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Chapter 1

Continuum Mechanics of Elastic
Reaction-Diffusion Analyses

1.1 Introduction

This document details the theoretical background for the elastic reaction-diffusion solver plugin in
FEBio. This plugin was developed to simplify aspects of the biphasic, triphasic, and multiphasic
solvers in FEBio. The plugin was specifically motivated to model kinematic growth where growth
is driven by the production of chemical species.

Chapter 1 details the theoretical background, assumptions, and governing equations for the
physics solved by this plugin. Chapter 2 details the linearization and discretization of the gov-
erning equations for implementation in finite element code. An appendix is included that details
mathematical prerequisites for the tensor algebra and calculus.

1.2 Elastic Reaction-Diffusion Analyses

This manual details the theory behind the elastic reaction-diffusion solver plugin for FEBio. This
document builds on the main FEBio manual (in particular, the multiphasic module). Elastic reaction-
diffusion materials represent a simplification of the biphasic-solute and multiphasic materials,
where there is no explicitly modeled porous media or fluid phase. Solid mechanics and chemi-
cal reaction-diffusion kinetics are formulated to be nearly independent of each other aside from
additional user-defined constitutive relations where implicit feedback between stress/strain and
chemical processes are defined. This approach is justified when there is a large difference in time
scales between displacements associated with solid mechanics and those associated with solute
transport and chemical kinetics (a common assumption of kinematic growth theory [1]). Addition-
ally, this approach introduces the assumption that the entire solid mass may turn over at each new
time step, resulting in a new reference configuration defined by new extensive material properties
(volume, shape, etc.) but constant intensive material properties (solid density, solute concentration
and diffusivity, etc.).

Elastic reaction-diffusion analyses deviate from biphasic-solute and multiphasic analyses by
assuming that solute concentrations ¢, fluxes j¢, diffusivities d*, and kinetic parameters ky, ky, ¢
are tracked only in an intensive sense (i.e., volumetric changes due to strain do not affect the
apparent concentration or related parameters). This treatment introduces implicit sources of ex-
tensive quantities such as mass and energy which either 1) have negligible contributions when



CHAPTER 1. CONTINUUM MECHANICS OF ELASTIC REACTION-DIFFUSION ANALYSES 4

volumetric changes occur at a much longer time scale than chemical transport and kinetics, and/or
2) may be accounted for by implicit variables. Similar reasoning is used to justify the removal of
porosity, hydraulic permeability, and fluid pressure (p). In the absence of fluid field variables, only
isotropic diffusivity is introduced for the time being. One last distinction from biphasic and multi-
phasic materials is that standard thermodynamic conditions are assumed throughout the analysis
(i.e., solutes behave ideally). Any deviations from standard conditions may be implicitly accounted
for when specifying the average material and constitutive behaviors during an analysis. Charged
species are similarly not accounted for in this framework.

This analysis should not be used when modeling electrochemistry or short-time mechano-
chemical phenomena (e.g. osmotic pressure, non-negligible solute volume fractions, convection).
The user is responsible for ensuring that these assumptions are appropriate for a given problem.

1.2.1 Governing Equations

The governing equations adopted in this finite element implementation of neutral solute transport
in porous media are based on the framework of mixture theory [3| [7]. The fundamental mod-
eling assumptions adopted in this treatment are quasi-static conditions for momentum balance
(negligible effects of inertia), intrinsic incompressibility of all constituents (invariant true densities),
isothermal conditions, negligible volume fraction of solute relative to the solid and solvent, and
negligible effects of solute viscosities (friction between similar and dissimilar solutes) relative to
frictional interactions between solutes and the solid matrix. These assumptions are often made in
studies of biological tissues and cells with the additional simplification that frictional interactions do
not arise between the solutes and the solvent (in contrast to biphasic, biphasic-solute, triphasic,
and multiphasic material formulations).

Chemical species are treated as solutes that do not contribute directly to the solid matrix prop-
erties (as solid bound molecules do in the multiphasic module). Non-diffusing species may be
modeled by setting the diffusivity d* ~ 0 (as of now, numerical errors emerge when setting 0
diffusivity so low values are recommended instead). The motion of the solid matrix is described
by the displacement vector u while solute concentrations are described by ¢*. The solid stress
is described by the Cauchy stress tensor o. Under the established assumptions, it is common to
solve the equations of motion associated with the solid mechanics and chemical kinetics sepa-
rately before superimposing the chemical solution onto the mesh solved by the elastic equations
of motion. The conservation of mass and linear momentum for the solid respectively reduce to

D

Fi = pdivv, (1.2.1)

D
p?‘t[ — divo = 0. (1.2.2)

The balance of mass and linear momentum for a solute « is given by
90" | div (p0v®) = 5, (1.2.3)
ot

—p®grad g% — £ - (v* —v?) —f . (v* —v¥) =0. (1.2.4)

where p® = M%c* is the density, M is the (invariant) molecular weight, i is the mechano-
chemical potential,v® is the velocity, and f**,f** are the diffusive drag tensors representing mo-
mentum exchange via frictional interactions between a given solute and the solid (o, not bolded)
and implicit solvent (w)([4]). We assume that diffusive drag terms between solutes are negligible.
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The mechano-chemical potential is the sum of the mechanical and chemical potentials. The
chemical potential u* represents the rate at which the mixture free energy changes with increasing
mass of . From classical physical chemistry, the general form of a constitutive relation for the
chemical potential is u® = pf (6)+(RE/M“)Ina® [6], where R is the universal gas constant, ¢ is the
absolute temperature, M is the molecular weight (invariant) and a“ is the activity of constituent
a (a non-dimensional quantity); p§ (0) is the chemical potential at some arbitrary reference state,
at a given temperature. As previously outlined in the FEBio manual (Biphasic-Solute governing
equations), a® = y*c*/r%f = ¢*/k%cy where c{ is the solute concentration in some standard
reference state (an invariant, typically ¢f = 1M), v* is the non-dimensional activity coefficient
(deviation from ideal physico-chemical behavior [6]), and solubility due to the fraction of the pore
space which is accessible to the solute. For the elastic-solute materials, we assume both ideal
physico-chemical behavior, and no exclusion of the interstitial space of the porous solid matrix
throughout the analysis (i.e., Vt > 0R® = kK =% = 1).

In an elastic solute material,the mechano-electrochemical potential of each solute is simplified

to
o a RO c
At = pg (0) + e <ln CS‘) . (1.2.5)
The gradient of the mechano-chemical potential gives
grad % = il grad c®
Meco
(1.2.6)
R6 o
= —gradc

For elastic-solute analyses, we assume that the fluid convection over the timescale of solid de-
formation is negligible (i.e., w = v* — v &~ 0) which implies vZ = v* (which is justified when
assuming that v represents the average solvent velocity over large time-scales). Thus, the re-
sulting balance of linear momentum becomes

—ROgradc® — (£ + £*%) . (v® — v*) = 0. (1.2.7)

This expression can be formulated in terms of the solute molar flux (j* = ¢* (v® — v?)) and the
effective diffusivity d* = Rfc™ (f*7 + £2¥) ™!, Fick’s first law is recovered by multiplying ¢ (f@*) ™!
into the above expression:

j¢=—-d%gradc¢*. (1.2.8)

This form of the mass balance for the solute is convenient for a finite element formulation where
the mesh is defined on the solid matrix.

1.3 Chemical Reactions

Chemical reactions are incorporated into the mixture through the mass supply term 5% (and thus ¢*).
This section details the treatment of chemical species and their kinetics.

1.3.1 Solutes

In chemistry, solute content is often represented in units of molar concentration (moles per fluid
volume). It follows that solute molar concentration ¢ and molar supply ¢* are related to p® and p®
via

o= P (1.3.1)
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The molar flux of constituent « relative to the solid is given by

= (v =V (1.3.2)

1.3.2 Mass Action Chemical Kinetics

Productions rates are described by constitutive relations which are functions of the state variables.
In a biological mixture under isothermal conditions, the minimum set of state variables needed to
describe reactive mixtures that include a solid matrix are: the (uniform) temperature 6, the solid
matrix deformation gradient F (or related strain measures), and the molar content ¢* of the various
constituents. This set differs from the classical treatment of chemical kinetics in fluid mixtures by
the inclusion of F (of which we treat differently here than in the multiphasic module).

Consider a general chemical reaction,

Z VRt — Z vpet, (1.3.3)

where v and v$ represent stoichiometric coefficients of the reactants and products, respectively.
Since the molar supply of reactants and products is constrained by stoichiometry, it follows that all
molar supplies ¢ due to chemical reactions i € » may be related to production rates ¢; according
to

& =12, (1.3.4)

o —
where v{* represents the net stoichiometric coefficient for o
vy = VIOSJ» - 1/]%72-. (1.3.5)
The production rate (; for mass-action forward reactions is given by :
G=ki[] (e (1.3.6)
a

The total molar supply is given by the summation

=Y v (1.3.7)
From the main FEBio theory manual, it follows in general that ¢ = V(.

1.3.3 Hill-Type Chemical Kinetics

An alternate set of chemical kinetics is introduced with Hill-type equations where species «a is
activated (denoted by Boolean operator —) by species 3. The Hill-type equation has the form:

B (cﬁ)n

fog = B () (1.3.8)
EC’ it —1
= 0 _— - (1.3.9)

K=(B-1)Y", (1.3.10)



CHAPTER 1. CONTINUUM MECHANICS OF ELASTIC REACTION-DIFFUSION ANALYSES 7

n—1

where n is the Hill coefficient and ECZ, " is the concentration or activity level ¢® at which the
production of ¢ becomes half maximal. Inhibition of species a by a tertiary species ~ is given
through the Boolean NOT operation, i.e.,:

o =1-f.. (1.3.11)

When a species « is simultaneously activated and/or inhibited by multiple species, the net Hill
equation is achieved through the Boolean AND operation (denoted by Boolean operator A):

POy = F61% (13.12)

~

The (normalized) molar production rate for a chemical species is given by setting v* = 1, ¢; =

k2, 1.,
& =kuf. (1.3.13)

1.4 Kinematic Growth

The motivation to develop the elastic reaction-diffusion solver plugin was to model kinematic
growth driven by chemical species production without considering fluid pressure, poroelastic-
ity/permeability, or electrochemistry. Kinematic growth (KG) theory is a framework to model tissue
expansion and contraction which may be related directly to any state variable. This is an alterna-
tive framework to constrained mixture theory (CMT) which is included in the main FEBio release.
Unlike CMT, KG may be modeled as an open system where supplies and sinks of mass or en-
ergy may be implicitly available (or negligible on the time scale of growth which occurs over days
to years). Kinematic growth is computationally simpler than CMT as it does not require tracking
of multiple reference configurations, pre-stretches, and generations of each mixture constituent.
Instead, KG assumes that the deformation gradient F may be multiplicatively decomposed into a
growth contribution F9 and elastic contribution Fe:

F = F°FY . (1.4.1)

The growth deformation tensor maps the reference configuration €2 into an intermediate “stress-
free” configuration €2.in which material elements (points, lines, areas, volumes) may overlap. The
elastic deformation tensor then maps from the intermediate configuration into the current con-
figuration © which accounts for both the residual stresses needed to resolve overlaps between
adjacent material elements, as well as any externally imposed boundary conditions that occur in
a traditional solid analysis. The growth tensor is postulated as a function of a state variable and
is often constrained to assume an orthogonal, symmetric positive definite tensor with a growth
stretch ¥9; along each principal direction:

N
F9 = Z 19¢I107Z‘ ®Xmng,;, (1 42)
=1

where ng ;is the orientation of each principal direction in the reference configuration. Typically,
growth is modeled as line-type, area-type, or volume-type given by:
I+ [0 —1] n| Qn line-type: (N = 1), ¥; = ¥; n| =mng;
FI = VOI + [1 — \/ﬂ n; ®n,; area-type: (N =2), 91,92 =v;n; =ng3 . (1.4.3)
91/31 volume-type: (N = 3), 91, 99,93 = 0
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Note that we only consider “isotropic growth” where the growth stretch along any growing direction
is the same but is 1 for non-growing directions. The stretch may be defined as a function of time or
as a function of another variable. Often, the rate of growth is posited instead of the growth stretch
which is solved by iterative methods. The rate of growth has the general form

U =k(0)p(e), (1.4.4)

where k(¥) is a function that bounds the solution to prevent uncontrollable growth/contraction and
¢(e) is the function that depends on the posited variable of interest. We implement k() as the
bandpass function:

1 1
o (s (o)

where ¢, determines the width of the bandpass, and ~ controls the rate of transition from the lower
bound¥minto the upper bound ¥max. Most commonly, ¢(e) has been formulated as a function of
stress, strain, or one of their invariants. We focus instead on ¢ (¢*) such that growth emerges from
changes in chemical a species « while accounting for its history since the reference configuration.
Currently, a simple relation is supported:

dc®

YY) = g—— 1.4.6
where g is a constant scalar.

The unknown deformation gradients Fand FY are solved by postulating F¢ , solving the elastic

stress S¢ due to F¢ in the intermediate configuration Q. that results from an increment in nodal

displacements u, and then performing the appropriate push-pull operations. It is useful to note the

following quantities that are derived from the deformation gradients:
J=detF=JeJ9, Je=detF¢, J9=detF9, (1.4.7)

C=F'F =F/FTFFI, C°=FFT, C°=FF, (1.4.8)

where J, J¢, J9 are volume ratios and C, C¢, CY are right Cauchy-Green deformation tensors. The
elastic stress is determined from:

owe
€ = ) 4.
S¢=2 50 (1.4.9)
A pull-back operation provides the (referential) 2nd Piola-Kirchhoff stress:
S=J9F91.8¢.F9 T (1.4.10)
while a push-forward operation provides the Cauchy stress:
1 T 1 T
c=-F S F'=_F .8 F7. (1.4.11)

J Je



Chapter 2

Linearization and Discretization of the
Nonlinear FE Method

The chapter begins with a short introduction to the weak formulation for the physics described in
The linearization and discretization of the general weak form are demonstrated in Next,
tangents for kinematic growth analyses are introduced in [2.2|Finally, the tangents for chemical
kinetics are presented in[2.3

2.1 Weak Formulation for Elastic Reaction-Diffusion Materials

The virtual work integral for a mixture of intrinsically incompressible constituents combines the
balance of momentum for the mixture, the balance of mass for the mixture, and the balance of
mass for each of the solutes.

For the elastic reaction-diffusion materials, it is assumed that there is a large difference in time
scales between displacements and solute transport and kinetics (such as during some growth
and remodeling simulations). The first consequence of this is that solute ¢“concentrations, so-
lute flux j¢, and diffusivity d* are unaffected by volumetric changes (i.e., J) or rotation. Thus,
unlike the multiphasic module, interactions between solid displacements and concentration dis-

placements (%,@,Da, 507, f?—,’%,j;,etc.) are not evaluated unless otherwise stated. The second

consequence is that fluid pressure (p,p) and solute convection are assumed to be negligible
<as arelC, K, l}’c, %, w,, wg>. Finally, standard thermodynamic conditions are assumed through-
out the analysis such that the activity coefficient, effective solubility, partition coefficient, osmotic
coefficient, and diffusivities are constant (i.e.,w, RORY =1, @ =0, 940 0 ! do — 0). We
leave the possibility that the stress/strain and solute concentrations may contain interaction terms
<e.g.,ag, g8 oc Ok CE> may be non-zero under certain kinematic growth relations. This analysis
should not be used if modeling electrochemistry or short-time mechano-chemical phenomena are
desired (e.g. osmotic pressure, non-negligible solute volume fractions, convection).
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The virtual work integral simplifies to:
W =0G
/5V div o dv

—I—Z/(Sc [ c® —|—d1v‘]}dv,

where v is the virtual velocity of the solid, dc® is the virtual molar energy of solute «, and /G is
the Gibb’s free energy (due to chemical reactions). Here, b represents the mixture domain in the
spatial frame and dv is an elemental volume in b. The Gibb’s free energy is given by

0G=>" Z /bac%g“ dv. (2.1.2)

Applying the divergence theorem, W may be split into internal and external contributions to the
virtual work, 0W = §Weyt — Wint, Where

(2.1.1)

Wit = 6G
:6d*d
* /b 7 ! (2.1.3)
+)° / o - grad oc® — 5 22| d
e ) J - gra C C Dt v,
and the external work is given by
SWext = / [5v~t+25caj;;] da. (2.1.4)
ob

In these expressions, §d* = (grad 6v + grad” §v) /2 (not to be confused with diffusivity tensors
d®), 0b is the boundary of b, and da is an elemental area on 0b. In this finite element formulation,
u and ¢* are used as nodal variables, and essential boundary conditions may be prescribed on
these variables. Natural boundary conditions are prescribed to the mixture traction, t = o - n and
normal solute flux j& = j* - n, where n is the outward unit normal to 0b.

2.1.1 Linearization along Au

Linearization of the elastic reaction-diffusion module is symbolically given by

SW + DSW [Au] + Y~ DSW [Ac®] = 0. (2.1.5)

The linearization of the first term in §W,; along Au yields
D(S:0k)[Au] dV = [6d°: C: Ae + o : (grad” Au- graddv)] dv, (2.1.6)
where C is the spatial elasticity tensor of the solid,

C=J'FoF]:C: [FToF"], (2.1.7)
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where Cis the material elasticity tensor of the mixture.
The second term is given by

D (J* - Grad 0c*) [Au] dV =0, (2.1.8)

where it is assumed that concentration is unaffected by deformation and molar flux is unaffected
by rotation.
The third and fourth terms are given by:

D (5caac> [Au] dV =0, (2.1.9)
ot
DG [Au] dV = 0. (2.1.10)

2.1.2 Linearization along Ac¢”

The linearization of the first term in §Wj,; along Ac” yields
D(S:éE) (A dV = 0. (2.1.11)
The second term is

D (3% - Grad 0c®) [Ac"] dV = 04 grad 6¢* - d® - grad Ac” dv, (2.1.12)

where d. is the Kronecker delta suchthata =y =+ 0 =0, a #v = d =0.
The third term is 5 5
cOz
D —6c* ) [A” =6c*—-TAT dv. 2.1.1
<6t56>[c]dv oc At ¢’ dv ( 3)
where we similarly used a backward difference scheme to discretize the time derivative.
The final term is

psa (A dV =Y / 500‘%Ac7dv, (2.1.14)
a A b

where the terms 0¢§* /0c™ depends on the specific reaction kinetics (see [2.3).

2.1.3 Linearization of External Virtual Work

The linearization of §Wey depends on whether natural boundary conditions are prescribed as
area densities or total net values over an area. Thus, in the case when t da (net force) or joda
(net molar flow rate) are prescribed over the elemental area da, there is no variation in §Wey and
it follows that DdWey = 0. Alternatively, in the case when t or ;& are prescribed, the linearization
may be performed by evaluating the integral in the parametric space of the boundary surface 0b,
with parametric coordinates (n',7?). Accordingly, for a point x (n*,7?) on 9b, surface tangents
(covariant basis vectors) are given by

8o =5 o (a=1,2) (2.1.15)

ne’
and the outward unit normal is

n— 8LX8 (2.1.16)
’gl Xg2’
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The elemental area on dbis da = |g1 x g2| dn'dn?. Consequently, the external virtual work integral
may be rewritten as

aF£s,w

Wt z/ (5V-t + Z 6c5% | g1 x go| dntdn?, (2.1.17)
ob

The directional derivative of ey may then be applied directly to its integrand, since the paramet-
ric space is invariant [2].

If we restrict traction boundary conditions to the special case of normal tractions, then t = t,,n
where t,, is the prescribed normal traction component. Then it can be shown that the linearization
of 0Wex along Au produces

D@Wmnqu/ bov+ Y jen -Cm“

0Au
. ant X g2 + g1 X ) dptdn®. (2.1.18)

On?

aFs,w

The linearizations along Ac” reduces to zero, D (6Wext) [Ac?] = 0.

2.1.4 Discretization

To discretize the virtual work relations, let

ov = i Nybvy, Au= i NyAuy ,

a=1 b=1 (2.1.19)

m m
oc* = Z Nyocy, A = Z NyAcy
a=1 b=1

where N, represents the interpolation functions over an element, dv,, 6¢c2, Au,, and Ac, respec-
tively represent the nodal values of §v, dc*, Au, and Ac”; m is the number of nodes in an element.
The discretized form of 6Wj,; may be written as

©) ry
ne Mint m o
Wit =>_ > Widyd [ 0va 6§ - bl ]-| |, (2.1.20)
e=1 k=1 a=1

NI

where n. is the number of elements in b, ni(rft) is the number of integration points in the e—th
element, W, is the quadrature weight associated with the k—th integration point, and J,, is the
Jacobian of the transformation from the current spatial configuration to the parametric space of

the element. In the above expression,

r, =0 -grad N,,
(2.1.21)

a

aa
re :ja.gradNa—Naé—{—NaZé?,
A

and it is understood that ., r%, and r¢ --- 74 are evaluated at the parametric coordinates of the
k—th integration point. Since the parametric space is invariant, time derivatives are evaluated
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in a material frame. For example, the time derivative DJ (x,t) /Dt becomes 9.J (n,t) /Ot when
evaluated at the parametric coordinates n, = (n},n7,n;) of the k—th integration point. All time
derivatives are discretized using a backward difference scheme.

Similarly, the discretized form of DoWint = DdWint [Au] + > DéWint [Ac?] may be written as

(@) Iljgl?f llzgl? T lgg% iub
ne int m m gzu gza . o B
DéWin =3NS Widy 30 [ bva deg o sy | T T
e=1 k=1 a=1 b=1 “/u fya & % . .,
Koy Koy 0 Koy Acy
(2.1.22)
where the terms in the first column are the discretized form of the linearization along Au:
Ky =grad N, - C - grad Ny, + (grad N, - o - grad N) I, (2.1.23)
a =0, (2.1.24)

The terms in the remaining columns of the stiffness matrix are the discretized form of the
linearization along Ac¢”:

ur = Nyoo!, - grad N, , (2.1.25)
kg = —6ay grad Ny - d* - grad Ny — N, Nb SN, Nb (2.1.26)
The discretization of 61y has the form

© Nyty,n

ne Mint Najg
Wea =YY _ Wi, Z [ 6ve 6c% -+ ded |- ) : (2.1.27)

e=1 k=1 .
Najn

where J,, = |g1 x go|. The summation is performed over all surface elements on which these
boundary conditions are prescribed. The discretization of — D§Wey: has the form

© Koy kg o kZ; Au,
ne Mint m m Kkou oo .. LY Aco
—DWeyt = Z Z Wi, Z Z 5Va @ - 8] ] ) Cfb tfb ' c?b . . b 7
e=1 k=1 a=1 b=1 : : T : :
KR R A
(2.1.28)

where ON ON
b b
ab_tnNA{a 782 — 8172%1}7

o =o.

(2.1.29)

In this expression, A {v} is the antisymmetric tensor whose dual vector is v (such that A{v} -q =
v x q for any vector q).
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2.2 Linearization and Discretization of Kinematic Growth Materials

2.2.1 Linearization of Kinematic Growth materials along Au

For kinematic growth, additional linearization since the stress may be considered a function of
Fand FY (i.e., S (F,FY)). The material elasticity tensor of the mixture now becomes:

dS
=2—=C4+C". 2.2.1
C=2 e C°+C ( )
The elastic contribution is given by:
g
Ce = 285(;?(’31?) =J9F ' oF Lo [FO TR T (2.2.2)
F9

where LL¢is the elasticity tensor that arises due to elastic deformation when observed from the
stress-free intermediate configuration given by:

0S¢
Le=2 2.
50 (2.2.3)
Y
The growth contribution is given by [5]:
0S(C, ) OFY o)
9 — . -
Cr=2| or | P e (2.2.4)
The first term is given by
aS -T —1 -1 -1 —1 1 e =T e e -T
ops ~ SOFT - [FT oS+ SOF | - S [F o R S [FTT 0 C + C o R
(2.2.5)
The second term is given by
OFY n!l @ nll line-type growth
99 )l T-nt®nl] areat rowth (2:2.6)
m[—n ®nt| area-type grow

The third term involves evaluating the growth scalar ©. When the evolution of the growth scalar
is formulated as ¥ = di/dt, the growth stretch is evaluated in a local Newton iteration with the
residual R and its tangent K:

R=1 -1, —JAt, (2.2.7)
K= gi; =1- Atgg : (2.2.8)
gg _ ¢(ea)3’;§f) + k() a¢;ga) . (2.2.9)
The function ¢ (¢)is independent of ¢. Thus, the tangent simplifies to:
K =1- At (%) Okt) (2.2.10)

o
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The residual is evaluated w.r.t. C and rearranged to solve for %

oRrR  0v o,
— =———=At 2.2.11
oC  0C 0C ( )
o9 8l k() 89 D¢ (™) D
27 A= — 2.2.12
ac ~ ac™ [¢ () =55 ac T "5a e | A ( )
99 k(9)At 9 (¢) Be
— = e 2.2.1
oC K ocx 9C ( 3
Here, we define the terms
dp(¢™)  [2) o —growth species (2.2.14)
PR o # growth species o
I+, _ 994
O0k(V)  Jmax xp (_ v ) oxXp ( v ) 5915
o0 R 90,1\ | (2.2.15)
(tre(-252))" (1+em(-252))
o ac ajfa
== > e, (2.2.17)
o 0G 0 Morphoelastic growth
7i(s) Mechanosensitive grow
Terms pertaining to chemical reactions are expanded in[2.3]
The linearization of the first term in §Wj,; along Au yields:
D (S:08) [Au] dV = [5a": € : Ae + o ¢ (grad” Au-graddv)] dv, (2.2.19)

The second and third terms remain unchanged. The final term is given by
DG [Au) dV =Y / b [ Ae] dv=3"3 v / 5 [g : As] . (2.2.20)
a b « % b

The formulations for ¢. ; and Cm depend on the reaction kinetics as detailed in .

2.2.2 Linearization of Kinematic Growth materials along Ac¢”

The linearization of the first term in §W,; along Ac” yields
D(S:6B) [Ac]aV = Ac" (o, : 3d°) dv, (2.2.21)

where o7 is generally zero except for cases where chemical kinetics are mechanosensitive (de-
pendent on the stress or strain). In this case,

os

YA
5o FL (2.2.22)

o/ =J'F-
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where symmetric growth tensors yield the expression

oS 9S OFI 99

dcv ~ F9 99 O’ (2.2.23)

29 09 9V & A (¢7)
_ v oe , 2.2.24
oY oY 0¢éY OcY (V) ocY ( )

The remaining terms are unchanged.

2.2.3 Discretization of Kinematic Growth materials

The discretization for kinematic growth materials requires altering a few terms from the elastic
reaction-diffusion discretization in
The discretized form of previously zero-valued stiffness matrix contributions become:

kot = N, »_e2; - grad Ny dv, (2.2.25)

and
kU = Nyol, - grad N,. (2.2.26)
2.3 Tangents for Linearization and Discretization of Chemical Reac-

tions

2.3.1 Tangents that arise during the linearization along Au

For the case of stress-dependent concentration kinetics we have

DG [Au] =Y /b S (e Ael dv =33 v /b 5 [c : AE] v (2.3.1)

where X
e => v, (2.3.2)
. aé,
T - ] 2 .
Cor = 52 (2.3.3)

are the tangent of the reaction rate to the strain which depend on the specific reaction. This
tangent is zero unless there is a stress- or strain-dependent relationship. For stress-dependent
kinetics the tangent becomes

é _857“_857"'
T 0e do

where the specific reaction kinetics dictate aér/aa. For reactions where the reaction rate is pro-
portional to the trace of stress as bounded by a sigmoidal function, i.e.,

(2.3.4)

F (o) = k —kp |14 Qamp : 2.35
(o) Fs(o) F ( 1+ exp (tr(crgS())) ( )
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the tangent is

8¢ 9G  0s(o)

= I 2.3.6
Jdo  Os(o) otr (o) ’ ( )
G
=k 2.3.7
tr(o)—s
oso) _ oo (-7
(o) — : 5 (2.3.8)
b (1 +exp (—71”(”2750))
2.3.2 Tangents that arise during the linearization along A¢”
2.3.2.1 Tangents for mass action reaction kinetics
Mass-action forward reactions are linearized as:
o . (R
Lo=(——. 2.3.9
acﬁ C ca ( )
2.3.2.2 Tangents for Hill-type reaction kinetics
Hill-type activation reactions f ; are linearized as:
9e2, 5 %5
= 2.3.1
666 H 8C6 ) ( 3 0)
of« nK™f<
e _ S . (2.3.11)
dcB A(K™ 4 (P)
Hill-type inhibition reactions f<. are linearized as:
o afe o(1—r2) afe,
o ™ it A it 2.3.12
OcY kH’acV ki och ki ocY (2.312)

When a chemical species « is activated by g AND simultaneously inhibited by ~ the Hill-type
function f¢ is linearized as:

BA—Y
9%, 57~y o 9158
8éiﬂ/\—vy a afgwy
= k%t (2.3.14)



Appendix A

Tensor Calculus

A.1 Tensor dyadic products and contraction

We indicate tensor order as

Order Function

0 scalar
1 column vector
2 matrix
3 matrix
4 matrix

The fourth-order dyadic products of two second order tensors are given as

1 1
(AOB)ju=5(A0B+AOB) = (AirBji + AuBji) -

Style

lower-case, italicized

lower-case, italicized, bold
upper-case, italicized, bold
upper-case, calligraphic, bold
upper-case, double-struck, bold

(A ® B)z‘jkl = AijBk:l )

(Ao B)ij]gl = AiyBji,
(A o B)ijkl = AilBjk )

Contraction of two tensors is given by

(A . B) = AijBij = Biinj 5

Symbolic
a
a
A
A
A

(A:B);; = AijuBr, (B:A)y, = BijAiju

A.2 Useful derivatives

Below are useful derivatives

(A

:B) = AijniBiji -

e =101 =103,
<8A>ijkl ’

) =101 =66k,
ijkl

18

Indicial
a
a;
Ajk
Aijrl

(A.1.1)

(A.1.2)
(A.1.3)

(A.1.4)

(A.1.5)

(A.1.6)
(A.1.7)

(A.2.1)

(A.2.2)



APPENDIX A. TENSOR CALCULUS

OA~! i
< 0A )..kl =-AloA "= _Az'_klAljl,
ij
OA~T .
( OA )..kl =-A T oA =4 tA)
ij

otr(A) L
< O0A )ij_I_(SZjv

((%?A(A)>M =det (A) A~ =det (A)A;;,

19

(A.2.3)

(A.2.4)

(A.2.5)

(A.2.6)
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