lagrangian Method

The augmented Lagrangian method is used in FEBio to enforce the contact constraints to a user-
specified tolerance. This implies that the normal contact tractions are given by,

tN = 〈λN + εNg〉 . (7.1.27)

Note that this assumption is consistent with the approach that was used in establishing the dis-
cretization of the linearization of the contact integral (7.1.23). In (7.1.27) εN is a penalty factor that
is chosen arbitrarily.

The Newton-Raphson iterative method is now used to solve the nonlinear contact problem
where Uzawa’s method (REF) is employed to calculate the Lagrange multipliers λN . This implies
that the Lagrange multipliers are kept fixed during the Newton-Raphson iterations. After conver-
gence the multipliers are updated and a new NR procedure is started. This procedure can be
summarized by the following four steps.

1. Initialize the augmented Lagrangian iteration counter k, and the initial guesses for the mul-
tipliers:

λ
(0)
Nn+1

= λNn ,

k = 0 .
(7.1.28)

2. Solve for d
(k)
n+1, the solution vector corresponding to the fixed kth iterate for the multipliers,

Fint
(
d

(k)
n+1

)
+ Fc

(
d

(k)
n+1

)
= Fext

n+1 , (7.1.29)

where the contact tractions used to compute Fc, the contact force, are governed by

t
(k)
Nn+1

=
〈
λ

(k)
Nn+1

+ εNg
k
n+1

〉
. (7.1.30)

3. Update the Lagrange multipliers and iteration counters:

λ
(k+1)
Nn+1

=
〈
λ

(k)
Nn+1

+ εNg
(k)
n+1

〉
,

k = k + 1 .
(7.1.31)

4. Return to the solution phase.

Steps 2-4 of the above algorithm are generally repeated until all contact constraints are satisfied to
a user-specified tolerance or little change in the solution vector from augmentation to augmentation
is noted.
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7.1.7 Automatic Penalty Calculation

The determination of the penalty factor εN can be a difficult task, since a good value may depend
on both material parameters and geometrical factors. In FEBio the value of this penalty factor can
be determined automatically. In this case FEBio will calculate a penalty factor for each facet using
the following formula.

εi =
fSIEiAi

Vi
. (7.1.32)

Here, Ei is the effective Young’s modulus along the facet normal, Ai the surface area of the facet,
Vi the volume of the element to which this facet belongs and fSI a user defined scale factor. The
parameter Ei is evaluated from the elasticity tensor C and the facet unit normal n according to

1

Ei
= (n⊗ n) : C−1 : (n⊗ n) , (7.1.33)

where C−1 is the compliance tensor.

7.1.8 Alternative Formulations

7.1.8.1 Facet-To-Facet Sliding

As of FEBio version 1.2, two alternative formulations for sliding contact are available. The first
method, which is referred to as the facet-to-facet sliding, is very similar to the formulation described
above. It only differs in that it uses a Gaussian quadrature rule instead of nodal integration. Be-
cause of the more accurate integration rule, it was noted that this method in many situations was
more stable and resulted in better convergence.

7.1.8.2 Sliding-Tension-Compression

The second alternative differs more significantly from the method described above. It also begins
with the definition of a single contact integral over the slave surface.

Gc = −
∫
γ(1)

tc ·
(
δϕ(1) − δϕ̄(2)

)
da . (7.1.34)

But a different derivation is followed to obtain the linearization of this contact integral. The main
reason for this difference is a subtly alternative definition for the gap function. In this method, it is
defined as follows.

g (X) = ν(1) ·
(
ϕ(1) (X)−ϕ(2)

(
Ȳ (X)

))
, (7.1.35)

where, ν(1) is the normal of the slave surface (opposed to the master normal as used in the
derivation above). In this case, the point Ȳ (X) is no longer the closest point projection of X onto
the master surface, but instead is the normal projection along ν(1). The linearization of equation
(7.1.35) now becomes,

δg = ν(1) ·
(
δϕ(1) (X)− δϕ̄(2) (X)− τ (2)

i δξi

)
, (7.1.36)

where, τ (2)
i = ∂ϕ̄(2)

∂ηi
are the tangent vectors to the master surface at Ȳ (X). Note that since ν(1) is

normal to the slave surface, equation (7.1.36) does not reduce to equation (7.1.9).
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In one assumes frictionless contact, the contact traction can be written as follows,

tc = tnν
(1) = tn

τ
(1)
1 × τ

(1)
2∥∥∥τ (1)

1 × τ
(1)
2

∥∥∥ , (7.1.37)

where, τ (1)
i are the tangent vectors to γ(1)evaluated at X. Using (7.1.37) we can rewrite the contact

integral as follows.

Gc = −
∫
ξ(1)

tn

(
δϕ(1) − δϕ̄(2)

)
·
(
τ

(1)
1 × τ

(1)
2

)
dξ , (7.1.38)

where we assumed that the integration domain can be mapped to a 2D parametric domain, x =
x (ξα).

The linearization of (7.1.38) now proceeds in the usual fashion. Omitting the details, it can be
shown that the linearization of the contact integral results in,

DGc =

∫
ξ(1)

εν(1) ·
(
u2 − u1 + τ̄ (2)

α ∆ξ̄α(2)

)
(δϕ1 − δϕ̄2) ·

(
τ

(1)
1 × τ

(1)
2

)
dξ

−
∫
ξ(1)

tn
∂u1

∂ξα

(
(u1 − u2) · aαβτ (1)

β − a
αβgν(1) · ∂u1

∂ξβ

)
dξ

+

∫
ξ(1)

tn (δϕ1 − δϕ̄2) ·
(
∂u1

∂ξ1
× τ (1)

2 + τ
(1)
1 ×

∂u1

∂ξ2

)
dξ ,

(7.1.39)

where, aαβ = τ
(1)
α × τ (2)

β and aαβ =
(
a−1
)
αβ

.
The discretization of the contact integral and its linearization now proceeds as usual. We will

not derive the details, but it is important to point out that the resulting stiffness matrix for this
particular contact formulation is not symmetric. Although this method has shown to give good
results, especially in large compression problems, it was desirable to derive a symmetric version
as well. Because of this, a slightly different formulation was also developed that does reduce to a
symmetric stiffness matrix although this symmetric version did not seem to perform as well as the
non-symmetric one.

7.2 Biphasic Contact

7.2.1 Contact Integral

See Section 2.5 for a review of biphasic materials, and [11] for additional details on biphasic
contact. The contact interface is defined between surfaces γ(1) and γ(2). Due to continuity require-
ments on the traction and fluxes, the external virtual work resulting from contact tractions t(i) and
solvent fluxes w(i)

n (i = 1, 2), may be combined into the contact integral

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1)

+

∫
γ(1)

(
δp(1) − δp(2)

)
w(1)
n da(1) .

(7.2.1)
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In the current implementation, only frictionless contact is taken into consideration, so that the
contact traction has only a normal component, t(i) = tnn

(i). To evaluate and linearize δGc, define
the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.2.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g

(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.2.3)

Now the contact integral may be rewritten as

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
tng

(1)
1 × g

(1)
2 dη1

(1)dη
2
(1)

+

∫
γ(1)

(
δp(1) − δp(2)

)
w(1)
n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1) ,

(7.2.4)

and the linearization DδGc of δGc has the form

DδGc =
2∑
i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p(i)

]
. (7.2.5)

7.2.2 Gap Function

The gap function g, representing the distance between the contact surfaces, is defined by

x(2) = x(1) + gn(1), g =
(
x(2) − x(1)

)
· n(1) . (7.2.6)

The linearization of variables associated with motion, pressure, and concentration, is given by

Dx(1) = ∆u(1) , Dx(2) = ∆u(2) + g(2)
α ∆ηα(2)

Dp(1) = ∆p(1) , Dp(2) = ∆p(2) +
∂p(2)

∂ηα(2)

∆ηα(2)

Dδv(1) = 0 , Dv(2) =
∂δv(2)

∂ηα(2)

∆ηα(2)

Dδp(1)=0 , Dδp(2) =
∂δp(2)

∂ηα(2)

∆ηα(2)

(7.2.7)

where

∆ηα(2) =
(

∆u(1) −∆u(2)
)
· aαβg(1)

β − a
αβgn(1) · ∂∆u(1)

∂ηβ(1)

, (7.2.8)

with aαβ = (Aαβ)−1 and Aαβ = g
(1)
α · g(2)

β .
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7.2.3 Penalty Method

Let the normal component of the contact traction be described by the penalty function,

tn =

{
εng g < 0

0 g ≥ 0
, (7.2.9)

where εn is a penalty factor associated with tn. Similarly, let{
wn = εpπ = εp

(
p(1) − p(2)

)
tn < 0

p(i) = 0 tn = 0
, (7.2.10)

where εp is a penalty factor associated with wn. It follows that

Dtn = εn

(
∆u(2) −∆u(1) + g(2)

α ∆ηα(2)

)
· n(1) ,

Dwn = εp

(
∆p(1) −∆p(2) − ∂p(2)

∂ηα(2)

∆ηα(2)

)
.

(7.2.11)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

D
(
tn

(
δv(1) − δv(2)

)
· g(1)

1 × g
(1)
2

)
=

− J (1)
η εn

(
δv(1) − δv(2)

)
·
(
n(1) ⊗ n(1)

)
·
(

∆u(1) −∆u(2)
)

+ J (1)
η tn

∂δv(2)

∂ηα(2)

·
(
n(2) ⊗ gα(2)

)
·
(

∆u(1) −∆u(2)
)

+ tn

(
δv(1) − δv(2)

)
·

(
∂∆u(1)

∂η1
(1)

× g
(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2
(1)

)
, (7.2.12)

D
(
wn

(
δp(1) − δp(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

J (1)
η εp

(
δp(1) − δp(2)

)(
∆p(1) −∆p(2)

)
− J (1)

η

[
εp

(
δp(1) − δp(2)

) ∂p(1)

∂ηα(1)

gα(1) + wn
∂δp(2)

∂ηα(2)

gα(2)

]
·
(

∆u(1) −∆u(2)
)

+ wn

(
δp(1) − δp(2)

)
n(1) ·

(
∂∆u(1)

∂η1
(1)

× g
(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2
(1)

)
, (7.2.13)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
7.2.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[
tn

(
δv(1) − δv(2)

)
· n(1) + wn

(
δp(1) − δp(2)

)]
. (7.2.14)
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The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a , δv(2) =
m(2)∑
b=1

N
(2)
b δv

(2)
b

∆u(1) =
m(1)∑
c=1

N (1)
c ∆u(1)

c , ∆u(2) =
m(2)∑
d=1

N
(2)
d ∆u

(2)
d

δp(1) =

m(1)∑
a=1

N (1)
a δp(1)

a , δp(2) =

m(2)∑
b=1

N
(2)
b δp

(2)
b

∆p(1) =
m(1)∑
c=1

N (1)
c ∆p(1)

c , ∆p(2) =
m(2)∑
d=1

N
(2)
d ∆p

(2)
d

. (7.2.15)

Then,

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

m(1)∑
a=1

[
δv

(1)
a δp

(1)
a

]
·

[
f

(1)
a

w
(1)
a

]

+

m
(2)
k∑

b=1

[
δv

(1)
b,k δp

(1)
b,k

]
·

[
f

(1)
b,k

w
(1)
b,k

] ,

(7.2.16)

where

f (1)
a = N (1)

a tnn
(1) f

(2)
b,k = −N (2)

b tnn
(1)

w(1)
a = N (1)

a wn w
(2)
b,k = −N (2)

b wn
. (7.2.17)

Similarly,

−DδGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

×

m(1)∑
a=1

[
δv

(1)
a δp

(1)
a

]
·

m(1)∑
c=1

[
K

(1,1)
ac 0

g
(1,1)
ac g

(1,1)
ac

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(1,2)
ad,k 0

g
(1,2)
ad,k g

(1,2)
ad,k

]
·

[
∆u

(2)
d

∆p
(2)
d

]
+

m
(2)
k∑

b=1

[
δv

(2)
b,k δp

(2)
b,k

]
·

m(1)∑
c=1

[
K

(2,1)
bc,k 0

g
(2,1)
bc,k g

(2,1)
bc,k

]
·

[
∆u

(1)
c

∆p
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(2,2)
bd,k 0

g
(2,2)
bd,k g

(2,2)
bd,k

]
·

[
∆u

(2)
d

∆p
(2)
d

]
 ,

(7.2.18)
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where
K(1,1)
ac = N (1)

a

(
εnN

(1)
c N(1) + tnA

(1)
c

)
K

(1,2)
ad,k = −εnN (1)

a N
(2)
d N(1)

K
(2,1)
bc,k = −N (1)

c

(
εnN

(2)
b N(1) + tnM

(2)
b

)
− tnN (2)

b A(1)
c

K
(2,2)
bd,k = N

(2)
d

(
εnN

(2)
b N(1) + tnM

(2)
b

)
, (7.2.19)

g(1,1)
ac = N (1)

a

(
εpN

(1)
c p(1) − wnA(1)

c · n(1)
)

g
(1,2)
ad,k = −εpN (1)

a N
(2)
d p(1)

g
(2,1)
bc,k = N (1)

c

(
−εpN (2)

b p(1) + wnm
(2)
b

)
+ wnN

(2)
b A(1)

c · n(1)

g
(2,2)
bd,k = N

(2)
d

(
εpN

(2)
b p(1) − wnm(2)

b

)
, (7.2.20)

g(1,1)
ac = −εpN (1)

a N (1)
c

g
(1,2)
ad,k = εpN

(1)
a N

(2)
d

g
(2,1)
bc,k = εpN

(2)
b N (1)

c

g
(2,2)
bd,k = −εpN (2)

b N
(2)
d

, (7.2.21)

and
N(1) = n(1) ⊗ n(1)

A(1)
c =

1

J
(1)
η

A
{
∂N

(1)
c

∂η1
(1)

g
(1)
2 −

∂N
(1)
c

∂η2
(1)

g
(1)
1

}
M

(2)
b = n(2) ⊗m

(2)
b

m
(2)
b =

∂N
(2)
b

∂ηα(2)

gα(2)

p(1) =
∂p(1)

∂ηα(1)

gα(1)

. (7.2.22)

7.3 Biphasic-Solute Contact

7.3.1 Contact Integral

See Section 2.6 for a review of biphasic-solute materials. The contact interface is defined between
surfaces γ(1) and γ(2). Due to continuity requirements on the traction and fluxes, the external virtual
work resulting from contact tractions t(i), solvent fluxes w(i)

n and solute fluxes j(i)
n (i = 1, 2), may

be combined into the contact integral

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1)

+

∫
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n da(1)

+

∫
γ(1)

(
δc̃(1) − δc̃(2)

)
j(1)
n da(1) .

(7.3.1)
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In the current implementation, only frictionless contact is taken into consideration, so that the
contact traction has only a normal component, t(i) = tnn

(i). To evaluate and linearize δGc, define
the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.3.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g

(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.3.3)

Now the contact integral may be rewritten as

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
tng

(1)
1 × g

(1)
2 dη1

(1)dη
2
(1)

+

∫
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1)

+

∫
γ(1)

(
δc̃(1) − δc̃(2)

)
j(1)
n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1) ,

(7.3.4)

and the linearization DδGc of δGc has the form

DδGc =
2∑
i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p̃(i)

]
+DδGc

[
∆c̃(i)

]
. (7.3.5)

7.3.2 Gap Function

The gap function g, representing the distance between the contact surfaces, is defined by

x(2) = x(1) + gn(1), g =
(
x(2) − x(1)

)
· n(1) . (7.3.6)

The linearization of variables associated with motion, pressure, and concentration, is given by

Dx(1) = ∆u(1) Dx(2) = ∆u(2) + g(2)
α ∆ηα(2)

Dp̃(1) = ∆p̃(1) Dp̃(2) = ∆p̃(2) +
∂p̃(2)

∂ηα(2)

∆ηα(2)

Dc̃(1) = ∆c̃(1) Dc̃(2) = ∆c̃(2) +
∂c̃(2)

∂ηα(2)

∆ηα(2)

Dδv(1) = 0 Dv(2) =
∂δv(2)

∂ηα(2)

∆ηα(2)

Dδp̃(1) = 0 Dδp̃(2) =
∂δp̃(2)

∂ηα(2)

∆ηα(2)

Dδc̃(1) = 0 Dδc̃(2) =
∂δc̃(2)

∂ηα(2)

∆ηα(2)

, (7.3.7)
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where

∆ηα(2) =
(

∆u(1) −∆u(2)
)
· aαβg(1)

β − a
αβgn(1) · ∂∆u(1)

∂ηβ(1)

, (7.3.8)

with aαβ = (Aαβ)−1 and Aαβ = g
(1)
α · g(2)

β .

7.3.3 Penalty Method

Let the normal component of the contact traction be described by the penalty function,

tn =

{
εng g < 0

0 g > 0
, (7.3.9)

where εn is a penalty factor associated with tn. Similarly, let{
wn = εpπ = εp

(
p̃(1) − p̃(2)

)
tn < 0

p̃(i) = p̃∗ tn = 0
, (7.3.10)

and {
jn = εcχ = εc

(
c̃(1) − c̃(2)

)
tn < 0

c̃(i) = c̃∗ tn = 0
, (7.3.11)

where εp and εc are penalty factors associated with wn and jn, respectively. It follows that

Dtn = εn

(
∆u(2) −∆u(1) + g(2)

α ∆ηα(2)

)
· n(1)

Dwn = εp

(
∆p̃(1) −∆p̃(2) − ∂p̃(2)

∂ηα(2)

∆ηα(2)

)

Djn = εc

(
∆c̃(1) −∆c̃(2) − ∂c̃(2)

∂ηα(2)

∆ηα(2)

) . (7.3.12)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

D
(
tn

(
δv(1) − δv(2)

)
· g(1)

1 × g
(1)
2

)
=

− J (1)
η εn

(
δv(1) − δv(2)

)
·
(
n(1) ⊗ n(1)

)
·
(

∆u(1) −∆u(2)
)

+ J (1)
η tn

∂δv(2)

∂ηα(2)

·
(
n(2) ⊗ gα(2)

)
·
(

∆u(1) −∆u(2)
)

+ tn

(
δv(1) − δv(2)

)
·

(
∂∆u(1)

∂η1
(1)

× g
(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2
(1)

)
, (7.3.13)

D
(
wn

(
δp̃(1) − δp̃(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

J (1)
η εp

(
δp̃(1) − δp̃(2)

)(
∆p̃(1) −∆p̃(2)

)
− J (1)

η

[
εp

(
δp̃(1) − δp̃(2)

) ∂p̃(1)

∂ηα(1)

gα(1) + wn
∂δp̃(2)

∂ηα(2)

gα(2)

]
·
(

∆u(1) −∆u(2)
)

+ wn

(
δp̃(1) − δp̃(2)

)
n(1) ·

(
∂∆u(1)

∂η1
(1)

× g
(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2
(1)

)
, (7.3.14)
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D
(
jn

(
δc̃(1) − δc̃(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

J (1)
η εc

(
δc̃(1) − δc̃(2)

)(
∆c̃(1) −∆c̃(2)

)
− J (1)

η

[
εc

(
δc̃(1) − δc̃(2)

) ∂c̃(1)

∂ηα(1)

gα(1) + jn
∂δc̃(2)

∂ηα(2)

gα(2)

]
·
(

∆u(1) −∆u(2)
)

+ jn

(
δc̃(1) − δc̃(2)

)
n(1) ·

(
∂∆u(1)

∂η1
(1)

× g
(1)
2 + g

(1)
1 ×

∂∆u(1)

∂η2
(1)

)
, (7.3.15)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
7.3.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[
tn

(
δv(1) − δv(2)

)
· n(1) + wn

(
δp̃(1) − δp̃(2)

)
+ jn

(
δc̃(1) − δc̃(2)

)]
.

(7.3.16)
The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =
m(2)∑
b=1

N
(2)
b δv

(2)
b

∆u(1) =
m(1)∑
c=1

N (1)
c ∆u(1)

c ∆u(2) =
m(2)∑
d=1

N
(2)
d ∆u

(2)
d

δp̃(1) =

m(1)∑
a=1

N (1)
a δp̃(1)

a δp̃(2) =

m(2)∑
b=1

N
(2)
b δp̃

(2)
b

∆p̃(1) =

m(1)∑
c=1

N (1)
c ∆p̃(1)

c ∆p̃(2) =

m(2)∑
d=1

N
(2)
d ∆p̃

(2)
d

δc̃(1) =
m(1)∑
a=1

N (1)
a δc̃(1)

a δc̃(2) =
m(2)∑
b=1

N
(2)
b δc̃

(2)
b

∆c̃(1) =

m(1)∑
c=1

N (1)
c ∆c̃(1)

c ∆c̃(2) =

m(2)∑
d=1

N
(2)
d ∆c̃

(2)
d

. (7.3.17)

Then,

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

(1)
a

]
·

 f
(1)
a

w
(1)
a

j
(1)
a



+

m
(2)
k∑

b=1

[
δv

(1)
b,k δp̃

(1)
b,k δc̃

(1)
b,k

]
·

 f
(1)
b,k

w
(1)
b,k

j
(1)
b,k


 ,

(7.3.18)
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where
f (1)
a = N (1)

a tnn
(1) f

(2)
b,k = −N (2)

b tnn
(1)

w(1)
a = N (1)

a wn w
(2)
b,k = −N (2)

b wn

j(1)
a = N (1)

a jn j
(2)
b,k = −N (2)

b jn

. (7.3.19)

Similarly,

−DδGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

×

m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

(1)
a

]
·

m(1)∑
c=1

 K
(1,1)
ac 0 0

g
(1,1)
ac g

(1,1)
ac 0

h
(1,1)
ac 0 h

(1,1)
ac

 ·
 ∆u

(1)
c

∆p̃
(1)
c

∆c̃
(1)
c



+

m
(2)
k∑

d=1

 K
(1,2)
ad,k 0 0

g
(1,2)
ad,k g

(1,2)
ad,k 0

h
(1,2)
ad,k 0 h

(1,2)
ad,k

 ·
 ∆u

(2)
d

∆p̃
(2)
d

∆c̃
(2)
d




+

m
(2)
k∑

b=1

[
δv

(2)
b,k δp̃

(2)
b,k δc̃

(2)
b,k

]
·

m(1)∑
c=1

 K
(2,1)
bc,k 0 0

g
(2,1)
bc,k g

(2,1)
bc,k 0

h
(2,1)
bc,k 0 h

(2,1)
bc,k

 ·
 ∆u

(1)
c

∆p̃
(1)
c

∆c̃
(1)
c



+

m
(2)
k∑

d=1

 K
(2,2)
bd,k 0 0

g
(2,2)
bd,k g

(2,2)
bd,k 0

h
(2,2)
bd,k 0 h

(2,2)
bd,k

 ·
 ∆u

(2)
d

∆p̃
(2)
d

∆c̃
(2)
d



 ,

(7.3.20)

where
K(1,1)
ac = N (1)

a

(
εnN

(1)
c N(1) + tnA

(1)
c

)
K

(1,2)
ad,k = −εnN (1)

a N
(2)
d N(1)

K
(2,1)
bc,k = −N (1)

c

(
εnN

(2)
b N(1) + tnM

(2)
b

)
− tnN (2)

b A(1)
c

K
(2,2)
bd,k = N

(2)
d

(
εnN

(2)
b N(1) + tnM

(2)
b

)
, (7.3.21)

g(1,1)
ac = N (1)

a

(
εpN

(1)
c p(1) − wnA(1)

c · n(1)
)

g
(1,2)
ad,k = −εpN (1)

a N
(2)
d p(1)

g
(2,1)
bc,k = N (1)

c

(
−εpN (2)

b p(1) + wnm
(2)
b

)
+ wnN

(2)
b A(1)

c · n(1)

g
(2,2)
bd,k = N

(2)
d

(
εpN

(2)
b p(1) − wnm(2)

b

)
, (7.3.22)

g(1,1)
ac = −εpN (1)

a N (1)
c

g
(1,2)
ad,k = εpN

(1)
a N

(2)
d

g
(2,1)
bc,k = εpN

(2)
b N (1)

c

g
(2,2)
bd,k = −εpN (2)

b N
(2)
d

, (7.3.23)



7.4. MULTIPHASIC CONTACT 207

h(1,1)
ac = N (1)

a

(
εcN

(1)
c q(1) − jnA(1)

c · n(1)
)

h
(1,2)
ad,k = −εcN (1)

a N
(2)
d q(1)

h
(2,1)
bc,k = N (1)

c

(
−εcN (2)

b q(1) + jnm
(2)
b

)
+ jnN

(2)
b A(1)

c · n(1)

h
(2,2)
bd,k = N

(2)
d

(
εcN

(2)
b q(1) − jnm(2)

b

)
, (7.3.24)

h(1,1)
ac = −εcN (1)

a N (1)
c

h
(1,2)
ad,k = εcN

(1)
a N

(2)
d

h
(2,1)
bc,k = εcN

(2)
b N (1)

c

h
(2,2)
bd,k = −εcN (2)

b N
(2)
d

, (7.3.25)

and
N(1) = n(1) ⊗ n(1)

A(1)
c =

1

J
(1)
η

A
{
∂N

(1)
c

∂η1
(1)

g
(1)
2 −

∂N
(1)
c

∂η2
(1)

g
(1)
1

}
M

(2)
b = n(2) ⊗m

(2)
b

m
(2)
b =

∂N
(2)
b

∂ηα(2)

gα(2)

p(1) =
∂p̃(1)

∂ηα(1)

gα(1)

q(1) =
∂c̃(1)

∂ηα(1)

gα(1)

. (7.3.26)

7.4 Multiphasic Contact

7.4.1 Contact Integral

See Section 2.7 for a review of multiphasic materials. The contact interface is defined between
surfaces γ(1) and γ(2). Due to continuity requirements on the traction and fluxes, the external
virtual work resulting from contact tractions t(i), solvent fluxes w(i)

n and solute fluxes jα(i)
n for solute

α (i = 1, 2), may be combined into the contact integral

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1)

+

∫
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n da(1)

+
∑
α

∫
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jα(1)
n da(1)

. (7.4.1)

In the current implementation, only frictionless contact is taken into consideration, so that the
contact traction has only a normal component, t(i) = tnn

(i). To evaluate and linearize δGc, define
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the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.4.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g

(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.4.3)

Now the contact integral may be rewritten as

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
tng

(1)
1 × g

(1)
2 dη1

(1)dη
2
(1)

+

∫
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1)

+
∑
α

∫
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jα(1)
n

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1)

, (7.4.4)

and the linearization DδGc of δGc has the form

DδGc =
2∑
i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p̃(i)

]
+
∑
α

DδGc

[
∆c̃α(i)

]
. (7.4.5)

7.4.2 Gap Function

The gap function g, representing the distance between the contact surfaces, is defined by

x(2) = x(1) + gn(1), g =
(
x(2) − x(1)

)
· n(1) . (7.4.6)

The linearization of variables associated with motion, pressure, and concentration, is given by

Dx(1) =∆u(1) Dx(2) = ∆u(2) + g(2)
α ∆ηα(2)

Dp̃(1) =∆p̃(1) Dp̃(2) = ∆p̃(2) +
∂p̃(2)

∂ηα(2)

∆ηα(2)

Dc̃γ(1) =∆c̃γ(1) Dc̃γ(2) = ∆c̃γ(2) +
∂c̃γ(2)

∂ηα(2)

∆ηα(2)

Dδv(1) = 0 Dv(2) =
∂δv(2)

∂ηα(2)

∆ηα(2)

Dδp̃(1) = 0 Dδp̃(2) =
∂δp̃(2)

∂ηα(2)

∆ηα(2)

Dδc̃γ(1) = 0 Dδc̃γ(2) =
∂δc̃γ(2)

∂ηα(2)

∆ηα(2)

, (7.4.7)

where

∆ηα(2) =
(

∆u(1) −∆u(2)
)
· aαβg(1)

β − a
αβgn(1) · ∂∆u(1)

∂ηβ(1)

, (7.4.8)

with aαβ = (Aαβ)−1 and Aαβ = g
(1)
α · g(2)

β .
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7.4.3 Penalty Method

Let the normal component of the contact traction be described by the penalty function,

tn =

{
εng g < 0

0 g > 0
, (7.4.9)

where εn is a penalty factor associated with tn. Similarly, let{
wn = εpπ = εp

(
p̃(1) − p̃(2)

)
tn < 0

p̃(i) = p̃∗ tn = 0
, (7.4.10)

and {
jαn = εcχ

α = εc
(
c̃α(1) − c̃α(2)

)
tn < 0

c̃α(i) = c̃α∗ tn = 0
, (7.4.11)

where εp and εc are penalty factors associated with wn ≡ w
(1)
n and jαn ≡ j

α(1)
n , respectively. It

follows that

Dtn = εn

(
∆u(2) −∆u(1) + g(2)

α ∆ηα(2)

)
· n(1)

Dwn = εp

(
∆p̃(1) −∆p̃(2) − ∂p̃(2)

∂ηα(2)

∆ηα(2)

)

Djγn = εc

(
∆c̃γ(1) −∆c̃γ(2) − ∂c̃γ(2)

∂ηα(2)

∆ηα(2)

) . (7.4.12)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
tn

(
δv(1) − δv(2)

)
· g(1)

1 × g
(1)
2

)
=

J (1)
η εn

(
δv(1) − δv(2)

)
·
(
n(1) ⊗ n(1)

)
·
(

∆u(1) −∆u(2)
)

− J (1)
η tn

∂δv(2)

∂ηα(2)

·
(
n(2) ⊗ gα(2)

)
·
(

∆u(1) −∆u(2)
)

+ tn

(
δv(1) − δv(2)

)
·

(
g

(1)
2 ×

∂∆u(1)

∂η1
(1)

− g
(1)
1 ×

∂∆u(1)

∂η2
(1)

)
, (7.4.13)

−D
(
wn

(
δp̃(1) − δp̃(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

− J (1)
η εp

(
δp̃(1) − δp̃(2)

)(
∆p̃(1) −∆p̃(2)

)
+ J (1)

η

[
εp

(
δp̃(1) − δp̃(2)

) ∂p̃(1)

∂ηα(1)

gα(1) + wn
∂δp̃(2)

∂ηα(2)

gα(2)

]
·
(

∆u(1) −∆u(2)
)

+ wn

(
δp̃(1) − δp̃(2)

)
n(1) ·

(
g

(1)
2 ×

∂∆u(1)

∂η1
(1)

− g
(1)
1 ×

∂∆u(1)

∂η2
(1)

)
, (7.4.14)
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−D
(
jγn

(
δc̃γ(1) − δc̃γ(2)

) ∣∣∣g(1)
1 × g

(1)
2

∣∣∣) =

− J (1)
η εc

(
δc̃γ(1) − δc̃γ(2)

)(
∆c̃γ(1) −∆c̃γ(2)

)
+ J (1)

η εc

(
δc̃γ(1) − δc̃γ(2)

) ∂c̃γ(1)

∂ηα(1)

g(1)
α ·

(
∆u(1) −∆u(2)

)
+ J (1)

η jγn
∂δc̃γ(1)

∂ηα(1)

g(1)
α ·

(
∆u(1) −∆u(2)

)
+ jγn

(
δc̃γ(1) − δc̃γ(2)

)
n(1) ·

(
g

(1)
2 ×

∂∆u(1)

∂η1
(1)

− g
(1)
1 ×

∂∆u(1)

∂η2
(1)

)
(7.4.15)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.

7.4.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[
tn

(
δv(1) − δv(2)

)
· n(1) + wn

(
δp̃(1) − δp̃(2)

)
+
∑
γ

jγn

(
δc̃γ(1) − δc̃γ(2)

)]
.

(7.4.16)
The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =
m(2)∑
b=1

N
(2)
b δv

(2)
b

∆u(1) =
m(1)∑
c=1

N (1)
c ∆u(1)

c ∆u(2) =
m(2)∑
d=1

N
(2)
d ∆u

(2)
d

δp̃(1) =

m(1)∑
a=1

N (1)
a δp̃(1)

a δp̃(2) =

m(2)∑
b=1

N
(2)
b δp̃

(2)
b

∆p̃(1) =

m(1)∑
c=1

N (1)
c ∆p̃(1)

c ∆p̃(2) =

m(2)∑
d=1

N
(2)
d ∆p̃

(2)
d

δc̃γ(1) =
m(1)∑
a=1

N (1)
a δc̃γ(1)

a δc̃γ(2) =
m(2)∑
b=1

N
(2)
b δc̃

γ(2)
b

∆c̃γ(1) =

m(1)∑
c=1

N (1)
c ∆c̃γ(1)

c ∆c̃γ(2) =

m(2)∑
d=1

N
(2)
d ∆c̃

γ(2)
d

. (7.4.17)
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Then,

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η


m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

α(1)
a δc̃

β(1)
a

]
·


f

(1)
a

w
(1)
a

j
α(1)
a

j
β(1)
a



+
m(2)∑
b=1

[
δv

(2)
b δp̃

(2)
b δc̃

α(2)
b δc̃

β(2)
b

]
·


f

(2)
b,k

w
(2)
b,k

j
α(2)
b,k

j
β(2)
b,k


 ,

(7.4.18)

where
f (1)
a = tnN

(1)
a n(1) f

(2)
b,k = −tnN (2)

b n(1)

w(1)
a = wnN

(1)
a w

(2)
b,k = −wnN (2)

b

jγ(1)
a = jγnN

(1)
a j

γ(2)
b,k = −jγnN

(2)
b

. (7.4.19)

Similarly,

−DδGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η ×

m(1)∑
a=1

[
δv

(1)
a δp̃

(1)
a δc̃

α(1)
a δc̃

β(1)
a

]
·


m(1)∑
c=1


K

(1,1)
ac 0 0 0

g
(1,1)
ac g

(1,1)
ac 0 0

h
α(1,1)
ac 0 h

αα(1,1)
ac 0

h
β(1,1)
ac 0 0 h

ββ(1,1)
ac

 ·


∆u
(1)
c

∆p̃
(1)
c

∆c̃
α(1)
c

∆c̃
β(1)
c



+

m
(2)
k∑

d=1


K

(1,2)
ad,k 0 0 0

g
(1,2)
ad,k g

(1,2)
ad,k 0 0

h
α(1,2)
ad,k 0 h

αα(1,2)
ad,k 0

h
β(1,2)
ad,k 0 0 h

ββ(1,2)
ad,k

 ·


∆u
(2)
d

∆p̃
(2)
d

∆c̃
α(2)
d

∆c̃
β(2)
d




+

m
(2)
k∑

b=1

[
δv

(2)
b,k δp̃

(2)
b,k δc̃

α(2)
b,k δc̃

β(2)
b,k

]
·

m(1)∑
c=1


K

(2,1)
bc,k 0 0 0

g
(2,1)
bc,k g

(2,1)
bc,k 0 0

h
α(2,1)
bc,k 0 h

αα(2,1)
bc,k 0

h
β(2,1)
bc,k 0 0 h

ββ(2,1)
bc,k

 ·


∆u
(1)
c

∆p̃
(1)
c

∆c̃
α(1)
c

∆c̃
β(1)
c



+

m
(2)
k∑

d=1


K

(2,2)
bd,k 0 0 0

g
(2,2)
bd,k g

(2,2)
bd,k 0 0

h
α(2,2)
bd,k 0 h

αα(2,2)
bd,k 0

h
β(2,2)
bd,k 0 0 h

ββ(2,2)
bd,k

 ·


∆u
(2)
d

∆p̃
(2)
d

∆c̃
α(2)
d

∆c̃
β(2)
d



 ,

(7.4.20)
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where
K(1,1)
ac = N (1)

a

(
εnN

(1)
c N(1) + tnA

(1)
c

)
K

(1,2)
ad,k = −εnN (1)

a N
(2)
d N(1)

K
(2,1)
bc,k = −N (1)

c

(
εnN

(2)
b N(1) + tnM

(2)
b

)
− tnN (2)

b A(1)
c

K
(2,2)
bd,k = N

(2)
d

(
εnN

(2)
b N(1) + tnM

(2)
b

)
, (7.4.21)

g(1,1)
ac = N (1)

a

(
εpN

(1)
c p(1) − wnA(1)

c · n(1)
)

g
(1,2)
ad,k = −εpN (1)

a N
(2)
d p(1)

g
(2,1)
bc,k = N (1)

c

(
−εpN (2)

b p(1) + wnm
(2)
b

)
+ wnN

(2)
b A(1)

c · n(1)

g
(2,2)
bd,k = N

(2)
d

(
εpN

(2)
b p(1) − wnm(2)

b

)
, (7.4.22)

g(1,1)
ac = −εpN (1)

a N (1)
c g

(1,2)
ad,k = εpN

(1)
a N

(2)
d

g
(2,1)
bc,k = εpN

(2)
b N (1)

c g
(2,2)
bd,k = −εpN (2)

b N
(2)
d

, (7.4.23)

hγ(1,1)
ac = N (1)

a

(
N (1)
c εcq

γ(1) −A(1)
c · jγnn(1)

)
h
γ(1,2)
ad,k = −N (1)

a N
(2)
d εcq

γ(1)

h
γ(2,1)
bc,k = N

(2)
b

(
−N (1)

c εcq
γ(1) + A(1)

c · jγnn(1)
)

+N (1)
c jγnm

(2)
b

h
γ(2,2)
bd,k = N

(2)
b N

(2)
d εcq

γ(1) −N (2)
d jγnm

(2)
b

, (7.4.24)

hγγ(1,1)
ac = −εcN (1)

a N (1)
c

h
γγ(1,2)
ad,k = εcN

(1)
a N

(2)
d

h
γγ(2,1)
bc,k = εcN

(2)
b N (1)

c

h
γγ(2,2)
bd,k = −εcN (2)

b N
(2)
d

, (7.4.25)

and

N(1) = n(1) ⊗ n(1) A(1)
c =

1

J
(1)
η

A
{
∂N

(1)
c

∂η1
(1)

g
(1)
2 −

∂N
(1)
c

∂η2
(1)

g
(1)
1

}

M
(2)
b = n(2) ⊗m

(2)
b m

(2)
b =

∂N
(2)
b

∂ηα(2)

gα(2)

p(1) =
∂p̃(1)

∂ηα(1)

gα(1) qγ(1) =
∂c̃γ(1)

∂ηα(1)

gα(1)

. (7.4.26)

7.5 Tied Contact

In some situations it is useful to connect two non-conforming meshes together. This can be done
by defining a tied contact interface. In FEBio, the tied contact works very similar to the sliding
contact interface. We need to define a slave surface and a master surface, where it is assumed
that the slave surface nodes will be tied to the master surface faces.
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7.5.1 Gap Function

Just as in sliding contact, we need to define a gap function that measures the distance between
the slave and master surface. In order to do that, we first define the projection of a slave node to
the master surface.

Ȳ (X) = arg min
Y∈Γ(2)

‖X−Y‖ . (7.5.1)

This definition is similar to that of the sliding interface, except that now the projection is done in the
material reference frame. This implies that the projection only needs to be calculated once, at the
beginning of the analysis. We can now proceed to the definition of the gap function.

g (X) = ϕ(1) (X)−ϕ(2)
(
Ȳ (X)

)
. (7.5.2)

An important observation is that the gap function is now a vector quantity since the gap needs to
be closed in all direction, not just the normal direction as is the case in sliding contact.

7.5.2 Tied Contact Integral

With the definition of the gap function at hand (equation (7.5.2)), we can define the contribution to
the virtual work equation from the tied contact reaction forces.

Wt =

∫
Γc

T · δg dΓ . (7.5.3)

Here, T is the reaction force that enforces the constraint g (X) = 0. Since we anticipate the use
of an augmented Lagrangian formalism, we can write this reaction force as follows,

T = λ+ εg . (7.5.4)

The vector quantity λ is the Lagrangian multiplier and ε is a penalty factor.

7.5.3 Linearization of the Contact Integral

Since equation (7.5.3) is nonlinear we need to calculate the linearization. For tied contact, this is
simply given by the following equation.

∆Wt =

∫
Γc

ε∆g · δg dΓ . (7.5.5)

Where
δg = w(1) −w(2) (7.5.6)

and
∆g = ∆ϕ(1) (X)−∆ϕ(2)

(
Ȳ (X)

)
. (7.5.7)

We also introduced the notation w(i) = δϕ(i).
The discretization of (7.5.5) will lead to a contribution to the stiffness matrix. Notice that due to

symmetry between δg and∆g this matrix will be symmetric.



214 CHAPTER 7. CONTACT AND COUPLING

7.5.4 Discretization

The contact integral (7.5.3) can be discretized as follows. First, we split the integration over all the
slave surface elements.

Wt =

nel∑
e=1

∫
Γ
(e)
c

T · δg dΓ(e) . (7.5.8)

The integration can be approximated by a quadrature rule,

Wt =

nel∑
e=1

N
(e)
int∑
i=1

wij (ξi) T (ξi) · δg (ξi) . (7.5.9)

If we use a nodally integrated elements, we have

w(1) (ξi) = c
(1)
i ,

w(2) (ξi) =
∑
j

Nj

(
ξ̄i
)
c

(2)
j , (7.5.10)

so that,
δg (ξi) = c

(1)
i −

∑
j

Nj

(
ξ̄i
)
c

(2)
j . (7.5.11)

We can now write the contact integral (7.5.8) in its final form,

Wt =
nel∑
e=1

N
(e)
int∑
i=1

wij (ξi) (N (ξi) T (ξi)) · δΦ , (7.5.12)

where
δΦT (ξi) =

[
c

(1)
i c

(2)
1 c

(2)
2 · · · c

(2)
n

]
, (7.5.13)

N (ξi) =
[

I −N1 · · · −Nn

]
, (7.5.14)

and

Ni =

 Ni 0 0
0 Ni 0
0 0 Ni

 . (7.5.15)

For the linearized tied contact integral (7.5.5), a similar discretization procedure leads to,

∆Wt =
nel∑
e=1

N
(e)
int∑
i=1

wij (ξi) ∆Φ ·KcδΦ , (7.5.16)

where
Kc = εNTN . (7.5.17)
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7.6 Tied Biphasic Contact

7.6.1 Contact Integral

See Section 2.5 for a review of biphasic materials, and [11] for additional details on biphasic
contact. The contact interface is defined between surfaces γ(1) and γ(2). Due to continuity require-
ments on the traction and fluxes, the external virtual work resulting from contact tractions t(i) and
solvent fluxes w(i)

n (i = 1, 2) may be combined into the contact integral

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· t(1)da(1)

+

∫
γ(1)

(
δp(1) − δp(2)

)
w(1)
n da(1) .

(7.6.1)

To evaluate and linearize δGc, define the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.6.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g

(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.6.3)

Now the contact integral may be rewritten as

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· t
∣∣∣g(1)

1 × g
(1)
2

∣∣∣ dη1
(1)dη

2
(1)

+

∫
γ(1)

(
δp(1) − δp(2)

)
wn

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1)

, (7.6.4)

where t ≡ t(1) and wn ≡ w(1)
n . The linearization DδGc of δGc has the form

DδGc =
2∑
i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p(i)

]
. (7.6.5)

7.6.2 Gap Function

The vector gap function g, representing the distance between the contact surfaces, is defined by

g = x(2) − x(1) . (7.6.6)

The premise of a tied interface is that the parametric coordinates of x(1) and x(2) are both invariants
(i.e., they are determined in the reference configuration and remain unchanged over time). The
parametric coordinates of x(1) correspond to the integration points on γ(1), and those of x(2) are
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evaluated once, in the reference configuration, by shooting a ray from the integration point on γ(1)

to intersect γ(2). It follows from this premise that

Dx(1) = ∆u(1) Dx(2) = ∆u(2)

Dp(1) = ∆p(1) Dp(2) = ∆p(2)

Dδv(1) = 0 Dδv(2) = 0

Dδp(1) = 0 Dδp(2) = 0

. (7.6.7)

If γ(1) and γ(2) are not initially conforming, continuity of fluid pressure and normal flux will only
be enforced within the contact interface; unlike the sliding biphasic contact interface (Section 7.2),
free-draining conditions are not set automatically on regions of γ(1) and γ(2) where a solution for g
was not found. Therefore, these regions naturally enforce zero fluid flux (impermeable boundary),
unless an explicit boundary condition on the pressure p is prescribed over those regions.

7.6.3 Penalty Method

Let the tied contact traction be described by the penalty function,

t = εng , (7.6.8)

where εn is a penalty factor associated with t. Similarly, let

wn = εpπ = εp

(
p(1) − p(2)

)
, (7.6.9)

where εp is a penalty factor associated with wn. It follows that

Dt = εn

(
∆u(2) −∆u(1)

)
,

Dwn = εp

(
∆p(1) −∆p(2)

)
.

(7.6.10)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
J (1)
η

(
δv(1) − δv(2)

)
· t
)

=(
δv(1) − δv(2)

)
· εnJ (1)

η I ·
(

∆u(1) −∆u(2)
)

+
(
δv(1) − δv(2)

)
· t⊗

[(
g

(1)
1 × n(1)

)
· ∂∆u(1)

∂η2
(1)

−
(
g

(1)
2 × n(1)

)
· ∂∆u(1)

∂η1
(1)

] , (7.6.11)

−D
(
wn

(
δp(1) − δp(2)

)
J (1)
η

)
=

− J (1)
η εp

(
δp(1) − δp(2)

)(
∆p(1) −∆p(2)

)
+ wn

(
δp(1) − δp(2)

)
n(1) ·

(
g

(1)
2 ×

∂∆u(1)

∂η1
(1)

− g
(1)
1 ×

∂∆u(1)

∂η2
(1)

) , (7.6.12)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
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7.6.4 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[(
δv(1) − δv(2)

)
· t + wn

(
δp(1) − δp(2)

)]
. (7.6.13)

The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =
m(2)∑
b=1

N
(2)
b δv

(2)
b

∆u(1) =
m(1)∑
c=1

N (1)
c ∆u(1)

c ∆u(2) =
m(2)∑
d=1

N
(2)
d ∆u

(2)
d

δp(1) =

m(1)∑
a=1

N (1)
a δp(1)

a δp(2) =

m(2)∑
b=1

N
(2)
b δp

(2)
b

∆p(1) =
m(1)∑
c=1

N (1)
c ∆p(1)

c ∆p(2) =
m(2)∑
d=1

N
(2)
d ∆p

(2)
d

. (7.6.14)

Then,

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

m(1)∑
a=1

[
δv

(1)
a δp

(1)
a

]
·

[
f

(1)
a

w
(1)
a

]

+

m
(2)
k∑

b=1

[
δv

(1)
b,k δp

(1)
b,k

]
·

[
f

(1)
b,k

w
(1)
b,k

]
, (7.6.15)

where

f (1)
a = N (1)

a t f
(2)
b,k = −N (2)

b t

w(1)
a = N (1)

a wn w
(2)
b,k = −N (2)

b wn
. (7.6.16)
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Similarly,

−DδGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

×

m(1)∑
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[
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(1)
a δp

(1)
a
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·
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K
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(1)
c

]
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K

(1,2)
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0 k
(1,2)
ad,k
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∆u
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(2)
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(2)
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(2)
b,k δp

(2)
b,k

]
·
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K

(2,1)
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k
(2,1)
bc,k k

(2,1)
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]
·

[
∆u

(1)
c
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(1)
c

]

+

m
(2)
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[
K

(2,2)
bd,k 0

0 k
(2,2)
bd,k

]
·

[
∆u

(2)
d

∆p
(2)
d

]
 ,

(7.6.17)

where
K(1,1)
ac = N (1)

a

(
εnN

(1)
c I + t⊗ a(1)

c

)
K

(1,2)
ad,k = −εnN (1)

a N
(2)
d I

K
(2,1)
bc,k = −N (2)

b

(
εnN

(1)
c I + t⊗ a(1)

c

)
K

(2,2)
bd,k = εnN

(2)
b N

(2)
d I

, (7.6.18)

k(1,1)
ac = N (1)

a wna
(1)
c

k
(2,1)
bc,k = −N (2)

b wna
(1)
c

, (7.6.19)
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ac = −εpN (1)

a N (1)
c

k
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ad,k = εpN

(1)
a N

(2)
d

k
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bc,k = εpN

(2)
b N (1)

c

k
(2,2)
bd,k = −εpN (2)

b N
(2)
d

, (7.6.20)

and

a(1)
c =

1

J
(1)
η

n(1) ×

(
g

(1)
2

∂N
(1)
c

∂η1
(1)

− g
(1)
1

∂N
(1)
c

∂η2
(1)

)
. (7.6.21)

7.7 Tied Multiphasic Contact

See Section 2.7 for a review of multiphasic materials, and [14] for additional details on contact
interfaces involving solutes. The contact interface is defined between surfaces γ(1) and γ(2). Due to
continuity requirements on the traction and fluxes, the external virtual work resulting from contact
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tractions t(i), solvent fluxes w(i)
n and solute fluxes jα(i)

n (i = 1, 2) may be combined into the contact
integral

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· t(1) da(1)

+

∫
γ(1)

(
δp̃(1) − δp̃(2)

)
w(1)
n da(1)

+
∑
α

∫
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jα(1)
n da(1) .

(7.7.1)

Note that the summation in (7.7.1) is performed only over solutes that are present on both sides
of the contact interface. No special treatment is needed for solutes that only belong to one side,
since the natural boundary condition for these solutes enforces zero normal flux across the contact
interface.

To evaluate and linearize δGc, define the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.7.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g

(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.7.3)

Now the contact integral may be rewritten as

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· t
∣∣∣g(1)

1 × g
(1)
2

∣∣∣ dη1
(1)dη

2
(1)

+

∫
γ(1)

(
δp̃(1) − δp̃(2)

)
wn

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1)

+
∑
α

∫
γ(1)

(
δc̃α(1) − δc̃α(2)

)
jαn

∣∣∣g(1)
1 × g

(1)
2

∣∣∣ dη1
(1)dη

2
(1)

, (7.7.4)

where t ≡ t(1), wn ≡ w(1)
n and jαn ≡ j

α(1)
n . The linearization DδGc of δGc has the form

DδGc =

2∑
i=1

DδGc

[
∆u(i)

]
+DδGc

[
∆p̃(i)

]
+
∑
α

DδGc

[
∆c̃α(i)

]
. (7.7.5)

7.7.1 Gap Function

The vector gap function g, representing the distance between the contact surfaces, is defined by

g = x(2) − x(1) . (7.7.6)

The premise of a tied interface is that the parametric coordinates of x(1) and x(2) are both invariants
(i.e., they are determined in the reference configuration and remain unchanged over time). The
parametric coordinates of x(1) correspond to the integration points on γ(1), and those of x(2) are
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evaluated once, in the reference configuration, by shooting a ray from the integration point on γ(1)

to intersect γ(2). It follows from this premise that

Dx(i) = ∆u(i) Dδv(i) = 0

Dp̃(i) = ∆p̃(i) Dδp̃(i) = 0

Dc̃α(i) = ∆c̃α(i) Dδc̃α(i) = 0

i = 1, 2 . (7.7.7)

If γ(1) and γ(2) are not initially conforming, continuity of effective fluid pressure and solute concen-
tration, as well as normal fluid and solute fluxes, will only be enforced within the contact interface;
unlike the sliding multiphasic contact interface (Section 7.4), ambient conditions are not set auto-
matically on regions of γ(1) and γ(2) where a solution for g was not found. Therefore, these regions
naturally enforce zero fluid and solute flux (impermeable boundary), unless an explicit boundary
condition on the effective pressure p̃ or solute concentrations c̃α are prescribed over those regions.

7.7.2 Penalty Method

Let the tied contact traction be described by the penalty function,

t = εng , (7.7.8)

where εn is a penalty factor associated with t. Similarly, let

wn = εpπ = εp

(
p̃(1) − p̃(2)

)
, (7.7.9)

where εp is a penalty factor associated with wn, and

jαn = εcχ
α = εαc

(
c̃α(1) − c̃α(2)

)
, (7.7.10)

where εαc is a penalty factor associated with jαn . It follows that

Dt = εn

(
∆u(2) −∆u(1)

)
,

Dwn = εp

(
∆p̃(1) −∆p̃(2)

)
,

Djαn = εαc

(
∆c̃α(1) −∆c̃α(2)

)
.

(7.7.11)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
J (1)
η

(
δv(1) − δv(2)

)
· t
)

=(
δv(1) − δv(2)

)
· εnJ (1)

η I ·
(

∆u(1) −∆u(2)
)

+
(
δv(1) − δv(2)

)
· t⊗

[(
g

(1)
1 × n(1)

)
· ∂∆u(1)

∂η2
(1)

−
(
g

(1)
2 × n(1)

)
· ∂∆u(1)

∂η1
(1)

] , (7.7.12)

−D
(
wn

(
δp(1) − δp(2)

)
J (1)
η

)
=

− J (1)
η εp

(
δp(1) − δp(2)

)(
∆p̃(1) −∆p̃(2)

)
+ wn

(
δp(1) − δp(2)

)
n(1) ·

(
g

(1)
2 ×

∂∆u(1)

∂η1
(1)

− g
(1)
1 ×

∂∆u(1)

∂η2
(1)

) , (7.7.13)
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−D
(
jαn

(
δc̃α(1) − δc̃α(2)

)
J (1)
η

)
=

− J (1)
η

(
δc̃α(1) − δc̃α(2)

)
εαc

(
∆c̃α(1) −∆c̃α(2)

)
+ jαn

(
δc̃α(1) − δc̃α(2)

)
n(1) ·

(
g

(1)
2 ×

∂∆u(1)

∂η1
(1)

− g
(1)
1 ×

∂∆u(1)

∂η2
(1)

) , (7.7.14)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.
7.7.3 Discretization

The contact integral may be discretized as

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

[(
δv(1) − δv(2)

)
· t + wn

(
δp(1) − δp(2)

)
+
∑
α

jαn

(
δc̃α(1) − δc̃α(2)

)]
.

(7.7.15)
The variables may be interpolated over each element face according to

δv(1) =
m(1)∑
a=1

N (1)
a δv(1)

a δv(2) =
m(2)∑
b=1

N
(2)
b δv
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N
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d

. (7.7.16)

Then,

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
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η


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, (7.7.17)
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where

f (1)
a = N (1)

a t f
(2)
b,k = −N (2)

b t
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. (7.7.18)

Similarly,

−DδGc =
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(7.7.19)
where
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, (7.7.20)
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, (7.7.21)
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(7.7.23)

and

a(1)
c =

1

J
(1)
η

n(1) ×
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2

∂N
(1)
c

∂η1
(1)

− g
(1)
1
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(1)
c

∂η2
(1)

)
. (7.7.24)

7.8 Tied Fluid Interface

A tied fluid interface may be used to enforces continuity of viscous shear traction and normal fluid
velocity at the interface between dissimilar meshes.

7.8.1 Contact Integral

See Section 2.11 for a review of fluid materials, and [15] for additional details on the FEBio fluid
solver. The tied fluid interface is defined between surfaces γ(1) and γ(2). Due to continuity require-
ments on the viscous traction and normal fluid velocity, the external virtual work resulting from
tractions tτ(i) and normal velocities v(i)

n (i = 1, 2) may be combined into the tied interface integral

δGc =

∫
γ(1)

(
δv(1) − δv(2)

)
· tτ(1)da(1)

−
∫
γ(1)

(
δJ (1) − δJ (2)

)
v(1)
n da(1) .

(7.8.1)

To evaluate and linearize δGc, define the covariant basis vectors on each surface as

g(i)
α =

∂x(i)

∂ηα(i)
, α = 1, 2, (7.8.2)

where x(i) represents the spatial position of points on γ(i), and ηα(i) represent the parametric coor-
dinates of that point. The unit outward normal on each surface is then given by

n(i) =
g

(i)
1 × g

(i)
2∣∣∣g(i)

1 × g
(i)
2

∣∣∣ . (7.8.3)

Now the contact integral may be rewritten as

δGc =

∫
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(
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)
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1 × g

(1)
2

∣∣∣ dη1
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−
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, (7.8.4)
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where tτ ≡ tτ(1) and vn ≡ v(1)
n . The linearization DδGc of δGc has the form

DδGc =
2∑
i=1

DδGc

[
∆v(i)

]
+DδGc

[
∆J (i)

]
. (7.8.5)

7.8.2 Gap Functions

The premise of a tied interface is that the parametric coordinates of coincident points x(1) and x(2)

on γ(1) and γ(2) are both invariants (i.e., they are determined in the reference configuration and
remain unchanged over time). The parametric coordinates of x(1) correspond to the integration
points on γ(1), and those of x(2) are evaluated once by shooting a ray from the integration point on
γ(1) to intersect γ(2).

The vector gap function g, representing the difference between tangential velocities across the
interface, is defined by

g = v
(2)
t − v

(1)
t , (7.8.6)

where the tangential velocity is evaluate from

v
(i)
t =

(
I− n(i) ⊗ n(i)

)
· v(i) . (7.8.7)

We may similarly define the scalar gap function π, representing the difference between fluid pres-
sures across the interface,

π = K
(
J (2) − J (1)

)
= K

(
e(2) − e(1)

)
, (7.8.8)

where K is the fluid bulk modulus.

7.8.3 Penalty Method

Let the tied interface viscous traction be described by the penalty function,

tτ = εtg , (7.8.9)

where εt is a penalty factor associated with tτ . The penalty factor εt is expressed in units of
viscosity per length. Therefore, in an auto-penalty scheme, it may be scaled to the ratio of fluid
viscosity to element thickness. Similarly, let

vn = εnπ = Kεn

(
J (2) − J (1)

)
, (7.8.10)

where εn is a penalty factor associated with vn. Note that εn has units of length per viscosity. It
follows that

Dtτ = εt

((
I− n(2) ⊗ n(2)

)
·∆v(2) −

(
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)
·∆v(1)

)
,

Dvn = Kεn

(
∆J (2) −∆J (1)

)
.

(7.8.11)

Given these relations, it can be shown that the directional derivatives of the various terms appear-
ing in the integrand of δGc are

−D
(
J (1)
η

(
δv(1) − δv(2)

)
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)
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εtJ
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(
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)
·∆v(2)

) , (7.8.12)
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D
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, (7.8.13)

where J (1)
η =

∣∣∣g(1)
1 × g

(1)
2

∣∣∣.

7.8.4 Discretization

The contact integral may be discretized as

δGc =

n
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e∑
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. (7.8.14)

The variables may be interpolated over each element face according to
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(2)
d

. (7.8.15)

Then,

δGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

m(1)∑
a=1

[
δv

(1)
a δJ

(1)
a

]
·

[
f

(1)
a

v
(1)
a

]

+

m
(2)
k∑

b=1

[
δv

(1)
b,k δJ

(1)
b,k

]
·

[
f

(1)
b,k

v
(1)
b,k

]
, (7.8.16)

where

f (1)
a = N (1)

a tτ f
(2)
b,k = −N (2)

b tτ

w(1)
a = −N (1)

a vn w
(2)
b,k = N

(2)
b vn

. (7.8.17)
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Similarly,

−DδGc =

n
(1)
e∑
e=1

n
(e)

int∑
k=1

WkJ
(1)
η

×

m(1)∑
a=1

[
δv

(1)
a δJ

(1)
a

]
·

m(1)∑
c=1

[
K

(1,1)
ac 0

0 k
(1,1)
ac

]
·

[
∆v

(1)
c

∆J
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(1,2)
ad,k 0

0 k
(1,2)
ad,k

]
·

[
∆v

(2)
d

∆J
(2)
d

]
+

m
(2)
k∑

b=1

[
δv

(2)
b,k δJ

(2)
b,k

]
·

m(1)∑
c=1

[
K

(2,1)
bc,k 0

0 k
(2,1)
bc,k

]
·

[
∆v

(1)
c

∆J
(1)
c

]

+

m
(2)
k∑

d=1

[
K

(2,2)
bd,k 0

0 k
(2,2)
bd,k

]
·

[
∆v

(2)
d

∆J
(2)
d

]
 ,

(7.8.18)

where
K(1,1)
ac = εtN

(1)
a N (1)

c

(
I− n(1) ⊗ n(1)

)
K

(1,2)
ad,k = −εtN (1)

a N
(2)
d

(
I− n(2) ⊗ n(2)

)
K

(2,1)
bc,k = −εtN (2)

b N (1)
c

(
I− n(1) ⊗ n(1)

)
K

(2,2)
bd,k = εtN

(2)
b N

(2)
d

(
I− n(2) ⊗ n(2)

)
, (7.8.19)

k(1,1)
ac = −KεnN (1)

a N (1)
c

k
(1,2)
ad,k = KεnN

(1)
a N

(2)
d

k
(2,1)
bc,k = KεnN

(2)
b N (1)

c

k
(2,2)
bd,k = −KεnN (2)

b N
(2)
d

. (7.8.20)

7.9 Rigid Connectors

A rigid connector connects two rigid bodies denoted by (1) and (2). The connector origin (e.g., its
insertion point) on rigid body (i) is located at

x(i) = r(i) + Λ(i) · Z(i) = r(i) + z(i) , (7.9.1)

where z(i) is the connector origin position relative to the center of mass at the current time, whereas
Z(i) is its relative position in the reference configuration, when the rotation tensor Λ(i) is equal to
the identity tensor. The connector is exerting a reaction force f (i) at x(i) and a reaction moment
m(i) on rigid body (i), such that f (1) + f (2) = 0 and m(1) + m(2) = 0.

Rigid body joints, such as spherical, revolute, prismatic, cylindrical and planar joints, are a
special category of rigid connectors that have a large stiffness spring connecting the joint origins on
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each rigid body, in a manner that only allows relative motion along the joint translational degree(s)
of freedom. Similarly, a large stiffness torsional spring connects the rigid bodies in a manner that
only allows relative rotation along the joint rotational degree(s) of freedom.

Other connectors include springs, dampers, and contractile forces that may connect rigid bod-
ies. Optionally, a joint may include a linear damper connecting its origins, and an angular damper
restricting its relative rotation.

7.9.1 Virtual Work

The virtual work of a connector represents the work of external forces on the rigid body; it is given
by

δG =
2∑
i=1

δv(i) · f (i) + δθ(i) ·m(i) , (7.9.2)

where δv(i) is the virtual velocity of the joint origin and δθ(i) is the virtual angular velocity of rigid
body (i). Using the above relations for f (i) and m(i), it reduces to

δG =
(
δv(1) − δv(2)

)
· f (1) +

(
δθ(1) − δθ(2)

)
·m(1) . (7.9.3)

The analysis thus returns the values of the reaction force and moment acting on rigid body (1).
The virtual velocities at the joint may be evaluated from (7.9.1) as

δv(i) = δr(i) − ẑ(i) · δθ(i) , (7.9.4)

where ẑ is the skew-symmetric tensor whose dual vector is z, such that ẑ ·v = z×v for any vector
v. Substituting this expression into (7.9.3) allows us to express the virtual work in terms of the
virtual velocities of the centers of mass and the virtual angular velocities of the rigid bodies,

δG =
[
δr(1) δθ(1) δr(2) δθ(2)

] 
f (1)

ẑ(1) · f (1) + m(1)

−f (1)

−ẑ(2) · f (1) −m(1)

 . (7.9.5)

When using time discretization in the interval [tn, tn+1], the external forces and moments may
be evaluated at the intermediate time point tn+α using

f
(1)
n+α = αf

(1)
n+1 + (1− α) f (1)

n(
ẑ(1) · f (1)

)
n+α

= αẑ
(1)
n+1 · f

(1)
n+1 + (1− α) ẑ(1)

n · f (1)
n

m
(1)
n+α = αm

(1)
n+1 + (1− α) m(1)

n

We solve for δG = 0 using Newton’s method in the usual manner, by evaluating the linearization
of δG along increments in the rigid body degrees of freedom at tn+1,

δG+
2∑
i=1

DδG
[
∆r(i)

]
+DδG

[
∆θ(i)

]
≈ 0 . (7.9.6)

Assuming that

Df
(1)
n+1 =

[
K

(1)
fr K

(1)
fθ K

(2)
fr K

(2)
fθ

]
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.7)



228 CHAPTER 7. CONTACT AND COUPLING

and

Dm
(1)
n+1 =

[
K

(1)
mr K

(1)
mθ K

(2)
mr K

(2)
mθ

]
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.8)

it follows that

DδG =
[
δr(1) δθ(1) δr(2) δθ(2)

]
×

α


K

(1)
fr K

(1)
fθ K

(2)
fr K

(2)
fθ

ẑ
(1)
n+1 ·K

(1)
fr + K

(1)
mr ẑ

(1)
n+1 ·K

(1)
fθ + K

(1)
mθ ẑ

(1)
n+1 ·K

(2)
fr + K

(2)
mr ẑ

(1)
n+1 ·K

(2)
fθ + K

(2)
mθ

−K
(1)
fr −K

(1)
fθ −K

(2)
fr −K

(2)
fθ

−ẑ
(2)
n+1 ·K

(1)
fr −K

(1)
mr −ẑ

(2)
n+1 ·K

(1)
fθ −K

(1)
mθ −ẑ

(2)
n+1 ·K

(2)
fr −K

(2)
mr −ẑ

(2)
n+1 ·K

(2)
fθ −K

(2)
mθ



×


∆r(1)

∆θ(1)

∆r(2)

∆θ(2)


(7.9.9)

It becomes immediately apparent that the stiffness matrix for a rigid connector is not symmetric.
Therefore, rigid body dynamics should be analyzed using non-symmetric solvers.

7.9.2 Joint Axes

Joint axes are used to define the directions of degrees of freedom in rigid joints, which represent
one of the major categories of rigid connectors. The axes are defined with respect to a body-based
coordinate system centered at the origin of a joint, given by the orthonormal triad

{
e

(i)
1 , e

(i)
2 , e

(i)
3

}
for rigid body i (i = 1, 2). In the reference configuration, the bases coincide on both rigid bodies,
e

(1)
j = e

(2)
j ≡ Ej (j = 1, 2, 3), where Ej is the j−th basis vector in the reference configuration.

Thus, at any time t, we may evaluate the basis vectors as

e
(i)
j = Λ(i) ·Ej (7.9.10)

Using this relation, the linearization of a basis vector along increments in the rigid body motion is
given by

De
(i)
j = −ê

(i)
j ·∆θ

(i) , (7.9.11)

which shows a dependence only on ∆θ(i).

7.9.3 Relative Joint Motion

The position of a joint in each rigid body i is given in (7.9.1). The relative motion across a joint is
given by the relative translation

x = x(2) − x(1) , (7.9.12)

and the relative rotation

Q = Λ(2) ·
(
Λ(1)

)T
≡ exp

[
θ̂
]
, (7.9.13)
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where θ̂ = −E · θ is the skew-symmetric tensor with dual vector θ. As usual, θ is a vector whose
direction represents the axis of rotation and whose magnitude is the angle of (counter-clockwise)
rotation about that axis. To report the relative motion of a joint, we may project x and θ along the
basis vectors e

(1)
j = Λ(1) ·Ej of the first rigid body. Thus,

xj = x · e(1)
j

θj = θ · e(1)
j

. (7.9.14)

7.9.4 Joint Reaction Forces and Moments

Reaction forces are used to constrain the degrees of freedom of a joint that connects two rigid
bodies. Typically, these forces are generated by very stiff springs and dampers that only allow
unrestricted motion along the joint degrees of freedom.

7.9.4.1 Reaction Forces from Springs

The reaction force f (1) generated by a spring acting on rigid body (1) is given by

f (1) = λ+ εcP · g , (7.9.15)

where
g = x(2) − x(1) (7.9.16)

is a gap function that represents the vector distance between the joint origins, λ is the (optional)
Lagrange multiplier used when invoking the augmented Lagrangian method, and εc is a penalty
parameter that represents the spring stiffness. The tensor P is a projection that limits the reaction
force to the directions that are not free to move. In general, there are three possible options for P:

P =


P1 = I constrain relative translation along all directions
P2 = I− n(1) ⊗ n(1) constrain relative translation within plane normal to n(1)

P3 = n(1) ⊗ n(1) constrain relative translation along n(1)

. (7.9.17)

For example, P1 = I in a spherical or revolute joint, whereas P2 = I − n(1) ⊗ n(1) in an un-
constrained prismatic joint, with n(1) representing the axis of motion; and P3 = n(1) ⊗ n(1) in an
unconstrained planar joint, with n(1) representing the normal to the plane. Note that in all cases
we choose to define the axis in the basis of rigid body (1). If the constraint is enforced properly,
then n(1) should be the same as n(2), within a user-defined numerical tolerance. In practice, we
let n(1) ≡ e

(1)
1 .

The linearization of f (1) in (7.9.15) is given by

Df (1) = εc (P ·Dg +DP · g) . (7.9.18)

The linearization of the gap function produces

P ·Dg =
[
−P P · ẑ(1) P −P · ẑ(2)

] 
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.19)
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whereas the linearization of the three possible projections yields

DP · g = Q ·∆θ(1) , (7.9.20)

where

Q =


Q1 = 0

Q2 =
[(

n(1) · g
)
I + n(1) ⊗ g

]
· n̂(1)

Q3 = −
[(

n(1) · g
)
I + n(1) ⊗ g

]
· n̂(1)

. (7.9.21)

Therefore, in the expression for Df (1) in (7.9.7), we have

K
(1)
fr = −εcP

K
(1)
fθ = εc

(
P · ẑ(1) + Q

)
K

(2)
fr = εcP

K
(2)
fθ = −εcP · ẑ(2)

. (7.9.22)

7.9.4.2 Reaction Moments from Torsional Springs

The reaction moment m(1) generated by a torsional spring acting on rigid body (1) is given by

m(1) = µ+ εrγ (7.9.23)

where

γ =
1

2

k∑
j=1

e
(1)
j × e

(2)
j (7.9.24)

is the angular gap function between the bases of rigid bodies (1) and (2), µ is the (optional)
Lagrange multiplier used when invoking the augmented Lagrangian method, and εr is a penalty
parameter representing the torsional spring stiffness. We consider three cases for the choice of γ:

γ =


k = 3 constrain relative rotation along all directions
k = 1 maintain free relative rotation along e

(i)
1

k = 0 maintain free relative rotation along all directions

(7.9.25)

For example, k = 3 is used to model the reaction moment in a prismatic joint, whereas k = 1 is
used with revolute, cylindrical and planar joints.

Now, the linearization produces
Dm(1) = εrDγ ,

where
Dγ = W ·∆θ(1) −WT ·∆θ(2)

and

W =
1

2

k∑
j=1

ê
(2)
j · ê

(1)
j .



7.9. RIGID CONNECTORS 231

Therefore, in the expression for Dm(1) in (7.9.8), we have

K(1)
mr = 0

K
(1)
mθ = εrW

K(2)
mr = 0

K
(2)
mθ = −εrWT

. (7.9.26)

7.9.4.3 Reaction Forces from Dampers

The reaction force f (1) on a damper is

f (1) = χcP · ġ , (7.9.27)

where ġ is the time rate of change of the gap function,

ġ = v(2) − v(1) , (7.9.28)

and P represents a projection as described in Section 7.9.4.1. In particular, P1 is used with
spherical and revolute joints; P2 is used with prismatic and cylindrical joints; and P3 is used with
planar joints. The parameter χc represents the damping coefficient.

The velocities of the insertion points are given by v(i) = ṙ(i) +ω(i)× z(i), where ω(i) is the rigid
body angular velocity. The linearization of f (1) is

Df (1) = εc (P ·Dġ +DP · ġ) , (7.9.29)

where

P ·Dġ =
[
−A B(1) A −B(2)

] 
∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.30)

with
A =

γ

β∆t
P

B(i) = P ·
(

γ

β∆t
ẑ(i) ·TT

(
θ(i)
)

+ ω̂ · ẑ(i)

) . (7.9.31)

Recall that β and γ are the Newmark parameters, and T (θ) is given in (6.3.35). Similarly,

DP · ġ = V ·∆θ(1) , (7.9.32)

where

V =


V1 = 0

V2 =
[(

n(1) · ġ
)
I + n(1) ⊗ ġ

]
· n̂(1)

V3 = −
[(

n(1) · ġ
)
I + n(1) ⊗ ġ

]
· n̂(1)

. (7.9.33)

Combining these results produces

K
(1)
fr = −χcA

K
(1)
fθ = χc

(
B(1) + V

)
K

(2)
fr = χcA

K
(2)
fθ = −χcB(2)

(7.9.34)
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7.9.4.4 Reaction Moments from Torsional Dampers

The reaction moment m(1) arising from a torsional damper is

m(1) = χrP · ω , (7.9.35)

where

ω = ω(2) − ω(1) (7.9.36)

is the angular velocity of body (2) relative to body (1), and P is the projection used in Sec-
tion 7.9.4.1. In particular, P1 is used for joints that cannot undergo relative rotations along any
direction, such as prismatic joints; P2 is used for joints that can rotate freely along a single axis,
such as revolute, cylindrical and planar joints; in addition, P = 0 for spherical joints. The lineariza-
tion of m(1) is

Dm(1) = χr (P ·Dω +DP · ω) , (7.9.37)

where

P ·Dω = C(2) ·∆θ(2) −C(1) ·∆θ(1) (7.9.38)

with

C(i) =
γ

β∆t
P ·TT

(
θ(i)
)
, (7.9.39)

and

DP · ω = W ·∆θ(1) , (7.9.40)

where

W =


W1 = 0

W2 =
[(

n(1) · ω
)
I + n(1) ⊗ ω

]
· n̂(1)

W3 = −
[(

n(1) · ω
)
I + n(1) ⊗ ω

]
· n̂(1)

. (7.9.41)

Combining these results now produces

K(1)
mr = 0

K
(1)
mθ = χr

(
−C(1) + W

)
K(2)
mr = 0

K
(2)
mθ = χrC

(2)

. (7.9.42)

7.9.4.5 Summary of Reaction Forces and Moment in Joints

Joint Spherical Revolute Prismatic Cylindrical Planar Lock
linear spring P1,Q1 P1,Q1 P2,Q2 P2,Q2 P3,Q3 P1,Q1

torsional spring k = 0 k = 1 k = 3 k = 1 k = 1 k = 3

linear damper P1,V1 P1,V1 P2,V2 P2,V2 P3,V3 P1,V1

torsional damper 0,0 P2,W2 P1,W1 P2,W2 P2,W2 P1,W1



7.9. RIGID CONNECTORS 233

7.9.5 Prescribed Joint Forces and Moments

7.9.5.1 Prescribed Force at Joint

When a joint has a translational degree of freedom along n(1), there may be a need to prescribe
the force f along that direction. This means that the reaction force f (1) may be supplemented with
the force f n(1),

f (1) = fn(1) , (7.9.43)

and the linearization produces
Df (1) = −f n̂(1) ·∆θ(1) . (7.9.44)

Thus,

K
(1)
fθ = −f n̂(1) , (7.9.45)

and

K
(1)
fr = K

(2)
fr = K

(2)
fθ = 0 . (7.9.46)

7.9.5.2 Prescribed Moment at Joint

When a joint has a rotational degree of freedom along n(1), there may be a need to prescribe the
moment m along that direction. This means that the reaction moment m(1) may be supplemented
with the moment mn(1),

m(1) = mn(1) , (7.9.47)

and the linearization produces
Dm(1) = −m n̂(1) ·∆θ(1) . (7.9.48)

Thus,

K
(1)
mθ = −m n̂(1) , (7.9.49)

and

K(1)
mr = K(2)

mr = K
(2)
mθ = 0 . (7.9.50)

7.9.6 Prescribed Joint Motion

7.9.6.1 Prescribed Displacement at Joint

When a joint has a translational degree of freedom along n(1), there may be a need to prescribe
the relative displacement d along that direction. This can be achieved by supplementing the joint
reaction force with a force that closes the gap between the current and desired translation,

f (1) = εc

[(
n(1) ⊗ n(1)

)
· g − dn(1)

]
= εc

(
P3 · g − dn(1)

)
, (7.9.51)

where P3 is given in (7.9.17). Then,

Df (1) = DP3 · g + P3 ·Dg + d n̂(1) ·∆θ(1) (7.9.52)
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Using the results of Section 7.9.4.1, the stiffnesses are supplemented with

K
(1)
fr = −εcP3

K
(1)
fθ = εc

(
P3 · ẑ(1) + Q + d n̂(1)

)
K

(2)
fr = εcP3

K
(2)
fθ = −εcP3 · ẑ(2)

. (7.9.53)

7.9.6.2 Prescribed Rotation at Joint

The relative rotation between the rigid bodies is

Q = Λ(2) ·Λ(1)T =
∑
j

e
(2)
j ⊗ e

(1)
j . (7.9.54)

We want it to be equal to a rotation by χ as expressed in the basis e
(1)
j ,

A = exp [χ] . (7.9.55)

We enforce this constraint by requiring that

A ·QT = I . (7.9.56)

We may thus evaluate
R = A ·QT , (7.9.57)

and expect that R = I when the constraint is enforced. Note that RT · R = I because of the
orthogonality of Q and A, i.e., R is always orthogonal, even when the constraint is not enforced.
The axial vector of R may be denoted by ξ, i.e., R = exp [ξ], and the constraint is enforced when
ξ = 0. Therefore, a moment εrξ needs to be prescribed,

m(1) = εrξ . (7.9.58)

Since R is orthogonal, we can linearize it along an increment ∆ξ, DR [∆ξ] = ∆ξ̂ · R, from
which it follows that ∆ξ̂ = DR ·RT with

DR = A ·DQT = A ·
(

∆θ̂
(1) ·QT −QT ·∆θ̂(2)

)
, (7.9.59)

so that
∆ξ̂ = A ·∆θ̂(1) ·AT −R ·∆θ̂(2) ·RT . (7.9.60)

From this expression we get
∆ξ = A ·∆θ(1) −R ·∆θ(2) . (7.9.61)

Thus,
Dm(1) = εr

(
A ·∆θ(1) −R ·∆θ(2)

)
. (7.9.62)

It follows that
K(1)
mr = K(2)

mr = 0 , (7.9.63)

and
K

(1)
mθ = εrA

K
(2)
mθ = −εrR

. (7.9.64)
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7.9.7 Other Rigid Connectors

7.9.7.1 Spring Between Rigid Bodies

Consider a spring between points x(i) on rigid bodies (1) and (2). The spring force is oriented
along n, where

n =
x(2) − x(1)∣∣x(2) − x(1)

∣∣ . (7.9.65)

We may write
L =

∣∣∣x(2) − x(1)
∣∣∣ , L0 =

∣∣∣X(2) −X(2)
∣∣∣ . (7.9.66)

Then, the spring force acting on body (1) is

f (1) = k (L− L0) n = k
(
x(2) − x(1) − L0n

)
, (7.9.67)

where k is the spring constant. It is understood that the special case L0 = 0 produces f (1) =
k
(
x(2) − x(1)

)
. We do not need to use the augmented Lagrangian method here, therefore f (1) =

kc, where

c = x
(2)
n+α − x

(1)
n+α − L0

x
(2)
n+α − x

(1)
n+α∣∣∣x(2)

n+α − x
(1)
n+α

∣∣∣ . (7.9.68)

Since the spring may freely pivot about its insertion point, we let m(1) = 0. Thus,

f (1) = k

x
(2)
n+α − x

(1)
n+α − L0

x
(2)
n+α − x

(1)
n+α∣∣∣x(2)

n+α − x
(1)
n+α

∣∣∣


m(1) = 0

(7.9.69)

and the virtual work associated with this spring is

δG =
[
δr(1) δω(1) δr(2) δω(2)

]


f (1)

ẑ
(1)
n+α · f (1)

−f (1)

−ẑ
(2)
n+α · f (1)

 . (7.9.70)

The linearization of δG may be expressed as

−DδG =
[
δr(1) δω(1) δr(2) δω(2)

]
[K]


∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 , (7.9.71)

where the stiffness matrix is

[K] = kα


P −P · ẑ(1)

n+1 −P P · ẑ(2)
n+1

ẑ
(1)
n+α ·P −ẑ

(1)
n+α ·P · ẑ

(1)
n+1 −ẑ

(1)
n+α ·P ẑ

(1)
n+α ·P · ẑ

(2)
n+1

−P P · ẑ(1)
n+1 P −P · ẑ(2)

n+1

−ẑ
(2)
n+α ·P ẑ

(2)
n+α ·P · ẑ

(1)
n+1 ẑ

(2)
n+α ·P −ẑ

(2)
n+α ·P · ẑ

(2)
n+1

 , (7.9.72)

with

P =

(
1− L0

Ln+α

)
I +

L0

Ln+α
nn+α ⊗ nn+α . (7.9.73)
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7.9.7.2 Damper Between Rigid Bodies

Consider a damper (e.g., a dashpot) inserted between points on two rigid bodies. The force
generated by this dashpot is

f (1) = εcċ . (7.9.74)

where ċ is the relative velocity between insertion points,

ċ = v
(2)
n+α − v

(1)
n+α . (7.9.75)

This relative velocity is related to the rigid body degrees of freedom by

x
(i)
n+α = r

(i)
n+α + z

(i)
n+α

v(i)
n = ṙ(i)

n + ωn × z(i)
n

v
(i)
n+1 = ṙ

(i)
n+1 + ωn+1 × z

(i)
n+1

v
(i)
n+α = αv

(i)
n+1 + (1− α) v(i)

n

. (7.9.76)

Since the dashpot may freely rotate about its insertion points, we set m(1) = 0. It follows that

f (1) = εc

(
v

(2)
n+α − v

(1)
n+α

)
m(1) = 0

, (7.9.77)

and the virtual work resulting from the dashpot is

δG =
[
δr(1) δω(1) δr(2) δω(2)

]


f (1)

ẑ
(1)
n+α · f (1)

−f (1)

−ẑ
(2)
n+α · f (1)

 . (7.9.78)

The linearization of δG may be written as

−DδG =
[
δr(1) δω(1) δr(2) δω(2)

]
εcα


A −B(1) −A B(2)

ẑ
(1)
n+α ·A −ẑ

(1)
n+α ·B(1) −ẑ

(1)
n+α ·A ẑ

(1)
n+α ·B(2)

−A B(1) A −B(2)

−ẑ
(2)
n+α ·A ẑ

(2)
n+α ·B(1) ẑ

(2)
n+α ·A −ẑ

(2)
n+α ·B(2)




∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 ,

(7.9.79)
where

[K] = εcα


A −B(1) −A B(2)

ẑ
(1)
n+α ·A −ẑ

(1)
n+α ·B(1) −ẑ

(1)
n+α ·A ẑ

(1)
n+α ·B(2)

−A B(1) A −B(2)

−ẑ
(2)
n+α ·A ẑ

(2)
n+α ·B(1) ẑ

(2)
n+α ·A −ẑ

(2)
n+α ·B(2)

 , (7.9.80)

and
A =

γ

β∆t
I

B(i) =
γ

β∆t
ẑ

(i)
n+1 ·T

T
(
θ(i)
)

+ ω̂n+1 · ẑ(i)
n+1

. (7.9.81)
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7.9.7.3 Contractile Force Between Rigid Bodies

Consider a contractile force between points x(i) on rigid bodies (1) and (2). The force is oriented
along n, where

n =
x(2) − x(1)∣∣x(2) − x(1)

∣∣ . (7.9.82)

Let L =
∣∣x(2) − x(1)

∣∣ and L0 =
∣∣X(2) −X(2)

∣∣, so that the contractile force acting on body (1) is
given by

f (1) = f0n =
f0

L

(
x(2) − x(1)

)
. (7.9.83)

We do not need to use the augmented Lagrangian method here, thus

f (1) = f0
x

(2)
n+α − x

(1)
n+α∣∣∣x(2)

n+α − x
(1)
n+α

∣∣∣
m(1) = 0

(7.9.84)

where we assume that the contractile force pivots freely at the rigid body insertiones. The virtual
work resulting from this contractile force is thus

δG =
[
δr(1) δω(1) δr(2) δω(2)

]


f (1)

ẑ
(1)
n+α · f (1)

−f (1)

−ẑ
(2)
n+α · f (1)

 , (7.9.85)

and its linearization is

−DδG =
[
δr(1) δω(1) δr(2) δω(2)

]
[K]


∆r(1)

∆θ(1)

∆r(2)

∆θ(2)

 . (7.9.86)

Here, the stiffness matrix is given by

[K] = α
f0

Ln+α


P −P · ẑ(1)

n+1 −P P · ẑ(2)
n+1

ẑ
(1)
n+α ·P −ẑ

(1)
n+α ·P · ẑ

(1)
n+1 −ẑ

(1)
n+α ·P ẑ

(1)
n+α ·P · ẑ

(2)
n+1

−P P · ẑ(1)
n+1 P −P · ẑ(2)

n+1

−ẑ
(2)
n+α ·P ẑ

(2)
n+α ·P · ẑ

(1)
n+1 ẑ

(2)
n+α ·P −ẑ

(2)
n+α ·P · ẑ

(2)
n+1

 , (7.9.87)

where
P = I− nn+α ⊗ nn+α . (7.9.88)

7.10 Rigid-Deformable Coupling

In FEBio deformable bodies can be coupled with rigid bodies [56]. At these rigid-deformable
interfaces, the coupling of nodal degrees of freedom of deformable elements that attach to rigid
bodies requires a modification of the global stiffness matrix and residual vector. This section
describes the coupling between rigid and deformable bodies.
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The position of a node shared by any number of deformable finite elements is denoted by x
in the current configuration. If the node belongs to one or more deformable elements but is not
connected to a rigid body, then x is given in terms of the nodal displacement u by (2.3.2); the cor-
responding nodal virtual velocity is δv and the linearization of x along an incremental displacement
is denoted by ∆u.

The contribution to the virtual work of the nodal force fa at node a is given by

δG = δva · fan+α , (7.10.1)

whera δva is the virtual velocity of node a and fan+α is the global nodal force, evaluated at the
intermediate time tn+α as fan+α = αfan+1 + (1− α) fan . The linearization of this virtual work along
the incremental displacement ∆ub of node b is

DδG = −αδva ·Kab ·∆ub, (7.10.2)

where Kab =
(
∂fa/∂xb

)
n+1

is the contribution to the global stiffness matrix from the interactions
of the degrees of freedom of nodes a and b.

Now we consider the cases when either node a, or node b, or both, are attached to a rigid
body. Our objective is to determine how to modify the global residual vector and stiffness matrix
to account for the coupling of deformable and rigid body degrees of freedom.

When node a is attached to rigid body a, its position is given in terms of that rigid body’s
degrees of freedom by the general relation (6.3.18). The corresponding virtual velocity is given in
(7.9.4), reproduced here as

δva = δra − ẑan+α · δθa , (7.10.3)

where zan+α = Λa
n+α · Za is the position of node a relative to the center of mass of rigid body a,

at the intermediate time tn+α. Now, the contribution of the global nodal force fan+α to δG must be
modified from (7.10.1) according to

δG = δva · fan+α =
[
δra δθa

] [ fan+α

ẑan+α · fan+α

]
. (7.10.4)

In other words, the displacement degrees of freedom of node a should be eliminated from the
global system of equations and replaced with the translation and rotation degrees of freedom of
rigid body a. The force vector fan+α should be made to contribute to the translation degrees of
freedom of the center of mass of rigid body a, whereas the moment zan+α× fan+α should contribute
to the rotation degrees of freedom of the rigid body.

When node b is connected to rigid body b, the incremental displacement ∆ub should be re-
placed with the rigid body incremental motions,

∆ub = ∆rb − ẑbn+1 ·∆θb . (7.10.5)

Now, the contribution Kab to the global stiffness matrix needs to be modified from (7.10.2) accord-
ing to the three possible cases:

• Node a belongs to rigid body a, node b belongs to flexible elements only,

DδG = −α
[
δra δθa

] [ Kab

ẑan+α ·Kab

] [
∆ub

]
. (7.10.6)

• Node b belongs to rigid body b, node a belongs to flexible elements only,

DδG = −α [δva]
[

Kab −Kab · ẑbn+1

] [ ∆rb

∆θb

]
. (7.10.7)
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• Node a belongs to rigid body a, node b belongs to rigid body b,

DδG = −α
[
δra δθa

] [ Kab −Kab · ẑbn+1

ẑan+α ·Kab −ẑan+α ·Kab · ẑbn+1

] [
∆rb

∆θb

]
. (7.10.8)
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Chapter 8

Optimization

This chapter describes the theoretical framework of FEBio’s optimization module. This module
can be used to optimize model parameters (like material parameters, or load values) in order to
achieve an objective. The objective is generally the minimization of the objective function, to be
introduced below.

8.1 The Objective Function

The objective function, which is to be minimized, can be defined as follows,

ϕ (a) =

n∑
i=1

[yi − f (xi; a)]2 .

Here, the (xi, yi) are user-defined data pairs and f (x; a) is the function that extracts the corre-
sponding data from the model. The optimization module tries to find the model parameters a that
minimize the function ϕ. It does this by repeatedly evaluating the function y, which will usually call
FEBio to solve a forward FE problem.

8.2 The Levenberg-Marquardt Method

One of the methods that is currently implemented in FEBio’s optimization method is the con-
strained Levenberg-Marquardt method via the levmar library. (see http://users.ics.forth.gr/

~lourakis/levmar/ for more information on this library.)
The Levenberg-Marquardt method is a numerical algorithm that minimizes a function that is

defined as a sum of squares of nonlinear functions, i.e. the objective function as defined above. It
combines the steepest-descent method with a Gauss-Newton method to find the parameters that
minimize the objective function.

The LM method requires a set of measured values (xi, yi) and an initial guess for the a vector.
It then tries to find a better estimate for a by replacing it with a + δ. The function f(xi; a + δ) is
linearly approximated.

f (xi; a + δ) ≈ f (xi; a) + Jiδ

where Jiis the Jacobian of f with respect to δ. Substituting this in the objective function and
minimizing with respect to δ leads to,
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(JTJ)δ =JT(y − f(a))

where y is the vector of yi,and f is the vector of f(xi;a).
The main idea of the LM method is to replace this linear equation with the following.

(JTJ+µ(JTJ)ii)δ =JT(y − f(a))

Here, µis a damping parameter that is controlled by the algorithm. When µis small, the method
approximates Gauss-Newton, when µis large it is closer to a steepdest-descent method. The
algorithm will modify try to modify µsuch that an improvement to the parameter vector a can be
found in each iteration. The method will terminate when the value of the objective function falls
below a user-specified tolerance (the obj tol parameter in FEBio).

The evaluation of the Jacobian requires evaluating the derivatives of f with respect to a. These
derivatives are approximated via forward difference formulas. For example, the k-th component of
the gradient is approximated as follows.

∂f

∂ak
≈ 1

δak
[f (a1, · · · , ak + δak, · · · , am)− f (a1, · · · , ak, · · · , am)]

The value for δakis determined from the following formula.

δak = ε (1 + ak)

where, ε is the forward difference scale factor (the fdiff scale option in FEBio). In FEBio, the
initial value for the damping parameter µcan be set with the tau parameter.
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